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Notes on the tangent bundles over F-Kdhlerian manifolds

Djaa N.E.H.!, Gezer A.2, Zagane A.

Let TM be the tangent bundle over an F-Kahlerian manifold endowed with Berger type de-
formed Sasaki metric ggs. In this paper, we obtain the Levi-Civita connection of this metric and
study geodesics on the tangent bundle TM and F-unit tangent bundle T; M. Secondly, we char-
acterize the geodesic curvatures on T; rM. Finally, we present some conditions for a vector field
¢ : M — TM to be harmonic and study the harmonicity of the canonical projection 7t : TM — M.
In addition, we search the harmonicity of the Berger type deformed Sasaki metric gps and the Sasaki
metric gs with respect to each other.
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1 Introduction

Let M be an n-dimensional manifold. We point out here and once that all geometric objects
considered in this paper are supposed to be of class C*.
An F-structure is a (1, 1)-tensor field F which satisfies

FP+F=0. (1)

An almost complex structure (F2 +1= O) is an example of F-structures. Also, note that an
F-structure is a polynomial structure with the structural polynomial Q(F) = F3 + F. Recall
that a polynomial structure is integrable if the Nijenhuis tensor vanishes [22]. Then, the inte-
grability of an F-structure is equivalent to the vanishing of the Nijenhuis tensor

Np(X,Y) = [FX,FY] — F[FX,Y] — F[X,FY] + F*[X,Y].
A Riemannian metric (M, g) is hyperbolic with respect to F if it satisfies
§(FX,Y) = —g(X, FY) 2)

for any vector fields X,Y on M (see [4-7,19]). We refer to the condition (2) as the hyperbolic
compatibility of ¢ and F and call g a hyperbolic metric. The manifold (M, F, ) equipped with
a hyperbolic metric g is called an almost F-Hermitian manifold [20]. According to J. Bures
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and J. VanZura in [8], the manifold (M, F, g) is a metric polynomial manifold. We will use the
terminology in [20].

The 2-covariant skew-symmetric tensor field w defined by w(X,Y) = ¢(FX,Y) is the fun-
damental 2-form of the almost F-Hermitian manifold (M, F, g). If the fundamental 2-form w
is closed, i.e. dw = 0, then the triple (M, F, g) will be called an almost F-Kdhlerian manifold.
Moreover, if dw = 0 and N = 0, the triple (M, F, g) will be called an F-Kdhlerian manifold.
In [20], B. Opozda proved that dw = 0 and Nr = 0 is equivalent to VF = 0, where V is the
Levi-Civita connection of g.

The first thing that comes to mind when the tangent bundle of any Riemannian manifold
is mentioned is the Sasaki metric. When the geometric properties of the tangent bundle with
the Sasaki metric are investigated, we usually encounter the flatness of the base manifold. This
is the reason why researchers have attempted to search for different metrics on the tangent
bundle which are different deformations of the Sasaki metric (for example, see [1-3,10,24,25]).

We mention that in [18] the authors provide a complete classification of the natural lifted
metrics on the tangent bundle of a Riemannian manifold, and in [21] the author introduce a
metric which generalizes all the types of metrics obtained as natural lifts of the metric from
the base manifold to the tangent bundle, called general natural metric. S.L. Drutd-Romaniuc
in [12] characterizes in an unified way the general natural (almost) Hermitian, para-Hermitian,
anti-Hermitian and product Riemannian structures on the tangent bundle.

In this paper, we consider the tangent bundle TM over an F-K&hlerian manifold endowed
with Berger type deformed Sasaki metric ggg, thus meaning that the horizontal distribution
defined by the Levi-Civita connection of ¢ projects isometrically over M, the vertical and the
horizontal distributions are orthogonal, and the metric acting on vertical vectors depends on
F and on a constant ¢. Firstly, we obtain the formulas describing the Levi-Civita connection of
this metric (Theorem 1) and we study the geodesics on the tangent bundle TM and on the
F-unit tangent bundle T; M (Theorem 3 and Theorem 4). Secondly, we characterize the
geodesic curvatures on the F-unit tangent bundle T; M (Theorem 6). In the last section,
we present some conditions for a vector field ¢ : M — TM to be harmonic (Theorem 8 and
Theorem 9) and search the harmonicity of the canonical projection 77 : TM — M (Theorem 10).
Also, we investigate the harmonicity of the Berger type deformed Sasaki metric ggs and the
Sasaki metric gs with respect to each other.

2 Lifts to tangent bundles

Let M be an n-dimensional Riemannian manifold with a Riemannian metric ¢ and TM
be its tangent bundle denoted by 77 : TM — M. A system of local coordinates (U, x') in M
induces on TM a system of local coordinates (7‘(‘1 u, xi, X = ui), i=n+i=n+1,...,2n,
where (u') is the cartesian coordinates in each tangent space TpM at P € M with respect to
the natural base {% |p }, P being an arbitrary point in U whose coordinates are (xi) .

Given a vector field X = Xi% on M, the vertical lift VX and the horizontal lift X of X are
given, with respect to the induced coordinates, by

XV =X,  X"=Xx0—uT,X",

— 9

where 9; = %, J; = e and Fék are the coefficients of the Levi-Civita connection V of g [23].
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In particular, we have the vertical spray "u and the horizontal spray "1 on TM defined by
u’ =u' (9;) = u'e;, ufl =t (9,)" = u'9;.

Note, that 1V is also called the canonical or Liouville vector field on TM.
Let f be smooth function of M to R and X,Y,Z be any vector fields on M. We have (see [23])

XH(fY) =X (f), XY (fY) =0,
XH((sv,2)") =x(3(v,2)),  x¥((z(v,2)") =0,
where f¥ = fo .

The bracket operation of vertical and horizontal vector fields is given by the following for-
mulas (see [11,23])

(X7, YH] = [X, Y] — (R(X,Y)u)"
(X", YV] = (VxY)”
XV, YV] =0
for all vector fields X and Y on M, where R is the Riemannian curvature tensor of ¢ defined by

R(X,Y) = [Vx, Vy] = Vixy.

Proposition 1 ([1,24]). Let (M g) be a Riemannian manifold and | be a (1,1)-tensor field on
M such thatV | = 0. If u = u'5; € T:M for all x € M, then we have the following equalities:

D XH(g(u, Ju)) .,

2) XH(g(Y, Ju ) ¢ (VxY,Ju),,

3) XV (g(Ju, Ju) 0y = XV (ITul?) (0 = 28U X, Ju)x,

4) XV(g(Y,Ju)) () = 8UX,Y)x,

5 X(f () =

6) XV (f (1)) —2f’( 2) 8(JX, Ju)x, wherer® = g(Ju, Ju) = |Jul*

3 The Levi-Civita connection of the Berger type deformed Sasaki metric
on the tangent bundle

Let M be an n-dimensional manifold. An F-structure is a (1, 1)-tensor field F, which satis-
fies
FP+F=0.

A Riemannian metric (M, g) is hyperbolic with respect to F if it satisfies
§(FX,Y) = —g(X, FY)

for any vector fields X, Y on M. The manifold (M, F, g) equipped with a hyperbolic metric g
is called an almost F-Hermitian manifold. Moreover, if VF = 0, where V is the Levi-Civita
connection of g, the triple (M, F, g) will be called an F-Kéhlerian manifold.
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0 -1 0
Example 1. Let M = R3, F = ( 1 0 0 ) and ¢ = dx? + dy* + dz>. Then (M, F,g) is an
0 0 O

F-Kéhlerian manifold, on which we have

(X, Y) =Xi¥1 + XoYs + X3Y3,

g(FX, FY) = X1Y1 + XzYz,

9(FX,FY) #¢(X,Y), (F is non-isometric),

g(FX,Y) = —=XoY1 + X1Y2 = —g(X, FY)
for all vector fields X = X101 + X902 + X393 and Y = Y101 + Y20, + Y303.
Definition 1. Let (M, F, g) be an almost F-Kahlerian manifold and TM be its tangent bundle.
A Berger type deformed Sasaki metric on TM is defined as follows

gus (XH, Y1) = g(X,7),

IBs <er YH) = 8BS <XH/ YV) — 0/

9BS <XV, YV) =g(X,Y) +6%¢(X, Fu)g(Y, Fu)
for all vector fields X,Y on M, where ¢ is some constant. The metric is said to be a Berger type
deformed Sasaki metric.

Lemma 1. Let (M, F, g) be an F-Ké&hlerian manifold. Then we have

g(FX,X) =0,
g (F?X,F?Y) = ¢(FX, FY),
R(FX,Y) = —R(X,FY) (3)

for all vector fields X and Y on M, where R is the Riemannian curvature of the Levi-Civita
connection V of g defined by

R(X,Y) = [Vx, Vv] = Vixy.

Proof. The first and second relation comes directly from (2) and (1). We will only show the
third relation. For all vector fields X, Y, Z, W, we have

g(R(FX,Y)Z,W) = g(R(Z,W)EX,Y) = g([Vz, V] FX — VizwFX,Y)
=g(F([Vz V] X) = F(Vizw X), Y) = g(F(R(Z,W)X),Y)
= —¢(R(Z, W)X, FY) = —g(R(X,FY)Z,W).
0

Lemma 2. Let (M, F,g) be an F-Kahlerian manifold and gps be the Berger type deformed
Sasaki metric on TM. Then

2(2,Fu) = 1855 (27, (Fw)"),
$(2,FX) = gps (27, (FX)V) - %(Fx, Fu)gss (27, (Fu)”)
= ¢Bs ((FX)V — %g(FX, Fu)(Fu)V,ZV> ,

where A = 1+ 6?|Fu|?, X, Z are vector fields and u € TM.
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Proof. Using Definition 1, it follows that

<8BS (ZV, (Fu)V> = ¢(Z,Fu) + 6°¢(Z, Fu)g(Fu, Fu) = g(Z, Fu) + 6?|Fu|*g(Z, Fu)
= (1+ 52\Pu\2) o(Z, Fu) = Ag(Z, Fu),

85 (2", (FX)") = g(Z, FX) + 8%(Z, Fu)g(FX, Fu)
= ¢(Z,FX) + ‘S;g(FX, Fu)gss (zV, (Fu)V) .

Hence )

2(Z,FX) = ggs (zV, (FX)V) - %g(FX, Fu)ggs (zV, (Fu)V) .

O

Using Definition 1, Proposition 1, Lemma 2 and Koszul formula, we obtain the following
theorem.

Theorem 1. Let (M, F,g) be an F-Kéhlerian manifold and gps be the Berger type deformed
Sasaki metric on TM. If V and V denote the Levi-Civita connection of (TM, ¢ps) and (M, g),
respectively, then

(1) VyuYH = (V)" = L(R(X, Y)u)",
@) VYV = (VxY) + 1 [R(u, Y)X + 62¢(Y, Fu)R(u, Fu)X] ",
3) Vv YH = 1 [R(u, X)Y + 62g(X, Fu)R(u, Fu)Y] ",

4) VYV =82 [g(Y, Fu)(FX)V + g(X, Fu)(FY)V]
— ‘5—: {g(FX, Fu)g(Y,Fu) +g(FY,Fu)g(X,Fu)] (Fu)V, where A = 1+ 82|Fu/?.

4 Geodesics of the Berger type deformed Sasaki metric

The section is devoted to the characterizations of geodesics on the tangent bundle and
F-unit tangent bundle with respect to the Berger type deformed Sasaki metric.

Lemma 3 ([17]). Let (M, §) be a Riemannian manifold. If X,Y are vector fields and (x,u) € TM
such that X, = u, then we have

dX (Ye) = Y+ (Vv X) (o -

4.1 Geodesics of the Berger type deformed Sasaki metric on tangent bundle TM

Lemma 4 ([24,25]). Let (M, g) be a Riemannian manifold and x : I — M be a curve on M. If
C:tel— C(t) = (x(t),y(t)) € TM is a curve on TM such that y(t) € Ty;M, i.e.y(t) isa
vector field along x(t), then

C =+ (V)Y

where x = % and C =

U
@}

_Q

e
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Proof. If Y is a vector field such that Y (x(t)) = y(t), then we have
C(t) = dC(t) = dY(x(t)).
Using Lemma 3, we find
C(t) =dy(x(t)) = 2 + (Vay). (4)
O

Theorem 2. Let (M, F,g) be an F-Kéahlerian manifold and ¢gs be the Berger type deformed

Sasaki metric on TM. If C(t) = (x(t),y(t)) is a curve on TM, where y(t) is a vector field along
x(t), then

— . H
VeC = | Vi + R (y, Viy) % + 0% (Viy, Fy) R(y, Fy)z|

9 26% 14
+ | VaViy 4262 (Vay, Fy) F (Vay) - 8 (Vay, Fy) g (E(Viy), Fy) Byl .

Proof. Form (4) and Theorem 1, we find

V=V iy ()] £+ (V)]

R 2 H | — AN H | ¥ N4
_VXHJC +VXH(Vx]/) +V(vxy)vx +V(ny)v (ny)

1 H
= (Va$)" + (VaVa)" + 5 [R (4, Vay) 3+ 6% (Viy, Fy) R(y, Fy)z ]

1 2 14
t5 [R (y, Viy) 2 +6°¢ (Vay, Fy) R(y, Fy)x}
4
+26%g (Vay, Fy) (F (Vay)) — g (Vay, Fy) g (F (Vay)  Fy) (Fy)”

H
= [Vxx + R (y, Viy) %+ 0*¢ (Viy, Fy) R(y, Fy)x}

26* Y
+ {vaxy +20%¢ (Vy, Fy) F (Vay) = =-8 (Vsy, Fy) 8 (F (Vsy) , Fy) Fy

As a direct consequence of Theorem 2, we get the following assertion.

Theorem 3. Let (M, F, g) be an F-Kahlerian manifold, ¢gs be the Berger type deformed Sasaki

metricon TM and C(t) = (x(t),y(t)) be a curve on TM, where y(t) is a vector field along x(t).
Then C is a geodesic on TM if and only if

{fof = —R(y, V)  — 8% (Vsy, Fy) R(y, Fy)¥,
4
ViViy = —26%¢ (Vey, Fy) F (Viy) + 28 (Viy, Fy) § (F (Vxy), Fy) Fy.

Ifweputx” = Vix,y' = Viy and y’ = V1 Vyy, then the above conditions can be rewritten
as follows

{x” = —R(yy)x =83 (y, Fy) Ry, Fy)%, (5)

52
v =25% (v, Fy) | — Py + S8 (Fy/, Fy) Fy|.
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A curve C(t) = (x(t),y(t)) on TM is said to be a horizontal lift of the curve x(t) on M if
V iy = 0. Thus, we have the following result.

Corollary 1. Let (M, F, g) be an F-Kahlerian manifold, ggs be the Berger type deformed Sasaki
metric on TM and C(t) = (x(t),y(t)) be the horizontal lift of the curve x(t). Then C(t) is a
geodesic on (TM, gps) if and only if x(t) is a geodesic on (M, F, g).

If x(t) is a curve on M, then the curve C(t) = (x(t), %(t)) is called a natural lift of the curve
x(t). From Corollary 1, we deduce the following result.

Corollary 2. Let (M, F,g) be an F-Kédhlerian manifold and ggs be the Berger type deformed
Sasaki metric on TM. The natural lift C(t) = (x(t),%(t)) of any geodesic x(t) is a geodesic
on (TM, ggs).

4.2 Geodesics of the Berger type deformed Sasaki metric on F-unit tangent bundle T; rM
Let T1 r M be the F-unit tangent bundle of TM. Then T; M is a hypersurface in TM defined

by
Ti,eM = { (x,u) € TM, g(Fu, Fu) = |Ful? = 1} = {(xu) € T™, g(u,—F?u) =1}.
In the general case, T; pM # T1 M. Indeed, using Example 1, we get
TIFM=R¥*xS' xR and T/M=R>xS2
The unit normal vector field to T; M is given by
U:TM 3 (x,u) = Upyyy = (— FPu) € T(TM).
Indeed, for (x,u) € T1 pM, we have
g8s(UU) (1 u) = §(F?u, Fu) +52g(F2u,Fu)2 = —g(F*u, Fu) = g(Fu,Fu) = 1.
On the other hand, if we set
¢:TM > (x,u) — g(Fu,Fu) = g(u,—qu) € R,
then the hypersurface T; M is given by
Ti,eM = {(x,u) € TM : ¢(x,u) =1},

where grady, (¢) is a vector field normal to Ty M. From the Proposition 1, for any vector field
X on M, we get

gps (X", gradgy; () = X"(g) = X" (g(Fu, Fu)) =0 = gps (X", U),
gas (XY, gradg,s(¢)) = XV (¢) = X" (g(Fu, Fu)) = 2g(FX, Fu) = 2gs (X", U).
SoU = 3gradg,,(¢) is a vector field orthonormal to Ty p M.
Given a vector field X on M, the tangential lift X' of X is given by

XT(x,u) = X&u) + gx (Xx,qu)U(x,u) = [XV — ¢Bs (XV,U)L{]

(%)

If V is the induced connection on T1 M, then we have

V¥ = VgV —gus (VY U ) U (©6)

for all vector fields X, Y on Ty M.
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Lemma 5. Let (M, F,g) be an F-Kéhlerian manifold, ggs be the Berger type deformed Sasaki
metricon TM and C(t) = (x(t),y(t)) be a curve on Ty pM such thaty(t) is a vector field along
x(t). Then we have

[Fyl =1 and g(F(Vsy) Fy) =0.

Proof. The proof follows from the definition of T; r M, namely
0= Vig(Fy, Fy) = 2g (Vx(Fy), Fy) = 2 (F (Vxy) , Fy) . 0

As T M is a hypersurface in TM, the curve on T rM is a geodesic if and only if its second
covariant derivative in TM is collinear to the unit normal < — (F?y) V) . From Theorem 2, the
formula (6) and Lemma 5, we obtain the following lemma.

Lemma 6. Let (M, F,g) be an F-Kéhlerian manifold, ggs be the Berger type deformed Sasaki

metricon TM and C(t) = (x(t),y(t)) be a curve on Ty rM such that y(t) is a vector field along
x(t). Then C is a geodesic on Ty p M if and only if

Vix = —R (y, Viy) & — 6% (Vxy, Fy) R(y, Fy)¥%,
ViVsy = —26°¢ (Vxy, Fy) F (Viy) — p Fy,
where p is any function.

(7)

If we put x”" = Vix, ¥y = Viyand y’ = V1 V;y, then equation (7) is rewritten as follows
"= —R(y,y') x — &g (v, Fy) R(y, Fy)x,
y" = —pF*y —25%¢ (v, Fy) Fy'. (8)
Remark 1. (i) As|Fy|*> = 1,i.e.y € Ty rM, then g (Fy', Fy) = 0.
(ii) We have 0 = Vg (Fy,Fy) = g (Fy",Fy) +g (Fy,Fy') = g(Fy",Fy) + |Fy'|>, so
g (Fy'",Fy) = —|Fy|"
Lemma 7. Let (M, F,g) be an F-Kéhlerian manifold, ggs be the Berger type deformed Sasaki
metric on TM and C(t) = (x(t),y(t)) be a geodesic on Ty pM such that y(t) is a vector field
along x(t). If we put c = |Fy'|, u = g (', Fy), then we get
o=—c2-20%u%, =0, y=0.
Proof. From formula (8), we obtain
y// — —PFZ}/ _ 2527/{ F]//,
g (Fy" Fy) = —20%ug (F%, Fy) —pg (Fy, Fy)
2
= —26%ug (F%y, Fy) + pg(Fy, Fy) — |FY|
= —20%ug (P, Fy) +p = 26%ug (Fyy) +p
=20°ug (v, Fy) +p =28 +p,
1
E (CZ)/ —g (F]/”,F]//)
= —pg (P, Fy) —26%ug (Fy, Fy)
=pg (Fy,Fy') =0, (from Remark 1 (i))
W=gW' Fy)+g(y.Fy) =g (" Fy)
— —pg (PP, Fy) —26%ug (Fy/, Fy) = 0.
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Using Lemma 6 and Lemma 7, we obtain the following theorem.

Theorem 4. Let (M, F,g) be an F-Kahlerian manifold, on which F satisfies the equation (1),
gs be the Berger type deformed Sasaki metric on TM and C(t) = (x(t),y(t)) be a curve on
Ty FM such that y(t) is a vector field along x(t). If we putc = |Fy'|, u = g (v, Fy), then the
curve C(t) = (x(t),y(t)) is a geodesic on Ty pM if and only if

¢ =const, u=const, p= —c? - 252y2 = const,
"= —R(y,y') % — S*uR(y, Fy)x,
Y = 2Py +26%u {y F?y — Fy'] : ©)

Theorem 5. Let (M, F, g) be a locally symmetric F-Kéhlerian manifold (V R = 0), ggs be the
Berger type deformed Sasaki metric on TM and C(t) = (x(t),y(t)) be a geodesic on Ty M
(respectively, on TM) and -y = 7t o C. Then the tensor tield R defined by the relation

R(v.y) =R (v.y) + &Ry, Fy)
is parallel along vy for the case of T1 rM (respectively, TM).
Proof. 1) Let C(t) = (x(t),y(t)) be a geodesic on T; M. Using (3) and (9), we get
R (y,y) = ViR (y,y) = (ViR) (,y') + R (Y, ¥') + R (v,¥") + *uR (v, Fy)
+8uR (y, Fy') =R (y,y") +*uR (v, Fy) + &*uR (v, Fy') =R (v.y")
—0*uR (Fy,y) +*uR (v,Fy') =R (v,y") +28*uR (y, Fy)
=R <y, 2F%y +26%u? F2y> —28%uR (y,Fy') +20*uR (y, Fy')
= <02 + 252y2> R (y, F2y> = <c2 +252y2) R(Fy,Fy) = 0.

2) Let C(t) = (x(t),y(t)) be a geodesic on TM. Using (3) and the second condition in (5),
we get

R (v,y) = Vs [R (1.y) + 88 (v, Fy) R(y, Fy)]
=R(Y.Y) +R(yy") + ¢ (y", Fy) R(y, Fy)
+6°¢ (v, Fy') R(y, Fy) + 6°¢ (v, Fy) R (v, Fy) + 6°¢ (v, Fy) R (v, Fy')
=R (y,y") +8°¢ (v, Fy) R(y, Fy) + 6°¢ (v, Fy) R (v, Fy) + 6°¢ (v, Fy) R (y, Fy/)
=R (v,y") +6°¢ (v, Fy) R(y, Fy) + 26°¢ (v, Fy) R (v, Fy')
264
= =26 (v, Fy) R (v, Fy') + -8 (v, Fy) g (Fy', Fy) R(y, Fy)

+0%¢ (v, Fy) R(y, Fy) +26°¢ (v, Fy) R (v, Fy/)

26
= =8 (v Fy) g (Fy', Fy) R(y, Fy) + 8’ (y", Fy) R(y, Fy)

244
= =8 (v, Fy) g (Fy', Fy) R(y, Fy) — 25°g (y', Fy) g (FY', Fy) R(y, Fy)

26°
+5-8 (v, Fy) g (Fy', Fy) 8(Fy, Fy) R(y, Fy)

254 4 256 / /
= |5 20"+ S8(Fy. Fy) | 8 (V. Fy) g (FY . Fy) R(y, Fy)
_26¢

- [1 —A+ 52|Fy|2] 8 (V' Fy) g (Fy', Fy) R(y, Fy) = 0.
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O

Remark 2. Let (M, F,g) be a locally symmetric F-Kéhlerian manifold (V R = 0), ggs be the
Berger type deformed Sasaki metric on TM. If C(t) = (x(t),y(t)) is a curve on Ty rM such
that y(t) is a vector field along the curve x(t), then C(t) = (x(t),Fy(t)) is a curve on Ty M
such that Fy(t) is a vector field along the curve x(t). Indeed,

2
[Fy(t)|” = g(Fy(t), FPy (1)) = —g(Fy(t), Fy(t)) = g(Fy(t), Fy(t)) = [Fy(t)|*.
Theorem 6. Let (M, F,g) be a locally symmetric F-Kédhlerian manifold (VR = O) gBs be
the Berger type deformed Sasaki metric on TM and C(t) = (x(t), Fy(t)) = (x(t),z(t)) be a

geodesic on Ty pM. If y = 7t o C, then all geodesic curvaures of y are constants.

Proof. We have
2 =V (Fy) = F(Viy) = Fy,
- ‘Fz’}z =g (FZ,F) =g <P2y’, Fzy') =g (Fy,Fy) = }Fy’}z = ‘z'
=g (2 Fz) =g (Fy.FYy) =2 (v, Fy),
p= - 26% 2.
From Theorem 4 and Theorem 5, we find
X'=-R(zZ)x = -R(z,2)%—6uR(z,Fz) iR (z,Z) = V4R (z,2) = 0.
So x(Pt1) = —R (z,2') xP), p > 1,and
%‘x(p) 2= 2 (x(pﬂ),x(p)) = —2¢ (R (z,7) x(p),x(p)) -0

Thus, we obtain

2

7

‘x(p)‘ =const Vp>1. (10)
Denote by s an arc length parameter on <y. Then Czlif c;x Z: Since C is a geodesic, we get
}E} = —E' = Kk = const and
dt
=2 ds|? 2 ) ds|?
2 _ _ 2 _ 2, 2.2
K ) =7 +‘z’} —|—§g(z/,Fz) _‘E +c+ o
Hence P
d_: — /K22 _ 52]/{2 — 5 = const, (11)

where % = x? — ¢? — 6*u? = const.

Denote by vy, ...,vp,_1 the Frenet frame along v and by ky, ..., ky,_1 the geodesic curva-
tures of . From (11), we obtain
x' = By,
X! = ﬁzkﬂ/z,

x®) = B3y (—kyvy + kov3),

Using (10), we deduce k; = const, ko = const, ..., kp,_1 = const, which completes the
proof. O
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5 Harmonicity

In the section, we will study some harmonicity problems on the tangent bundle equipped
with the Berger type deformed Sasaki metric. Given a smooth map ¢ : (M™,g) — (N", h)
between two Riemannian manifolds, the second fundamental form of ¢ is defined by

(Vdg) (X,Y) = Vidp(Y) —dg (VxY).

Here V is the Riemannian connection on M and V? is the pull-back connection on the
pull-back bundle ¢~ 'TN, and T(¢) = tracegVd¢ is the tension field of ¢.
The energy functional of ¢ is defined by

E(g) = [ e(¢)dog

such that K is any compact of M, where

e(¢p) = %tmcegh (do,d¢)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional E. For any smooth

d
variation {¢;},.; of p with g = pand V = %4)4 , e have
f—

SE@)| =~ [1(x(9),v)dog

Then ¢ is harmonic if and only if 7(¢) = 0. We refer to [13-16] for background on harmonic
maps.

Theorem 7. Let (M, F,g) be an F-Kéhlerian manifold and gps be the Berger type deformed
Sasaki metricon TM. If¢ : (M, g, F) — (TM, ggs) is a vector field on M, then the tension field
of ¢ is given by
H
T (&), = Trg [R (&, V.8) * +0°g (V& FE) R (¢, FE) %]
26* Y
+ Trg [%é +20% (V.8 FE) F (V28) = =g (F (V.8) , FE) g (V.. FE) F@} .

Proof. Let {Ei}$i1 be a local orthonormal frame on M. From Lemma 3 and Theorem 1, at
x € M, we have

Ve (E) =V )Y <E1H + (VE,"E)V)

= VenEf +Vn (VEQ) " +V

EF4+(VEg

(VE’.@)VEZH + v(in{:)v (VEig)V

= (VEI,EZ‘)H + <V%l§>v + % [R (u, VEié) Ei +52g (V}gig, Fu) R(u, Fu)El-]H

1 H
+5 |R (4, VEQ) Ei+ 08 (Vg Fu) R(u, Fu)E;|

2
4
+262 [g (Ve Fu) F(VeQ)]" — 2 [g (F (Vi) Fu) g (Vid, Fu) Fu]”

+(728)" + [R (0 Ve) B g (Ve Fu) RO )]
264
A

= (VeE)"

+252 [g (Ve & Fu) F (V)] = 5= [g (F(VEE) , Fu) g (Vi & Fu) Fu]”

4



Notes on the tangent bundles over F-Kidhlerian manifolds 561

where u = ¢y. So

_ _ 14
V(e de (E) — & (VEE) = Ve dE (i) — (VEE)" - (VinEiC)

= (V) + (V3D + R (w, Vig) Ei+ 88 (Vr,g, Fu) R(u, Fu)E;| .
4
+20 [g (Ve Fu) F(VE)]" - % (2 (F(VEZ), Fu) g (Vi Fu) Fu]”
O

The Theorem 7 gives the following theorem.

Theorem 8. Let (M, F,g) be an F-Kéhlerian manifold and gps be the Berger type deformed
Sasaki metricon TM. Themap ¢ : (M, F,g) — (TM, ggs) is harmonic if and only if

Trg [R (§, V4§) * +6%¢ (V48 FE) R(§, FE)*] =0,
Try |43 (F (V.2) FE)g (V. FE) FE| = Trg [V3E +20% (.8, FE) F (V.8)]

Proposition 2. Let (M, F, g) be an F-Kahlerian manifold and ggs be the Berger type deformed
Sasaki metric on TM. The map ¢ : (M,F,g) — (TM, gps) is an isometric immersion if and
only if V¢ = 0.

Proof. Let X, Y be vector fields. From Lemma 3 we have
gs (A8(X),dE(Y)) = gps (X" + (Vx8)", Y + (Vy2)")

= gps (X5, Y?) + ¢35 ((Vx&)Y, (Vy&)")
=2(X,Y) +g(VxE Vy¢) +62g(Vx& Fu)g(VyE Fu),

from which it follows that ¢ is an isometric immersion, i.e ggs (d¢(X),d¢(Y)) = g(X,Y), ifand
only if
8 (Vx¢, Vyd) + 88 (Vxg, Fu) g (VyE, Fu) =0,

which is equivalent to V{ = 0. O
As a direct consequence of Theorem 8 and Proposition 2, we obtain the following theorem.

Theorem 9. Let (M, F,g) be an F-Kéahlerian manifold and ¢gs be the Berger type deformed
Sasaki metricon TM. If ¢ : (M,F,g) — (TM,ggs) is isometric immersion, then ¢ is totally
geodesic. Furthermore, ¢ is harmonic.

Let {Ei}%il be a local frame on M. Then {EZH, EZV }lzil is a local frame on TM. The matrix
of the Berger type deformed Sasaki metric with respect to the local frame is as follows

I 0
8BS 0 I+a

L(1 0
&8s\ 0 1-b )"

where a = ((Fu)i(Fu)f)i’].Szk and b =a(l +a)~ 1.

and its inverse
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Proposition 3. Let 7 : (TM, gps) — (M, F,g) be the canonical projection, then the second
fundamental form B of 7t is given by
2

B(EF,EM) =B(EY,EY) =0,  B(EM,EY = —%R (u,E;) Ej — %g (Ej, Fu) R(u, Fu)E;.

177 17 1’])(x,u)
From Proposition 3, we obtain the following theorem.

Theorem 10. Let (M, F,g) be an F-Kahlerian manifold and gpgs be the Berger type deformed
Sasaki metric on TM. The Riemannian immersion 7t : (TM, ggs) — (M, g, F) has the following
properties:

1) 7t is harmonic,

2) if (M, F, g) is locally flat then 7t is totally geodesic,

3) it is totally geodesic if and only if

R (u,Ej) E; = —6°g (E;, Fu) R(u, Fu)E; V1 <i,j <2k

Let i be another F-Kdhlerian metric on M with respect to an F-structure J; and let
: (TM,gps) — (M, J1,h) be the canonical projection. Then we have

B(Ef, E]H) =" VEE; — VEE;, (12)
1 52
B(EV.E/) =0,  B(EIE) ., = —5R (uE)Ei— 5g (E, Fu) R(u, Fu)E;,

where "V is the Levi-Civita connection of the metric #. It is known [9] that / is harmonic
with respect g if Trq (hV —V) =g (hl"ffj — Ff‘]) = 0. The equations in (12) give the following
proposition.

Proposition 4. Let (M, F, g) be an F-Ké&hlerian manifold and gps be the Berger type deformed
Sasaki metric on TM. The projection 7t : (TM, gps) — (Mm, J1,h) is harmonic if and only if h
is harmonic with respect to g.

Now, we will investigate the harmonicity of the Berger type deformed Sasaki metric gps
and the Sasaki metric gs with respect to each other.

Proposition 5. Let (M, F, g) be an F-Kahlerian manifold and ggs be the Berger type deformed
Sasaki metricon TM. If I : (TM,gs) — (TM, ggs) is the identity map, then the following
assertions hold:

1) the identity map I can not be totally geodesic;
2) the tension field is Tg, | = 262 (qu) v So, gps can not be harmonic with respect to gs.

Proof. Let {Ei}fil be alocal orthonormal frame on M. Then { E HEY }lzil is a local orthonormal
frame on (TM, gs). If V denotes the Levi-Civita connection of (TM, gs), then we have

Tl =) {vEHEiH +ViprE/ = VpnEf - @EVE}/] =) VpvE!
. 1 1 1 1 l 1

1

4
- Xi:zazg (E;, Fu) (FE;)¥ — 2‘% ;g (FE;, Fu) g (E;, Fu) (Fu)V

4
=252y g (E;, Fu) (FE))" + 2%g(F2u, Fu)(Fu)V = 262 (F2u)".
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Proposition 6. Let (M, F, g) be an F-Kahlerian manifold and ggs be the Berger type deformed
Sasaki metricon TM. If I : (TM, ggs) — (TM, gs) is the identity map, then the tension field
of I is given by

Tosel = —26%(F2u)" + 262 Y b (Fu)'FE! — 20 Zbll (Fu)'g (FE;, Fu) (Fu)¥
ij

So, gp can not be harmonic with respect to ggs.

Proof. Let {Ei}fil be alocal orthonormal frame on M. Then { EF, EY } lzil is a local orthonormal
frame on (TM, gs). If V denote the Levi-Civita connection of (TM, gs), then we have

1

- —
=—) VpvE/ +) PV Ef
1 1]

= —26%(F2u)" + 262 b | (Fu)'FE}] Y
i

o4 g .
z Zbl](Fu)lg (FEj, Fu) (FM)V
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Hexait TM — aoTwuHe po3IIapyBaHHs Haj F-keaepoBMM MHOTOBMAOM, HahdireHe aedpopMoO-
BaHOIO 3a TunoM bepxepa merpuxoro Cacaxi gps. Y miit cTaTTi MU OTpUMyeMO 3B’sI3HICTH AeBi-
YiBiTit AASI ITi€l METPMKM Ta AOCAIAXYEMO reOAe3MYHi Ha AOTMYHOMY poswmapyBansHi TM i Ha F-
OAMHMYHOMY AOTUUYHOMY po3mapysansi Tj r M. AaAi My ommcyeMo reoaesnyHi kpusyamu Ha Ty p M.
HapemTi, mopaeMo AesiKi yMOBHM, 3a SIKMX BeKTOpHe moae § : M — TM e rapMOHIIHNM, i AOCAIAXY-
€MO rapMOHIVHICTh KaHOHIUHOI npoexiii 77 : TM — M. KpiM Toro, Mt po3rasiaaeMo TapMOHIVIHICTD
AedpopmoBaHoi 3a THIIoM bepxepa metpuxu Cacaxi gps Ta MeTpuku Cacaki g BIAHOCHO OAHA OAHON.

Kntouosi co6a i hpasu: TOpU3OHTAABHMIA T AJIOM, BepTHKaABHMI T AIOM, TeOAE3MYHa, TapMOHili-
He Bia0bpakeHHsI.



