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On approximation of functions from the class L , by the
Abel-Poisson integrals in the integral metrlc

Zhyhallo T.V., Kharkevych Yu.l.

In the paper, we investigate an asymptotic behavior of the sharp upper bounds in the integral
metric of deviations of the Abel-Poisson integrals from functions from the class Lz . The Abel-
Poisson integrals are solutions of the partial differential equations of elliptic type with correspond-
ing boundary conditions, and they play an important role in applied problems. The approximative
properties of the Abel-Poisson integrals on different classes of differentiable functions were studied
in a number of papers. Nevertheless, a problem on the respective approximation on the classes Lg
in the metric of the space L remained unsolved. We managed to obtain the estimates for the values
of approximation of (i, )-differentiable functions from the unit ball of the space L by the Abel-
Poisson integrals. In some cases, we also write down asymptotic equalities for these quantities, that
is we solve the Kolmogorov-Nikol’skii problem for the the Abel-Poisson integrals on the classes L:é],l
in the integral metric.
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1 Introduction

AL Stepanets introduced the classification of periodic functions based on the notion of
(1, B)-derivative (see, e.g., [10, Ch. III]). As a result, the following sets appeared: Lg and Cg,
that denote, respectively, the set of summable and continuous 27t-periodic functions f, that
could be given by the convolution

Flx) = %/_ng(” t)él[)(k) cos <kt—|— ﬁ%) dt,

where ffn(p(t)dt = 0, ¢ is arbitrary function of a natural argument, such that the series
Y o1 (k) cos <kt + %T) is the Fourier series of some function, and B is a real number. Such

function ¢ is denoted by f;f and is called (i, B)-derivative of the function f. Based on these
sets, the classes

= {retfslol =1t = [ lotolar <1

and

Cheo = {f € Ch : | ¢lleo = esssup |p(x)] < 1}

x€[—m,m]
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were introduced.

Note that in the case (k) = k=", r > 0, we have Cg/oo = Wg and fg)(x) = flg(x) is (r, B)-
derivative in the Weyl-Nagy sense; if r € Nand v = B, then W, = W";ifr € Nandr = f+ 1,
then W/g =W

Let (see [10, p. 159, 160]) 9 be the set of convex downward, continuous on [1;00) and
decreasing to zero functions 1,

n(t) ==y <@> ;o u(t) = u(pit) == n(t) —

My={peM: 0<u(yt) <K Vt>1}

and
mcz{lpemi O<K1§}l(¢7}t)§K2 th:l},

where K, K;, i = 1,2, are the constants that can depend on .
For 27t-periodic summable on the period function f, by

/ fx—l—t{ +Ze b‘coskt}dt 5>0, (1)

we denote the Abel-Poisson integral (see, e.g., [8]).
The aim of this paper is to study the asymptotic behavior of the quantity

£y A0 = sup () — As(fi )l @
feL /31

asd — coand i € My.

If the function ¢(6) = (,b( 1;0) is written in an explicit form such that £(L (LY 817 As)L =
$(6) + O(¢(d)) as & — oo, then following AL Stepanets [10, p. 198] we say that the Kolmogo-
rov-Nikol’skii problem is solved on the class LI/J1 in the integral metric.

We should note, that the Kolmogorov—Niké)l’skii problem for the Abel-Poisson integrals
was studied a lot on different classes of differentiable functions in the uniform metric (see the
papers [2-7,11,12]). This problem in the integral metric for the classes of (i, §)-differentiable
functions remained unsolved. Therefore, in this paper we study the approximative properties
of the Abel-Poisson integrals on the classes Lg/l for arbitrary real p and i € IMy.

2 Approximation of (¢, f)-differentiable functions by the Abel-Poisson
integrals in the integral metric

For the Abel-Poisson integral defined by the relation (1), analogically to that in [14], let us
write the so-called summing function

(1—e¥ o<uc<d,
Tg(lx[) = T&(u; IP) = {(1 _e—u)lllli)g?(gl)) u > % 6 )
p(9) - o

In the introduced above notation, the following statement holds.
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Theorem 1. Let ¢ € My is such that fl $) g1y < o0, and the function g(u) = uyp(u) is convex
downward or upward. Then the equa11t1es hold

gt Ag)L:M/OO /Ooor(g(u)cos<ut—|—ﬁ7n>du

g1 T Joo
dt

1
dt+0 <5> (4)

as 6 — oo, and

l/w
7T J—o0

u) cos (ut + %) du

_7T51nﬁ_n <5¢ /3 du + (15)/500‘?32[)@)—%0(14—51/)%)

Proof. In view of the fact that the function 75(u) defined by the relation (3) is continuous on
the whole domain, and its Fourier transform

%/Ooo T5(u) cos <ut+ ﬁ%) du

for all p € My is summable on the whole axis [13, Lemma 1], then any f € L , has the integral
representation

f(x) — As(f / f/; < )/ T5(u) cos (ut—l—%) du dt. (6)

Respectively, from (2) and (6), analogically to that in the paper [9], we can show that

E(LY 1 As) = 7(15) /_°° '/oor(g(u)cos <ut—i—‘32 )du

+ O (y(d)) ‘/ T5(u) cos (ut~|— %) du

(5)

dt

" (7)

Now, let us estimate the second term from the right-hand side of (7). For this reason we
integrate twice by parts and obtain that Vi € 9ty we have

/000 T5(u) cos <ut + ﬁ%) du = %T(g(u) sin (ut + ﬁ%) ; ©
+ :21'5( ) cos <ut—|— ﬁ%) T tlz /Oooré’(u)cos (ut—l— ﬁ%) du.

According to (3), we get 75(0) = 0, T5(c0) =0, T5(c0) = 0, T4(0) = $) hence

P(6)”
o0 1 /> K
/0 75(u) cos <ut—|— ﬁ%) du| < t_z/o ‘ ‘du + w(é)tz 9)

Now, we estimate the integral from the right-hand side of (9). Analogically to that in the

[ee]

paper [1], we break an integration segment [0; co) into three parts: [O; %] , {% ; 1] and [1; 00).
Taking into account that the function 75(u) is convex upward on the first integration seg-

ment {O; %] , We obtain

1

/ ks34 |du——/0‘sr(§’(u)du:e_”w5:O<L>, 5 — oo. (10)
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Further, from (3) we get

/; mu</"1_eu_)¢QW)bu+ﬁ”ﬁ%@@XMu

</ 2522¢£;()5u)du+/1 2u(5|1/) 5u / 1/1 11)
=)y Ty %
v 1 7“”41’/]((‘5;3””‘6114 = [(6) + 1(0) + B(6) + 14(0).

By [10, Theorem 12.1, p. 161], the function ¢ (u) € 9 belongs to the set My if and only if

WVM>K>0¢() @' (t+0), Vi > 1.

Hence, integrating by parts, for all ¢ € 91y we obtain

1262y (5u) ) | uoly (6w

é S0 m§m+mw®+é Sy (12)
Using the same Theorem 12.1 from [10], we show that
" 2udly’(Ou)| 5” <K ¢ — K <1-——> P o K g
AT I N 5) wo) =y P

Taking into account the notations for I;(d), I2(9), I3(6) from (11) and the relations (12), (13),

we derive to
Ky Ks

59(6) (o)
In view of (up(du))” = 26 (6u) + 6*uy” (6u) and a convexity of the function g(u) =

up(u), we get ‘
1 {(uy(ou))”
w0 = |, =0 (70 @

Therefore, combining the relations (11), (14) and (15), we obtain

/ll |75 (u)| du =0 <ﬁ> : (16)

By (3), for all u € [}; ) the following equality holds

I(0) + 1(0) + I3(0) < Ky + w7 (14)

() = (1 —e ")5%y" (5u) N 2e 16y (6u) B e‘”t[;(&u)' 17)

¥(9) ¥(9) ¥(9)

It is known [10, p. 175] that a necessary and sufficient condition for the function ¢ € 9t to
belong to 9 is the existence for an arbitrary fixed number ¢ > 1 of such a constant K that for

all t > 1 the inequality l/)(( )) < Kis true. Then, in view of (17), [10, Theorem 12.1, p. 161] and
the obvious inequalities 1 —e™* <u, e <1, p(ou) < (), we get

[ ) lau = 0q1). (18)
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Therefore, (10), (16) and (18) yield the estimate

/O°° ()| du = O (ﬁ) . (19)

In view of the inequality (9), we obtain
1
dtzO(—), 0 — oo. (20)

/|t257” /Ooo T5(u) cos <ut+ ﬁ%) du )

Taking into account the estimate (60) from [13], we derive to (5). Hence, (7), (20), (4) and (5)
prove the statement of the theorem. O

We should note that for the classes Wy an analogical theorem in the uniform metric was
proved in the paper [3, p. 31].

Corollary 1. If the conditions of Theorem 1 holds, and

[ACI N 1)

4

lim

x=eo x|¢'(x))|

then for sin £ o+ # 0 the following asymptotic equality holds

E(Llp 'Ad)L_ IH'BTN

Y ooo %du +O(¢(s)) as 0 — oo, (22)

Proof. First, let us prove that the function 1(x)x* increases beginning at some number xy > 1
for all ag € (0,1). For this reason, we find

(P3))' = oo™ =y (o] = ()} (SIS 1)

The condition (21) yields that there exists such xy = x(ag) that for all x > x( the inequality
(p(x)x*)" > 0 holds. Then for all & € («g, 1) we have

_ [P yutdu _ p(8)s* odu _ N
1 5¢(5)d”_ TORE < TON RS =0(1) as 6 — oo. (23)

Further, using the condition (21) and the L’'Hopital’s rule, for all ¢ € 9ty we get

lim ! /deu—lm / Plu du = lim $(x) = 0. (24)

0 (/Ooo gi—?du) . (25)

Combining the relations (23), (25) with (4) and (5) we derive to (22). Corollary 1 is proved.
[

Hence,

Note that an example of such a function ¢(u) that satisfies the conditions of Corollary 1 is
(In(u + K))~ 7, where y > 1 and K > 0.
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Corollary 2. Let ¢ € 9y is such that for allu > 1 the function g(u) = up(u) is convex upward
or downward and

lim g(u) = oo, (26)
1 e(u)
i ) /1 o= oo @7)

Then for sin ﬁTn # 0 the following asymptotic equality holds

P _ 2
5(L5,1rA(5>L = -

1 9
sin%r‘ 5/1 %du%—O(tp(é)) as 6 — oo. (28)

Proof. In view of the fact, that the function ¢ € 9 satisfies the conditions (26) and (27), by the
L'Hopital’s rule and the properties of the function g(u) = up(u), we get

: 1orgu) ¥
b = g,
= lim () = ! = o0

X—00 l[)(x) + xl[)’(x) 1— lim x[9’(x)]

xs0 P(x)

Therefore,

()
im —/———~— =1. 29
o0 X[g7 (¥)] *)

From the relations (24), (29) and the definition of the function g(u) = up(u) we obtain

), /°° glu) .
| Eau = [ = o(y(e)). (30)
Combining the relations (4), (5), (26), (27) and (30), we derive to the equality (28). Corol-
lary 2 is proved. ]

Note that the functions of the form

ply = LT oo, k0

satisfy the conditions of Corollary 2.
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Pobora mpucBsiueHa AOCAIAKEHHIO aCHMMIITOTUYHOL MOBEAIHKM TOUHMX BEPXHIX MeX BiAXVA€Hb
inTerpanis Abeas-ITyaccona Bia pyHKIIN 3 KAacy Lg’l B iHTerpaAbHil MeTpymi. IaTerpar Abens-
ITyaccoHa € po3B’si3kaMy AvidpepeHITiaABHMX PiBHSIHD B YaCTMHHIX MOXIAHMX €AITHYHOTO THUITy 3
BiATIOBIAHVMI KPaIOBMMI Y MOBaMI Ta BiAIrParOTh BaXXAMBY POAB B 3aAa4aX IPUKAAAHOTO XapaKTe-
Py BuBueHHIO anpOKCMMaTMBHIX BAACTUBOCTel iHTerpaaiB Abeas-Ilyaccona Ha pisHMX Kaacax Au-
depeHIiIOBHMX PYHKITIN IPYUCBSTIEHO LA psia, pobiT, IpOTe MMTaHHS PO HaOAVDKEHHS AaHVMM
iHTerpaAaMM Ha KAaacax Lg,l B MeTpuIi ITpocTopy L 3aamimmarock BiakputuM. B pesyabTaTi mposeae-
HMX AOCAIAXEHb BAAAOCH 3HAVTH OLIIHKI AAST BEAVYMH HaOAVDKeHHSI (1, B)-AndpepeHniioBHnX pyH-
KIiJ 3 OAMHMYHOL KyAi IpocTopy L inTerparamm Abeast-ITyaccoHa, a B AeSIKMX BUIIaAKaX BAAAOCH
3aIMCaTy aCMMIOTOTWYHI PiBHOCTI AASI IIMX BEAVYMH, TOOTO 3HATH po3B’s13ky; 3apadi Koamoroposa-
Hikoabcbkoro aas iHTerpanis Abeasi-ITyaacona Ha Kaacax Lg’l B iHTerpaAbHili METPM!LIL.

Kniouosi cnosa i gppasu: 3anada Koamoroposa-Hikoabcekoro, iHTerpas Abeas-ITyaccona, (9, B)-
AMdpepeHIiioBHI (PYHKIIi, aCMMITOTYHA PiBHICTD, iHTerparbHa MeTpHKa.



