ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp
Carpathian Math. Publ. 2026, 18 (1), 189-197 KapmnaTcpki maTem. my6a. 2026, T.18, Ne1, C.189-197
doi:10.15330/cmp.18.1.189-197

[\

On deferred harmonic summability of order v

Aral N.D.1, Sengiil Kandemir H.2, Et M.34

The aim of this study is to introduce the concepts of deferred (H,1)-summability of order v,
deferred strongly harmonically summability of order v and deferred statistical logarithmic conver-
gence of order v of sequences of real numbers. Besides we give some inclusion relations related to
these concepts.
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1 Introduction

As usual we use IN to denote the set of all natural numbers. For any subset S C IN
let S(n) = {k<mn:keS}. The natural density of S is defined as ¢ (S) = lirrln% |S (n)| if
lirrln 115 (n)| exists. By |S|, we denote the cardinality of the set S.

A sequence x = (x;) is said to be statistically convergent to ¢ if for every ¢ > 0 the set
S(e) = {i <n:|x;—{| > ¢} has natural density zero. Recently statistical convergence was
studied in [2-11,13-18,21-24].

In 1932, R.P. Agnew [1] defined the deferred Cesaro mean D, ; of the sequence x = (x;) by

1 a(t)
(Deax), = FOEEO) ZZ Xi,

j=c(t)+1
where {c (t)} and {d (t)} are sequences of non-negative integers satisfying

c(t) <d(t), limd (t) = +c0 and lim (d(f) —c(t)) = +oo.

t—o00 t—o00

We denote the set of all such (c,d) pairs by A. Some restrictions will be applied on (c,d) if
necessary.

Let S C IN. Denote the set {s: c(t) <s <d(t),s € S} by S.4 (t). The deferred density of a
set S is defined by

= lim _
% (5) = lim (d(t)—c(t)) Sea ()],

whenever the limit exists (finite or infinite).
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The harmonic means of the sequence x = (x;) are defined by

1 n X L 1
rn:—Z—,, where hnzz—.%logn for n=1,2,....
hn (= i=1*

A sequence x = (x;) is named (H, 1)-summable to ¢ if
. 1 & X
fim LT =t

The set of all (H, 1)-summable sequences is denoted by H and the set of all real sequences
which (H,1)-summable to 0 by HY. It is well known that ordinary convergence does imply
harmonic summability. However, the converse implication holds only under additional condi-
tions. Recently, harmonically summability was studied in [12, 19,20, 25, 26].

We write x; ~ y; if lim; .o x;/y; = 1, where x = (x;) and y = (y;) are two sequences of
positive numbers (except possibly a finite number of terms).

2 Main Results

Let us define deferred harmonic means of order v of the sequence x = (x;) by

d(t) d(t) v

v 1 X v 1 .

T = ) .72 = where (L) = | Z =) i= 1,2,....
i=c(t)+1 i

Definition 1. A sequence x = (x;) is said to be deferred (H,1)-summable of order v to ¢, if

lim — — =1/,
t—oo (L) i—e(D+1 i

where v is a real number such that 0 < v < 1. In this case, we write D%C d)-lim x; = 4.

The class of deferred (H,1)-summable sequences of order v would be denoted by D1(/C 0)"

In the special case v = 1, we write D, 4) instead of D{. 4)" Furthermore, if c(t) = 0 and
d(t) = t, we write DV instead of D’(/C 4)"

Definition 1 reduces to (H, 1)-summablility, when v =1, d(t) = t and c(¢t) = 0.

Definition 2. A sequence x = (x;) of real numbers is said to be deferred strongly harmonically
summable of order v to (, if

d(t) L
im Ly Kooy
t—co (Ly) i—e1

where v be a real number such that 0 < v < 1.
[D(C,d)]v-limxi =/.

The class of deferred strongly harmonically summable sequences of order v would be de-
noted by [D(.4]". In the special case v = 1, we write [D 4| instead of [D.4)]". Also, if
c(t) =0and d(t) = t, we write [D]" instead of [D(, 4)]". If £ = 0, then we write [D?C d)]V instead
of [D(C,d)]v.
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Theorem 1. [D(, 4]" and D{, 4) are linear spaces for 0 < v < 1.

Proof. The result can be proved using standard arguments. O

Theorem 2. Let v be a real number such that 0 < v < 1. The sequence space [D(. 4" is a
Banach space equipped with the norm

d(t)

1 | x|
x|l = Supﬁ Z Tl
ETt i=c(t)+1

Proof. Verifying the [D(. 4)|" norm space is routine. Let (x¥) be a Cauchy sequence such that
X = (xF), = (af,x8,...) € [D(ca)" for each k € N. Then we have ||x* — x°|| = 0 as k,s — co.
Let ¢ > 0 be given, then there exists a positive integer m (&) such that ||x* — x°|| < ¢ for all

k,s > mgy. So, we have

for all k,s > mg. Hence, we get \xi‘ — xf] — 0 as k,s — oo for all i € IN. It follows that the
sequence (xi?)i = (x},x%,...) isa Cauchy in R for each i € IN. Furher, it is convergent, since R
is complete.

We claim that limy x¥ = x; for each i € N. As (x¥) is a Cauchy sequence, then for every
e > 0 there exists a number my = my (&) such that ||x* — x°|| < e for all k,s > myg. It follows

that, for all t € IN and all k, s > mg, we have

Ly

ti=c(t)+1

Passing to the limit as t — oo in the above inequality, we obtain

d(t) k _ s d(t) k .
1 = 1 |k — x|
h]f“L_y._Z o S
i=c(t)+1 ti=c(t)+1
for k > mg and all t € IN. It follows that
d(t) k :
1 |k — x|
k i !
_ — il i 0
" —x|| = sup Iy L — =0,
i=c(t)+1
and hence x* — x as k — 0. Since
1 %” xi—al _ 1 %” 0 —a] 1 ‘%” 6" — x;
Ly . i~ LY. i LV i ’
i=c(t)+1 ti=c(t)+1 ti=c(t)+1

we get x € [D(. )" O
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Theorem 3. Let 0 < v < < 1. Then hmmft h > Lifand only if [D]" C [D(.4)]"-

[D°),

Proof. Let lim mft e ( ) ) > 1. Then there is an a > 0 such that 1 +a <

then for every ¢ > 0 and for sufficiently large ¢, we obtain

=
a.
—~ |=
-~ | =

1 d(t) X; 1 d(t) C(t)
Tegp L e an(BE LT

i=1 i=1

_ My ( e iy h”><;“£ﬁ).
(Lt = (L)Y \ By (5

hay _1+4a her l
a

< d
Lt a an Lt

Since L = hy(y) — he(p), we have This proves the sufficiency.

p s = 1land d(t) = k¢, c(t) = ki—1, where (k;) is a lacunary
c(t)

sequence, v = 1. We can select a subsequence (k) of t satisfying

Now assume that lim inf;

hy hy,
v < 1 and i
hktpfl P hkt

wheret, > t, 1+2.
Define x = (x;) by

{1, if i e I, forsome p=1,2,...,
X;i =

0, otherwise.

Then for any real ¢ we get

- L
izu:iu—emw as t, — oo,
ty : i Ly
PZEItp P
and for t # t, we obtain
— L
—Z"‘l =] > ] as t— oo
Ly

ZEIt

Therefore x & [D(.4)]". However, x € [D°]". Since r is any sufficiently large integer, we can
find a unique p for which hs,,—l < h, < hsp+1_1 and

As r — o, it follows that p — oo as well. Hence x € [D°]". O
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Theorem 4. Let (c,d), (¢/,d") € A be such that
c(t) < () <d(t) <d(t) (1)
forallt e Nand 0 <v <y <1.
(i) If

N\V
lim inf (Ly) >0 (2)

holds, then [D(C,d)]’y C [D(C,d)’]v'
(ii) If
I Ly
= (L)

holds and x € (e, then [D(, gy]” C [Dc)]"-

=1 (3)

Proof. (i) Letx € [D(.4)|” and suppose that (2) holds. We obtain

1 g o1 W
—(Lt)’yi_z 1 =

c(t)+1

for all t € N. Therefore [D (. )]7 C [D(c,ay]"-
(ii) Letx € [D(.4y]" and assume that (3) holds. Since x € /«, there exists some R > 0 such

that M < |x; — ¢| < R for all i. Now, since L; < L; for all t € IN, we may write
1 d'(t) d(t)

W - 1 [ W |x; — £|
W‘Z - :(Lt)v.ZfZﬂLZ —

i=c(t)+1 !

IN

for every t € IN. Therefore oo N [D(c )" C [Dca)]7- O
Thus in the light of Theorem 4, we have the following result.
Corollary 1. Let (c,d), (¢/,d") € A be four sequences satisfying the condition (1).
If (2) holds, then
(l) [D(c,d)] C [D(C,d)’]v forO0<v <1,
(i1) [Dcay] C [Dcayl-
If (3) holds and x € {, then
(Z) [D(C,d)/]v C [D(c,d)] for0 <v <1,
(ii) [D(cay] C [Dcayl-
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Definition 3. Let v be a real number such that 0 < v < 1. A sequence x = (x;) of real numbers
is said to be deferred statistically logarithmic convergent of order v to ¢, if for every ¢ > 0 we have

1
lim — = 0.

{c(t) <i<d): % i — ] > s}

In this case, we write [SD (. 4)|"-lim x; = £.

The class of deferred statistically logarithmic convergent of order v sequences would be
denoted [SD(, 4]". In the special case v = 1, we write [SD(. 4] instead of [SD(.4)|". Also, if
c(t) = 0and d(t) = t, then we write [SD]" instead of [SD, 4)]".

Theorem 5. Let 0 < v < 1. Then [SD . 4)]" is a linear space.
Proof. The result can be proved using standard arguments. O
Theorem 6. Let 0 < v <y < 1. Then [D(.4)]" C [SD(.a)]".

Proof. Let x = (x;) be deferred strongly harmonically summable to ¢ sequence of order v. We
can write

1 dit) xi—t 1 fl(i xi—f 1 f%f:) Ix; — ]
v : - 1% : 1% :
(L) i_ip1 (L) i _imar (L) i
it > it
d(t)
1 |xi — €| s { . 1
> - c(t) <i<d(t): < |x;—{| >ep|.
(Lt)” i_c%ﬂ i (Lt)” i
|xi47£|28
To complete the proof, it only remains to pass to the limit as t — co. O

Theorem 7. Let (c,d), (¢/,d’") € A be four sequences satisfying the condition (1), v and -y be
fixed real numbers such that 0 < v < < 1. If (2) holds, then [SD . 5)|" C [SD(cay]"-

Proof. We have

{c’(t) <i<d(t): ’XZJ > e} C {c(t) <i<dt): u > e},
SO
1 ; |xi — /] 1 / - / |lxi — £ }
H<iLdlt):——— > > ) <i<d(t): . >
{0 <icaws B s g [{ew <o B
(L) 1 / R Tt
= < . > .
(L) (L7 c(f) <i<d(t) e
Passing to the limit as t — oo, we obtain [SD( 4y/|"-lim x; = £. O

Corollary 2. Let (c,d), (¢',d’) € A be four sequences satisfying the condition (1).
If (2) holds, then
(Z) [SD(c,d)] C [SD(C,d)/]V for0 <v <1,
(ii) [SD(ca)] C [SD(cay]-



On deferred harmonic summability of order v 195

Theorem 8. Let (c,d), (c/,d') € A be four sequences satisfying the condition (1), v and vy be
fixed real numbers such that 0 < v < ¢ < 1.

(i) Let (2) be satisfied, then [D . 4|7 C [SD(cay]",

(ii) Let (3) be satisfied and x € o, then [SD . 4]" C [D(¢ )"

Proof. (i) Omitted.
(ii) Assume that x € [SD(.4)]" and x € (e, and there exists K > 0 such that M < K for
all i. Then for every € > 0 we obtain

i, 1 g% % — ¢
i (L) i@ 1

< LK + .
(Lt)’y (Lt)ly 1:0%:)+1 !
Li — (L)) 1 Dy —y
< K+ :
I
L ) A C R P/ N AC N Py
< —1|K+ + .
((L;)ry (L;)’y ZC’(Zt:)-i-l ! (L;)’Y zc’(Zt:)+1 !
|xi;é|Z£ ‘xi;ﬂ <e
Ly ) K { / sy . X =4 Li
< —1)K+ c(f) <i<d(t) — > + €
((LW (L))" i (Ly)"
Ly ) K { / / |x; — £] Ly
< —1)K+ c(t) <i<d(t) — > €|+ €
((LW (L))" i (Ly)"
Consequently [SD( 4y]" C [D(,q)]” for0 <v <y <1 O

Corollary 3. Let (c,d), (¢',d’) € A be four sequences satisfying the condition (1).

If (2) holds, then
(Z) [D(C,d)] C [SD(C,d)/]V for0 <v < 1,
(ii) [D(ca)) C [SD(cayl-

If (3) holds, then
(l) [SD(C,d)/]V C [D(C,d)] for0<v <1,
(i1) [SD(cay] C [D(cayl-

3 Conclusion

In the present study, using the concept of harmonic summability, we have introduced the
new notations of deferred (H, 1)-summability and deferred strongly harmonically summabil-
ity of order v. Further we give some inclusion relations related to these concepts. Finally
deferred statistically logarithmic convergence of sequences of order v have been introduced.
We expect that the introduced notions and the results might be a reference for further studies
in this field. For further studies one can investigate and generalize this results using neutro-
sophic normed spaces, multiplier sequences, sequence of modulus functions, etc.
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Mertoro miel poboTi € BBeAeHHsI IOHTH BiakAaaeHOI (H, 1)-miACyMOBYBaHOCTI IOPSIAKY V, Bia-
KAaAeHOI CMABHOI TapMOHIYHOI i ACYy MOBYBAHOCTi TOPSIAKY V Ta BiAKAAAEHOI CTaTMCTMYHOI AOTapy-
dpMiuHOI 361 KHOCTI HOPSIAKY U AASI IOCAIAOBHOCTeI! AiticHMX umceA. KpiM Toro, BctaHOBAEHO Aesiki
CIiBBiAHOIIIEHHSI BKAIOUEHHSI, IIOB’sI3aHi 3 IIIMI TTOHSITTSIMIA.

Kontouosi cnoea i ppasi: BiAKAareHa CTATMCTMYHA 361KHICTH, TapMOHIYHA MiACYMOBYBaHiICTb, I'y-
CTUHA.



