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Composition of entire and analytic functions in the unit ball

Bandura A.L}, Skaskiv O.B.2, Tymkiv LR.

In this paper, we investigate a composition of entire function of several complex variables and
analytic function in the unit ball. We modified early known results with conditions providing equiv-
alence of boundedness of L-index in a direction for such a composition and boundedness of /-index
of initial function of one variable, where the continuous function L : B" — R is constructed by the
continuous function I : C" — R,. Taking into account new ideas from recent results on composi-
tion of entire functions, we remove a condition that a directional derivative of the inner function ®
in the composition does not equal to zero. Instead of the condition we construct a greater function
L(z) for which F(z) = f(®(z),..., q)(zl) has bounded L-index in a direction, where f: C" — C is

m times
an entire function of bounded Il-index in the direction (1,...,1), ®: B" — C is an analytic function
in the unit ball.

We weaken the condition [05®(z)| < K|d,®(z)[¥ for all z € B", where K > 1 is a constant,
b € C"\ {0} is a given direction and

n
IpF(z 2

F(z) =0y (3 'F(2)).

It is replaced by the condition [0} ®(z)| < K(I(®(z)))Y N(£D+1) |9, d(z)|¥, where Ny (f,1) is the
I-index of the function f in the direction 1 = (1,...,1). The described result is an improvement of
previous one. It is also a new result for the one-dimensional case n = 1, m = 1, i.e. for an analytic
function @ in the unit disc and for an entire function f : C — C of bounded /-index.

Key words and phrases: analytic function, unit disc, entire function, bounded L-index in direction,
composite function, bounded /-index.
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Introduction

In this paper, the main objects of investigation are functions analytic in the unit ball. Re-
cently in [1] we obtained a modification of some results on composition of entire functions and
its boundedness of L-index in direction, where L : C* — IR, is a continuous function. The
tirst result of such type in [4] contains a condition that a directional derivative of inner entire
function ® : C" — C in a composition does not equal to zero. We completely removed this
condition in [1] and rewrite proof with some greater function L than in [4]. Also there was
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obtained a weakening of the condition |of ®(z)| < K|0,®(z)| for all z € C". It was replaced
by [0k ®(z)| < K(I(P(2)))/ M D+D)|9,d(z) [k, where Ny (f,1) is the I-index in the direction
(1,...,1) of the function f (see details in Theorem 1 from [1]).

In the present paper, we will consider a similar problem for functions analytic in the unit
ball. The paper is an addendum to [5]. There were obtained sufficient conditions of bounded-
ness of L-index in direction for a composition of entire function of several complex variables
and analytic function in the unit ball (see below Theorem 3). By analogy to [1] we will modify
this result.

Note that the notion of entire function f: C — C of bounded index (I = 1) was firstly
appeared in papers of J. Mac-Donnell and B. Lepson [13, 14] by the following property of the

central index of entire function. Let f(z) = Eo fu(a)(z —a)", where f,(a) = % Let
pr(r,a) = max{[fy(a)[r": n > 0} be the maxinm?ﬂ term of power series at the point z = g,
and v¢(r,a) = max{n: |f,(a)|r" = ps(r,a)} be its central index, r > 0. An entire function is a
function of bounded index, if sup{v¢(1,a): a € C} is finite. This simple definition has led us to
appear sufficiently meaningful theory of functions having bounded index. In this theory, there
was obtained some description of properties of analytic solutions of differential equations. If
we choose r = 1/1(a) instead of r = 1 in the definition, then we obtained a concept of entire
function of bounded /-index with a positive continuous fixed function /: C — (0, +0).

On the other hand, the properties of the maximal term and the central index of the power
series underlie in the construction of the Wiman-Valiron theory, which, in particular, has also
effective applications to the analytical theory of differential equations. At the same time, the
results of both theories on the solutions of differential equations naturally complement each
other. However, in the case of entire or analytical functions of several complex variables we
do not fully observe this fact. In view of simplicity of the concept of bounded index the ap-
proaches and methods of the theory of functions of bounded /-index successfully can be com-
pletely transferred to many classes of analytic functions of several variables. But we can not
claim similar facts about the Wiman-Valiron method. At most, in some cases of spaces of ana-
lytic functions of several variables it is possible to deduce only results concerning, for example,
such an internal question in this theory, as proof of analogues of Wiman’s inequality [9-12,16].
And even in the case of analytic in the unit disc functions, the question of a complete ana-
logue of the Wiman-Valiron theory is still not fully understood. To be fair, the main results of
Wiman-Valiron theory can be applied to every entire function, in contrast to the fact that not
every entire function has a function /, for which this entire function has a bounded /-index.

1 Main notations, definitions and results

Let B" = {z € C" : |z| < 1} be a unit ball, L : B" — R, be a continuous function,
b = (by,...,by) € C"\ {0} be a fixed direction, where 0 = (0,...,0),1 = (1,...,1). For
z € B"wedenote D, = {t € C: |t]| < 17|Z‘},

[b]
L(Z+ flb) n }
A = sup su — | =] < — .
o(7) 26115 tl,tp_epDz { L(z + t2b) =l < min{L(z + t1b), L(z + t,b)}
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The notation Qy, (IB") stands for a class of positive continuous functions L : B" — R, satisfy-
ing
Mp(17) < +oeo ¥ € [0, B, 1

and

L(z) > 1ﬁ_!b|\z|,

where > 1 is some constant.
Similarly, Qp stands for a class of positive continuous functions L : C" — R, satisfying (1)
for all 7 € [0; +c0) with

L(Z + tlb) n }
A = sup su — | — ] < — .
() zeg')1 tl,tng { L(z + t2b) el < min{L(z + t1b), L(z + f;b)}

Let L: B" — Ry be any fixed continuous function. Analytic function F : B" — C is called
a function of bounded L-index in a direction b € C" \ {0} (see [2]), if there exists my € Z, such
that for every m € Z and for each z € B”

9 F(2)]
m!L"(z)

R
0<k<mo k!LK(z)’

<

(2)

where dF(z) = F(z),0pF(z) = ]il agé;)b]_’ HKF(z) = Oy <8]|§_1F(z)), k > 2. The least such
integer my = mg(b) is called the L-index in the direction b of the analytic function F and is
denoted by Ny, (F, L) = my.

Let L: C" — R be any fixed continuous function. An entire function F(z), z € C", is
called a function of bounded L-index in a direction b = (by,...,b,) € C"\ {0} (see [4]), if there
exists mg € Z such that for every m € Z, and every z € C" inequality (2) holds. The least
such integer my is called the L-index in the direction b and is denoted by Ny, (F, L). In the case
n = 1and b = 1 we obtain the definition of entire function of one variable of bounded /-index
(see [6,7,15]) and N(F,L) := Ny(F,L);inthecasen = 1,b = 1 and L(z) = 1 it is reduced to
the definition of function of bounded index, supposed by B. Lepson [13].

To prove main theorem we need auxiliary propositions. They are analogs of Hayman’s
Theorem for entire functions and analytic functions in the unit ball. It was firstly proved by
W. Hayman [8] for entire functions of one variable having bounded index.

Theorem 1 ([3]). Let b € C"\ {0} and L € Q}.. An entire function F(z) has bounded L-index
in the direction b if and only if there exist numbers p € Z, R > 0 and C > 0 such that for

everyz € C", |z| > R,
0L (2)| |05 F(2)]
— - <C 0<k< . 3
iz max 1K) <k<p (3)

Theorem 2 ([2]). Letb € C"\ {0} and L € Qp(B"). An analytic function F : B" — C is of
bounded L-index in the direction b if and only if there exist p € Z and C > 0 such that for
every z € B" inequality (3) holds.

Note that the parameter p = Ny, (F, L) is required in Theorem 1 and Theorem 2 (see their
proofs in [2,3]).

There was obtained the following result on boundedness of L-index in direction for a com-
position of functions analytic in the unit ball.
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Let @ : B" — C be an analytic function, satisfying
\8{)@(2)] < K|9p®(z)|/, K = const >0, (4)
for all z € B" and for all j < p, where p is some positive integer number.

Theorem 3 ([5]). Letb € C"\ {0}, f : C™ — C be an entire function, ® : B" — C be an
analytic function such that o, ®(z) # 0 for allz € B". Suppose thatl € Qf', l(w) > 1, w € C",
L € Qu(B"), L(z) = [9p®(2)|[(®(2), ..., P(2)).
If the entire function f has bounded I-index in the direction 1 and the function ® satisfies
(4) with p = Ny (f, 1) then the analytic function F(z) = f(®(z),..., ®(z)) has bounded L-index
N —

m times
in the direction b.

And if the analytic function F(z) = f(®(z),..., P(z)) has bounded L-index in the direction
N —
m times

b and the function ® satisfies (4) with p = Ny (F, L) then the entire function f has bounded
I-index in the direction 1.

~As in [1] for entire functions, we state that in Theorem 3 the conditions d,®(z) # 0 and
0,@(2)| < K|opP(z)| for every j € {1,...,p} are generated by method of proof. In fact, we
can remove it and prove more general proposition with some greater function L.
Our main result is the following.

Theorem 4. Letb € C"\ {0},1 € Qf, I(w) > 1, w € C™, f : C" — C be an entire function of
bounded I-index in the direction1, ® : B" — C be an analytic function.
Suppose that L € Qp(B") with

L(z) = max {1, |9, D(2)|} (D(2),...,D(2)), (5)

m times

and forallz € B" andk € {1,2,...,N1(f,1) + 1} one has

95 (2)| < K(1(®(2)))/ MU 9, (2) [, 6)
where K > 1 is a constant. Then the analytic function F(z) = f(®(z),..., ®(z)) has bounded
N —
m times

L-index in the direction b.

Theorem 4 is new even in one-dimensional case, i.e. for analytic in the unit disc functions.
Note that in [5] Theorem 4 is formulated without condition (6). There is written "The proof of
this theorem is similar to proof of Theorem 3 and also use analogs of Hayman’s Theorem for
entire functions of bounded L-index in direction". But careful analysis of the proof of Theorem
4 shows that the condition is important. And now we do not know whether is it possible to
remove this condition (6). But condition (6) is significantly weaker than condition (4) by some
arbitrariness in choice of the function [. This arbitrariness is generated the fact if a function
has bounded I-index then the function has bounded I;-index for any function /; such that
li(z) > I(z) forall z € C.
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2 Proof of Theorem 4

Proof of Theorem 4. Our proof combmes ideas from proofs of corresponding theorems in [5]
and [1]. Denote Vf = 01f = Z]m 1 aZ], Vkf = okf for k > 2. In the proof of Theorem 3 in [5]
there was established the following formula by method of mathematical induction

HF(z) = VEF(D(2),..., D(2)) (P(2)" + Z Vf(@(z),..., ®(2)Qix(2), )

where

QrD)= L Crmem (6®(2)" ()" (%h0(2)) ",

n1+2712+...fk71k:k
0<n;<j—-1

and ¢jkn,,...n, are non-negative integer numbers.

There was also deduced that

8’1‘)1—“(2)
(9 ®(2))" (abq)(

VEf(@(2),..., D(2)) = 2kZa F(z) (p®(2)) Qix(2), (8

where

Qjx(z)= )3 by, (6 ®(2)™ (F0(2)) " . (%h@(2)) ",

my+2my+...+km=2(k—j)

and bj ki, ,..,m, are some integer coefficients.
Denote Lo(z) = I(P(z),...,P(z))|0pP(z)|. Taking into account (7) and (5), fork = p+1
—_——————

m times
we have

" F@)| _ V(@)
Lp+1( ) — Lp+1( )

+XP: IVIf(@(z),...,0(2))]|Qjp+1(2)]

@(Z))| ’abq)(z) ‘ p+1

= LPH(Z) )
\Vp+1f( (z),...,®(z))||9pP(z)|""
l”“( 2),...,0(z)) |9p®(z)|"*

(
N 2 |V1f D(2),...,202)] Q1@ (P(z),...,P(2))
D(2),...,P(2))  [9pP(2)|P T IPR(D(2),...,D(z))
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Let f be an entire function of bounded /-index in the direction 1. By Theorem 1 inequality (3)
holdsforn =m,F = f,L=1,b =1and p = N1(f, 1), namely

VP f(7)] IVEf()] m
Wg(ﬁmax{w. nggp} VT e C™

Applying to (9) this inequality with T = (®(z), ..., P(z)), we obtain

2 F () VEF(@(2), ., ()] |
WS max { K@), o) - FF )

G G R )

2 v 2) " )
VEA(@(2), .., B(2)] (10)
<ma{ an, e | CSk<P)
p (Pu®(2))" (@F@(2)". .. (3} 0(2)) "
<[ o z;;q% et (@), 0(2) [ () )
0<m <j—1

In view of condition (6) inequality (10) yields

1
9p " F2)|
()

VEf(@(2)]
S maX{lk(q)(Z)’_ ) ,CD(z)) : 0 S k S p}
Cip+1n,em T(D(z2),...,0(2))|0pD(z) [P
C Jp+Lng,.., H_le
< + ]Z Z,’:+112 . P11 (D(z2),...,D(2)) ’abq)(z)’pﬂ )
o (11)

IVEf(D(2),...,D(2))]

Smax{ F(®(2),..., o)) 0<k< p}
C])pﬂ,nl,...,anKpH

<C+ Z ,,ﬂz ZP—f(d>(z,...,®(Z)))>.

j= Zk 1 kng=p+
0<}’11<] 1

We will use that [(®(z)) > 1. Then from (11) it follows

EFE ¢ ma { VHF(@(2),...

L§" (2) Ko@), k) C-F P}f (12)

where

P
1
Cl =C + Kp+ Z Z Cj,p+1,n1,...,n,,+1-

=L g mpin
Ogl’ll Sj—l
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Applying equality (8), we can estimate the fraction Wzlli{équ(;) q)qu(z)) Il as follows

VH (@), .., ()] |a'<F<z>|
F@@),.., ()~ F@@),..., ()@
RS LI
L 5o, ., o0) e
< max { 2%2(2)] }
~i<i<k L (D(2),...,D(2))|0pD(2)/
1 1Q12)
< L i @ PSR 49
raf <z>\
<mo @ e meEr S <M

k—1
(4L T B
J=VEE imi=2(k—j)
. [0p®(2))™ (af,q’(z))mz~~~(3'1§<P(Z))mk\>
(@), ., ®(z)Jop @) P )
From inequalities (6) and /(w) > 1 it follows that |9f ®(z)| < KI/2(®(z))[9pD(2)|*, because

s/2>1/(N1(f,1)+1) fors € {1,2,...,N1(f,1) + 1} and N1(f,1) > 1. Applying this inequal-
ity to (13), we deduce

\af F(z)|
H(@(z),...,2(2)[0pP(2)
X <1 _}_kZ:l Z |bj,k,m1,...,mk|Km1+m2+m+mk

Lk im2()
3 <l<<1><z>,...,<1><z>>><M1+2mz+~~+km'f>/2\ab<1><z>!Wm*---*kmk)
F1(@(2), ..., (2)) [0 D(z) PF)

[V (@(2), ..., ®(2))]
K(@(2))

Smax{ 1<]<k}

!3] ®(2)| ,
H(@(z),...,2(2)[0pP(2) [

ngmax{ 1§j§k},

where

k—1
= +my+..+
C=14Y L IR
J=LYE L imi=2(k—j)

Then from inequality (12) we get

K(®(z),...,9(z))
oLF ()]
Ly(2)

LFE] _ e {If (@(2),. ,®<z>>|:0§k§p}

(14)

§C1C2max{ OSJ'SP}, p = Ni(f, D).
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The last inequality is proved for all z such that d,®(z) # 0 and by the condtion Ny(f,1) > 1.
If N1(f,I) = 0 then p = 0 and from (12) we deduce

9 F(2)]|
Lo(2)
Thus, (14) is proved for all Ny (f,1).

Remind that L(z) = I(®(z), ..., P(z)) max{1, |0pP(z)|}. Rewrite inequality (14) in the fol-
lowing form

< Glf(@(2),..., P(2)] = Ci[F(2)].

’a£+1p(z)’ LPH+(z) }akF(z)‘ L¥(z)
Lr+1(z) ' Lgﬂ(z) < GG max{ I]jk(z) LS(Z) :0<k< P}
Then
ap-i-lF(Z) Lp+1 . 8"1—“ Z) Lk .
‘ e E e max{} B 0 }
Pl KF(z k(5
C1C2L2+1EZ§ max { }azf((zj} 0<k< p} max { ESEZ; 0<k< p} (15)
)

Let tg = t(z) = Lo(z)/L(z) and kg < p (ko € Z.) be such that (tg)" = ming<<, t5. One
should observe that ty € (0,1] and p+ 1 — ko > 1. Hence,

A -
0 __ 4pt+l=ko
tko =t <ty <1
0
Therefore,
(Lo(z)/L(z))r*

: — PR g <1
ming<i<p,(Lo(z)/L(z))k 0 -

Thus, from inequality (15) we get

9 F )

12 " ‘l<qcC LbP
DGy S 1C2max ) —%

:ogkgp} (16)

for all z such that 9, ®(z) # 0.

If 9,®(z) = 0 then for any k € {1,...,N(f,]) + 1} inequality (6) implies o} ®(z) = 0. In
view of (7) it means that 05 F(z) = 0 for each k € {1,...,N(f,I) + 1}. Thus, for the points z
such that d,P(z) = 0 inequality (16) is also satisfied.

Therefore, by Theorem 2 this inequality means that the function F has bounded L-index in
the direction b. O
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For n = 1 and m = 1 Theorem 4 yields the following corollary, where denoted ID = B!.

Corollary. Let! € Q,I(w) > 1, w € C, f : C — C be an entire function of bounded I-index,
® : ID — C be an analytic function.

Suppose that L € Q(ID) with L(z) = max{1,|®'(z)|}(P(z)) and for all z € D and
ke {1,2,...,N(f,1) + 1} one has

[©®(2)] < K(I(@(2)) MDD (2) [,

where K > 1 is a constant.
Then the analytic function F(z) = f(®(z)) has bounded L-index.

This corollary is new result for functions analytic in the unit disc.
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Y cTaTTi AOCAIAXY€ETHCSI KOMIIO3MIIIS 1iA0T OYHKIIIT Bia 6araThoX KOMIIAEKCHIMX 3MiHHMX i aHa-
AlTraHOI OYHKIII B OAMHWUHIN KyAi. Y CTaTTi OTpMMaHO IIeBHi HOBi Bepcil BCTAaHOBAEHNX paHillre
Pe3yABTaTiB, sIKi MiCTSITh YMOBY, ITI0 3a6€3MeUYIOTh €KBiBaAeHTHICTh OOMeXeHOCTi L-iHAeKcy 3a Ha-
MIPSIMKOM TaKOi KOMITO3MIIii i 06MeXeHicTh [-iHAeKCy ToYaTKOBOI (pyHKIIIT Bia oAHi€el 3MiHHO, Ae L :
B" — Ry — HemepepBHa ¢pyHKIIisI, MO6yAOBaHa 3a HemlepepBHO®O dyHkIieo [ : C™ — R . 3acro-
BYIOUM AesIKi HOBi A€l 3 HeAaBHIX pe3yAbTaTiB PO KOMITO3MIIIi IiAMX PYHKIIIN, MM 3HIMaEMO YMOBY,
170 TIOXiAHA 3a HaIpsIMKOM BiA BHYTpinTHboI dyHKIIi ¢ B KoMmosmiii He AOpiBHIOE HyAfo. BaacHe,
1iiel yMoBy 036y BaeMocst, 6y Aytoun 6iabiiy dpyrkuito L(z), Arst sikoi F(z) = f(P(z), ..., P(z)) mae

N e’

m pa3
obmexeHmit L-iHAeke 3a HampsiMkoM, ae f: C" — C — mira dyHKIisS obMexXeHoOro [-iHAeKCy 3a
HanpsimkoMm (1,...,1), &: B" — C — aHaAiTiuHa PyHKIIIS B OAVHIYHIN KyAi.

Mu nocaabatoemo ymosy 05 ®@(z)| < K|9p®(z)|F arst Bcix z € B", ae K > 1 — aesixa cTana,
b € C"\ {0} — 3apaHWit HATIPSIMOK, a

n
IpF(z Z

F(z) = 3 (9, 'F(2)).

Bxasaxy yMoBy 3amiHioemo Ha ymoBy |95 ®(z)| < K(I(®(z)))V/ MUD+1)|9,@(z) |, ae Ni(f,1) —
I-inaexc dpyskuil f 3a HampsivkoMm 1 = (1,...,1). OTpuMaHWiT pe3yAbTaT MOKpAIIly€e IOEPEeAHiit
Pe3yABTaT i € TAKOX HOBMM B OAHOBMMIpPHOMY BUIAAKy 1 = 1, m = 1, To6T0, sxio ¢ e aHariTH-
YHOIO (PYHKIIi€I0 B OAMHIMYHOMY Kpy3i Ta f : C — C — minoro pyHKIIi€to 06MeXeHOro [-iHAeKCy.

Kontouosi cnosa i ¢ppasu: aHariTMIHA (PYHKIIIS, OAVHWUHMIA KPYT, Lira (PYHKIIiSI, 0OMeXeHmi
L-iHAeKC 3a HaIpSIMKOM, CKAaAeHa pYHKITisT, 0bMeXeHu] [-iHAeKC.



