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Chen inequalities for immersions
in trans-Sasakian space forms with slant factor

Mohd. Danish Siddiqi1, Aliya Naaz Siddiqui2,

In this research article, our focus is directed towards the exploration of trans-Sasakian mani-

folds that incorporate a distinctive type of non-metric connection referred to as a quarter-symmetric

non-metric (QSNM) connection. We delve into the derivation of the mathematical expressions gov-

erning the curvature tensor R̃ of trans-Sasakian space forms, utilizing the aforementioned QSNM-

connection. Our primary efforts are centered around the establishment of Chen inequalities. These

inequalities find application in the characterization of slant submanifolds in the trans-Sasakian

space forms and connected by a QSNM-connection. Furthermore, our investigation encompasses

the classification of Chen invariants. This classification is extended to α-Sasakian, β-Kenmotsu and

cosymplectic manifolds, all of which are endowed with the distinctive QSNM-connection.
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1 Introduction

The concept of submanifolds in an ambient space holds a captivating allure as it intricately

weaves together the extrinsic properties and intrinsic. Specifically, the Riemannian invariants

serve as inherent features of manifolds with Riemannian geometry. In 1993, B.-Y. Chen [5] for-

mulated an inequality that relates the sectional curvature K, the scalar curvature σ (an intrinsic

invariant), and the mean curvature function |H| (an extrinsic invariant) of a submanifold M

in a real space form characterized by a constant curvature c.

Moreover, B.-Y. Chen [6] extended his contributions by delving into the realm of Rieman-

nian invariants applicable to a Riemannian manifold. This expansion further enriched the

understanding of these manifold properties. Recently, A.N. Siddiqui et. al. also studied Chen

inequality in latest statistical ambient space (for more details see [21, 22]).

For any point p ∈ M, let {ε1, ε2, . . . , εm} be an orthonormal basis of the tangent space TpM.

Let M be a Riemannian manifold of size m. Next, we obtain σ at p as follows

σ = ∑
1≤i<j≤m

K
(
ε i ∧ ε j

)
.
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For any point p ∈ M, we indicate

(In fK)(p) = In f
{
K(π) : π ⊂ TpM, dim(π) = 2

}
,

where the sectional curvature of M associated with plane section π ⊂ TpM at p ∈ M is

denoted by K(π).

At any point p ∈ M, the Chen invariant δM is specified as

δM(p) = σ(p)− (In fK)(p). (1)

For instances involving C-totally real submanifolds and slant submanifolds in a contact

manifold (Sasakian space form) characterized by a constant ϕ-sectional curvature, F. Defever

et. al. [8] and D. Cioroboiu et. al. [7] derived separate inequalities that bear resemblance to the

inequality originally presented by Chen for submanifolds in a real space form. The squared

mean curvature of the curve and the intrinsic invariant δM are used to express the following

inequality

δM ≤
(m − 2)m2

2(m − 1)
‖H‖2 +

1

2
(m − 2)(m + 1)c.

In the scenario that M is an invariant submanifold of complex space form M(c), the afore-

mentioned inequality is also valid.

On a different note, back in 1985, J.A. Oubina [18] contributed to the propagation of knowl-

edge regarding a fresh category of almost contact Riemannian manifolds recognized as trans-

Sasakian manifolds. Geometries such as cosymplectic, α-Sasakian, Sasakian, β-Kenmotsu, and

Kenmotsu structures are all included in the category of trans-Sasakian structures.

H.A. Hayden established a metric connection on a Riemannian manifold with non-zero

torsion [13]. Numerous scholars (see [3, 11]) have scrutinized the characteristics of Rieman-

nian manifolds endowed with semi-symmetric (or symmetric) and non-metric connections.

S. Golab [12] investigated the possibility of quarter-symmetric linear connections inside a dif-

ferential manifold. If the torsion tensor T of a linear connection has the following form

T(u, v) = γ(v)ϕu − γ(u)ϕv,

it is considered quarter-symmetric for all vector fields u, v on a manifold, where ϕ is a tensor

of type (1, 1), and γ is a 1-form.

The quarter-symmetric connection reduces to a semi-symmetric connection when ϕ = I.

Consequently, the quarter-symmetric connection presents itself as an extension or broader

framework encompassing semi-symmetric connections. The denotation of a metric connec-

tion is assigned to ∇ when a Riemannian metric g exists on the manifold M in a manner

that satisfies ∇g = 0. Conversely, if this condition is not met, the connection is classified as

non-metric.

A semi-symmetric metric connection was introduced on an almost contact manifold in the

work of A. Sharfuddin and S.I. Husain [20]. The detailed description is as follows

T(u, v) = γ(v)u − γ(u)v.

This manuscript focuses on the exploration of Chen inequalities concerning slant subman-

ifolds in a trans-Sasakian space form. The analysis is carried out in the context of a quarter-

symmetric non-metric connection denoted as (QSNM).
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2 Preliminaries

Let M be an almost contact metric manifold of dimension n with an almost contact metric

structure (ϕ, ζ, γ, g), that is, ϕ is a (1, 1) tensor field, ζ is a vector field, γ is a 1-form, and g is a

compatible Riemannian metric such that

ϕ2u = −u + γ(u)ζ, γ(ζ) = 1, ϕ(ζ) = 0, γoϕ = 0,

g(ϕu, ϕv) = g(u, v)− γ(u)γ(v), g(u, ϕv) = −g(ϕu, v), g(u, ζ) = γ(u)

for all u, v ∈ TM.

Definition 1. An almost contact metric structure (ϕ, ζ, γ, g) on M is called a trans-Sasakian

structure if

(∇u ϕ)(v) = α
(

g(u, v)ζ − γ(v)u
)
+ β

(
g(ϕu, v)ζ − γ(v)ϕu

)
.

If α and β are two smooth functions on M, then we say that the trans-Sasakian structure is of

type (α, β).

It is important to observe that trans-Sasakian structures with characteristics (0, 0) align with

the cosymplectic structures, while those with characteristics (α, 0) correspond to α-Sasakian

structures. Similarly, trans-Sasakian structures with features (0, β) can be identified as

β-Kenmotsu structures. The investigation into trans-Sasakian manifolds (TS-manifolds) has

been explored by many researchers [1, 2, 9, 10, 14, 16], leading to the acquisition of the subse-

quent outcomes:

∇Uζ = −αϕu + β
(
u − γ(u)ζ

)
, (2)

(∇uγ)(v) = −αg(ϕu, v) + βg(ϕu, ϕv),

Reie(u, v)ζ =
(
α2 − β2

)[
γ(v)u − γ(u)v

]
− (uα)ϕv − (uβ)ϕ2v

+ 2αβ
[
γ(v)ϕu − η(u)ϕv

]
+ (vα)ϕu + (vβ)ϕ2u,

Reie(ζ, u)ζ =
(
α2 − β2 − ζβ

)[
γ(u)ζ − u

]
,

S(u, ζ) =
[
(n − 1)

(
α2 − β2

)
− ζβ

]
γ(u)− (ϕu)α − (n − 2)(uβ). (3)

When ϕ(grad α) = (n − 2)grad β, then from equation (3) the following is provided:

S(u, ζ) = (n − 1)
(
α2 − β2

)
γ(u),

S(ζ, ζ) = (n − 1)
(
α2 − β2

)
,

σ = n(n − 1)
(
α2 − β2

)
.

3 Curvature analysis on TS-manifolds for QSNM-connection

Let R̃eie and Reie represent the curvature tensors in relation to the quarter-symmetric

non-metric connection denoted as (QSNM) ∇̃ and the Levi-Civita connection ∇ applied to

a TS-manifold M, respectively.

In the subsequent part of this section, we will establish the connection between R̃ and R

concerning the QSNM-connection ∇̃ operating on M, as well as in the context of the Levi-

Civita connection ∇ on the same manifold.
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In the previous work by M.M. Tripathi [23], the following connection was introduced

∇̃uv = ∇uv − η(u)ϕv − γ(u)v − γ(v)u + g(u, v)ζ,

where ∇̃ is (QSNM)-connection. Using Definition 1 and equation (2), we obtain

(
∇̃u ϕ

)
(v) = α

(
g(u, v)ζ − γ(v)u

)
+ (β − 1)

(
g(ϕu, v)ζ − γ(v)ϕu

)
,

∇̃uζ = −αϕu + (β − 1)u − βγ(u)ζ.

In [19], C. Patra and A. Bhattacharyya studied trans-Sasakian manifold admitting quarter-

symmetric non-metric connection. Now, we obtain curvature, Ricci and scalar curvature ten-

sors by using QSNM-connection.

Theorem 1. Let M be a TS-manifold with the QSNM-connection ∇̃. Then the following

equality is provided

R̃ie (u, v)w = Reie(u, v)w + α
[(

g(v, w)γ(u) − g(u, w)γ(v)
)

ζ +
(
γ(v)γ(w) − g(ϕv, w)

)
u

+
[
− γ(u)γ(w) + g(ϕu, w)

]
v − 2g(u, ϕv)w − g(v, w)ϕu + g(u, w)ϕv − 2g(u, ϕv)ϕw

]

+ (β − 1)
{[

g(ϕv, w)γ(u) − g(v, w)γ(u) − g(ϕu, w)γ(v) + g(u, w)γ(v)
]
ζ

−
(
γ(v)γ(w) − g(v, w)

)
u +

[
γ(u)γ(w) − g(u, w)

]
v + γ(v)γ(w)ϕu − γ(u)γ(w)ϕv

}

+ β
[
g(v, w)u − g(u, w)v

]

(4)

for any vector fields u, v and w on M.

Proof. The curvature tensor R̃eie is as follows

R̃eie(u, v)w = ∇̃u∇̃vw − ∇̃v∇̃uw − ∇̃[u,v]w.

From the above equality and (3) we have the proof.

4 Chen inequality for Θ-slant submanifolds in QSNM-manifolds with

QSNM-connection

We employ the Gauss equation for a submanifold M (see [24])

Reie(u, v, w, z) = R̃eie(u, v, w, z)− g
(
h̄(u, z), h̄(v, w)

)
+ g

(
h̄(u, w), h̄(v, z)

)
(5)

for all u, v, w, z ∈ TM. Here h̄ denotes the second fundamental form of M. We use

h̄s
i,j = g

(
h̄
(
ε i, ε j

)
, εs

)
, and

∥∥h̄
∥∥2

=
m

∑
i,j

g
(
h̄
(
ε i, ε j

)
, h̄
(
ε i, ε j

))
(6)

for any ε i, ε j ∈ TM and εs ∈ T⊥M.

Next, let M is a Θ-slant submanifold of M, dim(M) = n = 2k. Consider a point p ∈ M,

and let {ε1, ε2, . . . , εm} form an orthonormal frame for TpM and {εm+1, . . . , εn} constitute an

orthonormal frame for T⊥
p M.
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When we evaluate the equations (4) and (5) for the cases where u = w = ε i and V = Z = ε j,

it becomes evident that
m

∑
i,j=1

R̃e ie(ε i, ε j, ε j, ε i) =
m

∑
i=1

Re ie(ε i, ε j, ε j, ε i) + α

[ m

∑
i,j=1

(
g(ε j , ε j)γ(ε i)− g(ε i, ε j)γ(ε j)

)
g(ε i, ε i)

+
m

∑
i,j=1

(
γ(ε j)γ(ε j)− g(ϕε j, ε j)

)
g(ε i, ε i) +

m

∑
i,j=1

[
− γ(ε i)γ(ε j) + g(ϕε i, ε j)

]
g(ε i, ε i)

−
m

∑
i,j=1

2g(ε i, ϕε j)g(ε j , ε i)−
m

∑
i,j=1

g(ε j , ε j)g(ϕε i , ε i) +
m

∑
i,j=1

g(ε i, ε j)g(ϕε j , ε i)

−
m

∑
i,j=1

2g(ε i, ϕε j)g(ϕε j , ε i)

]
+ (β − 1)

[ m

∑
i,j=1

(
g(ε j , ε j)γ(ε i)− g(ε j, ε j)γ(ε i)− g(ϕε i, ε j)γε j

)

+ g(ε i, ε j)γ(ε j)g(ζ, ε i)−
m

∑
i,j=1

(
γ(ε j)γ(ε j)− g(ε j , ε j)

)
g(ε i, ε i)

+
m

∑
i,j=1

(
γ(ε i)γ(ε j)− g(ε i, ε j)

)
g(ε j , ε i) +

m

∑
i,j=1

γ(ε j)γ(ε j)g(ϕε i , ε i)−
m

∑
i,j=1

γ(ε i)γ(ε j)g(ϕε j , ε i)

]

+ β

[ m

∑
i,j=1

g(ε j, ε j)g(ε i , ε i)−
m

∑
i,j=1

g(ε i, ε j)g(ε j , ε i)

]
.

Thus, we arrive at
m

∑
i,j=1

R̃e ie(ε i, ε j, ε j, ε i) = S(ε j, ε j) + α
[
− g(ε j, ε j) + mγ(ε j)γ(ε j)− mg(ϕε j, ε j)

]

+ (β − 1)
[
g(ϕε j , ε j) + (m − 2)g(ϕε j , ϕε j)

]
+ β(m − 1)g(ε j , ε j).

(7)

For u ∈ TM we have ϕu = Pu + Qu, Pu ∈ TM, Qu ∈ T⊥M. Given an orthonormal frame

{ε1, ε2, . . . , εm} for a differential distribution D, we proceed to define the squared norms of P

and Q as follows
m

∑
i,j=1

g2(ε i, Pε j) = ‖P‖2 and
m

∑
i=1

‖Qε i‖
2 = ‖Q‖2 .

Also, for any i = 1, 2, . . . , m, where {ε1, ε2, . . . , εm, ζ} is a local orthonormal frame, we have
m

∑
j=1

g2(ε i, ϕε j) = cos2 Θ.

Furthermore, the scalar curvature σ at p can be expressed in the following manner

2σ =
m

∑
i 6=j

K(ε i ∧ ε j) + 2
m

∑
i=1

K(ε i ∧ ζ).

Consider an orthonormal frame {ε1, ε2, . . . , εm} of TpM with

ε2 =
1

cos Θ
Pε1, . . . , ε2k =

1

cos Θ
Pε2k−1.

And we have

g (ϕε1, ϕε2) = g
(

Pε1,
1

cos Θ
Pε1

)
= cos Θ,

also in a similar manner,

g (ϕε i, ϕε i+1) = cos Θ

for i = 3, 5, . . . , 2k − 1.
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Now, recall the following results.

Lemma 1 ([5]). Let v1, v2, . . . , vk, κ ≥ 1, and v be κ + 1 real numbers such that

( κ

∑
i=1

vi

)2

= (κ − 1)

( κ

∑
i=1

v2
i + v

)
.

Then 2v1v2 ≥ v and the equality holds if and only if v1 = v2 = v3 = · · · = vk.

Theorem 2 ([4, 15]). Let M′ be any submanifold of an almost contact metric manifold

(M, ϕ, γ, ζ, g) such that ζ ∈ TM′. Then

1) M′ is slant if and only if there exists a constant λ ∈ [0, 1] such that P2 = −λ(I − γ ⊗ ζ);

furthermore, if θ is the slant angle of M, then λ = cos2 θ;

2) g(Pu, Pv) = cos2 θ
[
g(u, v)− γ(u)γ(v)

]
for any u, v ∈ TM.

Theorem 3. Let an n-dimensional TS-space form conceding a QSNM-connection and a

Θ-slant submanifold M′, dim (M′) = m. Then we have

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

(
α2 − β2

)

2
− m(m − 2) cos2 Θ

− (m − 1)

[
α + β

{
(m − 2)

2
cos2 Θ +

5

4

}]
.

Proof. Utilizing equation (7), we arrive at the following expression

R̃e ie(ε i, ε j, ε j, ε i) = m(m − 1)
(
α2 − β2

)
+ β(m − 1)

[
(m − 2) cos2 Θ + m

]

− cos2 Θ(m − 2)(m − 1).
(8)

By incorporating equations (6), (8), and then (5), we deduce the subsequent relationship

m(m − 1)
(
α2 − β2

)
+ β(m − 1)

[
(m − 2) cos2 Θ + m

]
− cos2 Θ(m − 2)(m − 1)

= 2σ + ‖h̄‖2 − m2 ‖H‖2 .
(9)

Equivalently, equation (9) can be written as

2σ = m2 ‖H‖2 − ‖h̄‖2 + m(m − 1)
(
α2 − β2

)

+ β(m − 1)
[
(m − 2) cos2 Θ + m

]
− cos2 Θ(m − 2)(m − 1).

Introducing the notation

ω = 2σ −
m2

m − 1
‖H‖2 − m(m − 1)

(
α2 − β2

)

+ β(m − 1)
[
(m − 2) cos2 Θ + m

]
+ cos2 Θ(m − 2)(m − 1),

(10)

we turn up

ω = m2 ‖H‖2
(

1 −
m − 2

m − 1

)
− ‖h̄‖2 ,

m2 ‖H‖2 = (m − 1)
(
ω + ‖h̄‖2 ). (11)
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Consider a point p belonging to TM, and let π be a subspace of TpM with dimension 2,

such that π = span {ε1, ε2}. Defining εm+1 =
H

‖H‖
, we can deduce from equation (11) that

( m

∑
i=1

h̄m+1
ii

)2

= (m − 1)

( m

∑
i,j=1

2m

∑
r=m+1

(
h̄r

ij

)2
+ ω

)
,

or equivalently,
( m

∑
i=1

h̄m+1
ii

)2

= (m − 1)

{ m

∑
i=1

(
h̄m+1

ii

)2
+ ∑

i 6=j

(
h̄m+1

ij

)2
+

m

∑
i,j=1

2m

∑
r=m+2

(
h̄r

ij

)2
+ ω

}
. (12)

By applying Lemma 1, we deduce from (12) that

2h̄m+1
11 h̄m+1

22 ≥
m

∑
i=1

(
h̄m+1

ii

)2
+ ∑

i 6=j

(
h̄m+1

ij

)2
+

m

∑
i,j=1

2m

∑
r=m+2

(
h̄r

ij

)2
+ ω.

Using the Gauss equation for U = W = ε1 and V = Z = ε2, we obtain

K(π) =
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ +

2m

∑
r=m+1

[
h̄r

11h̄r
22 − (h̄r

12)
2 ]

≥
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ

+
1

2

[
∑
i 6=j

(
h̄m+1

ij

)2
+

m

∑
i,j=1

2m

∑
r=m+2

(
h̄r

ij

)2
+ ω

]
+

2m

∑
r=m+2

h̄r
11h̄r

22 −
2m

∑
r=m+1

(h̄r
12)

2

=
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ

+
1

2 ∑
i 6=j

(
h̄m+1

ij

)2
+

1

2

m

∑
i,j=1

2m

∑
r=m+2

(
h̄r

ij

)2
+

1

2
ω +

2m

∑
r=m+2

h̄r
11h̄r

22 −
2m

∑
r=m+1

(h̄r
12)

2

=
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ +

1

2 ∑
i 6=j

(
h̄m+1

ij

)2

+
1

2

2m

∑
r=m=2

∑
i,j>2

(
h̄r

ij

)2
+

1

2

2m

∑
r=m+2

(h̄r
11 + h̄r

22)
2 + ∑

j>2

[
h̄r

11h̄r
22 − (h̄r

12)
2 ]+ 1

2
ω

≥
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ +

ω

2
,

or equivalently,

K(π) ≥
(
α2 − β2

)
+ (m − 1)(α + β) + (m − 2)(β − 1) cos2 Θ +

ω

2
. (13)

Furthermore, substituting relation (10) into (13), we find that

σ − In fK(π) ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

(
α2 − β2

)

2
− m(m − 2) cos2 Θ

− (m − 1)

[
α + β

{
(m − 2)

2
cos2 Θ +

5

4

}]
.

(14)

From the implication of relation (14), we can conclude that

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

(
α2 − β2

)

2
− m(m − 2) cos2 Θ

− (m − 1)

[
α + β

{
(m − 2)

2
cos2 Θ +

5

4

}]
,

where δM is defined according to the formula (1). This inequality is that to be established.
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Theorem 4. Let M be an m-dimensional submanifold of a TS- manifold M with a QSNM-

connection. Then the equality dominates uniformly if and only if the shape operators A

of M in M take the following forms with the suitable orthonormal frames {ε1, . . . , εm} and

{εm+1, . . . , εn} such as

Am+1 =




τ 0 0 . . . 0

0 λ 0 . . . 0

0 0 µ . . . 0
...

...
...

. . .
...

0 0 0 . . . µ




, τ + λ = µ,

Ar =




h̄r
11 h̄r

22 0 0 . . . 0 0

h̄r
12 −h̄r

11 0 . . . 0

0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0




,

where we indicate by

Ar = Aεr , r = m + 1, . . . , n,

h̄r
ij = g

(
h̄
(
ε i, ε j

)
, εr

)
, r = m + 2, . . . , n.

Proof. By similar arguments adopted in [17], one can arrive at the desired result.

5 Chen inequality for invariant and anti-invariant submanifolds of

TS-manifolds with QSNM-connection

Within this section, our focus shifts towards the classification of the Chen inequality for

both invariant and anti-invariant submanifolds in a TS-manifold. This classification is con-

ducted concerning the QSNM-connection and is articulated with respect to the slant angle Θ,

taking into consideration the insights from Theorem 3.

When the submanifold M is invariant, the slant angle Θ assumes a value of 0, whereas for

anti-invariant submanifolds, the slant angle Θ takes on the value of π/2. These considerations

lead us to the subsequent outcomes.

Corollary 1. Let M be an m-dimensional invariant submanifold of a TS-manifold M with a

QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

(
α2 − β2

)

2
− m(m − 2)− (m − 1)

[
α + β

{
(m − 2) +

5

4

}]
.

Corollary 2. Let M be an m-dimensional anti-invariant submanifold of a TS-manifold M with

a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

(
α2 − β2

)

2
− (m − 1)

[
α +

5

4

]
.

Remark 1. By considering specific values of α and β, we can derive the Chen inequality appli-

cable to θ-slant submanifolds in α-Sasakian, β-Kenmotsu, and cosymplectic manifolds, respec-

tively.
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By utilizing the aforementioned Theorem 3, we can deduce the subsequent outcomes.

Theorem 5. Let an n-dimensional α-Sasakian space form conceding a QSNM-connection and

a Θ-slant submanifold M, dim(M) = m. Then we have

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

α2

2
− m(m − 2) cos2 Θ − (m − 1)α.

Theorem 6. Let an n-dimensional β-Kenmotsu space form conceding a QSNM-connection

and a Θ-slant submanifold M, dim(M) = m. Then we have

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 +

β2

2
− m(m − 2) cos2 Θ − (m − 1)

[
β

{
(m − 2)

2
cos2 Θ +

5

4

}]
.

Theorem 7. Let an n-dimensional cosymplectic space form conceding a QSNM-connection

and a Θ-slant submanifold M, dim(M) = m. Then we have

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 − m(m − 2) cos2 Θ − (m − 1).

We can further categorize the Chen inequality for both invariant and anti-invariant sub-

manifolds in α-Sasakian, β-Kenmotsu, and cosymplectic manifolds under the conditions β = 0,

α = 0, and α = β = 0, respectively. These classifications are carried out while considering the

QSNM-connection and in relation to the slant angle Θ taking values of 0 and π/2, respectively.

Consequently, the ensuing corollaries come to light.

Corollary 3. Let M be an m-dimensional invariant submanifold of an α-Sasakian manifold M

with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

α2

2
− m(m − 2)− (m − 1)α.

Corollary 4. Let M be an m-dimensional invariant submanifold of a β-Kenmotsu manifold M

with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 +

β2

2
− m(m − 2)− (m − 1)

[
β

{
(m − 2)

2
+

5

4

}]
.

Corollary 5. Let M be an m-dimensional invariant submanifold of a cosymplectic manifold

M with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 − m(m − 2).

Corollary 6. Let M be an m-dimensional anti-invariant submanifold of an α-Sasakian mani-

fold M with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 −

α2

2
− (m − 1)α.
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Corollary 7. Let M be an m-dimensional anti-invariant submanifold of a β-Kenmotsu mani-

fold M with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 +

β2

2
.

Corollary 8. Let M be an m-dimensional anti-invariant submanifold of a cosymplectic mani-

fold M with a QSNM-connection. Then

δM ≤
m2(m − 2)

2(m − 1)
‖H‖2 .

Remark 2. Similarly, the equality condition can be derived in the same way as in Theorem 4 for

Θ-slant submanifolds in α-Sasakian, β-Kenmotsu, and cosymplectic manifolds. This deriva-

tion holds for specific instances where β = 0, α = 0, and both α and β are zero, respectively,

while utilizing the QSNM-connection.
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Сiддiкi М.Д., Сiддiкi А.Н. Нерiвностi Чена для занурень у транс-Сасакяновi просторовi форми з

косим чинником // Карпатськi матем. публ. — 2025. — Т.17, №1. — C. 200–210.

У цiй статтi ми зосереджуємо увагу на дослiдженнi транс-Сасакянових многовидiв, якi

обладнанi особливим типом неметричного зв’язку, вiдомим як чверть-симетричний неметри-

чний (QSNM) зв’язок. Ми виводимо математичнi формули, що описують тензор кривини

R̃ транс-Сасакянових просторових форм, використовуючи згаданий QSNM-зв’язок. Основ-

ну увагу придiлено встановленню нерiвностей Чена. Цi нерiвностi використовуються для ха-

рактеристики косих пiдмноговидiв у транс-Сасакянових просторових формах, якi пов’язанi

QSNM-зв’язком. Крiм того, ми розглядаємо класифiкацiю iнварiантiв Чена. Ця класифiкацiя

поширюється на α-Сасакяновi, β-Кенмоцу та косимплектичнi многовиди, усi з яких надiленi

особливим QSNM-зв’язком.

Ключовi слова i фрази: нерiвнiсть Чена, косий пiдмноговид, транс-Сасакяновий многовид,

чверть-симетричний неметричний зв’язок.


