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Statistical approximation properties of Lupas g-analogue of
A-Bernstein operators

Mursaleen M.12, Naaz A.2

In this paper, we introduce a new type of Lupas-Bernstein operators with shape parameter A and
establish a Korovkin type approximation theorem. We also find the rate of statistical convergence
for these operators. Further, we give some graphs and numerical examples for the convergence of
new operators and show that in some cases the errors are less than ordinary one.
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Introduction

In 1912, S.N. Bernstein [3] proposed the proof of the famous Weierstrass approximation the-
orem based on probabilistic method. The aim of such generalization is to provide appropriate
tools for studying various problems of analysis, geometry, statistical inference and computer
science.

In 1987, A. Lupas [10] introduced a g-analogue of famous Bernstein operators and studied
their approximating and shape-preserving properties. In 1997, G.M. Phillips [12] introduced
another g-analogue of Bernstein operators. The g-analogue of operators given by A. Lupas
are less known. However, these operators have advantages over the generalization given
by G.M. Phillips. The g-Bernstein polynomials possess remarkable properties which attracts
many authors.

In this paper, we study the Lupas g-analogue of the A-Bernstein operators and obtain some
approximation and numerical results.

For g4 > 0 and any positive integer v, define g-integers

1—-4°
7 1/
Wo={ 1-q’ 77
T, qg=1

For the integers 0 < k < v, g-binomial coefficients are defined by

(&), = e

[t]! = [t]glv —1]4... 1],

where
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Definition 1 ([10]). Let F € €[0,1] (set of all continuous functions defined on interval [0, 1])
and 0 < q < 1. The linear operator R, : €[0,1] — €[0, 1], defined by

(R ) ( ZF< ) (),

is known as the Lupas q-analogue of Bernstein operators, where Lupas basis is

m q@xi(l — x)m—i
Tm,i(x) = < i )q H}q:ll (1 X+ q]x) . (1)

In 2010, Z. Ye et al. [13] published a paper in which they defined the new Bernstein basis
with shape parameter A. They discuss some properties of curve modeling with the help of
new basis. Recently, Q.B. Cai et al. [4] introduced the A-Bernstein operators. For more recent
works on A-Bernstein basis we refer the reader to [1,2,5,8,11].

In Section 1, we construct and calculate moments for Lupas-Bernstein operators using
A-Bernstein basis (see [13]) and show that our operators possess endpoint interpolation prop-
erty with the help of graph. In Section 2, Korovkin type statistical approximation and rate of
statistical convergence are obtained. Further we give an example with graph showing that not
every statistically convergent sequence is convergent. In the last section we give some graphical
and numerical results supporting our approximation results.

1 Construction of operators

In this section, we define the A-Lupas-Bernstein operators and calculate moments.
For F € €[0,1], A-Lupas-Bernstein operators are defined as

LMMF;x) = ZF(E) (A x), (2)

where the new type of basis are

(- A

lm,O(A}x) = rm,O(x) - W”nﬁ%,l(x)r

- —2[K]+1 —2[k],—1

D (A5:) = Fyi() = A (%rmmm - %rmﬂ,w(x)) ,

- A
lm,m()\/' x) = rm,m(x) - W”m—i—l,m(x);

\
withx € [0,1], A € [-1,1],0<g < 1and 0 < k < m.

Lemma 1. Lete,(x) = x*, u = 0,1,2. We have the following equalities

LmM1;x) =1, 3)

A
[m]q ([mlf —1)

LM (eg;x) = x + —2[m +1]yx + [m]; +1

(4)

m(n;fl) xm+1

q - ~ ([mlg +1)g™
+n;":—11(1—x+qfx)<2[ s (1—x~|—qu)>]'
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MA (o x) = 12 X(l—x)_xz(l—x)(l—q) 1
el (- 5)

[m], 1—x+gx p
Ax xm-i—l
+ 2(m +1|,(1 -2 + .
T | B T e
m( m m(m—1)
(m2—-3m+3) _ 2[m + 1] ([mlg +2) q
X<Mm+u” (x4 gn gy Wz )|

(1—x44g""1x) (1—x+q"x)

Proof. From (1), we see Y1 I, (A, x) = 1, so we can obtain (3). Next

‘CmA el/ i l]q mz :Z&rm,i(x)

o

mlg
o [l [mlg —2[ig +1 . S [i]g [mg —2[i] -1
Linly “- L

Tm41,i r 1,‘+1(x),
[m)z—1 " =mly  [mz-1 "

as the Lupas-Bernstein operators defined in (2) preserve linear functions, that is we have

L™ (ae1 + beg; x) = ax + b. We denote the latter parts above by A1 (m;x) and Ay (m; x), then
we get

£ (ey;x) = x+ A b1 (m3x)+ 22 () ). (6)
Now we compute A1 (m; x) and A; (m; x). We obtain
Ap (m;x) = [m+1 mX:rmz - [m+1qxqzrm 1,i(
[m]q( ([ =0
B 2[m+1qx m=l (7)
g ([ - X%
m;x) = m + Uy m_lr (x) — ! =
AZ( ’ ) [m]q ({m] +1) Z m,z( ) [m]q<[ ] +1) - +1z+1( )
2[1’71—1—1] qu Zr N 2 m—1 .
+ ([ ] _1) — m— 11( )+[m]q([m]2 ; m+11+1 ) (8)
B 2[m—{—1qx m_l
ol (1) 2™
Using (6), (7) and (8) we get (4).
We have
m,A . _ & 1]5
LM (e2;x) _Zwrm,i(x)
i=0 q
m i) [m]q—Z[i]q+1r i mal (i) [m]q—Z[i]q—lr e
+A E)[m]% [m]%—l m—l—l,z( ) ; [m]% [m]%—l m+1,z+1( ) :

Let us denote the latter parts above in the square brackets of last formula by A3 (m; x) and
Ay (m; x), we get

Em,)\ (ez;x) _ x2+ x(l —x) i x2(1 —x>(1 _‘7) <1 . %) _|_)\< As (m;x>_|_ Ay (m;x>>_ (9)

[m]q 1—x+gx m]q
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We calculate Az (m; x) and A4 (m; x) and obtain

131
e x) — m+1];x "= . [m+1qxq .
A3( ’ ) [m]q([ . — Z mz [m]q( Z m— 11
B Z[m—}—l]qx m_lr ) 6[m—1—1qxq
[m]%([m]%—l) ;:) m,z( ) [m]q( Z Ym— 11
_ 2[m+ 1]y

(10)
=
L (mE—1) &
AV (m;x) - _ [m—f—qu q

([mlg +1)[

Zmlz [m

’110

+1]px M=l i
O
(g + 1)

2[m +1]4[m
]2 Z Pm1,i41(X) +

_ 3.3 m—3
1qx

([] 1) ] Zmsz
= 2
(Tl - )mzzﬂu _

T'm+1,i+1
FETRE &
Using (9), (10) and (11), we get (5). Thus Lemma 1 is proved
Remark 1. ForA € [—1,1]

(11)

,x€[0,1
interpolation property, that is

O
|, g > 0, A-Lupas-Bernstein operators possess the endpoint

L"MNF;0)=0,  L™MF;1) =1

T T T T T T T T
N Y/
\ -] g
) “h
\ . A=0 ¢/
s\ \ 1
081 W'\ P /i
\ /!
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\ \ 4 'I
o6 AW\ /i
A S N = e V4 7
S ,\f = ~e ”!’ ;~\ I'
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Figure 1. The graph of I3;(A; x) showing interpolation
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2 Korovkin type statistical approximation

Here we study statistical approximation properties of operators £,

Around fifty years ago, H. Fast [6] gave an idea of statistical convergence and it has become
an active research area. In [7], A.D. Gadjiev and C. Orhan gave Korovkin theorem (see [9]) by
replacing ordinary convergence by statistical convergence.

Let £ C NN (the set of natural numbers). Then §(K) = lim,20{k < r : k € K} is
called the asymptotic density of K, where [ denotes the cardinality of the set. A sequence
n = {nx} said to be statistically convergent to the number s if § (¢) = 0 for each € > 0, where

Ke={k <r:|nx—s| > e} (see[6]),i.e.
lip%E{k <r:lg—s|>e} =0.

In this case, we write st-lim#y = s.

Here we give an example in which every convergent sequence is statistically convergent but
not conversely.

Let the sequence {S;} be defined by

0, k=m?
S =
1, k#m? meN.

This sequence is statistically convergent to 1 but not convergent.
Our aim is to study statistical approximation properties of the operators (2) and to obtain
the rate of statistical convergence.

Remark 2. Forg € (0,1), note that liin [m]y = 0or %. We take a sequence g, € (0,1) such that
m—00

lim g" =1, so that Ii = oo.
lim g3 =1, so that lim [m],,, = co

We use the following famous Korovkin’s theorem.

Theorem 1 ([9]). Let {Tw },,~, be a sequence of positive linear operators from €0, 1] into €[0, 1]
such that %1_131 Tm(g) = g uniformly on [0,1]. Then, for every ¢ € €[0,1], nlll_r>n Tm(p) = ¢

uniformly on [0,1], where g = x',i = 0,1,2.

Theorem 2 ([7]). Let { L}~ be a sequence of linear positive operators from €[0, 1] into €[0, 1]
satisfying: st-lim Hﬁm')‘ (ey;x) - xVHoo = 0, where ey(x) = x", u = 0,1,2. Then for any func-
m

tion f € €[0, 1], we have st-lim | £mAMF) - Fl|, =0.

Theorem 3. Let { L™} n>1 Pe a sequence of operators defined in (2) and the sequence q = g,
be same as in Remark 2. Then fort € ¢[0,1]

st-limH LN, —FH = 0.
m e}
Proof. Clearly for y = 0, the equality £L™*(1,x) = 1, implies

st-lim Hﬁ”"\(l;x) —1 Hw = 0.
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For y =1, we have
—2[m + 1]gx + [m]; +1
[m]q ([m]3 — 1)

m(m—1) m+1 m
I ()
My (02— 1) T (1 x+g) (2[ g (1—x+qu)>"

L™ (e1; %) —x) < ‘A

+

For a given € > 0, let us define the following sets

L= {m : ’Em')‘ (e1;x) — x’ > e} , L' = {m : 'A_z[nfmﬁql(][g];_[nz])q + 1‘ > e},

m(m—1)/2,m+1 1
L//:{m:'A g , <2[m+1]q_w>‘ 26}-
[m]‘7<[m]q_1)nj:0 (1—x+4/x) (1—x+qg"x)
So we get
st-1lim ‘,Cm’/\ (el; x) — XH =0.

Lastly for 4 = 2, we have

LA (e2;x) — xz) <

x(1—x) x*(1-x)(1—9q) <

)

[m]q 1—x+gx '
4(m +1] . [m+1]qx(1 2gx)
p@E - ™ R D)
xm—i—l
TR ) T2 (1 x + q7%)

wgmss  2[n A 1 ([m]g 4 2)g™m+1)/2
(1 _x_}_qulx)

({m]q + 1)qm(m+1)/2 >
(1—x+¢gm1x) (1 —x+g"x)

X <4[m—|—1] q

If we choose

x(1—x) _xz(l—x)(l—q) <1_L>

Xm = [m]q 1—x+gx [m]q ’
. Am+1yx § - 20m + 1];x(1 — 24x)
= g - ) " (] —1) |
J—— m+1 - w2 s 2[1’1 + 1]q<[m]q + 2) qm(m+1)/2
" '[m]g([m]%_l)n;n_—oz (1-x+g/x) <4[ U (1—x+qgm1x)

([m]q _|_1)qm(m+1)/2 )
(Axtg" ) 1q7)

then st-lim aq,, = st-lim ay,;, = st-lim azy,, = st-limay,, = 0.
m m m m
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Now given € > 0, we define the following five sets:

L= {m:]ﬁm')‘(ez;x)—xz\z e},
le{mifxlmEZ}, LzZ{ Z ,
L3={MIIX3mEZ}, L4:{ 22

Itis obvious that L C L; U L, U L3 U Lg. Thus we obtain
5<{K <m: Hﬁm')‘ (e2; %) —xZH > (—:}) <(5({K <m:ag, > - }) +(5({K <m:ag, >

)

+(5<{K§m:rx3m > Z}) +(5<{K§m:rx4m > Z}>

The right hand side of the inequalities is zero. Thus the equality st-li%n | £ (eg; x) — x?||ec = 0

o= m

holds. The proof is completed. O

3 Rate of statistical convergence

In this part, we obtain the rate of statistical convergence of operators (2) by means of mod-
ulus of continuity. The modulus of continuity for functions ¢ € €[0, 1] is defined by

w(F;e) = sup F 1) —F (v2) |,
y1y2€[01], |[y1—y2/<e

where w(F ; 0) satisfies the following conditions:
lim w(F;0) =0
0—0

forall F € €[0,1] and

)F(yl)—F(yZ)‘Sw(F}Q) (’yl Qw’ )

The next theorem gives the pointwise rate of statistical convergence.

Theorem 4. Let the sequence q = q,, with 0 < q,, < 1 be as defined in Remark 2. Then we
have

’Em,A (er; %) — ,r(x)‘ < 2w (F; Qm(x)> :

where
. _x(l—x)_xz(l—x)(l—q) 1
enle) =2 - R (- )
AXx
+ il ([ nf 0 [— 2(=2[m+1]gx + [m]y +1)
20”5 g1

([m]g +1)q™ )
(1—x+g"x)
xm+1

[T (1 — x +¢/x)

2(m +1], ([m]y +2) q )H
([m}rﬂq)qﬂ”;_ﬂl

1,x+qm*1x) (1,x+qu)

(2[711 +1]; —

I (1 x+ i) (12)

+

1 [Z[m +1]4(1 — 2qx) +
[m]q

m(m—1)
2

% <4[m + 1]qq(m2—3m+3) .

(1—x+4gm1x)+ (
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Proof. Let F € €[0,1] be a non decreasing function. Using linearity and positivity of the
operators L™, for ¢ > 0 we get
),

’Em')‘ (e1;x) — F(x)‘ < w(F;Q){ﬁm')‘(l;x) + %ﬁm')‘(}y —x

£ (ersx) — £ ()| < LM (| ()~ F (%)

) |

)Em')‘ (e1;x) — F(x)) <w (F;om) <1 + 1 [Em')‘ <(el — x)z;x)} : [ﬁ’“(l;x)}

Om

By using Cauchy-Schwarz inequality, we obtain

|—
NI—

Choosing ¢, as in (12), the theorem is proved. O
By the condition st-lim ¢,, = 0, we get
m
st-limw(F;0) =0.
m

This gives the pointwise rate of statistical convergence.

4 Graphical examples

In this section, we present our results graphically.

Example 1. Let A = —0.3 for the operator L™ (F ; x). Figure 1 (a) explains that our operators
show better approximation towards the function F (x) = cos(27tx) + 2sin(mx) as g — 1. Also,
it shows for less iteration m = 5 the operators give better error estimation.

Example 2. Let F (x) = 1 — cos (4e®) and m = 10. In Figure 1 (b), the graph of function F (x)
and operator L™*(F ; x) for A = —1,0,1 are showed. One can observe here the approximation
is better for A = —1.

For q=0.60
1 for q=0.75
For q=0.90
—— f(x)=(cOs(27 X)+2SiN(r X))

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x (form =5, A=-0.30 )

(a) for different values of g (b) for different values of A

Figure 2. Approximation by £ ([ ; x) operators to the function F (x)
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Y 1iif cTaTTi 3aIpOIIOHOBAHO HOBMIA THII OTlepaTopis Aymama-bepHinTeltHa 3 mapameTpom dop-
MU A Ta AOBEAEHO TeopeMy HabavpkeHHs Tmiry KopoBkiHa. AOCAIAXKEHO TaKOX IIBUAKICTD CTaTH-
cTraHOI 36iXHOCTI 1MX onepaTopis. Kpim Toro, HaBeAeHO rpadpiky Ta UMCAOBI IPMKAAAH, IO iATO-
CTPYIOTBH 361KHICTh HOBMX OIIEPaTOpiB, i TOKa3aHO, IIT0 B OKPEeMIX BUITaAKaX MOXMOKI € MEHIIIIMIA,
HiX y 3BMYalHIX OMepPaTopiB.

Kontouosi cnosa i ¢ppasu: omepaTtop Aymarmia, moriHom bepHimTeliHa 3 mapaMeTpoM A, TeopeMa
KopoBskina, cTaTcTH4Ha armpoKCc/MalLIist.



