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On weighted statistical convergence in gradual normed linear
spaces
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During the last few years, enormous works by different researchers have been carried out in
summability theory through investigating various notions of convergence of sequences. In the
present paper, we introduce the concept of weighted g-statistical convergence in the gradual normed
linear spaces. We investigate a few fundamental properties and establish some implication relations.
Finally, we introduce the concept of gradual weighted g-statistical Cauchy sequences and show
that every gradual weighted g-statistically convergent sequence is a gradual weighted g-statistical
Cauchy sequence and vice versa.
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1 Introduction and background

In 1965, the concept of fuzzy sets [25] was introduced by L.A. Zadeh as one of the exten-
sions of the classical set-theoretical concept. Nowadays, it has wide applications in different
branches of science and engineering. The term “fuzzy number” plays a vital role in the study of
fuzzy set theory. Fuzzy numbers were essentially the generalization of intervals, not numbers.
Indeed fuzzy numbers do not obey a couple of algebraic properties of the classical numbers.
So the term “fuzzy number” is debatable to many researchers due to its different behavior. The
term “fuzzy intervals” is often used by many authors instead of fuzzy numbers. To overcome
the confusion among the researchers, in 2008, J. Fortin et. al. [11] introduced the notion of grad-
ual real numbers as elements of fuzzy intervals. Gradual real numbers are mainly known by
their respective assignment function, which is defined in the interval (0, 1]. So, in some sense,
every real number can be viewed as a gradual number with a constant assignment function.
The gradual real numbers also obey all the algebraic properties of the classical real numbers
and have been used in computation and optimization problems.

In 2011, I. Sadeqi and F.Y. Azari [18] were the first to introduce the concept of gradual
normed linear space. They studied various properties from both the algebraic and topological
points of view. Further development in this direction has been occurred due to M. Ettefagh
et. al. [8,9], C. Choudhury and S. Debnath [4], and many others. For an extensive study on
gradual real numbers, one may refer to [2,7,16,23], where many more references can be found.
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On the other hand, in 1951, H. Fast [10] and H. Steinhaus [22] introduced the idea of statis-
tical convergence independently with the aim of providing deeper insights into the summa-
bility theory. Thereafter, it was further investigated from the sequence space point of view by
J.A. Fridy [13,14], T. Salat [19], and many mathematicians across the globe. Statistical conver-
gence has motivated many researchers to develop various notions of density and study the
behavior of the sequences, which are divergent from the ordinary or statistical sense, but con-
vergent with respect to some other density. Several investigations and generalizations in this
direction can be found in the works of ].S. Connor [5], B.C. Tripathy [24], and many others [17].
Statistical convergence has become one of the most active areas of research mainly because of
its wide applicability in various branches of mathematics such as number theory, mathemati-
cal analysis, probability theory, etc.

Since statistical convergence is not a matrix method, its extension is only possible with some
modifications to the asymptotic density definitions.

In 2015, M. Balcerzak et. al. [3] generalized the notion of natural density to g-density by
using a function ¢ : IN — [0, 00) that satisfies
. n .
r}glgog(—n) #0 and nll_r>r010g(n) = oo, (1)
Here IN represents the set of all positive integers. For g(n) = n, the definition of ¢-density
turns to the definition of natural density.

Definition 1 ([3]). Let E be a subset of IN and E,, denotes the set {k € E : k < n}. The density of
|En|
8(n)

weight ¢ (in short g-density) of the set E is denoted and defined by 64 (E) = nh_r}Olo , provided

that the limit exists.

Later on, g-density was applied by many researchers in several areas of summability
theory. For more details we refer the reader to [6, 15,20, 21], where many more references
can be found. Recently, A.A. Adem and M. Altinok [1] investigated the notion of weighted
statistical convergence of real valued sequences. Let us recall the definition.

Definition 2 ([1]). A sequence (xy) is said to be weighted g-statistically convergent to I, if for
each ¢ > 0 we have

Sg({keN:|x—1] > ¢}) =0.

In this case, | is called the weighted g-statistical limit of the sequence (x;) and symbolically it

st
. 8
is expressed as xj — 1.

Definition 3 ([1]). A sequence (xy) is said to be weighted g-statistical Cauchy, if for every ¢ > 0
there exists a natural number N = N (¢) such that

Sg({k <m:|x—xn| >¢€}) =0.

For ¢(n) = n, Definition 1, Definition 2, and Definition 3 turns to the definition of natural
density [12], statistical convergence [13], and statistical Cauchy sequence [13], respectively.

The main purpose of this work is to examine the weighted g-statistical convergence of
sequences in gradual normed linear spaces.
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2 Definitions and preliminaries

Throughout the paper, N and R will be used to denote the set of all positive integers and
the set of all real numbers, respectively, and ¢ will denote a function from IN to [0, c0) that
satisfies (1).

Definition 4 ([11]). A gradual real number 7 is defined by an assignment function A; : (0,1] — R.
The set of all gradual real numbers is denoted by G(R).

A gradual real number 7 is said to be non-negative, if for every p € (0, 1] we have Az(p) > 0.
The set of all non-negative gradual real numbers is denoted by G*(R).

The gradual operations between the elements of G(IR) are defined as follows.

Definition 5 ([11]). Let o be any operation in R and suppose 71,72 € G(R) with assignment
functions Ay, and Aj,, respectively. Then 71 o 7 € G(IR) is defined with the assignment func-
tion Az, o, given by Ay o, (B) = A (B) o Ax,(B) for all B € (0,1]. Then the gradual addition
71 + 72 and the gradual scalar multiplication A7, A € IR, are respectively defined by

An+r(B) = An(B) + Ar(B) and  Apx(B) = AA;(B) VB € (0,1].

For any real number s € R, the constant gradual real number § is defined by the constant
assignment function As(B) = s forany B € (0, 1]. In particular, 0 and 1 are the constant gradual
numbers defined by Aj(B) = 0 and A;j(B) = 1, respectively. It is easy to verify that the set
G(R) with the gradual addition and multiplication forms a real vector space [11].

Definition 6 ([18]). Let X be a real vector space. The function || - || : X — G*(R) is said to be a
gradual norm on X if for every B € (0, 1], following three conditions are true for any x,y € X:

(G1) AHXHG(:B) = A§(B) ifx =0,
(G2) Ajax)c(B) = [AA)xc(B) forevery A € R,

(Ga) Ajrylo(B) < A (B) + Apyo (B)-
The pair (X, || - ||g) is called a gradual normed linear space (GNLS for short).

Example 1 ([18]). Let X = R™. Forx = (x1,x2,...,xm) € R™,B € (0,1], define || - || by

Ajx(B) = eP ; x4 -

Then || - || is a gradual norm on R™ and (R™, || - ||) is a gradual normed linear space.

Definition 7 ([18]). Let (xx) be a sequence in the GNLS (X, || - ||g). Then (xy) is said to be
gradual convergent to x € X, if for every B € (0,1] and € > 0 there exists N = N(B,¢) € N
such that A|, | .(B) < € holds for every k > N.

Definition 8 ([9]). Let (X, || - ||g) be a GNLS. Then a sequence (x;) in X is said to be gradual
bounded, if for every B € (0, 1] there exists M = M(p) > 0 such that A, .(B) < M holds for
allk € IN.

Definition 9 ([18]). Let (x;) be a sequence in the GNLS (X, || - ||g). Then (xy) is said to be
gradual Cauchy, if for every p € (0,1] and ¢ > 0 there exists N = N(B,e) € N such that
Aka_xj” (B) < e holds for allk,j > N.

G
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3 Main results

In this section, we first define gradual weighted g-statistical convergence as follows.

Definition 10. Let (x) be a sequence in the GNLS (X, ||-||;). Then (x) is said to be gradual
weighted g-statistically convergent to x € X, if for every p € (0,1] and € > 0 we have

(5g<{k €N : Aka_xHG(ﬁ) > 8}) =0.

ste-||“llG
. . &g
In this case, we write x, ——

Let us point out that the condition in the above definition can be expressed as follows

(Sg({k € N : Aka_xHG(ﬁ) < 8}) = (Sg (N) .

If g(n) = n, then the above definition turns to the definition of gradual statistical conver-

|-
gence, which is denoted by xj m X.

Theorem 1. Let (X, || - ||) be a GNLS. If a sequence (xy) is gradual convergent to x € X, then
(xx) is gradual weighted g-statistically convergent to x € X.

Proof. Since (x) is gradual convergent to x, then the set {k € IN : Alx—x)c(B) = ¢} contains a
finite number of element and consequently, its g-density is zero. So, the proof is completed. [

But the converse of Theorem 1 is not true. Following example will illustrate the fact.
Example 2. Let X = R™ and || - || be the norm defined in Example 1. Consider the sequence
(xx) in R™ defined as

(0,0,...,0,m), k=1, teN,
X =
0, otherwise,

where 0 denotes the element (0,0,...,0,0) € R™. Let the weight g : IN — [0,00) be the
function defined as g(n) = n, n € N. Then for any ¢ > 0 and € (0, 1] we have

{k €N: Aka_OHG(‘B) > 8} - {1,8,27,. . }

stg-||-llc

and eventually g ({k € N : A, _g|.(B) > €}) = 0. This implies that x; ——> 0 in R™.
But it is clear that (x) is not gradual convergent to 0.

In the following theorem, we will show that the gradual weighted g-statistical limit of a

sequence is unique, if exists.
to-ll-
Theorem 2. Let (x;) be any sequence in the GNLS (X, || - ||g) such that xy M x in X. Then
x is uniquely determined.
to-ll- to-ll-

Proof. Suppose xj m x and xj w) y for some x # y in X. Then, by definition, for any
e > 0and p € (0,1], we have

O3 (P1(B,€)) = 05 (P2(B,€)) = 5(IN),
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where Pl( = {k eN: Aka XHG < 8} and P2 = {k eNN: Aka yllo ( ) < 8}.
Choose an arbltrary point p such that p € P;(B, ) ﬂ Pz(ﬁ ¢), then

Apr (‘B) <e and A”xp_y”G(ﬁ) <E€

_xHG
hold. Hence,

Arylo(B) = A|jx,—x|| (B) + A|,—y|| (B) <ete=2e
Since ¢ is arbitrary, the equality AH o (B) = Ay(B) holds. This implies that x = v. 0

In the next theorem, we are going to prove that the set of all sequences (x;), which are
gradual weighted g-statistically convergent, is closed under addition and scalar multiplication
operations.

Theorem 3. Let (x;) and (yx) be two arbitrary sequences in the GNLS (X, || - ||g) such that

t to-||-
- stg-|- Hc and y, stg-||-llc y. Then

ste-ll-ll

i) x+ye —— x+y
and

(ii) Axy % Ax for A € R.

Proof. (i) Suppose x & nd yi ﬁ y. Then for given ¢ > 0 and B € (0, 1] we have
dg (B1(B,€)) = dg (Ba(pB,€)) =0,
where Bl( {k € N : Aka xHG( > 2} and Bz( = {k € N : AHyk ?/HG(’B) > %}

Now the followmg inclusion

(N \ Bl(ﬁ, 8)) N (N \ Bz(ﬁ, 8)) - {k e N : Aka‘f‘yk—X—yHG(ﬁ) < 8}
implies the inequality

5g({k €N: Akaijk,x,yHG(,B) > 8}) < 5g (Bl (ﬁ; 5) U BZ(ﬁr 8)) =0.

Consequently, xx + yx ﬂ> +v.

(ii) If A = 0, then there is nothing to prove. So let us assume A # 0. Since xj & , for

given e > 0 and $ € (0,1] we have d; (B1(B,¢)) = 0, where
€
Bl(ﬁ,e) = {k € IN: Aka_xHG(ﬁ) > W}

Now, since Ay ix|.(B) = [MAjzy x| (B) holds for any A € R, we must have
By(B,¢) C Bi(B, €), where

By(B,e) = {k EN: Ay iy (B) = 8} ,

which as a consequence implies d; (B2(B, €)) = 0. This completes the proof. O
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Theorem 4. Let (x;) be any sequence in the GNLS (X, | - ||g). If every subsequence of (xy)
is gradual weighted g-statistically convergent to x, then (xy) is also gradual weighted g-statis-
tically convergent to x.

Proof. If possible suppose (xx) is not gradual weighted g-statistically convergent to x. Then
there exists some ¢ > 0 and 8 € (0, 1] such that §¢(C) # 0, where

C= {k €N : Aka_xHG(ﬁ> > 8}.

Since the g-density of a finite set is zero, then the set C must be an infinite set. Let
C={ki<ky<---<ky<---}. Now define a sequence (y,) as y, = xi, for n € IN. Hence,
(yn) is a subsequence of (xx), which is not gradual weighted g-statistically convergent to x.
This is a contradiction to assumption of the theorem. O

Remark 1. The converse of Theorem 4 is not true. One can easily verify this from Example 2.

Theorem 5. Let (X, || - ||c) be a GNLS. A subsequence (xy, ) of a gradual weighted g-statisti-
cally convergent sequence (xy) in X is gradual weighted g-statistically convergent if and only if

Proof. The proof can be obtained easily. So it is omitted here. O

Theorem 6. Let (x;) and (yx) be two sequences in the GNLS (X, || - ||g), such that (y;) is
gradual convergent toy € X and 64({k € N : x; # yx}) = 0. Then (xy) is gradual weighted
g-statistically convergent to the same point.

lI-llc

Proof. Suppose &g ({k € N : x; # yi}) = 0 holds and yx — y. Then, by definition, for every
e >0and B € (0,1] the set

{keN: Ay (B) 2]
contains a finite number of elements and consequently we have
(Sg<{k eIN: AHyk_yHG(‘B) > 8}) =0. (2)
Now, since the inclusion
Tk EN: Ay (B) Z e} S {kEN = Apyy (F) 2 e} N {k € N 7y}

holds, by using (2) and the hypothesis of the theorem we get

5g<{k €N: Aka*yHG(ﬁ) > 8}) =0.

to-ll-
Hence, xi % y and the proof is complete. O
In [9, Theorem 3.5], M. Ettefagh et. al. proved that in a GNLS every gradual convergent
sequence is gradual bounded. But this fact is not true if we consider gradual weighted g-sta-
tistical convergence instead of gradual convergence.
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Let ¢(n) = n for n € N. Consider the gradual norm || - || defined by

2
Ajx(B) = €P ; x4 -

Let (x;) be sequence in R? defined by

o (0,k), if k=p3 peN,
‘ (0,0), otherwise.

It is easy to verify that (xy) is not gradual bounded, but gradual weighted g-statistically con-
vergent to (0,0) € R?.

One of the most natural questions here is whether the unboundedness of a gradual
weighted g-statistically convergent sequence can be controlled.

Definition 11. Let (x;) be a sequence in the GNLS (X, || - ||g). Then (x) is said to be gradual
weighted g-statistical bounded if there exists M > 0 such that

5g({k €IN: AkaHG(ﬁ) > M}) =0
holds for every p € (0,1].

Theorem 7. Let (x;) be a sequence in the GNLS (X, || - ||g)- Then (xi) is weighted g-statistical
bounded if and only if there exists a gradual bounded sequence (yi) such that

5g({k eIN:x # ]/k}) = 0.

Proof. Firstly, let (x;) be weighted g-statistical bounded. Then, by definition, there exists M > 0
such that dg(B) = 0 for every 8 € (0,1], where B = {k € N : A, _(B) > M}.
Consider the segence (yx) defined by

Xk, ke N \ B,
Yk = .
0, otherwise,

where 6 is the zero element of the GNLS (X, || - ||g)-

Then clearly (yx) is gradual bounded and ¢ ( {k € IN : x4 # yx} ) = 0, because of the in-
clusion {k € IN : x; # yx} C B holds.

For the converse part, let 6o ({k € IN : x; # yx}) = 0. Since (yy) is gradual bounded, there
exists some M > 0 such that A, .(B) < Mforall k € N. Then the inclusion

{k € N:x; # ]/k} 2 {k € IN: AkaHG(ﬁ) > B}

holds. From this inclusion, we have

5g<{k € N: AkaHG(’B) > B}) =0.

Hence, (xx) is gradual weighted g-statistical bounded. O
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Theorem 8. Let (X, || - ||g) be a GNLS and suppose (xi) be a gradual weighted g-statistically
convergent sequence. Then (xy) is gradual weighted g-statistical bounded.

Proof. The proof is easy and so is omitted. O

Theorem 9. Let (X, | - ||g) be a GNLS and suppose (x;) be a sequence such that x; sl o

Then
ste-l-ll
X ———
Proof. The proof is easy and so is omitted. O
Remark 2. The converse of Theorem 9 is not necessarily true.
The following example illustrates this fact.
Example 3. Let g : N — [0, o) be a weight function defined by

o(n) = {1, n<3,

22, e 22,22, keN.

Let Cy and C denote the sets {n € N : 2 <pn<2. ZZk} and |J Cy, respectively.
k=1

Define the sequence (xi) in R™ as follows

(1,0,...,0), necC,
x;/l — .
0, otherwise.

Then, with respect to the gradual norm given in Example 1, the sequence (xy) is gradual
weighted g-statistically convergent to 0, but not gradual statistically convergent to 0.

Justification. Let m; = max Cy. Then for any ¢ > 0 and 8 € [0, 1) we have

1 1
— k<n: >e- Pl = —|{k<n:
g(Tl) {k <n: Aka*OHG(ﬁ) > E-e }' g(Tl) ‘ {k Sn:xg € C} ‘
_ 1 : Gl 2%
Letting n — oo in the above inequality, we obtain xj m 0.

Let us show that (x) is not gradual statistically convergent to 0. From the construction
of Cy, it is clear that
22k 2k
7 < ’Ck’ <2-27.

Then for e = % the following inequality

1 | fy|_1 | Cloled . F 1
E‘{kgn.Am_mG(‘B)23}‘:E’{kgn.xkeC}‘:m—kEm—kzz.zzk:Z

holds for all k > 1, and this shows that (x) is not gradual statistically convergent to 0. O
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Theorem 10. A sequence x = (xy) in the GNLS (X, || - ||g) is gradual weighted g-statistically
convergent if and only if for any ¢ > 0 and € (0, 1] there exists N = N(B,¢) € IN such that

(Sg({k € N: Aka*xNHG(ﬁ) < 8}) = (Sg(N)

to-ll-
Proof. Let xj M xo. Then, by definition, for any ¢ > 0 and B € (0, 1] we have

Og(B(B,€)) = 0c(N),

where €

B(ﬁ,S) = {k €IN: Aka_XOHG(ﬁ) < E}
Fix an element N = N(B,¢) € B(B,¢). Then for any k € B(B, ¢) the following inequality

& &
Al (B) = Alge—zotro-xnlic (B) <Aoo (B) + Ay (B) < 5 +5 =€

holds. This implies that

B(‘B,S) - {k €IN: Aka_xNHG(ﬁ) < 8}

and consequently, we have

(Sg({k €N : Aka_xNHG(5> < 8}) = (Sg(N>

Conversely, suppose that for any ¢ > 0 and B € (0,1] there exists N = N(B,¢) € IN such
that

(Sg({k €NN: Aka_xNHG(5> < 8}) = (Sg(N>

is true. Then for any € > 0 we have

where

C(,e) = {k € N: Ay o) € [Auy o () = & Ay (B) +e] .

Denote the interval [AHxNHG(,B) — & Ajxy)c(B) + e] by I(ge) for a fixed ¢ > 0. Then
64(C(B,€)) = 0.(N) and &, (C (B, 5)) = 6¢(IN) holds and consequently we have,

s(CBeync(p5)) = o(N).

But this 1mphes that I = I(ﬁ,e) N 1(13 %) 7é J, 5g<{k € N : AkaHG(’B) € I}) = 5g(N), and
diam I < } diam I(B, ¢), where diam I denote the length of the interval I.
In this way, by induction, we can construct a sequence of closed intervals satisfying

k=Jo2h2--.Jn=2-..,

such that diam J, < 1 diam J,_; forn = 2,3,... and 6, ({k € N : Ajixllc(B) € Jn}) = 05(IN).

Ste-|-
Then there existsan 77 € () ], and it is routine work to verify that x; & 1. O
nelN
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Definition 12. Let (xx) be a sequence in the GNLS (X, || - ||g). Then (xy) is said to be grad-
ual weighted g-statistical Cauchy sequence if for every ¢ > 0 and B € (0,1] there exists
N = N(B,¢) € N such that

(Sg({k € N : Aka_xNHG(5> > 8}) =0
holds.

Theorem 11. Let (x;) be a sequence in the GNLS (X, || - ||g). Then the following statements
are equivalent:

. stell-llc
(i) x, ——— x ask — oo,

(i) (xx) is a gradual weighted g-statistical Cauchy sequence,

(iii) there exists a gradual convergent sequence (yx) to x such that
(5g<{k € IN: x; 75 yk}) =0.

to-ll-
Proof. (i) = (ii) Let (xx) be a sequence in X such that x; m x. Then for every € > 0 and

B € (0,1] we have
dg (B1(B,€)) =0, (3)
where
Bi(pe) = {k € N: Ay (B) > e}

Let us choose N € IN '\ By (B, ¢). Then we have A, _y.(B) < e
Let By(B,e) = {k € N : Ay, _y|.(B) > 2e}. Let us prove that the following inclusion

By(B,€) © Bi(pe) 4)

is true. For p € By (B, €) we have
2 < Al ]| (B) < Ay ]l (B) Ao (B) < A, (B) + &,

which implies p € B1(B, ) and so (4) is true.

From the equations (3) and (4) we conclude that d¢ (B2(f, ¢)) = 0, which means that (xy) is
gradual weighted g-statistical Cauchy sequence.

(ii) = (iii) Let (xx) be a gradual weighted g-statistical Cauchy sequence. Choose N so
that

S (k€N Apy (B) £ 1}) =0,
where
T= (Al (B) = 1 Ay (B) +1].
Again choose M so that dg ({k € N : A, .(B) & I'}) = 0, where

/ 1 1
U= Ao (B) = 5 Ao (B) 5.
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Now as the equality

{k<n: A B 101 ={k<n: A (B ¢ 1fulk<n: a8 ¢ 1}

holds, so we must have
(5g<{k € N : AkaHG(ﬁ) % IN 1/}> = 0.

Denote I NI’ by I;. Then it is clear that I; is a closed interval with diam (I;) < 1, where
diam (I;) represents the length of the interval I;. Proceeding like this, we choose N(2) so that
5g<{k €N: AkaHG(ﬁ) ¢ I”}) = 0, where

1 1]

= Aol )~ 1A e . B) + 2

ol
Let us denote I; N I’ by I,. Then by the previous argument we can say that I is a closed

interval with diam (1) < } satisfying

(Sg<{k € IN: AkaHG(ﬁ) ¢ Iz}) =0.

Continuing in this way, we obtain a sequence (I,;) of closed intervals such that
LhohLO--- 21m21m+12~~~

and
diam(IL,) < pl=m

By Nested Interval Theorem, there exists a A € IR such that

ﬁ In = {A).
m=1

Now we choose an increasing sequence of natural numbers (T),) such that

g%n)){k S Apye(B) € Im}) < g%m) 5)

if n > Tp,. Define a subsequence (zj) of (xi) consisting of all terms x; such that k > T; and if
T <k < Tyt1, then Ay (B) € L. Define the sequence (yx) as follows

A, if x is a term of (z;),
Ye =

Xx, otherwise,

where A;(8) = A, VB € (0,1]. Theny;, — A. If e > -1~ > 0and k > Ty, then either x; is a

N g(m)
term of (z;), which means yx = A, or yx = x4, Ay (B) € Im and

~ < / < 1—1’!’!.
AHyk_/\HG(’B) < diam (Im> < 2

We also claim that 6, ({k € IN : x; # yi}) = 0. If Ty < n < Tyy11, then the inclusion

{k S n: Xy #yk} g {k S n: AkaHG(ﬁ) ¢ Im}
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holds and consequently by (5) we have

1 1
——({k<n:x < —.
g(n) ‘ { k 75 yk} ) g(Tl)
Letting n — oo on both sides of the above inequality, we obtain

1 1 . J—
Jﬂﬁog(—n)‘{kﬁn-xk#yk})—@

i.e.

(5g<{k € IN : x; #yk}) =0.

(iii) = (i) Finally we assume that 6, ({k € N : x; # y;}) = 0 and yx — x(G). Then, by
definition, for any € > 0 and B € (0, 1] the set

{k<n: Ay, (6) 2 ¢

contains a finite number of elements, say Ny. Now as the inclusion

{k<n:Ap_y.B)>ef C{k<n:m#upU{k<n:Ap . (B) >}

holds, so we must have
1 1 No
— <n: > < —— <n: —.
g(m) (k< n: Ay (B) 2 )| < g(n) {e<mexn # |+ g(m)
Letting n — oo on both sides of the above inequality and using the fact that

5g({k €N : x ;Ayk}) —0,

. stg-||-| .
we obtain xj ﬁ) x. This completes the proof. O
Conclusions

In this paper, we have investigated a few fundamental properties of weighted g-statistical
convergence in the gradual normed linear spaces. Theorem 8 establishes the connection be-
tween weighted g-statistical convergence and weighted g-statistical boundedness. Theorem 10
gives the Cauchy condition for weighted g-statistical convergence. Theorem 11 establishes
the relationship between gradual weighted g-statistically convergent and gradual weighted
g-statistical Cauchy sequences.

Summability theory and the convergence of sequences have wide applications in various
branches of mathematics particularly, in mathematical analysis. Research in this direction
based on gradual normed linear spaces has not yet gained much ground and it is still in its
infant stage. For example, it can be seen from Theorem 8 that the weighted g-statistically
convergent sequence has a weighted g-statistically convergent subsequence.

Depending on this result, the following question can be asked: which subsequences of
the weighted g-statistically convergent sequence are weighted g-statistically convergent to the
same point?
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HitiHux npocmopax // KapmaTtceki MaTeM. my6a. — 2025. — T.17, Nel. — C. 317-330.

VYIpoAOBX OCTaHHIX KiABKOX POKiB 6yAO BUKOHAHO 3HAUHY KiABKiCTh AOCAiAXeHB y Teopii cy-
MOBHOCT] IIIASIXOM BYBYEHHSI Pi3HIMX IOHSITh 361KHOCTi MOCAIAOBHOCTeI. Y IIilf CTaTTi MU BBOAMIMO
TIOHSITTS 3BaXKEHOI §-CTaTMCTMYHOI 361KHOCTi B IIOCTYIIOBO HOPMOBaHMX AiHIVHMX IIpocTopax. Mu
MOCAIAXKYEMO AesiKi PyHAaMeHTaAbHI BAACTMBOCTI Ta BCTAHOBAIOEMO II€BHI CITiBBiAHOIIIEHHS MiX
MOHATTSAMM. Hapellti, My BBOAMMO MOHSTTSI IOCTYTIOBO 3BaXKeHMX ¢-CTATUCTUYHMX IOCAIAOBHO-
creit Komri Ta moka3yemo, 110 KOXKHa IIOCTYIIOBO 3BaXkKeHa ¢-CTATMCTIYHO 36iXKHa IOCAIAOBHICTD €
TIOCTYIOBO 3BaXKeHOIO ¢-CTaTMCTUYHOIO NOCAiA0BHicTIO Ko i HaBmakm.

Kntouosi cosa i ¢ppasu: TOCTYIIOBE UMCAO, IIOCTYIIOBO HOPMOBaHMI AiHIVHII IPOCTip, g-ITiAb-
HICTb, g-CTATUCTUUHA 361>KHICTb.



