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More on the extension of linear operators on Riesz spaces

Fotiy O.G.!, Gumenchuk A.L.2, Popov M.M.34

The classical Kantorovich theorem asserts the existence and uniqueness of a linear extension of
a positive additive mapping, defined on the positive cone E™ of a Riesz space E taking values in
an Archimedean Riesz space F, to the entire space E. We prove that, if E has the principal projec-
tion property and F is Dedekind o-complete then for every e € E™ every positive finitely additive
F-valued measure defined on the Boolean algebra §,. of fragments of e has a unique positive linear
extension to the ideal E, of E generated by e. If, moreover, the measure is T-continuous then the
linear extension is order continuous.
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Introduction

We use the standard terminology and notation as in [3]. Our special terminology (as well
as the main technical tools) concerns the lateral order on Riesz spaces. The lateral order T on a
Riesz space E is defined by setting x C y (x,y € E) if and only if x is a fragment! of y, that is,
x L (y—x) (see [6] for a detailed study of the lateral order). Given elements x,y,z € E, the
notation x = y LUz means thatx =y +zand y L z.

The classical extension problem for positive linear operators deals with the extension of an
operator from a linear subspace or the positive cone of a Riesz space E, see e.g. [2],
[3, Section 1.2], [4]. Here we consider the problem of extension of a positive linear operator
from nonlinear sets. More precisely, we consider extension of a linear operator v: §, — F©
defined on the set §, of all fragments of an element ¢ € ET and taking values in a Dedekind
o-complete Riesz space F. An obvious necessary condition for the function v to have a linear
extension from §. to the ideal E, of E generated by e is that v is a finitely additive F-valued
measure, that is, for every x,y € §, with x L y one has v(x +y) = v(x) + v(y), because for
any x,y € g, the condition x + v € §, holds if and only if x L y. We prove, in particular, that
the above necessary condition is sufficient.
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We consider the order convergence in the strong sense. A net (x4),c4 in a Riesz space E
order converges to a limit x € E if there is a net (4 )qc 4 in E such that y, | 0 and |x, — x| < y,
for some ng € A and all & > ap (write x, —> x). See e.g. [1] and [8] for more details on the
order convergence.

For the proof of the main result, we need some lemmas. The first one is an analogue of the
Riesz decomposition property for the lateral order recently obtained by M. Pliev.

Lemma 1 (Proposition 3.11 of [7]). Let E be a Riesz space, uy,..., Uy, v1,...0, € E and
miu; = {19 Then there exists a disjoint family (w;;) of elements of E, where
ie{l,...,m}andk € {1,...,n} such that

(i) uj={_qwixforanyi e {1,...,m};
(ii) v = Ly wix forany k € {1,...,n}.

The following notion brings a convenient simple tool in addition to the Freudenthal spec-
tral theorem to verify the uniqueness of a linear operator defined by using the just mentioned
theorem. Let E, F be Riesz spaces. A function f : E — F is said to be vertically order o-continuous
if for every w € ET, every x € E and every increasing sequence (x,)°; in E such that
0 < x—x, < 1w onehas f(x,) — f(x).

Lemma 2. Let E, F be Riesz spaces with F Archimedean. Then every regular linear operator
T: E — F is vertically order c-continuous on E.

Proof. Obviously, the difference of any two vertically order o-continuous linear operators is
vertically order o-continuous. So, with no loss of generality we assume T > 0. Let w € ET,
x € Ey and (x,)5_; be an increasing sequence in E;, such that 0 < x — x,, < %w forall n € IN.
Then

1
0<Tx—Tx,=T(x—xy) < ETw
for all n € IN, which implies Tx,, 2 Tx. O

While the vertical order continuity of a linear operator is an automatic property, the hori-
zontal order continuity is the main partial continuity which implies the entire order continuity.
Let E, F be Riesz spaces. A linear operator T: E — F is said to be

e horizontally order continuous? if for every e € ET and every laterally increasing net (e,) in
Se the condition sup,, e, = e implies Te, 25 Te;

* horizontally order o-continuous if for every e € E™ and every laterally increasing sequence
(en) in Fe the condition sup, e, = e implies Tey, 25 Te.

Lemma 3 (Proposition 3.9 of [5]). Let E be a Riesz space with the principal projection property,
F be a Dedekind complete Riesz space and T € L,(E, F). Then the following assertions hold:

1) if T is horizontally order continuous then T is order continuous;

2) if T is horizontally order o-continuous then T is order c-continuous.

2up-laterally-to-order continuous in terminology of [6], and disjointly continuous in terminology of [5]
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1 Main result

Given a Riesz space E and e € E, by §, we denote the Boolean algebra of all fragments of ¢,
and by E, the ideal of E generated by ¢, that is,

={x€E:xCe} and E,={x€E: (3IA>0) |x]| < Ale|}.

Let B be a Boolean algebra and F be a Riesz space. A mapping v: B — F* is called a
positive finitely additive vector measure if v(x Uy) = v(x) + v(y) for all disjoint x,y € B. A
positive finitely additive vector measure v: B — F is said to be:

e T-continuous provided for every nonempty upward directed set A C B for which sup .A
exists in BB one has that sup v(.A) exists in F and v(sup A) = supv(A);

* o-continuous provided for every increasing sequence (x,) in B for which sup, x, exists
in B one has that sup, v(x,) exists in F and v(sup,, x,) = sup,, v(x).

Theorem 1. Let E be a Riesz space with the principal projection property, 0 < e € E and F be
a Dedekind o-complete Riesz space. Then for every positive finitely additive vector measure
v: §e — F there exists a unique positive linear operator T: E, — F, which extends v, that is,
Tx = v(x) for all x € E,. Moreover, if v is T-continuous (or o-continuous) then T is order
continuous (respectively, order c-continuous).

Proof. Fix any positive additive mapping v: §, — F. Let X denote the set of all e-step functions
in E, that is,

X —{Zakek' méelN, e= |_|ek,ak€lR}
k=1
Observe that X is a linear subspace of E, including §,. First we define a linear operator T: X —
F by setting

T(Z akek) =) av(ex) (1)
=1 =1

for every x = Y;' jarer € X, where m € N, e = | |{L e, ar € R. Using Lemma 1, one
can easily show that the value of T at a point x € X defined by (1) does not depend on the
representation of x and T is a linear operator. By (1), Tx = v(x) for all x € E,. By the positivity
of v we have T > 0.

Now we extend T from X to E,. Fix any x € E} and define an extension T: E, — F of T.

Using Freudenthal’s spectral theorem [3, Theorem 2.8], Choose a sequence (x,) in X such that
0<x,ftxand x —x; < ke forall k € N. Say, x, = },,"; a; )e,(( ), where m, € N, e = | ||, e,(( ")
anda](< ") € Rforn=1,2,.... Choose A > 0so that x < Ae. Then 0 < a](:') < Aforalln € N

and k € {1,...,m,} and hence
_ my my
Ty =Y, algn)v(e,((n)) <) )w(e]((n)) = Av(e).
k=1 k=1

By the positivity of T, (Tx,)%_, is an increasing sequence in F order bounded by Av(e). By
the Dedekind o-completeness of F, there exists f € F' such that Tx, 1 f in F. Show that
f is independent on the choice of the sequence (x,) and hence is uniquely determined by x.
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Indeed, let (v,) be another sequence in X such that0 <y, 1T x and x — y; < %e forall k € IN.
Suppose Ty, 1 g and prove that ¢ = f. By the assumptions, —%e < xpe—yp < %e and hence,
| Tx; — Tyi| < Lv(e) for all k € IN which implies that (Txx — Tyx) > 0. On the other hand,
(Txy — Tyx) = f —g. This yields f = g. Then we set Tx = f. The additivity of T on E
follows from the additivity of order limits. By the Kantorovich theorem, there exists a unique
positive linear extension T: E, — F (which we denote using the same letter T). The existence
of a positive linear extension of v from §, to E, is proved.

To prove the uniqueness, observe that any linear extension T: X — F of v must satisfy (1)
and then use Lemma 2 together with Freudenthal’s spectral theorem.

Now assume that v is T-continuous and prove the order continuity of T. By Lemma 3, it
is enough to prove the horizontal order continuity of T. Let x € E;, (x,) be a net in §, with

X i> x. For every a, set ¢, := Py.e and e* := Pxe. By (3) of [3, Theorem 1.44], P,v C v for
all u,v € E, hence e*,e, € §. for all «. By (2) of [3, Theorem 1.48], e, T e*. The later two

observations imply that e, Iy e, By the T-continuity of v, one has
Teq = v(ey) Tv(e*) = Te". (2)
Since x = x4 U (x — x4 ), by (3) of [3, Theorem 1.45], P, = Py, + Px—x, and hence,
Py_y,e = Pre — Pyoe = " —e, forall a. 3)

Choose A > 0so that x < Ae. Since x — x, C x, we obtain x — x, < x < Ae, and hence

0 S X — Xqg = Px_xa(x - xt)() S Px_x’xx S )\Px-xae (i) )\(6* - ea)

for all A. Thus, by the positivity of T and (2)
0<Tx—Txy=T(x—2x4) <AT(e" —ey) = A(Te* — Tey) | 0.

So, we have proved the order continuity of T at every positive point x of E,, which is enough
by the linearity of T. The case of the -continuity of v is considered similarly. O

The following simple example shows that an extension to the band B, generated by e need
not exist in quite natural cases.

Example 1. Set E = L, := Lp[0,1] with0 < p < oo, F = L, e = 1jo ) (the characteristic
function of [0,1]). Then B, = L;, and the measure v: §. — F defined by setting v(x) = x for
all x € §, has no positive linear extension T: L, — Leo.

Indeed, if such an extension T existed then it would satisfy (1) in place of T, which im-
plies Tx = x for all e-step functions x. Then by Lemma 2 and Freudenthal’s spectral theorem,
Tx = x for all x € Le. It follows that T is a linear bounded projection (bounded, by [3, Theo-
rem 4.3]) of L, onto the non-closed linear subspace Lo of Ly, which contradicts the bounded-
ness of T.



More on the extension of linear operators on Riesz spaces 331

References

(1]

(2]

(3]
(4]

(5]

6]

(7]

(8]

Abramovich Y., Sirotkin G. On order convergence of nets. Positivity 2005, 9 (3), 287-292. doi:10.1007 /s11117-004-
7543-x

Abramovich Y.A., Wickstead A.W. The regularity of order bounded operators into C(K), II. Q. J. Math. 1993, 44 (3),
257-270. doi:10.1093/qmath /44.3.257

Aliprantis C.D., Burkinshaw O. Positive Operators. Springer, Dordrecht, 2006.

Danet R.-M., Wong N.-C. Hahn-Banach-Kantorovich type theorems with the range space not necessarily (O)-complete.
Taiwanese J. Math. 2002, 6 (2), 241-246. doi:10.11650/ twjm /1500407432

Mazo6n J.M., Segura de Le6n S. Order bounded orthogonally additive operators. Rev. Roumaine Math. Pures Appl.
1990, 35 (4), 329-353.

Mykhaylyuk V., Pliev M., Popov M. The lateral order on Riesz spaces and orthogonally additive operators. Positivity
2021, 25 (2), 291-327. d0i:10.1007 /s11117-020-00761-x

Pliev M. On C-compact orthogonally additive operators. J. Math. Anal. Appl. 2021, 494 (1), 291-327. doi:
10.1016/j.jmaa.2020.124594

Popov M. Horizontal Egorov property of Riesz spaces. Proc. Amer. Math. Soc. 2021, 149 (1), 323-332. doi:
10.1090/proc/15235

Received 14.09.2021

®oriit O.T., Tymenuyk A.L, ITomos M.M. Binvuite npo npodosowceHHs AiHiliHUX onepamopie HA 6eKMOPHUX
rpamkax // Kapnarceki MaTem. my6a. — 2022. — T.14, N2, — C. 327-331.

Kaacnuna teopema Kanroposnua cTBepaXye iCHyBaHHS Ta €AMHICTD AiHIIHOTO HIPOAOBXXEHHS
AOAATHOTO aAUTVBHOTO BiAOGpakeHHsI, BU3HAYEHOIO Ha AOAATHOMY KoHyci ET BexTOpHOI rpaTku
E 3i 3HaueHHsIMM y apXiMeAOBill BeKTOpHIl rpaTii F Ha BCio BekTOpHy rparky E. Mu aoBoammo,
10 Ko E Mae TOAOBHY IPOeKTUBHY BAACTUBIiCTh Ta F MOPSIAKOBO 0-TIOBHA, TO AASL AOBIABHOTO
e € ET xoXHa A0AaTHA CKiHUEeHHO-aAUTUBHA F-3HauHa Mipa, III0 BM3HAaYeHa Ha OyAeBiit aarebpi §,
dparmMeHTiB eAeMeHTa ¢ Ma€ €AVIHe AOAATHe AiHiliHe IPOAOBXeHH: Ha iaean E, BeKTOpHOI I'paTku
E, mopoaxeHWiI eAeMEeHTOM e. SIKIIo, KpiM Toro, Mipa € T-HellepepBHOIO, TO AiHiliHe MPOAOBXeHHS
MOPSIAKOBO HerlepepBHe.

Kontouosi cnosa i ¢ppasu: AOAATHMIA OTlepaTop, AiHiliHe ImporoBXeHHs, mpocTip Picca, BexkTopHa
rparka.



