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Chen inequalities for immersions
in trans-Sasakian space forms with slant factor

Mohd. Danish Siddiqi’, Aliya Naaz Siddiqui®®><

In this research article, our focus is directed towards the exploration of trans-Sasakian mani-
folds that incorporate a distinctive type of non-metric connection referred to as a quarter-symmetric
non-metric (QSNM) connection. We delve into the derivation of the mathematical expressions gov-
erning the curvature tensor R of trans-Sasakian space forms, utilizing the aforementioned QSN M-
connection. Our primary efforts are centered around the establishment of Chen inequalities. These
inequalities find application in the characterization of slant submanifolds in the trans-Sasakian
space forms and connected by a QSNM-connection. Furthermore, our investigation encompasses
the classification of Chen invariants. This classification is extended to a-Sasakian, -Kenmotsu and
cosymplectic manifolds, all of which are endowed with the distinctive QSN M-connection.

Key words and phrases: Chen inequality, slant submanifold, trans-Sasakian manifold, quarter-
symmetric non-metric connection.
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1 Introduction

The concept of submanifolds in an ambient space holds a captivating allure as it intricately
weaves together the extrinsic properties and intrinsic. Specifically, the Riemannian invariants
serve as inherent features of manifolds with Riemannian geometry. In 1993, B.-Y. Chen [5] for-
mulated an inequality that relates the sectional curvature K, the scalar curvature ¢ (an intrinsic
invariant), and the mean curvature function |#| (an extrinsic invariant) of a submanifold M
in a real space form characterized by a constant curvature c.

Moreover, B.-Y. Chen [6] extended his contributions by delving into the realm of Rieman-
nian invariants applicable to a Riemannian manifold. This expansion further enriched the
understanding of these manifold properties. Recently, A.N. Siddiqui et. al. also studied Chen
inequality in latest statistical ambient space (for more details see [21,22]).

For any point p € M, let {eq, ¢y, ..., €n} be an orthonormal basis of the tangent space Ty M.
Let M be a Riemannian manifold of size m. Next, we obtain ¢ at p as follows

o= Y, K(eng).

1<i<j<m
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For any point p € M, we indicate
(InfK)(p) = Inf {K(m) : 7 C TyM, dim(m) =2},

where the sectional curvature of M associated with plane section 7 C T,M atp € M is
denoted by (7).
At any point p € M, the Chen invariant é 4 is specified as

Sm(p) = o(p) — (InfK)(p). (1)

For instances involving C-totally real submanifolds and slant submanifolds in a contact
manifold (Sasakian space form) characterized by a constant ¢-sectional curvature, F. Defever
et. al. [8] and D. Cioroboiu et. al. [7] derived separate inequalities that bear resemblance to the
inequality originally presented by Chen for submanifolds in a real space form. The squared
mean curvature of the curve and the intrinsic invariant §, are used to express the following
inequality
(m — 2)m?

2(m—1)

In the scenario that M is an invariant submanifold of complex space form M (c), the afore-
mentioned inequality is also valid.

On a different note, back in 1985, ].A. Oubina [18] contributed to the propagation of knowl-
edge regarding a fresh category of almost contact Riemannian manifolds recognized as trans-
Sasakian manifolds. Geometries such as cosymplectic, a-Sasakian, Sasakian, f-Kenmotsu, and
Kenmotsu structures are all included in the category of trans-Sasakian structures.

H.A. Hayden established a metric connection on a Riemannian manifold with non-zero
torsion [13]. Numerous scholars (see [3, 11]) have scrutinized the characteristics of Rieman-
nian manifolds endowed with semi-symmetric (or symmetric) and non-metric connections.
S. Golab [12] investigated the possibility of quarter-symmetric linear connections inside a dif-
ferential manifold. If the torsion tensor T of a linear connection has the following form

1
om < |1H|;2+§(m—z)(m+1)c.

T(u,v) = y(v)pu — (1) 9o,
it is considered quarter-symmetric for all vector fields #, v on a manifold, where ¢ is a tensor
of type (1,1), and v is a 1-form.

The quarter-symmetric connection reduces to a semi-symmetric connection when ¢ = I.
Consequently, the quarter-symmetric connection presents itself as an extension or broader
framework encompassing semi-symmetric connections. The denotation of a metric connec-
tion is assigned to V when a Riemannian metric g exists on the manifold M in a manner
that satisfies Vg = 0. Conversely, if this condition is not met, the connection is classified as
non-metric.

A semi-symmetric metric connection was introduced on an almost contact manifold in the
work of A. Sharfuddin and S.I. Husain [20]. The detailed description is as follows

T(u,0) = y(0)u — y(u)e.
This manuscript focuses on the exploration of Chen inequalities concerning slant subman-

ifolds in a trans-Sasakian space form. The analysis is carried out in the context of a quarter-
symmetric non-metric connection denoted as (QSNM).
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2 Preliminaries

Let M be an almost contact metric manifold of dimension n with an almost contact metric
structure (¢, {, 7, g), thatis, ¢ isa (1,1) tensor field, { is a vector field, y is a 1-form, and g is a
compatible Riemannian metric such that

P*u=—u+yw)l, Q) =1, @) =0, vop=0,

g(pu, gv) = g(u,v) —y(u)y(v), gu, ¢v)=—g(pu,v), gu,g) = 7v(u)
forall u,v € TM.

Definition 1. An almost contact metric structure (¢,{,7,g) on M is called a trans-Sasakian
structure if

(Vug)(0) = a(g(u, )¢ —y(0)u) + p(8(gu, 0)¢ = 7(0)pu).
If « and B are two smooth functions on M, then we say that the trans-Sasakian structure is of

type (a, B).

It is important to observe that trans-Sasakian structures with characteristics (0, 0) align with
the cosymplectic structures, while those with characteristics («,0) correspond to a-Sasakian
structures. Similarly, trans-Sasakian structures with features (0, ) can be identified as
B-Kenmotsu structures. The investigation into trans-Sasakian manifolds (T'S-manifolds) has
been explored by many researchers [1,2,9, 10, 14, 16], leading to the acquisition of the subse-
quent outcomes:

Vug = —agu+p(u—7r(u)f), 2)
(Vuy)(v) = —ag(gu,0) + Bggu, ¢v),
Reie(u,0)§ = (o — B2) [y(v)u — y(u)v] — (ua)pv — (up)¢?v
+2ap[v(v)gu — n(u)po] + (va)gu + (v)¢”u,
Reie(g,u); = (o = p* = ) [v(w)C —u],
S(u,¢) = [(n —1)(a® = p*) — LB (1) — (pu)a — (n —2)(up). 3)
When ¢(grad «) = (n — 2)grad B, then from equation (3) the following is provided:

S(u,¢) = (n—1)(a® = p*) (),

5(5,0) = (n—1)(a® - p?),
oc=n(n—-1)(a®-p?).

3 Curvature analysis on TS-manifolds for QSN M-connection

Let Reie and Reie represent the curvature tensors in relation to the quarter-symmetric
non-metric connection denoted as (QSNM) V and the Levi-Civita connection V applied to
a TS-manifold M, respectively.

In the subsequent part of this section, we will establish the connection between R and R
concerning the QSN M-connection V operating on M, as well as in the context of the Levi-
Civita connection V on the same manifold.
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In the previous work by M.M. Tripathi [23], the following connection was introduced
Vv = Vv —1(u)gv — y(u)o — v(0)u +g(u,0)g,
where V is (QSNM)-connection. Using Definition 1 and equation (2), we obtain
(Vug) (0) = a(g(w,2)¢ = v(0)u) + (B=1)(2(pn,0)¢ = v(0) pu),

Vil = —agu+ (B —1)u — py(u)l.

In [19], C. Patra and A. Bhattacharyya studied trans-Sasakian manifold admitting quarter-
symmetric non-metric connection. Now, we obtain curvature, Ricci and scalar curvature ten-
sors by using QSN M-connection.

Theorem 1. Let M be a TS-manifold with the QSNM-connection V. Then the following
equality is provided

Rie (u,v)w = Reie(u, v)w + [(g(vrww(u) — 8w, w)y(0)) L+ (7(v)7(w) — g(go, w))u

[ V() () + g(gu, )]0 — 28(u, go)w — g(0, w)gu + g(u, w)go — 28(u, 9v)gw|

)3 (g, w)y(u) — g(o,w)y(u) — g(ou,w)y(v) + g(u, w)y(v)]L (4)
( (0)y(w) — g(v,w))u+ [y(u)y(w) — g(u,w)]o + v(v)y(w)pu — 7(“)7(60)900}
+ Blg(o, w)u — g(u,w)o)

for any vector fields u, v and w on M.

Proof. The curvature tensor Reie is as follows
Izéfe(u,v)w = VuVow — VoVyw — ﬁ[w}w

From the above equality and (3) we have the proof. O

4 Chen inequality for ®-slant submanifolds in QSNM-manifolds with
QSNM-connection

We employ the Gauss equation for a submanifold M (see [24])

Reie(u,v,w,z) = Reie(u,v,w,z) — §(h(u,z),h(v,w)) + g(h(u,w),h(v,z)) (5)

for all u,v,w,z € TM. Here i denotes the second fundamental form of M. We use

iy =g(h(eie),es), and |n]” = 28 ei €)1 (ei€f)) (6)
ij
forany ¢;,e; € TMand &s € T M.
Next, let M is a @-slant submanifold of M, dim(M) = n = 2k. Consider a point p € M,

and let {eq,€,...,€y} form an orthonormal frame for T, M and {&,,41,...,€,} constitute an
orthonormal frame for TpLM.
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When we evaluate the equations (4) and (5) for the cases whereu = w = ¢;and V = Z = ¢;,
it becomes evident that

i m(ei,ej,ej,ei) = iReie(ei,e]-,e]-,ei) +a f (g(ej e))v(ei) — g(eirej)v(e))g(ei &)
ii=1 i=1 i=1
+ i (v(e)v(ej) — g(pej ) g(ei &) + il [ —v(e)r(e)) +g(pei e))] g (e €:)
ij—l ij=
- Z 28(¢i, 9e;) Z g(ej €/)8(gei €i) + Z (i €)g(gej €7)
ij=1 i,j=1 ij=1
- Y 26 qoej)g(qoej,ei)] +(B-1) [ Y (2(eje)(e) — 8leje)(er) — g(ene)e))
ij=1 ij=1
+ g(ei ej)v(ej)g(C €) — il (v(gj)v(ej) — glej ej)) 8 (eir€i)
ij=
+ i (')’(51‘)7(5]‘) _g(gilej g(ej &) + Z v(€j)v(ej)g(pei, € Z v(e g(pej, &)
ij=1 ij=1 ij=1
+ B Z g(ej e)8(ei &) — i g(ei ej)g(ej i) |-
i,j=1 i,j=1

Thus, we arrive at
m —_——
Z Reie(e;, €, e]-,el-) = S(e]-, 8]') + [ — g(e]-, e]-) + m’y(e]-)'y(e]-) — mg(goe]-, e]-)] .
ij=1
+ (B —1)[g(pej &) + (m —2)g(gej, ;)| + B(m — 1)g(ej, €))-
For u € TM we have gu = Pu + Qu, Pu € TM, Qu € T+ M. Given an orthonormal frame

{€1,€2,...,&m} for a differential distribution D, we proceed to define the squared norms of P
and Q as follows

m m
2 2 2 2
Y. & (ei Pej) = |[P|* and ) [|Qaill” = [IQII"
ij=1 i=1
Also, forany i =1,2,...,m, where {€1,€p,...,€&n,(} is a local orthonormal frame, we have

m

Y &*(ei, pej) = cos ©.

j=1
Furthermore, the scalar curvature ¢ at p can be expressed in the following manner

ZU—ZK & \gj) +22/C ei NQ).

i#]
Consider an orthonormal frame {e1, €5, ..., &y} of Ty M with
1 1
= Peq, . = Peyy
€ 0s® €1/, 82k 05O €2k—1
And we have
1
g (pe1, pea) g(Pel, ml’ﬁ) = cos O,

also in a similar manner,

g (gei geis1) = cos®
fori =3,5,...,2k—1.
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Now, recall the following results.
Lemma 1 ([5]). Letvy,vy,...,v,, kK > 1, and v be x + 1 real numbers such that
K 2 K
<Zvi> = (K—l)(Z’U%—}—’(J).
i=1 i=1
Then 2v,v; > v and the equality holds if and only ifv] = vy = v3 = -+ - = V.

Theorem 2 ([4, 15]). Let M’ be any submanifold of an almost contact metric manifold
(M, ,7,,¢) such that{ € TM'. Then

1) M’ is slant if and only if there exists a constant A € [0,1] such that P> = —A(I — y®{);
furthermore, if 0 is the slant angle of M, then A = cos?6;

2) g(Pu, Pv) = cos®6[g(u,v) — y(u)y(v)] forany u,v € TM.

Theorem 3. Let an n-dimensional TS-space form conceding a QSN M-connection and a
©-slant submanifold M’, dim (M) = m. Then we have

(e M — m(m —2) cos’> ®

—(m—1) {a+ﬁ{(1112;z)cosz®+2”.

Proof. Utilizing equation (7), we arrive at the following expression

m?(m — 2)
M w1y

Reie(e;, €, ¢j,¢;) = m(m —1)(a® — B?) + B(m — 1) [(m — 2) cos® © + m]

—cos?@(m —2)(m —1). ®

By incorporating equations (6), (8), and then (5), we deduce the subsequent relationship

m(m —1)(a?® — %) + B(m — 1)[(m — 2) cos® ® + m] — cos® @(m — 2)(m — 1)

©9)
=20 + ||n||* - m? | 7.

Equivalently, equation (9) can be written as

20 = m? | H||* — [|1]* + m(m — 1) (a® — B?)
+ B(m —1)[(m — 2) cos? ® + m] — cos® O(m — 2)(m — 1).

Introducing the notation

2
w =20~ " HIP — m(m 1) (o~ ) (10
+ B(m —1)[(m —2) c0s> @ + m] + cos? O(m —2)(m — 1),

we turn up

_ 2 2(y mM=2\ .0
w=m K (1= 223 = I,

| H]* = (m —1)(w+ 1)) (11)
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Consider a point p belonging to TM, and let 7 be a subspace of T, M with dimension 2,

H

such that 1 = span {e1, €2 }. Defining ¢,,11 = Ty We can deduce from equation (11) that

(fh:?“):(m—l)(f Y () ),

i=1 ij=1r=m+1

or equivalently,

z;é] i,j=1r=m+2
By applymg Lemma 1, we deduce from (12) that
1 i m 12 12 m 2m
2niy g = ), ()T L (T Y D
i=1 i#j i,j=1r=m+2
Using the Gauss equation for U = W = ¢ and V = Z = ¢, we obtain

2m
K(m) = (a2 = B7) + (m—1)(a+B) + (m—2)(B—1)cos” @+ Y [Myhir, — (1)*]

r=m+1

> (o = B?) + (m —1)(06+l3) (m—2)(l3—1)COSZ@

1 2m 2m
T5 2 hmH ™ Z Z + ) M- Y ()
i#j ij=1r=m+2 r=m+2 r=m-+1
= (a2—52)+( —1)((x+,8) (m—2)(5—1)cos2®
1 2m
+5 thﬂ +5 Z Z +2w+ Zh — Y (1)
1;&] z] 1r=m+2 r=m-+2 r=m+1
= (2= B)+(m—1)(a+p)+(m—2)(B—1)cos’® + Z nt)?
Z#J
1 am r 7 \2 o r \2 1
+_ Z Y (7 T3 Y. (11+h22)+Z[11h22—(12)}+§w
r m=21,j>2 r=m+2 j>2

> (a® — B?) —|—(m—1)(0c+ﬁ)—l—(m—Z)(ﬁ—l)cosz@—i—%,

or equivalently,
K(7) = (a2 = B2) + (m = 1) (w + B) + (m —2)(B—1) cos?© + 7.
Furthermore, substituting relation (10) into (13), we find that

m2(m A2 — 32
U—InflC(n)S%HHH —< 25)—m(m—2)cos2®

—(m—1) {(x—l—,@{(inzﬁcosz@—l—g}].

From the implication of relation (14), we can conclude that

m?(m w? — p2
5M_HH’HH ( 25)—m(m—2)cos2®

— (m—1) {a+ﬁ{(7n2;2)cosz®+g}} ,

(12)

(13)

(14)

where J , is defined according to the formula (1). This inequality is that to be established. [
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Theorem 4. Let M be an m-dimensional submanifold of a TS- manifold M with a QSN M-
connection. Then the equality dominates uniformly if and only if the shape operators A
of M in M take the following forms with the suitable orthonormal frames {¢1,..., &} and
{€m+1,--.,€n} such as

T 0 0 0
0O A 0 ... 0
Am+1: 0 O ]/l oo 0 , T—}—/\:‘u,

000 ... u

}il hEZ 0 0 00

12 —hy 0 0

A = 0 0 0 0 ,

0 0 0 0

where we indicate by
Ar=A,, r=m+1,...,n,

hgj:g(h(ei,ej),gr)/ 7":771—{_2/---/1/1'

Proof. By similar arguments adopted in [17], one can arrive at the desired result. O

5 Chen inequality for invariant and anti-invariant submanifolds of
TS-manifolds with QSN M-connection

Within this section, our focus shifts towards the classification of the Chen inequality for
both invariant and anti-invariant submanifolds in a TS-manifold. This classification is con-
ducted concerning the QSN M-connection and is articulated with respect to the slant angle ©,
taking into consideration the insights from Theorem 3.

When the submanifold M is invariant, the slant angle © assumes a value of 0, whereas for
anti-invariant submanifolds, the slant angle ® takes on the value of 77/2. These considerations
lead us to the subsequent outcomes.

Corollary 1. Let M be an m-dimensional invariant submanifold of a TS-manifold M with a
QSN M-connection. Then

mzm_ 0(2— 2
» gﬁuﬂuz—%—mm—z)—m—n [a+5{(m—z)+g}].

Corollary 2. Let M be an m-dimensional anti-invariant submanifold of a TS-manifold M with
a QSN M-connection. Then

m?(m — 2)

(2> — B?) 5
M3

2
(] Gt S ) {HAJ.
Remark 1. By considering specific values of « and B, we can derive the Chen inequality appli-
cable to 8-slant submanifolds in a-Sasakian, f-Kenmotsu, and cosymplectic manifolds, respec-

tively.
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By utilizing the aforementioned Theorem 3, we can deduce the subsequent outcomes.

Theorem 5. Let an n-dimensional x-Sasakian space form conceding a QSN M-connection and
a ®-slant submanifold M, dim(M) = m. Then we have

m?(m — 2) ,  a?

o < ———= - — —2)cos?® — (m —1)a.

m < Bt P = %~ mm —2)cos?© — ( — 1)

Theorem 6. Let an n-dimensional f-Kenmotsu space form conceding a QSN M-connection
and a ©-slant submanifold M, dim(M) = m. Then we have

m?(m — 2)
om < 2(m —1)

|\7—[|\2+’372—m(m—2)cosz®— (m—1) lﬁ{wz;z)cosz@+g}

Theorem 7. Let an n-dimensional cosymplectic space form conceding a QSN M-connection
and a ©-slant submanifold M, dim(M) = m. Then we have

m?(m — 2)

<2 IH|? - - 20— (m—1).
opm < 2m —1) |H||* —m(m —2)cos”® — (m — 1)

We can further categorize the Chen inequality for both invariant and anti-invariant sub-
manifolds in a-Sasakian, B-Kenmotsu, and cosymplectic manifolds under the conditions g = 0,
a = 0,and a« = B = 0, respectively. These classifications are carried out while considering the
QSN M-connection and in relation to the slant angle © taking values of 0 and 71/2, respectively.
Consequently, the ensuing corollaries come to light.

Corollary 3. Let M be an m-dimensional invariant submanifold of an a-Sasakian manifold M
with a QSN M-connection. Then
22

I1#H])* - & —m(m —2) = (m—1)a.

m?(m — 2)
om < 2(m —1)

Corollary 4. Let M be an m-dimensional invariant submanifold of a f-Kenmotsu manifold M
with a QSN M-connection. Then

m%(m — 2 m—
aMsﬁnwh%—m(w—m—<m—1>[ﬁ{< 3

Corollary 5. Let M be an m-dimensional invariant submanifold of a cosymplectic manifold
M with a QSN M-connection. Then

m?(m — 2) 2
om < ———- - —2).
< Sy M = mim —2)
Corollary 6. Let M be an m-dimensional anti-invariant submanifold of an x-Sasakian mani-
fold M with a QSN M-connection. Then

m?(m — 2) 1H|P o?

5M§m —?—(m—l)a.
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Corollary 7. Let M be an m-dimensional anti-invariant submanifold of a f-Kenmotsu mani-
fold M with a QSN M-connection. Then

m?(m — 2)

2
M= = 1) |

2, B
)2+ £
Corollary 8. Let M be an m-dimensional anti-invariant submanifold of a cosymplectic mani-
fold M with a QSN M-connection. Then

m?(m — 2)

L S E—
om < 2(m —1)

2
11
Remark 2. Similarly, the equality condition can be derived in the same way as in Theorem 4 for
®-slant submanifolds in a-Sasakian, f-Kenmotsu, and cosymplectic manifolds. This deriva-
tion holds for specific instances where p = 0, « = 0, and both « and 3 are zero, respectively,
while utilizing the QSN M-connection.
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Y wbilt ctaTTi MM 30CepeAXyeMO yBary Ha AOCAiAXeHHI TpaHc-CacaksHOBMX MHOTOBMAIB, SIKi
obAaAHAHI OCOOAVBIM THIIOM HEMETPMUHOTO 3B’SI3KY, BiAOMUM SIK UBEPTh-CMMETPUYHIIT HeMeTpH-
uamit (QSNM) 38’s130k. MM BMBOAMMO MaTeMaTHuHi POPMYAM, IO OIMCYIOTH TEH30P KPMBMHMA
R TpaHc-CacaksTHOBMX ITPOCTOPOBMX (POPM, BUKOPUCTOBYIOun 3rapaHmii QSN M-38"s130k. OcHOB-
Hy yBary IpMAIA€HO BCTaHOBAEHHIO HepiBHOCTel YeHa. 11i HepiBHOCTI BUKOPUCTOBYIOTBCSI AAST Xa-
PaKTepMUCTHKM KOCHX ITiAMHOTOBMAIB y TpaHCc-CacaksTHOBMX IPOCTOPOBUX dpopMax, sIKi TToB’ s13aHi
QSN M-38"s13x0M. Kpim Toro, My posrasiaaemo kaacudpikariro insapianTis Yena. Llst kaacudpikarrist
nommproeThest Ha x-CacaxstHoBi, f-KeHMOIly Ta KOCMMIIAEKTMYHI MHOTOBMAM, YCi 3 SIKMX HaAireHi
ocobamBM QSN M-3B’SI3KOM.

Kntouosi cnosa i ¢ppasu: HepiBHiICTh YeHa, KOCwit MAMHOTOBMA, TpaHC-CacaksTHOBIII MHOTOBIUA,
UBePTh-CMMETPUYHII HeMeTPUYHII 3B’ SI30K.



