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Non-symmetric approximations of functional classes by
splines on the real line

Parfinovych N.V.

Let Sy, h > 0, m € IN, be the spaces of polynomial splines of order m of deficiency 1 with nodes
at the points ki, k € Z.

We obtain exact values of the best (&, f)-approximations by spaces Sy, ,, N L1(R) in the space
L1 (R) for the classes er,l (R), r € N, of functions, defined on the whole real line, integrable on R
and such that their rth derivatives belong to the unit ball of L; (R).

These results generalize the well-known G.G. Magaril-Ilyaev’s and V.M. Tikhomirov’s results
on the exact values of the best approximations of classes Wi ;(R) by splines from Sy, ,, N L1(R)
(case « = B = 1), as well as are non-periodic analogs of the V.F. Babenko’s result on the best non-
symmetric approximations of classes Wj (T) of 27t-periodic functions with rth derivative belonging
to the unit ball of L1 (T) by periodic polynomial splines of minimal deficiency.

As a corollary of the main result, we obtain exact values of the best one-sided approximations of
classes W] by polynomial splines from Sy, ,,,(T). This result is a periodic analogue of the results of
A.A. Ligun and V.G. Doronin on the best one-sided approximations of classes W] by spaces Sy, ,,, (T).

Key words and phrases: best Li-approximation, one-sided approximation, non-symmetric approx-
imation, polynomial spline, functional class.
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Introduction

LetIN, Z, Z, R, and R be the sets of integer positive, integer non-negative, integer, real
non-negative, and real numbers, respectively, and T be the interval [0, 27r] with identified ends.

Let LP(G), 1 < p < oo, G C R, be the spaces of all measurable on G functions with norms
Il r,(G), C'(G), r € Z, be the spaces of r times continuously differentiable (continuous for
r = 0) on G functions, and AC(G) be the set of all absolutely continuous (locally for G = R
and G = R) on G functions.

For f € L,(G) and &, B > 0 we set

£, @)mp = llaf+ + Bf-IlL, ().
where f1 () = max{£f(t),0}. The quantity
E(f, H)L,(G)up = uiglf{Hf— ullL,(G)mp D)

is called the best (&, B)-approximation of a function f € L,(G) by the set H C Ly(R) in the
metric L,(G).
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The notation E(f)L,(g)up Will be used for the best («, f)-approximation of a function
f € Ly(G) by subset of constants.
For class of functions M C L,(G), the quantity

E(M,H)p,(G)p = sup E(f, H)L,(G)up (2)
feM

is called the best («, 8)-approximation of the class M by the set H in the space L,(G). If
a = B = 1the quantities (1) and (2) coincide with ordinary best L,-approximation of a function
f (notation E(f, H)(g)) and of class M (notation E(M, H) (G)), respectively.

Let the set H C L,(G) be fixed. We associate with the function f the subsets

H}L ={u(t):uecH, u(t) < f(t), t € G} and Hy = ={u(t):u e H, u(t) > f(t), t € G}.

For f € L,(G) and M C L,(G) we set

EE(F ), ) = inf{[|f —ullp,c):u € HJ?}, Hfi s
" ~ Hfi =

and
E*(M,H)L,c) = sup E*(f, H),(c)-
feM

Quantities E*(f, H )L,(c) and E*(M,H )L, (c) are called the best approximation from below
(+) and from above (—) of a function f € L,(G) and M C L,(G), respectively.

In the case when G is a segment, V.F. Babenko [1] (see also [7, Theorems 1.4.10 and 1.5.9])
established that if the set H C L,(G), 1 < p < oo, is locally compact then for any function
f € Ly(G), monotonously on « and j

im E(f, H)p, ) =E"(f, H)r,c) Um E(f, H)p,6)e1=E (f, H)1,(c) 3)

IB*)oo n—00
for any set M C L,(G), monotonously on « and f3

_r+ _
,%EQOE(M H)@np=E (M H) @), limE(M,H) g1 =E (M H)c. @)
In the case G = IR one can prove (3) and (4) the same.
Forr € N, let

L,(G) = {f € Li(G): f""V € AC(G), f") € L,y(G)},
Wy(G) = {f € Lp(G): /|, 0) S 1}, Wp,(G) = W(G) N Ly(G).

Forh > 0and m € Z,by S}, ,,(R) we denote the collection of functions s € C""~1(R), m > 1,
such that s(")| (js(j+1)n) = ¢j = const, j € Z. The set Sy, ,,(R) is called the space of polynomial
splines on R of order m and defect 1 with nodes at the points jh, j € Z.

The subspace of 27t-periodic polynomial splines of order m and defect 1 with nodes at the
points jrt/n, j € Z, we denote as Sy, 1, (T).
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Fora,fp > 0,A > 0, m € N, by ¢, ,(a, B;t) we denote (27t/A)-periodic integral of order
m with zero mean over the period from even (27t /A)-periodic function ¢, («, B; ), which for
t € [0, 7t/n) is defined as follows
x, 0<t<np/(AMa+p)),

B t) =
Paolait) {—ﬁ, B/ (AMa+PB)) <t < m/n.
For « = B = 1 instead of ¢, ,, (&, B; t) we will write ¢, ,,(f).

By

& cos(kAt — tm /2
Bym(t) = —2A7") ( P %
k=1

we denote the Bernoulli kernel of order m (see [7, p. 107]).
Note (see [7, p.109]) that for m > 2 and f — oo one has

qul,m(lz B;-) — B)\,m”Lw(T) — 0. (5)
Moreover, for all m € IN and g — oo,

E(@1,m(L ;)i (T) = E(BLm)0(m)- (6)

m € NN,

1 Preliminary information and main results

Let p = 1, cc. It is well known, that forn,r,m € N,m > r —1,
o Hq)l,r”Lw(T)

E(W;(T)rsn/n,m(T))Lp(T) nr 7)
In the case p = co and m = r — 1, the equality (7) was established by V.M. Tikhomirov [14] and
in the other cases by A.A. Ligun [8].
Similar results for one-sided approximations of classes Wj, (T) by splines were obtained by
V.G. Doronin and A.A. Ligun [6]. They proved that for n,m,r € N, m > r,
EE (W), S (D)1 1) = i)

n}’
Later V.F. Babenko [1] established, that for n,m,r € N, m > r,and a, B > 0,

. E(q)l,r(“/ﬁ;')) o
E*(WL(T), S (T)) 1y (T p = e L@, )

Note that considering (5), (6), the result (8) can be obtained from (9) by passing to the limit.

For other results on best approximations of classes W (T) by splines in a periodic case
see [2-5,11,12] and references therein.

In was proved in [9] that forallr e N,m e Z,,m >r —1,and h > 0,

191l o) -7
E(W]1(R), Sp,n (R) N Ly (R)) 1, (r) =~ —. (10)
Moreover, it is shown in [10] that this result can be obtained from its periodic analogue (7).
In this paper, we obtain non-symmetric analogs of equality (10), based on the result of

V.E. Babenko (9).
Theorem. Letwa, 3 > 0,7,n,m € N,m > r,h > 0. Then

E(W11(R), Sp,m(R) N L1(R)) 1, (Ry;ap =
Corollary. Letwa,p > 0,r,n,m € N, m > r,h > 0. Then

(8)

E(p1r(a,B;)) 1oy - I
7t '

E(B1,)ro(mt

EF (W] 1(R), $p,n(R) N L1(R))p, (r) = —
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2 Proof of the main result
We give a proof of our theorem.

Proof. We obtain an upper bound first. In doing so, we will use ideas and methods from [10].

Letn € N and i > 0. Let us consider the class W;(%T) of 2nh-periodic functions. Note that
fe W’("hT) if and only if g(t) = f(“2t) € (1) . W, (T). Similarly, s € Spm(™T) if and only

if o(t) = s(“2t) € Sy, ;u(T). Then from (9) we obtain

(5T 50m (5T = () EOET S

E(@1r(a B ) o(m - W

= p _

Let now f € W[, (R) and 7(-) infinitely differentiable on R function such that 0 < 5(t) <1,

t € R, suppy(-) € [~1,1] and 75(t) = 1 subject to t € [—1/2,1/2]. For any I > 0 put
() :=n(t/1) and fi(-) = f(-)n;(-). By Leibniz’s formula we have

fﬁuw=i(ﬁf@mr“ﬂ%rWn. 12)

=0

(11)

Stain’s inequality [13] implies the boundedness of the derivatives x(7), j=12,...,r=1,in
L1(R). From here and from (12) we obtain

Ay < o) + 17wy < o) +1,

where p(l) — 0as | — oo.

By f, denote 4nh-periodic continuation of function (o(2nh) +1)"! fo,,(:) C W and

[ernh,Znh}
I f:;gr)”L,,( gy < 1. Thus f;, € W;(%T). Since Sy, ,(“T) is a finite-dimensional space, there
exists a spline s, from this space such that

nh

i = sallp iy = E<fh'5’””< T T)>Lp<",fw);a,ﬁ'

Since I
n -
<fh' Si m( T) ) Ly ("), 8 < Wnllzyemyn pr

using the inequality

min{a, BH| - ||, c) < I I, (6)p < max{a, B} - I, (c)

we get

min{“rﬁ}”sjz”h < llsy — h +thL T)ap > 2”thL (2T) ;0,8 = < 2max{x, ﬁ}Hfhl‘Ll

whence
. 2max{w, B} 7
HSnHLl(”_T{ﬂ[) > Wllfhllh(%m
Thus the conditions of Proposition 1 in [10] are satisfied. According to them there exists a
spline ¢ € Sj, ,,(R) N L1(R) and a sequence {s;, }]e]N such that || — s}, ”Loo — 0, j — oo, for
any finite segment I C R.
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We set a, = p(2nh) + 1. Taking into account that f,(-)| (—nhnh] = a, f(-) foralln € N and
for all j € N such that n; > n, based on (11) we will have

1f = sn s (i ni)iap < N fo; = S MLy (=gl

<o B (W (5 T) 50 ()

E(¢1, (2, B; '))Loo(]R)hr.

7-[1’

Ly (2T )08 (13)

fr a”j
Passing in (13) to the limit as j — oo, according to [10, Proposition 1] we obtain

E(¢1, (2, B; '))Loo(]R)hr‘

7-[1’

Hf gHLl —nh,nh));u <

Whence, taking into account Fatou’s lemma, we have

E(g1,(a, B; '))Lw(]R)hr.

7-Cr

If = Elly Ry <

The upper bound is obtained.
Let ¢ be the constant of the best approximation of function ¢/, ,(«, B;t). Fore > 0 we
consider the set

e={t€[=hh]:|@z/nr(a,B;t) —col > E(Pr/nr(a,B;))r,(T) — €}
Let f¢(t) be the 2h-periodic function such that

[ (mese) sign(g/ns(a Bit) —co), e,
O {0, & ([=hh]\ ),

and f,, be the rth antiderivative of f:(t).
By f:» we denote the product f. ,(t)7(t), where 7(t) is infinitely differentiable on R function
such that0 < 7(t) <1,t € Rand

n(6) = {(1), te[—e—hh+e,
, t€(R\[-3e—hh+3]),

(see [15, p. 77]). It is clear that f;, € L1(R), suppfe, = [~3e — h, h + 3¢], and

At ;()f ).

Sinceforj=0,1,...,r—1
supp ") = [=h — 3¢, —h — €] U [ + ¢, h + 3¢],

71 and fg(],) (t) are continuous on both segments [—h — 3¢, —h — ¢] and [h + ¢, h + 3¢, we can
represent the function fg(;) (t) as fg(;) (t) = fe(t)n(t) + p(t), where

() = O(1), te[-h—3¢,—h—¢|Ulh+eh+ 3¢,
P 0, te (R\ ([-h—3e,—h—¢elU[h+eh+3e])),
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in particular, there exists a constant C such that |p(t)| < C.
p p
Now, we establish the upper estimate for the norm || ﬁ:(r,) 2y (R)

h+3e h43e
= [ enmeia <[ gonwia e

< t)|dt +4Ce <1+ Cie, C; > 0.
leaonay + f s e ) <1+Ce G

Thus the function fe,/(1 + Cie) € Wi 1(R). Let us obtain a lower estimate for the quantity
E:=E(W[;(R), Spm(R) N L1(R)) 1, (R);a,8-
Using the duality theorem (see, for example, [7, Theorem 1.4.9]) we can write

E= sup sup /f
FEWS (R) 18l 1 51
gLShm(]R)ﬂLl(]R)

Based on [9, Lemmas 1.4 and 1.1] after r times integration by parts we have

E> sup sup / F(Hgm () dt =  sup sup / FU () gm=r+ (1) dt.
FEWLL(R) gew i1, | FEWEL(R) gewr 1
g(kl;) OlkGZ (kh) OkeZ

Since (with the corresponding shift) the function @, ,+1(2, B; t) € W;Z:;ll ol (R) satisfies the

conditions ¢/, +1(a, B;kh) = 0, k € Z, we obtain

E> sup Rf( V(E)@ryny (o, B; 1) dt () @re/nr(a, B;t) dt

fewi, (R)

=1 +1c18 (/hf;(fe( D7(t) + () P/ (o, B31)

= e ([ @l i) — oy
(fen(t) +0(t) @re/nr (2, B;t) dt)

v
[—h—3¢e,—h|U[h,h+3€]

1
> e (mas [ loamele i) — ol dt + Ce)
1
> ez E@rns(w2) + (C = 1)),
Since ¢ is arbitrary, we obtain the required lower bound. Thus, the theorem is proved. O
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Hexait Sy, ,,, b > 0, m € IN — mpocTopu ImoAiHOMiaABHMX CIIAAVHIB TOPSIAKY M AedpexTy 1 3
By3AaMu B Toukax kh, k € Z.

OrpuMaHO TOUHI 3HAUEHHS Halikpalmx (&, §)-HabAV>KeHb IpocTopamu Sy, ,, N L1 (R) y mpocropi
L1(R) aast kaaciB W{/l (R), r € IN, dpyHK1iit, BU3HaUEeHNX Ha BCil AiMICHIN IpsIMiit, iHTerpoBaHMX Ha
R i Taxmx, 10 r-Ti TOXiAHI HaaeXaTh OAMHMYHI KyAL L1 (R).

LIi pesyabTaTy y3araAbHIOIOTH BiaoMi pesyabTaTyt I'I'. Marapmaa-Iaasiesa ta B.M. Tuxomuposa
IIIOAO TOYHMX 3HaUeHb HallKpaIlMX HabAVKeHb KAaciB W{/l (R) ciaartaamm 3 Sy, N L1 (R) (Brmaaox
« = B = 1), a Takox € HenepioanuHMM aHaroramu B.®. BabeHka IIIOAO HalIKpalIuX HECUMETPU-
yHMX HabAvDKeHb KAaciB W] (T) 27r-mepioAMynmx (pYHKIIIN 3 7-TOX HMOXiAHOIO, IIIO0 HAA€XUTh AO
OAMHMYHOL KyAi Tipoctropy Ly (T) mepioanyHmMMy MOAIHOMIaABHIMM CIIAQfHAMY MIiHIMAABHOTO Ae-
dexry.

SIK HACAIAOK OCHOBHOTO pe3yAbTaTy, MU OTPMMYEMO TOYHI 3HaUEHHST HalIKpallyX OAHOCTOPOH-
HiX HabAVDKeHb KAaciB W] moaiHoMiaAbHMMY criaaitHaMI 3 Sy, ,,, (T). Leit pe3yAbTaT € IepioAMdIHnM
aHaAoroM pesyabraTiB A.A. Airysa i B.I'. Aoponiza mmpo Havikpani 0AHOCTOPOHHI HaOAVIKEHHS KAa-
cis W] mpoctopamu Sy, ,,, (T).

Kntouosi croea i ppasu: Havikpaie Li-HabAVDKeHHs, OAHOCTOPOHHE HaOAVIKeHHsI, HeCMMEeTpPIIHe
HabAVDKeHHS, TOATHOMIaABHWIA CTIAAVH, (PYHKITIOHAABHMIA KAAC.



