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On compressed zero divisor graphs associated to the ring of
integers modulo n

Aijaz M.!, Rani K.2, Pirzada S.!

Let R be a commutative ring with unity 1 # 0. In this paper, we completely describe the ver-
tex and the edge chromatic number of the compressed zero divisor graph of the ring of integers
modulo n. We find the clique number of the compressed zero divisor graph I'r(Z,) of Z, and
show that I'r(Z,,) is weakly perfect. We also show that the edge chromatic number of I'r(Z,) is
equal to the largest degree proving that I'r(Z,) resides in class 1 family of graphs.
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1 Introduction

A graph G with vertex set V(G) # & and edge set E(G) of unordered pairs of distinct
vertices is called a simple graph. The cardinality of V(G) is called the order of G and the
cardinality of E(G) is called its size. A graph G is connected if and only if there exists a path
between every pair of vertices u and v. A graph on n vertices such that any pair of distinct
vertices is joined by an edge is called a complete graph, denoted by K,,. A complete subgraph
of G of largest order is called a maximal clique of G and its order is called the clique number
of G, denoted by c/(G). The number of edges incident on a vertex is called its degree and a
vertex of degree 1 is called a pendent vertex. In a connected graph G, the distance between
two vertices 1 and v is the length of the shortest path between u and v. The diameter of a graph
G is defined as diam(G) = sup {(d(u,v) : u,v € V(G))}, where d(u,v) denotes the distance
between vertices 1 and v of G.

For any set X, let | X| denote the cardinality of X and X* denote the set of non-zero elements
of X. We denote an empty set by @ and the complement of X shall be denoted by X¢. We
denote a ring of integers by Z, a ring of integer modulo n by Z,. For more definitions and
terminology of graphs theory, we refer to [3,8,12] and for ring theory, we refer to [1,7].

Throughout the paper, R shall denote a commutative ring with unity 1 # 0, unless other-
wise stated. The concept of zero divisor graph of a commutative ring was first introduced by
L. Beck [2]. The zero divisor graph I'(R) has its vertices as the set of non-zero zero divisors
Z*(R) = Z(R)\{0} of R and two vertices x,y € Z*(R) are adjacent if and only if xy = 0.
This graph turns out to best exhibit the properties of the set of zero divisors and other related
properties of a commutative ring. The zero divisor graph translates the algebraic properties
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of a ring to graph theoretical tools, thus helps in exploring interesting results in both graph
theory and abstract algebra.

For a commutative ring R with 1 # 0, the compressed zero divisor graph I'r(R) is a simple
graph with vertex set Z(Rg) — {[0]} = Rg — {[0], [1]} defined by R = {[x] : x € R}, where

x] = {y € R : ann(x) = ann(y)} and two distinct vertices [x] and [y] are adjacent if and only
if [x][y] = [0] = [xy]. This graph was first defined by S. Spiroff and C. Wickham [11].

The compressed zero divisor graph, denoted by I'r(R), has some advantages over the ear-
lier zero divisor graph I'(R), or subsequent ideal based zero divisor graph of R. In many cases
T'e(R) is finite when I'(R) is infinite. For example, if R = Z[x,y]/ (x%, xy), then I'(R) is an
infinite graph, while I't(R) has only four vertices. In addition, there are no complete com-
pressed zero divisor graphs with three or more vertices since the graph would collapse to a
single point. These are two ways in which I'r(R) represents a more succinct description of
the zero divisor activity in R. More information on the zero divisor graphs can also be found
in [4-6,9] and the study of edge ideals exposed to the zero divisor graphs can be found in [10].

In this paper, we investigate the vertex and the edge coloring of the compressed zero divisor
graphs of the ring of integers modulo n. We give a formula for computing the clique number
of T'g(Z,) (Theorem 3). We show that I'r(Z,) is weakly perfect for all # € IN (Theorem 4).
We also give a complete description for the edge chromatic number of I't(Z,) (Theorem 7).
Thus, we completely determine the values for vertex and edge coloring of the compressed zero
divisor graphs of ring of integers modulo 7.

2 Coloring of the compressed zero divisor graph of Z,
We begin with the following example.

Example 1. Consider the ring Zg.
The zero divisor graph I' (Zy), with V(T(R)) = {2,4,5,6,8,10,12,14,15,16,18}, and the
compressed zero divisor graph T'r (Zy), with vertex set {|2], [4], [5], [10]}, is given in Figure 1.

[ ® ® ®
[2] [10] [4] [5]
4 8 12 16

Figure 1. I'(Zy) and T'r(Z2o)

nn(15) = {4,8,12,16},
ann(16) = {5,10,15}.
],[5],[10]} and that

Here, ann(2) = ann(6) = ann(14) = ann(18) = {10}, ann(5) =
ann(10) = {2,4,6,8,12,14,16,18} and ann(4) = ann(8) = ann(12 )
Thus, there are four different annihilators so that V(I'r(Zy)) = {[2], [
I'e (ZZO) = Py.
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The distance d(u,v) between a pair of vertices u and v is the length of the shortest path
between u and v; if no path exists, then the distance is infinite. The diameter of a graph is the
largest distance between any two distinct vertices.

Theorem 1 ([11]). The graph I't(R) is connected and diam (I'g(R)) < 3.

We divide the vertex set of the graph I' (Z,) into disjoint subsets Vi, V5, ..., V,,_1, where
Vi = {uip':pfu;}, 1 < i < n—1 Then itis not difficult to see that |V;| = (p — 1)p" "1,

-1 .
1 <i < n—1,and therefore |T (Z,)| = nz (p —1)p"~"1 = p"~1 — 1. One can check that
i=1

ann(x) = ann(y) if and only if x,y € V; for some fixed i, 1 < i < n —1, and all vertices
in a given V; have the same annihilator. Therefore, we identify the vertex set of I'r (Zn)
with {V4,V4,...,V,_1}. Thus, the order of I't (Zn) is equal to n — 1. Further, the adjacency
relations are given in the following way: V; is adjacent to Vi forallj >n—1i,i=12,...,n—1,
and V; is not adjacent to V;,_; for all j < i.

Let G be a connected graph. The labelling of vertices of G such that the adjacent vertices
have distinct labels is known as proper vertex coloring of G. The minimum possible labels
being used in a proper coloring of G is known as chromatic number of G. In the following
theorem, we determine the chromatic number of I'g (an).

z if n is even
Theorem 2. Forn > 2 we have x (Tg(Z,n)) = { %’ ’
x(Te(Zy)) {”TH ifn is odd.

Proof. For n = 2,3, we have I'e(Z,2) = Ky and I'g(Z,3) = K;. So, we assume n > 4, then
Z*(Te(Zp)) = {V1, V2,..., Vy_1}. Observe that V; <+ V; for each [§] <i,j < n—1,so the set
C = {V[%], V[%] RTEEY Vn—l} forms a clique. We color all vertices in C with different colors.

Now, the set ' = V(I'g(Z,n)) \ C is an independent set, so each vertex of C’ can be given the
same color. Observe that no vertex of C’ is adjacent to V[%] , we give the color used on V[%] to

all vertices of C'. O
5 if n is even,
”TH, if n is odd.

Proof. We see that V; <> V; for each [5] <i,j < n—1. Thus, the clique number of I'g (Z,) is
equal to

Lemma 1. Let p be a prime and n € N. Then cl(Tg(Zyn)) = {

if n is even,

n
n E'
(n—l)—( n _1>:
[2] ”;1 if 1 is odd.

4

Corollary 1. The graphT'r (Z,») is weakly perfect.

The following theorem gives the clique number of the compressed zero divisor graph of
the ring of intergers modulo .

Theorem 3. Form = p{'... pﬁ"qfl e qfs € N, the cliqgue number of I'r (Z,,) is

(ﬁ(%ﬂ)f{ﬁj;l) 451,

i=1 i=1

where ;’s are even integers and B;’s are odd integers.
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Proof. Let m = py'.. p""qé31 . qfs, where a;’s are even and B;’s are odd. For 1 < i < r, let

P= {1V, v, v For < < s, define Q= {1, 1", v, 1. Then

the sets P; and Q; define the vertex sets of I'p <Zp”‘i) and I'g <Z B ) , respectively. Let X, Y C IN.
i q]

Define XY = {xy : x € X, y € Y}, where xy denotes the usual multiplication of real numbers.
With this construction V(TE (Zm) ) =PiP...P,Q1Q2 - Qs. Take A = {aq, ..., &, B1,. .., Bs}-
Then the order of 't (Z,n) is given by ] (6 4 1) — 2, where the sum runs over all § € A.

seA

Let v/ m/qlﬁlJrl )2 Define Vi ={uwoj:u€Zy o o) LetPi={Vayo, o V1),

u
1 <i<rQ = {V(5j+1)/2,--~,Vlgj}, 1 <j<sand K = {V],V;,...,V/}. Define
P ="PiP... P, Q = QQr---Qsand C = PQUK. Clearly, each P; and Q; form a

clique in I'g (Zpai) and I'p (Z ,s].), respectively (note that here 0 is also taken as vertex of
. i

1

T'e (Zp?i) and I'g <Zq§j>). We claim that C forms a clique in I'r (Z,,). Let z4,z, € PQ. Then

]
a,b > [m/2] and so z, and z; are adjacent. Now, let z. € PQ and z; € K. Then ¢ > [m/2]
andd > (Bj —1)/2, 1 < j <s. As B;jis odd, thus z;Vg = 0 for all B > (B; —1)/2 and so
z.zg = 0. Without loss of generality, for the case when z,,z;, € K, we have z,z, = 0. Hence, C

forms a clique. We show C is a maximal clique inI'g (Z,,). For this, let V = pi‘l . pf’qf L. qf /,

where ag < u;, and ,B; < /3]-. If V is in the clique, then V is adjacent to every vertex in P; and K
implying that a/ > «;/2 and ,B; > (B + 1)/2 1<i<r 1<j<s. Hence VisavertexinC.

r
Therefore, we have [PQ| = [] (3 +1) H ik ~— Thus, the size contributed to clique by P and
i=1 j=1

r S )
Qis [P Q| — 1 (zero excluded). So the clique number is ( 1T (% + 1) 11 ﬁ]TH) +s—1. O
i=1 j=1
Corollary 2. Let IF), be a field of prime order p; for each 1 < i < n, then clique number of
I'e (Fy % --- x ) is equal to n.

Proof. Using the notations of Theorem 3, we see that the set P Q only contains 0 and so if zero is
taken as a vertex (this is known as Beck’s zero divisor graph), then clique number contributed
by PQ is 1. Therefore, size of cliqueis (1)" +n —1 = n. O

Example 2. Consider the compressed zero divisor graphs I'e (Zs) and T E (Z7,) (see Figure 2).
The examples of cliques are the sets of vertices {[6],[12], (18]} and {[6], [12], [24], [36]} from
V(Tg (Z36) ) and V(Tg (Z7,) ). The clique numbers of these graphs can be easily computed
using Theorem 3 as follows.

Form = 72 = 2332, we have a1 = 3,B1 =2 and s = 1, thus, clique number is

<%+1> <!512+1>+5_1: <§+1> <3;1>+1—1:4

Similiarly for m = 36 = 2232 we have a0y = 2, ap = 2 and s = 0. Thus, clique number
s (B+1)(241)+s—-1= (3+1)(3+1)+0—1 = 3. It is also trivial to see that the
chromatic number of I'r (Z3¢) is 3 and chromatic number for I'r (Zy,) is 4, which agrees with
the conclusion of the Theorem 4 below.
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[8]

[9]

[6]
[4] [9] [24] [36]

Figure 2. 'z (Z36) and T'e(Z72)

Theorem 4. The compressed zero divisor graph of Z,, is weakly perfect.

Proof. We use the notations of Theorem 3. Let w denote the clique number of I'r (Z,,). It is
sufficient to show that I'r (Z;;) has an w-coloring. Color the vertices of the clique C with w
different colors and let v be a vertex not contained in the clique.

Let P = PiP,...P, and Q = Q1Q7...Qs and let V = p’f/l . ..pf;qf/l .. .qs’%, where
af < w;, and ﬁ; < Bj. If Vg = 0 for every q € Q, then there exists p € P such that pg # 0,
for otherwise, V included in the clique makes clique number exceed w. Let

x = pipt . pight. . gbe = 1R,

where the sets {p1,...pr,q1,...,4s} and {t1,t2, ..., t,4s} are equal sets, possibly with different
arrangement of elements. The integers c;’s are defined in the following manner: if ;' is in
the clique induced by the vertices P;Q; U Vl-’ , then set ¢; to be the largest integer such that
t7 | m,ie ¢ € {a1,...,ar,B1,...,Bs} and if £ is not in the clique induced by P;Q; U V/, let
T, = {u cPO: ut? # O} and set tfi be the smallest element in T;. Clearly, in both cases, x is
in the clique C. If V is in the clique, then V and x are assigned distinct colors, by definition.
Assume V ¢ C. We show that if x and V have the same color, then they are are not adjacent.
For some i, 1 < i < r, assume ¢; is such that t?+1 | m. Then by definition of T;, we have
c; = %% Since v is not in the clique, we have ;'u; # 0. Hence xv # 0, so that assigning the
vertex V the color of the vertex x keeps the coloring proper.

Now, consider the case that there exists ¢ € Q such that vq’ # 0. Let T be the collection
of all vertices in I, that are not adjacent to V. Let w be the smallest element of T. Since w

has the smallest index among the vertices on the clique in I'r <Z§ ! ) and that no two vertices of
V-1 are adjacent, therefore wV # 0, so we use the color of w to color V.
7

Definition. For a graph G, we define the edge-chromatic number to be the least number of
colors required to color the edges of G in such a way that no two adjacent edges are assigned
the same color. We denote the edge chromatic number (or edge chromatic index) by x'(G).

Theorem 5 (Vizing’s Theorem). The edge chromatic number of a simple connected graph is
either equal to the largest degree or exceeds it by 1.
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Vizing’s theorem partitions the set of all (connected) graphs into two classes based on their
edge chromatic number. We call a graphs to reside in class 1 if its edge chromatic number
equals the largest degree and call it to reside in class 2 if its edge chromatic number exceeds
the largest degree by 1.

Theorem 6 ([3, Corollary 5.4]). If G is a simple graph such that for every vertex x with maxi-
mum degree there exists a neighbor y such that A(G) — deg(y) + 2 is greater than the number
of vertices of maximum degree, then the edge chromatic number equals the largest degree
inG.

We now prove that the family of all compressed zero divisor graphs of the ring of integers
modulo 7 reside in class 1.

Theorem 7. The edge chromatic number of a compressed zero divisor graph of the ring of
integer modulo n equals the largest degree.

Proof. Letn = py'p5?... p*, where py, pa, . .., px are prime numbers and k € IN. First consider
the case when n = p*. The structure of I'z (Z¢) is given in Figure 1. If « = 1,2, there is
nothing to prove and for « = 3, the result holds trivially. So we assume « > 4. Then the vertex
x = [p*~!] has the largest degree A = a — 2 and the vertex y = [p] is the pendent vertex.
Consequently, A —deg(y) +2=n—-2—-1+2 =n—1 > 1. So the result follows by Theorem 6.

Now, consider the case when 7 is square free. For k = 2, the result is trivial. So assume that
k > 3. The vertices of the form xf = [n/pi], 1 <i <k, have the largest degree A = 2k=1_1q
and the vertices of the form y; = [p;], 1 <i < k, are the pendent vertices. Also, the number of
vertices of the form x/ is equal to k. Clearly, x/y! = [0] for eachiand A — deg(y!) +2 = 2k"1 > k
for all k > 3. Thus by Theorem 6, the result follows.

Assumek > 1, a1 < ap < --- < apand o > 2. Letu = pllpgz...pfk, where B; < w;,
1 <i <k, be a vertex of I'g (Z,). If u is a vertex of I'r (Z,), then B; < a; for some i. Let
u; = [n/p;], then deg(u;) = Aif a; = wj11 = - - - = ag and in this case, the number of vertices
of largest degree is equal to k — i 4- 1. In particular,

st = [T (e (2,)] 1) e (2,) 1] .

Also the vertex v; = [p;], 1 < i < k, is a pendent vertex which is only adjacent to u; for each
1<i<k Ifap > & for each 1 < j < k — 1, then uy is the only vertex of the largest degree.
In case a1 = ap = --- = ay, there are k vertices of largest degree. In both, the conditions of
Theorem 6 follows by easy calculations. Therefore, the conclusion. O

Conclusions

This work caters to the weak perfectness of the compressed zero divisor graphs associated
to commutative rings. The work can be extended to the zero divisor graphs (and compressed
zero divisor graphs) of non-commutative rings also. There is an open scope for working in
the same direction for ideal based zero divisor graphs and other types of graphs associated
to rings. The perfectness of the zero divisor graphs of rings can also be carried on the similar
lines.



558

Aijaz M., Rani K., Pirzada S.

Ac

knowledgements

We are highly grateful to the anonymous referee for his useful comments. The research of

S. Pirzada is supported by the SERB-DST research project number CRG/2020/000109.

Re
[1]

(2]
(3]
(4]

(5]

6]

(7]
(8]
[9]

[10]

(1]

[12]

ferences
Atiyah MLF.,, MacDonald I.G. Introduction to Commutative Algebra. Addison-Wesley, Reading, Mas-
sachusetts, 1969.
Beck I. Coloring of commutative rings. J. Algebra 1988, 116 (1), 208-226. doi:10.1016/0021-8693(88)90202-5
Beineke L.W., Wilson R.J. (Eds.) Selected topics in graph theory. Academic Press, London-New York, 1979.
Rather B.A., Pirzada S., Naikoo T.A., Shang Y. On Laplacian eigenvalues of the zero divisor graph associated to the
ring of integers modulo n. Mathematics 2021, 9 (5), 482. d0i:10.3390/ math9050482
Duri¢ A., Jevdeni¢ S., Stopar N. Categorical properties of compressed zero divisor graphs of finite commutative rings.
J. Algebra Appl. 2021, 20 (5), 2150069. doi:10.1142/50219498821500699
Hashemi E., Abdi M., Alhevaz A. On the diameter of the compressed zero-divisor graph. Comm. Algebra 2017, 45
(11), 4855-4864. doi:10.1080/00927872.2017.1284227
Kaplansky I. Commutative Rings. Univ. of Chicago Press, Chicago, 1974.
Pirzada S. An Introduction to Graph Theory. Universities Press, Orient Blackswan, Hyderabad, 2012.
Pirzada S., Aijaz M., Bhat M.I. On zero divisor graphs of the rings Z,. Afr. Mat. 2020, 31 (2), 727-737.
doi:10.1007 /s13370-019-00755-3
Pirzada S., Rather S.A. On the linear strand of edge ideals of zero divisor graphs. Comm. Algebra 2023, 51 (2),
620-632. doi:10.1080/00927872.2022.2107211
Spiroff S., Wickham C. A zero divisor graph determined by equivalence classes of zero divisors. Comm. Algebra
2011, 39 (7), 2338-2348. doi:10.1080/00927872.2010.488675
Knauer U. Algebraic Graph Theory: Morphisms, Monoids and Matrices. In: Lu G., Farkas G. (Eds.) De

Gruyter Studies in Mathematics, 41. De Gruyter, Berlin, Boston, 2011.

Received 21.09.2022
Revised 31.12.2022

Aitsic M., Pani K., Iipsaaa C. [Tpo cmucnymi epagpu OinvHuKie HYg, 108" I3aH1 3 KilbljeM YLIUX viicen 3a
mooynem n // Kapmarceki Matem. my6a. — 2023. — T.15, Ne2. — C. 552-558.

Hexait R — xoMyTaTuBHe Kiable 3 oayEmIiero 1 # 0. Y mil cTaTTi MU MOBHICTIO OIMCY€EMO Bep-
IIMHHe Ta pebepHe XpOMaTWIHEe UMCAO CTUCHEHOTO rpadpa AIABHMKIB HYAS KiABIIS IIIAMX UMCeA 3a
MOAYAeM 7. MU 3HAXOAMIMO KAIKOBe umcAo ctmcHeHOro rpadpa ['r(Z,) AIABHUKIB HyAST KiABLS Zy
i mokasyemo, mo I'g(Z,) € crAabko AOCKOHAAMM. MU TaKOX IIOKa3yeMo, o pebepHe XpoMaTidHe
uricao rpadpa I'e(Z,,) aopiBHIOE HavibiabIIOMY cTeneHo. Lle AoBoauTs, 10 ['r(Z,,) 3HAXOAUTHCS Y
cim’i rpadois kaacy 1.

Kontouosi cnosa i ¢ppasu: Kinblle, CTMCHYTWMI Tpadp AIABHWKIB HyAsI, po3dpapboByBaHHS, KAikoBe
UVICAO.



