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The crossing numbers of join products of eight graphs of order
six with paths and cycles

Stas M.

The crossing number cr(G) of a graph G is the minimum number of edge crossings over all
drawings of G in the plane. The main aim of this paper is to give the crossing numbers of the join
products of eight graphs on six vertices with paths and cycles on n vertices. The proofs are done
with the help of several well-known auxiliary statements, the idea of which is extended by a suitable
classification of subgraphs that do not cross the edges of the examined graphs.
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1 Introduction

The problem of reducing the number of crossings on edges of graphs is interesting in many
areas. One of the most popular areas is the implementation of the VLSI layout, which has
revolutionized circuit design and had a strong impact on parallel computing. Crossing num-
bers were also studied to improve the readability of hierarchical structures and automated
graphs. The visualized graph should be easy to read and understand. For the sake of clarity of
the graphical drawings, the reduction of crossings is likely the most important. Therefore, the
investigation on the crossing number of simple graphs is a classical, but very difficult problem.
M.R. Garey and D.S. Johnson [7] proved that crossing number determining is an NP-complete
problem. Nevertheless, many researchers are trying to solve this problem. Note that the exact
values of the crossing numbers are known for some families of graphs, see K. Clancy et al. [4].

The crossing number cr(G) of a simple graph G with the vertex set V(G) and the edge set
E(G) is the minimum possible number of edge crossings over all drawings of G in the plane
(for the definition of a drawing see M. Kles¢ [9]). A drawing with a minimum number of
crossings (an optimal drawing) is always a good drawing, meaning that no edge crosses itself,
no two edges cross more than once, and no two edges incident with the same vertex cross.

Let D = D(G) be a good drawing of the graph G. We denote the number of crossings in D
by crp(G). Let G; and G; be edge-disjoint subgraphs of G. We denote the number of crossings
between edges of G; and edges of G; by crp(G;, G;), and the number of crossings among edges
of G; in D by crp(G;). For any three mutually edge-disjoint subgraphs G;, G; and G of G the
following equations hold (see [9]):

crp(G; U G)) = crp(G;) + crp(Gj) + crp(G;, Gj),
CI‘D(GZ‘ U Gj, Gk) = CI‘D(GZ‘, Gk) + CI‘D(G]', Gk).
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Some parts of proofs will be based on D.J. Kleitman'’s result [8] on the crossing numbers for
some complete bipartite graphs K;; ,. He showed that

ko = 27522125 o s

The join product of two graphs G; and G;, denoted G; + G;, is obtained from vertex-disjoint
copies of G; and G; by adding all edges between V(G;) and V(Gj). For |V(G;)| = m and
|V(G;)| = n, the edge set of G; + G;j is the union of the disjoint edge sets of the graphs G;, G;
and the complete bipartite graph Ky, ,. Let P, and C, be the path and the cycle on n vertices,
respectively, and let D, denote the discrete graph (sometimes called empty graph) on n vertices.
The crossing numbers of the join products of the paths and the cycles with all graphs of order
at most four have been well-known for a long time by M. Kles¢ [10, 11], and M. Kle&¢ and
S. Schrotter [14], and therefore it is understandable that our immediate goal is to establish the
exact values for the crossing numbers of G + P, and G + C,, also for all graphs G of order five
and six. Of course, the crossing numbers of G + P, and G + C, are already known for a lot of
graphs G of order five and six (see [3,5,6,9,12,15,17-20, 24]). In all these cases, the graph G is
connected and contains usually at least one cycle. Note that the crossing numbers of the join
products G + P, and G + C, are known only for some disconnected graphs G on five or six
vertices [2,16,22,23].

In this paper, we will use definitions and notation of the crossing numbers of graphs pre-
sented by M. Kles¢ [10]. Let G* be the disconnected graph of order six consisting of one 5-cycle
and one isolated vertex. The crossing numbers of G* + D, and G* + P, were determined by
S. Berezny and M. Stas [2] using the properties of cyclic permutations. The required result
of Theorem 3 for G* + C is established mainly using the mentioned results. By adding new
edges to the graph G*, the crossing numbers of G; + C, for two other graphs G; of order six
are given in Corollary 2. The third section is devoted to the connected graph H* of order six
consisting of one 4-cycle and two leaves adjacent with two opposite vertices of the 4-cycle, and
also to four different graphs H; containing H* as a subgraph. The crossing number of H* + D,
was also determined by S. Berezny and M. Stas [1] using the properties of cyclic permutations.
Due to the special drawings of H* + P, in Figures 3 and 4 for n even and odd, respectively,
cr(H* + D;) = cr(H* + P,) can be presented as the result of Theorem 5 and the crossing num-
ber of H* + C,, with two additional crossings in Theorem 12. The paper concludes by giving
the crossing numbers of H; + C,; in Theorems 13, 14 and Corollary 3. Also in this paper, some
proofs are done with the help of several well-known auxiliary statements as Lemmas 1, 2 and
Corollary 1.

The result in Theorem 3 has already been claimed by Z. Zhou et al. [25]. Since that paper
does not appear to be available in English, we were unable to verify that proof. K. Clancy
et al. [4] also placed an asterisk on a number of the results in their survey to essentially indicate
that the mentioned results appeared in journals do not have a sufficiently rigorous peer-review
process. The results in Theorems 11 and 13 have also been claimed by Z. Zhou and L. Li [26],
but again not in English.

Let us suppose a graph G with V(G) = {v1,vy,...,0¢} and the cycle C,, with the vertices
€1,€2,-..,cu. Thejoin product G + C, consists of one copy of the graph G, one copy of the cycle
Cu, and the edges joining each vertex of G with each vertex of C,. Let C;, denote the subgraph
of G 4 C, induced on the vertices cy, ¢, . .., ¢,,. For the vertices vq,vy, ..., vg of the graph G, let
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T? denote the subgraph induced by n edges joining the vertex v; with the vertices c1, ¢, ..., cx
of C;;. The edges joining the vertices of G with the vertices of C;; form the complete bipartite
graph K¢ ,, and so

6
G+C,=GUKe,, UC, =GU <U Tvl) ucGC;.
i=1
Similarly, let T!, 1 < i < n, denote the subgraph induced by the six edges incident with
the vertex c;. This means that the graph T' U - -- U T" is isomorphic to the complete bipartite
graph Kg , and therefore, we can write

n
G+Cn:GUK6,nUCZ:GU<UT1>UCZ.
i=1

In the proofs of theorems, the following three statements related to some restricted sub-
drawings of the graphs G + C, will be helpful.

Lemma 1 ([10, Lemma 2.2]). Let D be a good drawing of D, + C,,, m > 2, n > 3, in which no
edge of C;; is crossed, and C;; does not separate the other vertices of the graph. Then, for all
i,j € {1,2,...,m}, two different subgraphs T% and T cross each other in D at least | 2| | "5} |
times.

Corollary 1 ([13, Lemma 2.2]). Let D be a good drawing of the join product D, + C,, m > 2,
n > 3, in which the edges of C;; do not cross each other and C;, does not separate r vertices
01,02,...,0r, 2 <1 <m. Let T?,T%,...,T%, s < r, be the subgraphs induced on the edges
incident with the vertices v1, vy, ..., vs that do not cross C;. If k edges of some subgraph T"i
induced on the edges incident with the vertex v;, j € {s+1,s+2,...,r}, cross the cycle C},

then the subgraph T crosses each of the subgraphs T%, T%,...,T% at least | "5* | L%J
times in D.

Lemma 2 ([13, Lemma 2.2]). Let G be a graph of order m, m > 1. In an optimal drawing of the
join product G + C,, n > 3, the edges of C,; do not cross each other.

2 The Crossing Number of G* + C,

Let G* be the disconnected graph of order six consisting of one 5-cycle and one isolated
vertex. In the rest of the paper, let v1v,v3v4v5v1 and vg be the vertex notation of the 5-cycle and
the isolated vertex of G*, respectively. The crossing numbers of G* + D, and G* + P, are given
by S. Berezny and M. Stas [2].

Theorem 1 ([2, Theorem 3.1]). cr(G* + Dy,) = 6|4 | VT_lJ + | 4| forn > 1.

Theorem 2 (|2, Theorem 5.2]). cr(G* + P,) = 6| 5] V’Tflj + 4| +1forn >2.

Theorem 3. cr(G* + Cy) = 6| 24| |52 | + |%] + 2 forn > 3.

Proof. In Figure 1, the edges of K¢ ,, cross each other

HRGRHES
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G
Figure 1. The good drawing of G* + C, with 6| 4| | %51 | + | % | + 2 crossings

times, each subgraph T, ic {1,..., {ﬂ } on the left side does not cross the edges of G* and
each subgraph T',i € {[4] +1,...,n} on the right side crosses the edges of G* exactly once.
The cycle C;; crosses G* twice, and s0 6| 4| | 251 | + | 4] + 2 crossings appear among the edges
of the graph G* + C;, in this drawing. Thus, cr(G* + C,,) < 6| 5] L”T_lj + 5] +2

To prove the reverse inequality assume that there is a drawing of the graph G* 4 C,, with at
most 6] 2| |2 | + | 2] + 1 crossings and let D be such a good drawing. By Theorem 2, none of
the edges of C;; is crossed in D, because otherwise removing the crossed edge from C;, results
in a good drawing of the graph G* + P, with less than 6| % | VT_lJ + |4 + 1 crossings. Since
there is no crossing on the edges of C;;, the edges of C;; do not cross each other. The subdrawing
of C;; induced by D divides the plane into two regions and at least five vertices vy, vy, v3, V4
and vs of G* must be placed in one of them. For all i,j € {1,...,5} by Lemma 1, any two
different subgraphs T% and T cross each other at least | % || %] times, and therefore, there

are at least (3) | 2] | 252 | > 6[%] "5 | + 2] + 2 crossings in D(T% U T% U T% U T% U T%).

This contradiction completes the proof. O
V3 V2 Vs \&
VS V] VS V1
G, G,

Figure 2. Two graphs G; and G, by adding new edges to the graph G*

In Figure 2, let G; be the graph obtained from G* by adding the edge v1v5 and Gy be the
graph obtained from G* by adding the edges v1v4 and v,ve. Since we can add both edges v1v¢
and v, to the graph G* without additional crossings in Figure 1, the drawings of the graphs
G1 + Cy and G, + C,, with exactly 6| 4| | 252 | + | %] + 2 crossings are obtained. On the other
hand, G* + C,, is a subgraph of each G; + C,, and therefore, cr(G; + C,) > cr(G* + C,) for
each i = 1,2. Thus, the following result is obvious.

Corollary 2. cr(G; 4+ Cy) = 6| 2| | %1 | + | 4] + 2 forn > 3, wherei = 1,2.

Note that the crossing number of the graph G, + C;, was obtained by M. Kles¢ et al. [12].
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3 The Crossing Number of H* 4 C,

Let H* be the connected graph consisting of one 4-cycle and two leaves adjacent with two
opposite vertices of the 4-cycle. In the rest of the paper, let v1v,v3v4v1 and vs, v6 be the vertex
notation of the 4-cycle and two leaves of H*, respectively. The crossing number of H* + D,
was established by S. Berezny and M. Stas [1].

Theorem 4 (1, Theorem 3.1]). cr(H* + Dy,) = 6| 4| |5 | +2| %] forn > 1.

Figure 3. The good drawing of H* + P, with 6| 4| | %51 | 4 2| 4| crossings for 1 even

For n even, Figure 3 offers the drawing of H* + P, with 6|2 | |%51| + 2| %] crossings pro-
vided by the edges of K, cross each other 6|%4|| 21| times and each subgraph T’ crosses
the edges of H* exactly once. For n odd at least 3, Figure 4 shows the drawing also with
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62|42 | +2|2] crossings by adding one subgraph T'T by which the edges of each of the
n — 1 graphs Ti, i # ”—72L1, are crossed exactly three times, that is,
n—1n-3 n—1 n—1n-—1 n—1

65— +2m 3 1) =6 2

As H* + D, is a subgraph of H* + P,, the lower bound is the same based on Theorem 4 and
so, the next result is obvious.

Theorem 5. cr(H* + P,) = 6| 4| |42 | +2|%] forn > 2.

Figure 5. Four graphs H;, Hy, H3 and Hy by adding new edges to the graph H*

In Figure 5, let H; be the graph obtained from H* by adding the edge vpvy4,i.e. Hj = H* U
{vav4}. Similarly, let Hy = H* U {005}, H3 = H* U {0205, 0406 } and Hy = H* U {005, 0,06}
Since we can add the edge v,v4 to the graph H* without additional crossings in Figures 3 and 4,
the drawings of the graph Hj + P, with exactly 6| %] [%51] +2|%] crossings are obtained for
all n at least two.

Theorem 6. cr(H; + D) = 6[ %] V’Tflj +2|%] forn >1.
Theorem 7. cr(H; + Py) = 6| %] | %51 | +2[%] forn > 2.

The crossing numbers of the join products of the graphs H, and H3 with the paths P, have
already been investigated by E. DraZenskd [6] and M. Kles¢ [9], respectively.

Theorem 8 ([6, Theorem 1]). cr(Hp + P,) = 6 L%J L”T_lj +2 L%J +1 forn > 2.
Theorem 9 ([9, Theorem 3.1]). cr(Hs + Py) = 6| %] L”Tflj +2[3| +1forn>2.
Theorem 10 (21, Corollary 4.1]). cr(Hy + Dyy) = 6| 2] |22 ] +2|4] forn > 1.

In Figure 6, there is the good drawing of Hy + P, with 6| %] [%5%| +2|%]| + 1 crossings.
Clearly, H; is a subgraph of Hy, and therefore, cr(Hy + P,) > cr(Hy + Py).

Theorem 11. cr(Hy + Py) = 6| 24| [ %52 ] +2|4] + 1 forn > 2.
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*
Pll

Figure 6. The good drawing of Hy + P, with 6|2 || 251] + 2| 24| + 1 crossings

Theorem 12. cr(H* 4+ C,) = 6| 2| |42 | +2[%] +2 forn > 3.

Proof. The proof proceeds in a similar way as for the graph G* + C, in Theorem 3. Into both
drawings in Figures 3 and 4, it is possible to add the edge cic, which forms the cycle C;; on
the vertices of the path P; with exactly two another crossings. Thus, the crossing number of
the graph H* + C, is at most 6| 2| | 252 | + 2| %] + 2. To prove the reverse inequality assume
that there is a drawing of H* 4 C, with at most 6|5 | {”T_lj + 2| %] + 1 crossings and let D be
such a good drawing. By Theorems 4 and 5, at most one edge of the cycle C;; can be crossed
in D, which yields that the edges of C;; do not cross each other. Again, the subdrawing of
C,, induced by D divides the plane into two regions and the four vertices vy, vy, v3, v4 with
at least one vertex vs or vs must be placed in one of them. By Lemma 1, there are at least
(3) 2152 +1 > 6|2][%52] +2[2] + 2 crossings in D, because the graph H* is connected.
This completes the proof. O

*
CV[

Figure 7. The good drawing of H* + C, with 6| % || 252 | + 2| 4| + 2 crossings

Due to Theorem 12, the good drawing of H* + C, in Figure 7 is optimal. Clearly, we can
add both edges v,v5 and v4v¢ to the graph H* without additional crossings, and therefore, the
crossing numbers of the join products Hy + C, and Hz + C, are at most 6| 2| [ %51 | +2[ %] +2.
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As H* is a subgraph of the graph Hj, which is also a subgraph of H3, we have

CI‘(H3 + Cn) > CI'(Hz + Cn) > CI'(H* + Cn) = 6{gJ V’l ; !

n
2

| +2|5] +2

Corollary 3. cr(H; + C,) = 6| 2] | %52 | +2[%]| 4+ 2 forn > 3, wherei = 2,3.

We also remark that the crossing number of the graph H3 + C,, was already obtained by
M. Kles¢ [9].

Theorem 13. cr(Hy + Cy) = 6| 2| [ %51 | +2| %] + 3 forn > 3.

Proof. Into the drawing in Figure 6, it is possible to add the edge cic, which forms the cycle
C,, on the vertices of the path P; with just two another crossings, and so the crossing number
of the graph Hy + C, is at most 6| 4| | 252 | +2|%4] + 3. Let D be a good drawing of Hy + Cy,
with at most 6] 2| | %51 ] 4 2| 2| + 2 crossings. By Theorem 10, at most two edges of the cycle
C,, can be crossed in D, but we can suppose that the edges of C;; do not cross each other using
Lemma 2. The subdrawing of C;; induced by D divides the plane into two regions with at
least five vertices of Hy in one of them, because all three vertices of degree 2 are adjacent only
with the vertices of degree at least 3. The case crp(Hy, C;;) = 2 using Lemma 1 implies at least
(g) | 2] %5 | + 2 crossings in D. Now, let us assume that crp (Hg, C;;) = 0 in the following three
possible subcases. If there is no subgraph T by which is crossed any edge of C;;, then there
are at least (§)|2][“;] crossings in D. Similarly, if there is only one T by which is crossed
some edge of C;;, then we obtain at least (g) |2][%52] + 1 crossings in D. Now, let us turn to
the possibility of an existence of two different subgraphs T% and T with crp(T%,C;;) = 1and
crp(TY,C;;) = 1. This, by Corollary 1 forr = 6, s = 4 and k = 1, enforces at least

4\ |ny | n—-1 n—1y/n-2 n—1y/n-2

<2>b“2J+4L2H2J+4L2H2J+2 @
crossings in D. The last number of crossings thus determined confirms a contradiction with
the assumption in D for all n at least 4. For n = 3, if all three subgraphs T’ cross the edges of
Hy at least once, then we can add three additional crossings on edges of Hy in (1). Finally, for
n = 3, if at least one of T!, T2 and T3, say T!, does not cross Hy, it is not difficult to verify that
crp(Hy U T, Tz) > 6and crp(HyUT?, T3) > 6 hold for all possible placements of two vertices
¢z and c3 of C} in the subdrawing D(H4 U T1), which yields at least 12 crossings in D. This
also contradicts the assumption of D, and the proof of Theorem 13 is done. O

In a good drawing D of the graph Hj + C,,, we separate the subgraphs T?,i € {1,2,...,n},
of Hy + Cy, into two subsets. Let us denote by Ry the set of subgraphs T' for which
crp(Hy, T) = 0. Every other subgraph T’ crosses H; at least once in D.

Lemma 3. Let D be a good drawing of Hy + C,, n > 3, with crp(Hj, C}) = 2. Let T! € Ry be
any subgraph of Hy + C, and let |Rg| > {nﬂ_(_l);ﬂrD(Hl)-‘ . If both conditions

crp(HiUT, T) >5 forany T/ € Ry, j # i, 2)

and _
crp(H U T, TF) > 3 for any T* ¢ Ry (3)
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hold, or crp(Hy) > 1 and both conditions
crp(HiUT, T) > 6 forany T/ € Ry, j # i, (4)

and
crp(H UT, TF) > 2 for any TF ¢ R (5)

hold, then there are at least 6 ng L”T_lj +2 L%J + 3 crossings in D.

Proof. For easier reading, let r = |Ry|. By the assumption, r > ("H*(*l)szrch (Hl)w. The
number of T* that cross the graph Hj at least once is equal to n — r. By fixing of the graph
H; U T! with the assumptions of the conditions (2) and (3), we have

crp(Hy + Cy) zélnglJ Lng2J+5(r—1)+3(n—r)+2:6Ln;1J {”QZJ +3n+2r—3

> 6| 1J E _2J + 3142 {n+1—(2—1)”+0w —3> qu L"T_lJJrngJ +3.

2 2

Similarly, if the conditions (4) and (5) are fulfilled, then

ch(H1+Cn)26Lng1JLng2J+6(1’—1)+2(n—r +2=6|"= . H J+2n+4r—4
e e 426VSH"21J+42J+3-
This completes the proof. O

Theorem 14. cr(H; + Cp) = 6| 5| L”T_lj +2|5] +3forn > 3.

Proof. The proof proceeds in a similar way as for the graph Hy + C,; in Theorem 13, but many
more cases will need to be discussed. Into both drawings in Figures 3 and 4 by adding the edge
Vo4, it is possible to add the edge cic,; which forms the cycle C;; on the vertices of the path P;;
with just three another crossings, i.e. C;; is crossed by three edges v1v4, v2v3 and vv4 of the
graph Hy. Thus, cr(Hy + Cy) < 6|2][%52] +2|2] + 3. Let D be a good drawing of H; + C,
with at most 6| 2| | 252 | +2[%] + 2 crossings. By Theorem 6, at most two edges of the cycle
C,; can be crossed in D, and we can also suppose that the edges of C;; do not cross each other
using Lemma 2. The subdrawing of C;; induced by D divides the plane into two regions with
at least four vertices of Hj in one of them, and so the following three possible cases may occur.

Case 1: crp(Hj,C;;) = 0. In this case, we can follow the same discussion as in the proof
of Theorem 13 for all n at least 4. For n = 3, crp(H;, T U T?> U T3) > 2 enforces at least two
additional crossings on edges of H; in (1), which yields a contradiction with the assumption in
D. Therefore, let at least two of T!, T? and T3, say T! and T2, do not cross the edges of Hy, and
let T cross the edges of Hy at most once. For a T' € Ry, we have four ways of obtaining the
subdrawing of H; U T* depending on which region of D(H; U T\ {v1,v3}) the edges c;v; and
c;jv3 are placed in. Using cyclic permutations, it is not difficult to verify that crp(T%, T/) > 4
holds for any two different T/, T/ € Ry. Now, let the subgraph T cross the edges of H; just
once, otherwise, we obtain at least 12 crossings in D(T' U T? U T?). In possible regions of
D(H; U T'), one can easily determine that crp(T?, T3) > 2 is fulfilling for any i = 1,2. All
subcases confirm a contradiction with the assumption in D.
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Case 2: crp(Hi, C;;) = 1. In the rest of the proof, based on the symmetry of the graph Hj,
let the edge v3v4 cross some edge of the cycle C;. If there is no subgraph T%,i € {1,...,5}, by
which is crossed any edge of C;;, then there are at least (g) |4 {”T_lj + 1 crossings in D using
Lemma 1. Obviously, the case crp (T, C;;) = 1 also contradicts the assumption of D, because
all edges of five subgraphs T%,i € {1,...,5}, mustbe placed in one region of C;;. Now, assume
crp(T¥,C)) = 1foronlyonei € {1,...,5}. Since some edges of T” and T? are crossed in the
second region of C;; and there are two crossings on the edges of C;;, we obtain at least

@ L R e I B ©)

crossings in D by Corollary 1 for r = 5, s = 4, and k = 1. The last number of crossings thus
determined confirms a contradiction with the assumption in D for all n at least 4. For n = 3,
crp(Hy, T'UT?U T3) > 2 enforces at least two additional crossings on edges of H; in (6), and
therefore, we can apply the same discussion for the subgraphs T!, T? and T2 as in the previous
Case 1.

Case 3: crp(Hy,C;;) = 2. If one of the seven edges of the graph Hj crosses the edges of
the cycle C;; up to twice, then there are at least (g) | 2] %] + 2 crossings in D. Now, suppose
that the edges of C;; are crossed by two different edges of Hj, that is, either by both bridges
0105, U306 OT two edges v;vy, vjvy for only one j € {1,3}. In all mentioned subcases, we obtain

at least
@ L%J LnT_lJ + EJ V;lJ +2+n—|Ro| + crp(Hy) )

crossings in D. Clearly, |Rg| = 0 contradicts the assumption of D for all n at least 3. For
|Ro| > 1, let us suppose drawings of H; only with the possibility of obtaining a drawing of
H; U T' for a subgraph T € Ry (not necessarily planar drawings of H) with respect to the
restriction that the edges of all subgraphs TX cannot cross the edges of C;;. For this purpose,
we will further deal with only two possible cases of drawings of the graph H; with respect to
the cycle C;, presented in Figure 8.

(a) (b)
Figure 8. Two possible drawings of the graph H; with respect to the cycle C;; with the pos-
sibility to obtain a subgraph T? € Ry such that crp(T?,C;) = 0. (a) the planar drawing of
H; with ch(v]-vz U vjuy, Cy) = 2 for j = 1; (b) the nonplanar drawing of H; for which both
bridges of H; are crossed by C;
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If |[Ro| > (n+1—(—1)2"+ch (Hl)w, it is not difficult to verify that the conditions (2), (3) and
(4), (5) are fulfilled for the drawing of H; in Figure 8 (a) and (b), respectively. Consequently,
Lemma 3 forces at least 6| % | | 51 | +2|%| + 3 crossings in D. Finally, if

n+1—(-1)" +CTD(H1)W

1< R {
< |Ro| < 5

the number of crossings in (7) confirms a contradiction with the assumption in D for all  at
least 4. For n = 3, we obtain also the contradiction with the number of crossings in D except
for the case of the drawing of Hj in Figure 8 (a) with T!, T? € Ry and T? by which the edges of
H; are crossed exactly once, but the same discussion as in Case 1 forces at least 11 crossings in

D again.

Thus, it was shown in all mentioned cases that there is no good drawing D of the graph
Hj + C,, with fewer than 6| 2] | %51 | + 2| 4] + 3 crossings. This completes the proof. O
Conclusions

We suppose that similar forms of discussions can be used to estimate the unknown values
of the crossing numbers of the remaining graphs on six vertices with a much larger number
of edges in the join products with the paths, and also with the cycles. We expect the same for
other symmetric graphs of order five.
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Yucao cxpertens cr(G) rpadpa G — Lie HaliMeHIIIe UMCAO IEPETHHIB pebep TAOCKOTO 306pakeH-
Hs Tpacpa G. [OAOBHIMM 3aBAAHHSIM ITi€l CTATTi € 3HAMTY UMCAO CXpellleHb 06’eAHaHMX AOOYTKIB BO-
cbMM rpadpiB Ha IIeCTV BepIlMHAX 3 IIASIXaMM i IMKAAMM Ha 1 BepIMHaX. AOBEA€HHS I'PYHTYIOThCSI
Ha KiABKOX BiAOMIX AOTIOMIXKHVIX TBEPAKEHHSIX, iaesl SIKMX IOrAnbAeHa BiAIIOBIAHOO KAacudikari-
€ro miarpacdpis, 1110 He IepeTHMHAIOTH pebpa AOCAiAXKyBaHMX Ipadpib.

Kntouosi cnosa i ¢ppasu: rpadp, 06’eaAHaHMIT AOOYTOK, YMCAO CXPEIIEHb, IITASIX, IIKA.



