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Algebras of entire functions containing functions of
unbounded type on a Banach space

Hihliuk A. , Zagorodnyuk A.

In this paper, we consider algebras of entire analytic functions which are bounded on a pre-

scribed family of balls in a Banach space. We investigate the structures of such algebras and de-

scribe their spectra in terms of spectra of algebras of uniformly continuous analytic functions. Some

partial examples are considered. In particular, we have complete descriptions of the spectra for the

case of Tsirelson space and for c0.
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1 Introduction and preliminaries

Algebras of analytic functions on Banach spaces are important objects of topological alge-

bras as well as in nonlinear functional analysis. There are a lot of different algebras of en-

tire functions on a given infinite dimensional Banach space. The first important thing which

we need to know about a commutative topological algebra is its spectrum. Spectra of var-

ious algebras of entire analytic functions on Banach spaces were studied by many authors

[5, 6, 8, 10, 14, 15, 17, 23, 26]. In this paper, we consider the case when all entire functions are

bounded on a given family of balls.

Let X be a complex Banach space. A mapping M defined on the Cartesian power Xn to C

is an n-linear if M(x1, x2, . . . , xn), xk ∈ X, is linear in each variable xk. An n-linear mapping M

is called symmetric if

M(x1, x2, . . . , xn) = M(xs(1), xs(2), . . . , xs(n)), s ∈ σn,

where σn is the set of all permutations s : {1, 2, . . . , n} 7→ {s(1), s(2), . . . , s(n)}. A function

P : X → C is called an n-homogeneous polynomial if there exists a symmetric n-linear mapping

MP such that P(x) = MP(x, x, . . . , x). The Banach space of all continuous n-homogeneous

polynomials on X with respect to the norm

‖P‖ = sup
‖x‖≤1

|P(x)|

is denoted P(nX).
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A continuous function f : X → C is said to be an entire analytic function (or just an entire

function) if its restriction on any finite dimensional subspace is analytic. The algebra of all

entire analytic functions on X is denoted by H(X). This is a locally convex topological algebra

with respect to the topology τ0 of uniform convergence on compact subsets of X. For basic

information on analytic functions on Banach space we refer the reader to [13, 18].

Every entire analytic function can be represented by its Taylor series expansion

f (x) =
∞

∑
n=0

fn(x), (1)

where fn are continuous n-homogeneous polynomials. The radius of uniform convergence

̺x( f ) of f ∈ H(X) at x can be defined as a supremum of |λ|, λ ∈ C, such that the Taylor

series of f at x converges to f uniformly on x + λB, where B is the unit ball of X. The radius of

boundedness of f at x is a supremum of λ, λ ∈ C, such that f is bounded on x + λB.

The radius of uniform convergence of f at x coincides with the radius of boundedness and

can be calculated as

̺x( f ) =
1

lim sup
n→∞

‖ fn‖1/n
.

The Taylor series expansion (1) uniformly converges on the open ball rB centered at zero with

radius r = ̺0( f ).

If ̺0( f ) = ∞, the analytic function is bounded on all bounded subsets of X. The space

of all entire analytic functions which are bounded on bounded subsets on X (entire functions

of bounded type) is denoted by Hb(X). Functions in H(X) \ Hb(X) are called entire functions

of unbounded type. It is well-known that on every infinite dimensional Banach space there

exists an entire function of unbounded type. In [2, 3], J.M. Ansemil, R.M. Aron and S. Ponte

constructed entire functions on a Banach space which are bounded on any given finite col-

lection of balls and unbounded on another given finite collection of balls. In [7], R.M. Aron

constructed an entire function f on a Banach space X such that for every r > 0 there is a point

x0 ∈ X such that f is unbounded on the ball of radius r, centered at x0. Analytic functions of

unbounded type with some additional properties were studied in [11, 24, 25].

The space Hb(X) is a Fréchet algebra with respect to the pointwise multiplication and the

metrizable topology of uniform convergence on bounded subsets of X. Let B(x, r) be the open

ball with radius r and centered at x ∈ X. The algebra of bounded uniformly continuous an-

alytic functions on B(x, r) is denoted by H∞
uc(B(x, r)). Algebras Hb(X) and H∞

uc(B(x, r)) were

firstly investigated in [5, 6].

Let A be a complex topological algebra. A continuous homomorphism ϕ : A → C is called

a multiplicative linear functional or a character of A. The set of all continuous complex-valued

homomorphisms of A is the spectrum of A and is denoted by M(A). It is easy to see that point

evaluation functionals δx : f 7→ f (x), x ∈ X, belong to the spectrum of Hb(X). Moreover, every

vector z in the second dual space X∗∗ generates a character δ̃z : f 7→ f̃ (z), where f̃ is the Aron-

Berner extension of F (see e.g. [5]). But in the general case, the spectrum of Hb(X) is much

more complicated than X∗∗ [26].

In this paper, we investigate algebras of entire functions which contain some functions of

unbounded type. In Section 2, we consider algebras of entire functions which are uniformly

continuous on a given family of balls. In Section 3, we study algebras of analytic functions
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which are bounded on a family of balls in X. Examples, when X = c0 and X is the Tsirelson

space, are considered more detailed.

2 Analytic functions bounded on a given sequence of balls

Let X be a complex Banach space and G be a finite or infinite family of open balls B(xα, rα)

in X with radii rα > 0 and centered at xα, where α ranges over a set of indexes A. We denote

by HG(X) the algebra of all functions in H(X) which are uniformly continuous on every ball

B(xα, rα). Also, we denote by Gc the set of centra

Gc = {xα : α ∈ A}.

Proposition 1. The algebra HG(X) can be represented as

HG(X) = H(x)
⋂

[
⋂

α∈A

H∞
uc(B(xα, rα))

]
.

Proof. Note that each algebra H∞
uc(B(xα, rα)) contains the algebra Hb(X) of all entire functions

of bounded type on X. So the intersection of H∞
uc(B(xα, rα)), α ∈ A, is nonempty and contains

Hb(X) ⊂ H(X). If

f ∈ H(x)
⋂

[
⋂

α∈A

H∞
uc(B(xα, rα))

]
,

then f is an entire function and must be uniformly continuous on each ball B(xα, rα). Thus,

f ∈ HG(X). On the other hand, if f ∈ HG(X), then f is entire and uniformly continuous on

each B(xα, rα).

Following [9], we call an entire analytic function f : X → C r-uniformly analytic if there

exists r > 0 such that the function f is bounded on every closed ball B(x, r) at any point x ∈ X.

Let us consider some examples of algebras HG(X).

Example 1. Let Gc = X and rα = r > 0 for every α. Then HG(X) coincides with the algebra of

all r-uniformly analytic functions on X.

Example 2. If Gc = ∅, then HG(X) = H(X).

Example 3. Let G = {B(0, n) : n ∈ N}. Then HG(X) = Hb(X).

In the general case, clearly we have that

Hb(X) ⊆ HG(X) ⊆ H(X)

and all embeddings are dense.

Let us recall that for a given topological algebra A there exists a family of seminorms {pβ}

which form a basis of the topology of A and are multiplicatively convex, that is, pβ(ab) =

pβ(a)pβ(b), a, b ∈ A. Moreover, if we denote by Âβ the Banach algebra which is the completion

of A/ ker pβ with respect to pβ, then A is the projective limit of algebras Âβ that are called the

Arens-Michael decomposition of A. It is well known (see e.g. [16, p. 176]) that the spectrum of A

is the inductive limit of the spectra of Âβ. In particular,

M(A) =
⋃

β

M(Âβ).
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We refer the reader to the A. Mallios book [16] for details about topological algebras and the

Arens-Michael decomposition. Note that the topology of H(X) is generated by sup-norms on

compact subsets of X and if X is a Banach space with a Schauder basis, the spectrum of H(X)

consists of the point evaluation functionals δx, x ∈ X (see e.g. [19, 21]).

Theorem 1. The spectrum of HG(X) is the union of the spectra of H(X) and H∞
ucB(xα, rα),

α ∈ A.

Proof. According to the definition of HG(X), every function f ∈ HG(X) must be continuous

with respect to norms ‖ f‖α = sup‖x−zα‖≤rα
| f (x)|, zα ∈ Gc, and seminorms pK = supx∈K | f (x)|,

where K ranges over all compact subsets of X. Thus norms ‖ f‖α and seminorms pK gener-

ate the topology of HG(X). Hence the spectrum of HG(X) is the union of the spectra of cor-

responding Banach algebras which form the Arens-Michael decomposition of HG(X). For a

given compact subset K ⊂ X, we denote by ĤK the completion of H(X)/ ker pK and by
(

ĤG

)
K

the completion of HG(X)/ ker pK with respect to the norm pK. Since the space of polynomials

on X is dense in (H(X), τ0) (see [13, p. 197]) and HG(X) contains all polynomials, HG(X) is a

dense subspace in H(X). Thus ĤK =
(

ĤG

)
K

. Therefore, the spectrum of HG(X) is the union

of the spectra of ĤK, over all compacta K and the spectra of H∞
ucB(xα, rα), α ∈ A. But the union

of the spectra of all ĤK is the spectrum of H(X) and the theorem is proved.

Example 4. Let X = c0, Gc = c0 and all radii of balls in G are equal to 1. Then the spectrum of

HG(X) can be identified with the following subset in ℓ∞

{x + Bℓ∞
: x ∈ c0},

where Bℓ∞
is the closed unit ball in ℓ∞. Indeed, according to [6], the spectrum of H∞

uc(B(x, r)),

B(x, r) ⊂ c0, can be identified with the ball B∗∗(x, r) ⊂ ℓ∞ centered at x ∈ c0 ⊂ ℓ∞ by the

following way: to each point u ∈ B∗∗(x, r) we assign a character δ̃u defined as δ̃u( f ) = f̃ (u),

f ∈ H∞
uc(B(x, r)), where f̃ is the Aron-Berner extension of f to ℓ∞ [4, 12]. Also, since c0 has a

Schauder basis, the spectrum of H(X) can be identified with X via point evaluation functionals

x 7→ δx, x ∈ X, where δx( f ) = f (x). Thus we can apply Theorem 1.

Proposition 2. Let Gc be a dense subset in X and A = N, that is, Gc = {z1, . . . , zn, . . .} be

countable. Let rn = r > 0 for all n ∈ N. Then HG(X) is a metrizable complete locally convex

space.

Proof. As we mentioned above, the topology of HG(X) is the weakest locally convex topology

generated by norms ‖ f‖n = sup‖x−zn‖≤r | f (x)|, zn ∈ Gc, and seminorms pK = supx∈K | f (x)|,

where K ranges over all compacta of X. But every compact set K ⊂ X can be covered by a finite

number of balls in G. So the topology of HG(X) can be generated by the countable family of

norms ‖ f‖n = sup‖x−zn‖≤r | f (x)|, zn ∈ Gc. Thus the topology is metrizable and it is generated

by the metric

ρ( f , g) =
∞

∑
n=1

‖ f − g‖n

2n(1 + ‖ f − g‖n)
, f , g ∈ HG(X).

Let { fm}∞
m=1 be a Cauchy sequence in HG(X). Then { fm}∞

m=1 is a Cauchy sequence in each

Banach space H∞
uc(B(zn, r)). Let gn be the limit of { fm}∞

m=1 in H∞
uc(B(zn, r)). Clearly that gn = gk

if B(zn, r) and B(zn, r) have a nonempty intersection. Since G covers the space X, the limit of

{ fm}∞
m=1 is globally defined and belongs to H(X). So it belongs to HG(X).
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The following example shows that even if Gc is a dense subset of X, and the radius of each

ball in G is equal to r, then HG(X) is not necessarily equal to the algebra of all r-uniformly

analytic functions on X.

Example 5. Let X = c0 and f (x) =
∞

∑
n=1

xn
n

n2
.

Note first that f is uniformly continuous on the closed unit ball B(0, 1) of c0. Indeed, let

x, x′ ∈ B(0, 1) and ‖x − x′‖ < δ. Then

| f (x) − f (x′)| =

∣∣∣∣∣
∞

∑
n=1

xn
n − x′n

n

n2

∣∣∣∣∣ < δ
π2

6
.

Thus, for every ǫ > 0 there is δ = 6ǫ/π2 > 0 such that | f (x) − f (x′)| < ǫ for all x, x′ ∈ B(0, 1)

with ‖x − x′‖ < δ.

Let Gc be the subspace c00 of c0 consisting of all finite sequences. For every fixed

vector y = (y1, y2, . . . , ym, 0, . . . ) ∈ c00, the function f (y + x) can be represented as

f (y + x) = f (1)(y + x) + f (2)(y + x), where

f (1)(y + x) =
m

∑
n=1

(yn + xn)n

n2
and f (2)(y + x) =

∞

∑
n=m+1

(yn + xn)n

n2
=

∞

∑
n=m+1

xn
n

n2
.

Note, f (1)(y + x) is a polynomial of x and so it is uniformly continuous on every bounded sub-

set; f (2)(y + x) is uniformly continuous in the ball B(y, 1) because of (5). Hence, f ∈ HG(X).

Let w = (0, 1
ln 2 , 1

ln 3 , . . . , 1
ln n , . . . ) ∈ c0. Clearly, w /∈ Gc. Let v(m) = (1, . . . , 1, 0, . . . ) ∈ c0.

Then

f (w + vm) ≥
1

2 ln 2
+

1

3 ln 3
+ · · ·+

1

m ln m
+ 0 + · · · =

m

∑
n=2

1

n ln n
−→ ∞ as n → ∞.

Thus f is unbounded on the unit ball centered at w. Therefore f is not uniformly analytic.

3 More algebras of entire functions

Let us denote by Hb(B(z, R)) the algebra of analytic functions of bounded type on B(z, R),

R > 0. Hb(B(z, R)) consists of analytic functions on B(z, r) which are uniformly continuous

on B(z, r) for every r < R. This algebra is a Fréchet algebra with respect to the projective

topology generated by norms of uniform convergence on the balls B(z, r), r < R (see [8]). The

intersection H(X) ∩ Hb(B(z, R)) is a partial case of HG(X) for G = {B(z, r) : r < R}. So we

have the following corollary.

Corollary 1. Let A be a set of indexes. We fix a family of open balls B(zα, Rα) ⊂ X, α ∈ A,

Rα > 0. The algebra HbG(X) of all entire functions on X which are of bounded type on each

ball B(zα, Rα) ⊂ X, α ∈ A, is the intersection of H(X) and all Hb(B(zα, Rα)), α ∈ A, and its

spectrum is the inductive limit of the spectra of H(X) and Hb(B(zα, Rα)), α ∈ A.

Theorem 2. Let X be a separable complex Banach space and Gc be a countable dense subset

of X. Suppose that the radii of all balls in G are equal to R > 0. Then for every w ∈ X and

0 < r < R the norm

f 7→ ‖ f‖w,r = sup
‖x−w‖≤r

| f (x)|

is continuous on HbG(X).
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Proof. Let r′ < R and r′ − r = c > 0. Let us consider z ∈ G, such that ‖z − w‖ <
1
4 c, where

‖ · ‖ is the norm on X. Then B(z, r′) ⊃ B(w, r). Indeed, if y ∈ B(w, r), that is ‖w − y‖ < r, then

‖z − y‖ ≤ ‖z − w‖+ ‖w − y‖ ≤ 1
4 c + r < r′. Therefore, for every f ∈ HbG(X),

‖ f‖w,r = sup
x∈B(w,r)

| f (x)| ≤ sup
x∈B(z,r′)

| f (x)| = ‖ f‖z,r′ .

Hence the norm ‖ · ‖w,r is bounded and continuous as well.

Corollary 2. Let HbG(X) be as in Theorem 2. Then f ∈ HbG(X) if and only if f is an analytic

and uniformly continuous on every ball of radius 0 < r < R.

Proof. Let us suppose that f ∈ HbG(X). It follows from Theorem 2 that all norms ‖ · ‖x,r are

continuous on HbG(X). Therefore, f is continuous with respect to this family of norms and

so it is uniformly continuous on every closed ball B(x, r), x ∈ X and 0 < r < R. Hence f is

analytic and uniformly continuous on every ball of radius 0 < r < R.

On the other hand, if f ∈ H(X) and uniformly continuous on every ball of radius r < R,

then f uniformly continuous on every ball B(z, r), where r < R, z ∈ Gc. Thus f ∈ HbG(X).

It is known that if X is a Banach space such that P(nX) is reflexive for every n, then the

spectrum of Hb(X) coincides with the set of point evaluation functionals {δx : x ∈ X} [20].

In [22], B. Tsirelson constructed a reflexive Banach space X with an unconditional basis which

contains no subspace isomorphic to any ℓp. R. Alencar, R. Aron and S. Dineen [1] proved that

the space P(nX) is reflexive for every n.

Corollary 3. Let X be a Banach space such that P(nX) is reflexive for every n, then the spec-

trum of HbG(X) coincides with the set of point evaluation functionals {δx : x ∈ X} for any

family of balls G.

Proof. According to [5], the spectrum of H∞
uc(B(x, r)) is a subset of the spectrum of Hb(X), thus

all characters of H∞
uc(B(x, r)) are point evaluation functionals. Also, the spectrum of H(X) is

{δx : x ∈ X}.
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Гiглюк А., Загороднюк А. Алгебри цiлих функцiй, що мiстять функцiї необмеженого типу на

банаховому просторi // Карпатськi матем. публ. — 2021. — Т.13, №2. — C. 426–432.

У роботi ми розглядаємо алгебри цiлих аналiтичних функцiй, якi є обмеженими на деякiй

наперед заданiй множинi куль банахового простору. Дослiджено структуру таких алгебр i

описано їхнiй спектр в термiнах спектрiв алгебр рiвномiрно неперервних аналiтичних фун-

кцiй. Розглянуто деякi частковi приклади. Зокрема, отримано повний опис спектрiв для ви-

падкiв простору Цiрельсона та простору c0.

Ключовi слова i фрази: аналiтична функцiя на банаховому просторi, функцiя необмеженого

типу, спектр алгебри аналiтичних функцiй.


