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Essentially iso-retractable modules and rings

Chaturvedi A.K., Kumar S., Prakash S., Kumar N.

A K. Chaturvedi et al. (2021) call a module M essentially iso-retractable if for every essential sub-
module N of M there exists an isomorphism f : M — N. We characterize essentially iso-retractable
modules, co-semisimple modules (V-rings), principal right ideal domains, simple modules and
semisimple modules. Over a Noetherian ring, we prove that every essentially iso-retractable module
is isomorphic to a direct sum of uniform submodules.
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Introduction

In [3,4], first author introduced the notion of iso-retractable modules. A module M is called
iso-retractable if for each nonzero submodule N of M there exists an isomorphism 6 : M — N.
A nonzero module is called simple if its every nonzero submodule is equal to the module;
and a module is called semisimple if its every essential submodule is equal to the module.
Observing that the class of iso-retractable modules is a generalization of simple modules, first
and third authors in [5] introduced the notion of essentially iso-retractable modules which
is a common generalization of semisimple modules and iso-retractable modules. They call
a module M essentially iso-retractable if for every essential submodule N of M there exists an
isomorphism f : M — N.

The main aim of this work is to relate the classes of essentially iso-retractable modules
and rings with other known classes in ring and module theory. Also, we provide some new
properties and characterizations of the essentially iso-retractable modules and rings here.

This story begins by the idea of compressible modules. Following [2], an R-module M is
compressible if for each nonzero submodule N of M there exists a monomorphism 6 : M — N.
In 1979, SM. Khuri [8] defined the notion of retractable modules as a generalization of com-
pressible modules. He called an R-module M retractable if for each nonzero submodule N
of M there exists a nonzero homomorphism 6 : M — N. In 2006, P.F. Smith et.al. [15] de-
fined the notion of essentially compressible modules as a generalization of compressible mod-
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ules. They called an R-module M essentially compressible if for each essential submodule N
of M there exists a monomorphism 6 : M — N. In 2007, M.R. Vedadi [17] defined the no-
tion of essentially retractable modules as a generalization of retractable modules and called an
R-module M essentially retractable if for each essential submodule N of M there exists a nonzero
homomorphism 6 : M — N. In 2009, A. Ghorbani et.al. [7] defined the notion of epi-retractable
modules as a dualization of compressible modules. They called an R-module M epi-retractable
if for each nonzero submodule N of M there exists an epimorphism 6 : M — N.

A brief outline of this paper is as follows. In Section 1, we provide a necessary and suffi-
cient condition for a ring to be right essentially iso-retractable. We prove that the matrix ring
of a right essentially iso-retractable ring is right essentially iso-retractable. In Proposition 3, we
give a characterization of essentially iso-retractable modules in terms of essential monomor-
phisms. We characterize iso-retractable modules in terms of essentially iso-retractable and
uniform modules (see Proposition 4). We do not know whether a submodule of an essen-
tially iso-retractable module is always essentially iso-retractable. But, the quotient of an es-
sentially iso-retractable module need not be essentially iso-retractable. In Proposition 5, we
find some sufficient conditions for a submodule and a homomorphic image of an essentially
iso-retractable module to be essentially iso-retractable. In case of iso-retractable modules, the
direct sum of iso-retractable modules need not be iso-retractable. But in case of essentially
iso-retractable modules, the direct sum is essentially iso-retractable (see Proposition 6).

In Section 2, we begin with a characterization of co-semisimple modules. As a consequence,
we have a characterization of V-rings. Next, we characterize a semisimple ring. In Proposi-
tion 9, we characterize a semisimple ring which shows that if every essentially iso-retractable
R-module is projective, then the ring R is semisimple. We show that every essentially iso-
retractable module is an epi-retractable module (Proposition 10). In Theorem 2, we give a
characterization of simple modules. In general, submodules of a projective (respectively, injec-
tive) module need not be projective (respectively, injective). In Proposition 11, we prove that an
essentially iso-retractable module M is projective (respectively, injective) if and only if every
submodule of M is projective (respectively, injective). We characterize principle right domains
(see Theorem 4). In Propositions 3 and 17, we discuss the structure of essentially iso-retractable
modules under certain conditions. In general, a projective module need not be essentially iso-
retractable. We prove that if every projective right R-module is essentially iso-retractable then
the ring R is right hereditary (see Proposition 12).

Throughout the paper, all rings are associative with identity and all modules are unital right
modules, unless otherwise stated. The terminology not defined here may be found in [1,9].

1 Preliminaries of essentially iso-retractable modules

Recall [10], an element x € R is right reqular if xr = 0 implies r = 0 for r € R. The following
are well known facts and the proof is routine.

Lemma 1. Let I be a nonzero right ideal of a ring R.

(1) There exists an epimorphism 0 : R — I if and only if there exists an element a € R such
that I = aR.

(2) There exists an isomorphism 6 : R — I if and only if there exists a right regular element
a € R such that I = aR.
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Proposition 1. A ring R is right essentially iso-retractable if and only if for every essential right
ideal I of R there is a right regular element a € R such that I = aR.

Lemma 2. Every ring is a retractable ring.

Proof. Let I be a nonzero right ideal of a ring R. Then there exists 0 # a € I such that
0 # aR C I. By Lemma 1(1), there exists an epimorphism 6 : R — aR which implies that
8 : R — I is a nonzero homomorphism. ]

Proposition 2. Let M be a finitely generated quasi-projective essentially iso-retractable R-mo-
dule such that Homg (M, N) # 0 for all nonzero submodule N of M. Then Endr (M) is a right
essentially iso-retractable ring.

Proof. Let I be an essential right ideal of Endg(M). Then IM is an essential submodule of
M by [15, Lemma 5.4]. Since M is essentially iso-retractable, there exists an isomorphism
f € Homg(M, IM) = I. Clearly f € Iis aright regular element in Endg (M). Since M is quasi-
projective, for any g € I there exists i € Endg (M) such that g = fh. Therefore I = fEndr (M)

and so Endg (M) is a right essentially iso-retractable ring by Proposition 1. O
Corollary 1. If R is a right essentially iso-retractable ring, then the matrix ring M, (R) is so for
anyn > 1.

Proof. Apply Proposition 2 for M = R". O

Proposition 3. The following are equivalent for a module M.
(1) M is essentially iso-retractable.

(2) There is an essential monomorphism f : M — M’ for some essentially iso-retractable
module M'.

(3) M is isomorphic to an essentially iso-retractable module.

Example. 1. Every iso-retractable module is essentially iso-retractable, but the converse
need not be true. For example, Z, ® Z, as Z-module is essentially iso-retractable but
not iso-retractable, where p and q are prime integers.

2. LetK be a field and R = K|x, y|. Then Ry is compressible and so essentially compressible.
But, by Proposition 1, Ry is not essentially iso-retractable and so not iso-retractable as
I =< x,y > is a nonzero essential right ideal of R which is not principle.

3. Let R = Z|x]. Then Ry is retractable by Lemma 2 and so Ry is essentially retractable.
But, by Lemma 1 (1), R is not epi-retractable as I =< 2,x > is not a principal right ideal.

4. Z, is an essentially iso-retractable Z-module if and only if n = pypy - - - p, wherer > 1
and py, pa2, - - -, pr are distinct primes.

5. Zg is an essentially iso-retractable (essentially compressible) Z-module but it is not com-
pressible (not iso-retractable).

6. Z4 is an essentially retractable (epi-retractable) Z-module but it is not essentially com-
pressible and so not essentially iso-retractable (not compressible).
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Essentially iso-retractable modules need not be uniform and vice-versa. For example, Z¢
as Z-module is essentially iso-retractable but not uniform and Z4 as Z-module is uniform but
not essentially iso-retractable. We give a characterization of iso-retractable modules in terms
of uniform module.

Proposition 4. An R-module M is iso-retractable if and only if M is essentially iso-retractable
and uniform.

Proof. It follows from [4, Theorem 1.12]. O

The following is an immediate consequence of the above result and a fact that in a prime
ring every ideal is essential.

Corollary 2. A prime ring is essentially iso-retractable if and only if it is iso-retractable.

In general, we do not know whether a submodule of an essentially iso-retractable module is
always essentially iso-retractable. But, quotients of an essentially iso-retractable module need
not be essentially iso-retractable. For example, Z as Z-module is essentially iso-retractable but
the homomorphic image Z4 as Z-module is not essentially iso-retractable. In the following,
we give some sufficient conditions.

Proposition 5. Let N be a submodule of an essentially iso-retractable module M.
(1) If N is essential, then N is essentially iso-retractable.

2) Ifp(N) +¢ 1 (N) C N for every injective endomorphism ¢ of M, then M/ N is an essen-
tially iso-retractable module.

Proof. (1) It follows by Proposition 3.

(2) Let L/N <, M/N. Then L <, M and by assumption there exists an isomorphism
¢ : M — L. Since ¢(N) + ¢~ 1(N) C N, define a mapping ¢ : M/N — L/N by ¢(x + N) =
¢(x) + N. Clearly, ¢ is a monomorphism. Let y + N € L/N. Then y € L and so there exists an
unique m € M such that ¢(m) = y. Thus ¢ is surjective. Hence, ¢ is an isomorphism. O

In general, the direct sum of iso-retractable modules need not be iso-retractable. For ex-
ample, consider Z, & Z, as Z-module. Then Z;, and Z, both are iso-retractable but Z,, © Z,
as Z-module is not iso-retractable. But in case of essentially iso-retractable modules it holds
under some conditions.

Proposition 6. The direct sum of essentially iso-retractable modules is essentially iso-retract-
able, provided the direct sum is distributive.

Proof. Let M = ®;c1M;, where each M; is an essentially iso-retractable module and I is an
index set. Let K <, M. Then KN M,; is an essential submodule of M; for each i € I. Therefore,
there exists an isomorphism ¢; : M; — KN M;. Clearly, the mapping ¢ = ) ¢, : M — Kisan
isomorphism. O

Lemma 3 ([15, Lemma 1.7]). Let a module M = ®;c;M; be a direct sum of uniform submodules
M;,i € I, and N be any nonzero submodule of M. Then there exists a subset I' C I and an
essential monomorphism 6 : N — @;cpM,;.
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Proposition 7. Let M = ®;c;M;, where each M,; is iso-retractable and M is distributive. Then
every nonzero submodule of M is an essentially iso-retractable module.

Proof. Let N be a nonzero submodule of M. Because every iso-retractable module is uniform,
by Lemma 3, there is an essential monomorphism f : N — @;c;/M; for some subset I’ of I.
By Proposition 6, ®;c 7 M; is essentially iso-retractable and so N is essentially iso-retractable by
Proposition 3. 0

2 Some characterizations

Recall [6], an R-module M is called a co-semisimple module (or a V-module) if every simple
module in ¢[Mg] is M-injective. A ring R is called a right V-ring if the right R-module R
is co-semisimple. An R-module is called co-cyclic provided it contains an essential simple
submodule.

Theorem 1. The following are equivalent for an R-module M.
(1) Mg is co-semisimple.
(2) In o[Mg] every co-cyclic module is essentially iso-retractable.
(3) In c[Mg] every cyclic co-cyclic module is essentially iso-retractable.

Proof. (1) = (2). Let M be a co-cyclic right R-module in ¢[Mg]. Then M has a simple essential
submodule N in ¢[Mg]. Since My is co-semisimple, N is M-injective and so N is a direct
summand of M. But since N is essential, N = M. Thus, M is simple and so M is essentially
iso-retractable.

(2) = (3). Clear.

(3) = (1). Let S be a simple module in c[Mg] with M-injective hull S. Since S is simple,
there exists y € S such that S = yR. Let 0 # x € S. Then there exists r € R such that
0 # xr € Sas S <, S. Hence there exists 7 € R such that 0 # yr’ = xr € xR. This implies that
yr'R = yR = S < xR as S is simple. Thus xR is a cyclic co-cyclic module with essential sycle
S. By (3), there exists an isomorphism f : xR — S. It follows that xR is simple and so xR = S.
Therefore $ = S and S is M-injective. O

Corollary 3. The following are equivalent for a ring R.
(1) R is aright V-ring.
(2) Every co-cyclic right R-module is essentially iso-retractable.
(3) Every cyclic co-cyclic right R-module is essentially iso-retractable.

Every semisimple module is essentially iso-retractable but the converse need not be true.
For example, Z as Z-module is essentially iso-retractable but not semisimple. In the following,
we provide some sufficient conditions for an essentially iso-retractable modules to be semisim-
ple. Recall [6], an R-module M satisfies C2-condition if every submodule isomorphic to a direct
summand of M is a direct summand.

Proposition 8. A module M is semisimple if and only if it is essentially iso-retractable and
satisfies C2-condition.



Essentially iso-retractable modules and rings 81

In general, an essentially iso-retractable module need not be projective. For example, Zg
as Z-module is essentially iso-retractable but not projective. However in the following, we
characterize a semisimple ring and show that if every essentially iso-retractable R-module is
projective, then the ring R is semisimple.

Proposition 9. The following are equivalent for a ring R.
(1) R is semisimple.
(2) Every iso-retractable right R-module is projective.

(3) Every essentially iso-retractable right R-module is projective.

Recall [11], a module M is called d-Rickart (or dual Rickart) if Im(f) is a direct summand of
M for every f € Endr(M).

Proposition 10. Consider the following for an R-module M.
(1) M is semisimple.
(2) M is essentially iso-retractable.
(3) M is epi-retractable.

Then (1) = (2) = (3). If every essential submodule of M is projective or M is a d-Rickart
module, then (3) = (1).

Proof. (1) = (2). Clear.

(2) = (3). Suppose that M is essentially iso-retractable and N be a submodule of M. Then
there exists a submodule N’ of M maximal with respect to the property that N N N” = 0 such
that N @ N’ <, M. Since M is essentially iso-retractable, there is an isomorphism f : M —
N@®N'. Let 1 : N® N — N be a canonical projection. Then clearly 7o f : M — N is an
epimorphism. Therefore, M is epi-retractable.

(3) = (1) Suppose that M is epi-retractable and K be an essential submodule of M. Then
there exists an epimorphism i : M — K.

Case I. Suppose that every essential submodule of M is projective. Then K is projective and
so there exists a homomorphism f : K — M such that h o f = Ix. This implies that K is a
direct summand of M. Since K is essential in M, it follows that K = M. Thus M has no proper
essential submodule, and so M is semisimple.

Case 1I. Suppose that M is a d-Rickart module. Since § : M — M is a nonzero homomor-
phism such that Im(0) = K, Im(0) = K is a direct summand of M. Thus M is semisimple. [

Recall [16], a module M is said to satisfy (xx)-property if every nonzero endomorphism of
M is an epimorphism.

Theorem 2. The following are equivalent for a module M.
(1) M is a simple module.
(2) M is an essentially iso-retractable module with the (xx)-property.

(3) M is an epi-retractable module with the (xx)-property.
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Proof. (1) = (2). Clear.
(2) = (3). It follows from Proposition 10.
(3) = (1). It follows from [12, Proposition 3.5]. 0

In general, submodules of a projective (respectively, injective) module need not be projec-
tive (respectively, injective). For example, Z, as Z4-module is projective but 274 as Z4-module
is not projective and Q as Z-module is injective but Z as Z-module is not injective. We show
that in case of essentially iso-retractable projective module, the general assertion holds posi-
tively.

Proposition 11. If M is an essentially iso-retractable module, then M is projective (respectively,
injective) if and only if every submodule of M is projective (respectively, injective).

Proof. Let N be a submodule of M. Then there exists a submodule N’ of M maximal with
respect to the property that NN N’ = 0 such that N® N’ <, M. Since M is essentially iso-
retractable, M = N @ N’. Now M is projective (respectively, injective) implies that N & N’ is
projective (respectively, injective). Therefore, N is projective (respectively, injective), because
N is a direct summand of N & N'. O

In general, a projective module need not be essentially iso-retractable. For example, Z, as
Z4-module is projective but not essentially iso-retractable. In Proposition 9, we show that if ev-
ery essentially iso-retractable R-module is projective, then the ring R is semisimple. However,
we observe the following result.

Proposition 12. If every projective right R-module is essentially iso-retractable, then the ring
R is right hereditary.

Proof. It follows from Proposition 11. O

Recall [12], a module M is quasi-polysimple if every submodule of M contains a uniform
submodule.

Theorem 3. Let M be an essentially iso-retractable R-module.
(1) If M is finitely generated torsion free, then M is isomorphic to a free R-module.

(2) If M is nonsingular and quasi-polysimple, then M is isomorphic to the direct sum @;c[K;
of nonsingular uniform right ideals K; of R such that K; does not contain a nonzero
nilpotent right ideal of R for eachi € I.

Proof. (1) Let M be a nonzero essentially iso-retractable R-module. Then by the Zorn’s lemma,
we can choose an index set I and nonzero elements m; € M, i € I, such that @; m;R <, M.
Since M is torsion free, the map f; : R — m;R defined by f;(r) = m;r,Vr € R, is an isomor-
phism. Therefore, R = m;R and hence ®;c;m;R = R, Since M is essentially iso-retractable,
M = @®;eym;R = RU. Hence, M is a free module.

(2) Assume that M is quasi-polysimple. Let U; be uniform cyclic submodules of M such
that ) ;c; U; is direct. It follows by the Zorn’s lemma that @©;c;U; <, M. Thus, M = @;c;U;. For
afixi € I, U;is cyclic so that U; = x;R for some x; € U;. Since U; is nonsingular, r.ann(x;) isnon
essential right ideal of R. It gives a nonzero right ideal K; of R such that K; N r.ann(x;) = 0.
Clearly, K; = x;K; and hence K; is uniform and nonsingular right ideal of R. Let J; be right
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ideals of R such that J; C K; and ] = 0 for some n € IN. By [15, Proposition 1.4 (d)], anng (M)
is a semiprime ideal and | = 0 € anng (M) implies that J; = 0. Thus, K; does not contain any
nonzero nilpotent right ideal. Now, K; = x;K; which embeds in x;R = U;. Let f; : K; — U;
be embeddings. Since Uj; is uniform, f;(K;) <, U;. Therefore, ®;c;K; embeds in &;c;U; <, M
and ®jc;fi(Ki) <e ®ierU;. This implies that @;c1K; = @jcfi(K;) is isomorphic to an essential
submodule of M. Due to M as essentially iso-retractable, we have M = @, K. O

Proposition 13. Let M be an essentially iso-retractable module. Then, M is semisimple if M
satisfies any one of the following coditions:

1) M is finite;
2) M is injective;
3) M is projective.

Proof. 1) Clear.

2) Let K be an essential submodule of an injective essentially iso-retractable module M.
Then K = M. Therefore, K is injective and by [14, Theorem 2.15], K is a direct summand of M.
It follows that K = M. Thus M has no proper essential submodule, and so M is semisimple.

3) It follows from Proposition 11 and Proposition 10. O

Corollary 4. Let M be an essentially iso-retractable module. Then M is semisimple and injec-
tive.

Proof. Let M be essentially iso-retractable. Since M is essential in M, M = M. Therefore,
M is injective and essentially iso-retractable by Proposition 3. Hence, by Theorem 13, M is
semisimple. O

Proposition 14. The following are equivalent for a nonzero module M.
(1) M is not singular and iso-retractable.
(2) M is uniform, nonsingular and essentially iso-retractable.

(3) M is uniform, nonsingular and epi-retractable.

Proof. (1) <= (2) It is easy to verify that every iso-retractable module is either singular or
nonsingular. So, the result follows from Proposition 4.

(2) = (3) It follows from Proposition 10.

(3) = (1) Let N be a nonzero submodule of M. Since M is epi-retractable, there is a
surjective homomorphism f : M — N. Since M is nonsingular, ker(f) is non essential. But
since M is uniform, ker(f) = 0. Therefore f : M — N is an isomorphism. Thus, M is iso-
retractable. d

Theorem 4. The following are equivalent for a ring R.
(1) R is a principal right ideal domain.

(2) Ry is uniform and there exists a uniform nonsingular essentially iso-retractable R-mo-
dule.

(3) RR is uniform and there exists a uniform nonsingular epi-retractable R-module.
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Proof. (1) = (2) Since R is a principal right ideal domain, Ry is nonsingular and iso-retract-
able by Lemma 1. Hence, it follows from Proposition 14.

(2) = (3) It follows from Proposition 10.

(3) = (1) It follows from [7, Proposition 2.16]. d

The polynomial ring R[x] of a right essentially compressible ring R is also a right essentially
compressible ring (see [15, Proposition 5.1]). One may think an analogous result for a right
essentially iso-retractable ring. But, the following example erase this possibility. The ring of
integers Z is an essentially iso-retractable ring by Proposition 1. But Z[x] is not an essentially
iso-retractable ring as I =< 2, x > is an essential ideal which is not principal.

Proposition 15. Let R be an algebra over an uncountable field F with dimpR < |F|. If R[x] is a
right essentially iso-retractable ring then R is so.

Proof. Let I be an essential right ideal of R and 0 # f(x) = Y’ a;x' € R[x]. Since
0 # (ag,a1,...,a,) € R™! and "1 <, R%H, there exists 0 # r € R such that
0 # (ag,a1, - ,a,)r € I"*1. This implies that 0 # f(x)r € I[x]. Hence I[x] is an essential
right ideal of R[x]. Now by Proposition 1, there exists a right regular element p(x) € R[x] such
that I[x] = p(x)R][x]. By [15, Proposition 5.2], there exists A € F such that p(A) is a right regu-
lar element of R. Clearly p(A) € I 'and I = p(A)R. Hence R is a right essentially iso-retractable
ring by Proposition 1. ]

Proposition 16. Let M be an essentially iso-retractable module. Then either M is semisimple
or M has an infinite descending chain My > M, > ... such that M; = M.

Proof. Let M be essentially iso-retractable. Suppose M is not semisimple. Then M has a proper
essential submodule M; and M = M;. Now, M; is not semisimple, it has a proper essen-
tial submodule M; and M; = M,. Continuing in this manner, we get a descending chain
M; > M, > ... of submodules of M such that M; = M. O

Proposition 17. Over a Noetherian ring, every essentially iso-retractable module is isomorphic
to a direct sum of uniform submodules.

Proof. Let R be a Noetherian ring and M be an essentially iso-retractable R-module.
By [13, Theorem 2.2, Lemma 2.1], M is quasi-polysimple and M contains an essential sub-

module @®;c;U;, where each Uj; is uniform. Since M is essentially iso-retractable, therefore
M = @je[ul‘. |:|

Recall [12], a ring R is said to be a PRI-ring if every right ideal of R is principal.

Proposition 18. Every essentially iso-retractable ring is a PRI-ring.

Proposition 19. Being essentially iso-retractable is a morita invariant property.
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