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On deferred harmonic summability of order ν

Aral N.D.1, Şengül Kandemir H.2, Et M.3,4

The aim of this study is to introduce the concepts of deferred (H, 1)-summability of order ν,

deferred strongly harmonically summability of order ν and deferred statistical logarithmic conver-

gence of order ν of sequences of real numbers. Besides we give some inclusion relations related to

these concepts.
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1 Introduction

As usual we use N to denote the set of all natural numbers. For any subset S ⊆ N

let S (n) = {k ≤ n : k ∈ S}. The natural density of S is defined as δ (S) = lim
n

1
n |S (n)| if

lim
n

1
n |S (n)| exists. By |S|, we denote the cardinality of the set S.

A sequence x = (xi) is said to be statistically convergent to ℓ if for every ε > 0 the set

S (ε) = {i ≤ n : |xi − ℓ| ≥ ε} has natural density zero. Recently statistical convergence was

studied in [2–11, 13–18, 21–24].

In 1932, R.P. Agnew [1] defined the deferred Cesàro mean Dc,d of the sequence x = (xi) by

(Dc,dx)t =
1

d(t)− c(t)

d(t)

∑
i=c(t)+1

xi,

where {c (t)} and {d (t)} are sequences of non-negative integers satisfying

c (t) < d (t) , lim
t→∞

d (t) = +∞ and lim
t→∞

(d (t)− c (t)) = +∞.

We denote the set of all such (c, d) pairs by Λ. Some restrictions will be applied on (c, d) if

necessary.

Let S ⊂ N. Denote the set {s : c (t) < s ≤ d (t) , s ∈ S} by Sc,d (t) . The deferred density of a

set S is defined by

δc,d (S) = lim
t→∞

1

(d (t)− c (t))
|Sc,d (t)| ,

whenever the limit exists (finite or infinite).
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190 Aral N.D., Şengül Kandemir H., Et M.

The harmonic means of the sequence x = (xi) are defined by

τn =
1

hn

n

∑
i=1

xi

i
, where hn =

n

∑
i=1

1

i
≈ log n for n = 1, 2, . . . .

A sequence x = (xi) is named (H, 1)-summable to ℓ if

lim
n→∞

1

hn

n

∑
i=1

xi

i
= ℓ.

The set of all (H, 1)-summable sequences is denoted by H and the set of all real sequences

which (H, 1)-summable to 0 by H0. It is well known that ordinary convergence does imply

harmonic summability. However, the converse implication holds only under additional condi-

tions. Recently, harmonically summability was studied in [12, 19, 20, 25, 26].

We write xi ∼ yi if limi→∞ xi/yi = 1, where x = (xi) and y = (yi) are two sequences of

positive numbers (except possibly a finite number of terms).

2 Main Results

Let us define deferred harmonic means of order ν of the sequence x = (xi) by

Tν
t =

1

(Lt)
ν

d(t)

∑
i=c(t)+1

xi

i
, where (Lt)

ν =

( d(t)

∑
i=c(t)+1

1

i

)ν

, j = 1, 2, . . . .

Definition 1. A sequence x = (xi) is said to be deferred (H, 1)-summable of order ν to ℓ, if

lim
t→∞

1

(Lt)
ν

d(t)

∑
i=c(t)+1

xi

i
= ℓ,

where ν is a real number such that 0 < ν ≤ 1. In this case, we write Dν
(c,d)-lim xi = ℓ.

The class of deferred (H, 1)-summable sequences of order ν would be denoted by Dν
(c,d)

.

In the special case ν = 1, we write D(c,d) instead of Dν
(c,d)

. Furthermore, if c(t) = 0 and

d(t) = t, we write Dν instead of Dν
(c,d)

.

Definition 1 reduces to (H, 1)-summablility, when ν = 1, d(t) = t and c(t) = 0.

Definition 2. A sequence x = (xi) of real numbers is said to be deferred strongly harmonically

summable of order ν to ℓ, if

lim
t→∞

1

(Lt)
ν

d(t)

∑
i=c(t)+1

|xi − ℓ|

i
= 0,

where ν be a real number such that 0 < ν ≤ 1.

[D(c,d)]
ν-lim xi = ℓ.

The class of deferred strongly harmonically summable sequences of order ν would be de-

noted by [D(c,d)]
ν. In the special case ν = 1, we write [D(c,d)] instead of [D(c,d)]

ν. Also, if

c(t) = 0 and d(t) = t, we write [D]ν instead of [D(c,d)]
ν. If ℓ = 0, then we write [D0

(c,d)
]ν instead

of [D(c,d)]
ν.
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Theorem 1. [D(c,d)]
ν and Dν

(c,d)
are linear spaces for 0 < ν ≤ 1.

Proof. The result can be proved using standard arguments.

Theorem 2. Let ν be a real number such that 0 < ν ≤ 1. The sequence space [D(c,d)]
ν is a

Banach space equipped with the norm

‖x‖ = sup
t

1

Lν
t

d(t)

∑
i=c(t)+1

|xi|

i
.

Proof. Verifying the [D(c,d)]
ν norm space is routine. Let

(

xk
)

be a Cauchy sequence such that

xk =
(

xk
i

)

i
=

(

xk
1, xk

2, . . .
)

∈ [D(c,d)]
ν for each k ∈ N. Then we have ‖xk − xs‖ → 0 as k, s → ∞.

Let ε > 0 be given, then there exists a positive integer m0 (ε) such that ‖xk − xs‖ ≤ ε for all

k, s > m0. So, we have

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xk
i − xs

i

∣

∣

i
≤ ε

for all k, s > m0. Hence, we get |xk
i − xs

i | → 0 as k, s → ∞ for all i ∈ N. It follows that the

sequence
(

xk
i

)

i
=

(

x1
i , x2

i , . . .
)

is a Cauchy in R for each i ∈ N. Furher, it is convergent, since R

is complete.

We claim that limk xk
i = xi for each i ∈ N. As

(

xk
)

is a Cauchy sequence, then for every

ε > 0 there exists a number m0 = m0 (ε) such that ‖xk − xs‖ < ε for all k, s ≥ m0. It follows

that, for all t ∈ N and all k, s ≥ m0, we have

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xk
i − xs

i

∣

∣

i
< ε.

Passing to the limit as t → ∞ in the above inequality, we obtain

lim
t

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xk
i − xs

i

∣

∣

i
=

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xk
i − xi

∣

∣

i
< ε

for k ≥ m0 and all t ∈ N. It follows that

‖xk − x‖ = sup
t

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xk
i − xi

∣

∣

i
→ 0,

and hence xk → x as k → ∞. Since

1

Lν
t

d(t)

∑
i=c(t)+1

|xi − a|

i
≤

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xm0
i − a

∣

∣

i
+

1

Lν
t

d(t)

∑
i=c(t)+1

∣

∣xm0
i − xi

∣

∣

i
,

we get x ∈ [D(c,d)]
ν.
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Theorem 3. Let 0 < ν ≤ γ ≤ 1. Then lim inft
hd(t)

hc(t)
> 1 if and only if [D]ν ⊆ [D(c,d)]

γ.

Proof. Let lim inft
hd(t)

hc(t)
> 1. Then there is an a > 0 such that 1 + a 6

hd(t)

hc(t)
, t ∈ N. If x ∈ [D0]ν,

then for every ε > 0 and for sufficiently large t, we obtain

T
γ
t =

1

(Lt)
γ

d(t)

∑
i=c(t)+1

|xi|

i
=

1

(Lt)
γ

( d(t)

∑
i=1

|xi|

i
−

c(t)

∑
i=1

|xi|

i

)

=
hν

d(t)

(Lt)
γ

(

1

hν
d(t)

d(t)

∑
i=1

|xi|

i

)

−
hν

c(t)

(Lt)
γ

(

1

hν
c(t)

c(t)

∑
i=1

|xi|

i

)

.

Since Lt = hd(t) − hc(t), we have
hd(t)

Lt
6

1 + a

a
and

hc(t)

Lt
6

1

a
. This proves the sufficiency.

Now assume that lim inft

hd(t)

hc(t)
= 1 and d(t) = kt, c(t) = kt−1, where (kt) is a lacunary

sequence, ν = 1. We can select a subsequence
(

ktp

)

of t satisfying

hktp

hktp−1

<
1

p
and

hktp−1

hktp−1

> p,

where tp > tp−1 + 2.

Define x = (xi) by

xi =

{

1, if i ∈ Itp for some p = 1, 2, . . . ,

0, otherwise.

Then for any real ℓ we get

1

Ltp
∑

i∈Itp

|xi − ℓ|

i
=

Ltp

Ltp

|1 − ℓ| → ∞ as tp → ∞,

and for t 6= tp we obtain

1

Lt
∑
i∈It

|xi − ℓ|

i
=

Lt

Lt
|ℓ| → |ℓ| as t → ∞.

Therefore x /∈ [D(c,d)]
ν. However, x ∈ [D0]ν. Since r is any sufficiently large integer, we can

find a unique p for which hsp−1 < hr ≤ hsp+1−1 and

1

hr

r

∑
i=1

|xi|

i
≤

hktp−1
+ Ltp

hktp−1

<

hktp−1

hktp−1

+
hktp

hktp−1

<
2

p
.

As r → ∞, it follows that p → ∞ as well. Hence x ∈ [D0]ν.
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Theorem 4. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be such that

c(t) < c′(t) < d′(t) < d(t) (1)

for all t ∈ N and 0 < ν ≤ γ ≤ 1.

(i) If

lim
t→∞

inf
(L′

t)
ν

(Lt)
γ > 0 (2)

holds, then [D(c,d)]
γ ⊂ [D(c,d)′]

ν.

(ii) If

lim
t→∞

Lt

(L′
t)

γ = 1 (3)

holds and x ∈ ℓ∞, then [D(c,d)′]
ν ⊂ [D(c,d)]

γ.

Proof. (i) Let x ∈ [D(c,d)]
γ and suppose that (2) holds. We obtain

1

(Lt)
γ

d(t)

∑
i=c(t)+1

|xi − ℓ|

i
=

1

(Lt)
γ

[ c′(t)

∑
i=c(t)+1

+
d′(t)

∑
i=c′(t)+1

+
d(t)

∑
i=d′(t)+1

]

|xi − ℓ|

i

≥
1

(Lt)
γ

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i
≥

(L′
t)

ν

(Lt)
γ

1

(L′
t)

ν

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

for all t ∈ N. Therefore [D(c,d)]
γ ⊂ [D(c,d)′]

ν.

(ii) Let x ∈ [D(c,d)′]
ν and assume that (3) holds. Since x ∈ ℓ∞, there exists some R > 0 such

that |xi−ℓ|
i ≤ |xi − ℓ| ≤ R for all i. Now, since L′

t ≤ Lt for all t ∈ N, we may write

1

(Lt)
γ

d(t)

∑
i=c(t)+1

|xi − ℓ|

i
=

1

(Lt)
γ

[ c′(t)

∑
i=c(t)+1

+
d′(t)

∑
i=c′(t)+1

+
d(t)

∑
i=d′(t)+1

]

|xi − ℓ|

i

≤
Lt − L′

t

(Lt)
γ R +

1

(Lt)
γ

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

≤
Lt − (L′

t)
γ

(L′
t)

γ R +
1

(L′
t)

ν

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

≤

(

Lt

(L′
t)

γ − 1

)

R +
1

(L′
t)

ν

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

for every t ∈ N. Therefore ℓ∞ ∩ [D(c,d)′]
ν ⊂ [D(c,d)]

γ.

Thus in the light of Theorem 4, we have the following result.

Corollary 1. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be four sequences satisfying the condition (1).

If (2) holds, then

(i) [D(c,d)] ⊂ [D(c,d)′]
ν for 0 < ν ≤ 1,

(ii) [D(c,d)] ⊂ [D(c,d)′].

If (3) holds and x ∈ ℓ∞, then

(i) [D(c,d)′]
ν ⊂ [D(c,d)] for 0 < ν ≤ 1,

(ii) [D(c,d)′] ⊂ [D(c,d)].
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Definition 3. Let ν be a real number such that 0 < ν ≤ 1. A sequence x = (xi) of real numbers

is said to be deferred statistically logarithmic convergent of order ν to ℓ, if for every ε > 0 we have

lim
t→∞

1

(Lt)
ν

∣

∣

∣

∣

{

c(t) < i 6 d(t) :
1

i
|xi − ℓ| ≥ ε

}
∣

∣

∣

∣

= 0.

In this case, we write [SD(c,d)]
ν-lim xi = ℓ.

The class of deferred statistically logarithmic convergent of order ν sequences would be

denoted [SD(c,d)]
ν. In the special case ν = 1, we write [SD(c,d)] instead of [SD(c,d)]

ν. Also, if

c(t) = 0 and d(t) = t, then we write [SD]ν instead of [SD(c,d)]
ν.

Theorem 5. Let 0 < ν ≤ 1. Then [SD(c,d)]
ν is a linear space.

Proof. The result can be proved using standard arguments.

Theorem 6. Let 0 < ν ≤ γ ≤ 1. Then [D(c,d)]
ν ⊆ [SD(c,d)]

γ.

Proof. Let x = (xi) be deferred strongly harmonically summable to ℓ sequence of order ν. We

can write

1

(Lt)
ν

d(t)

∑
i=c(t)+1

|xi − ℓ|

i
=

1

(Lt)
ν

d(t)

∑
i=c(t)+1
|xi−ℓ|

i ≥ε

|xi − ℓ|

i
+

1

(Lt)
ν

d(t)

∑
i=c(t)+1
|xi−ℓ|

i <ε

|xi − ℓ|

i

>
1

(Lt)
γ

d(t)

∑
i=c(t)+1
|xi−ℓ|

i ≥ε

|xi − ℓ|

i
>

ε

(Lt)
γ

∣

∣

∣

∣

{

c(t) < i 6 d(t) :
1

i
|xi − ℓ| ≥ ε

}
∣

∣

∣

∣

.

To complete the proof, it only remains to pass to the limit as t → ∞.

Theorem 7. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be four sequences satisfying the condition (1), ν and γ be

fixed real numbers such that 0 < ν ≤ γ ≤ 1. If (2) holds, then [SD(c,d)]
γ ⊂ [SD(c,d)′]

ν.

Proof. We have

{

c′(t) < i 6 d′(t) :
|xi − ℓ|

i
≥ ε

}

⊆

{

c(t) < i 6 d(t) :
|xi − ℓ|

i
≥ ε

}

,

so

1

(Lt)
γ

∣

∣

∣

∣

{

c(t) < i 6 d(t) :
|xi − ℓ|

i
≥ ε

}
∣

∣

∣

∣

>
1

(Lt)
γ

∣

∣

∣

∣

{

c′(t) < i 6 d′(t) :
|xi − ℓ|

i
≥ ε

}
∣

∣

∣

∣

=
(L′

t)
ν

(Lt)
γ

1

(L′
t)

ν

∣

∣

∣

∣

{

c′(t) < i 6 d′(t) :
|xi − ℓ|

i
≥ ε

}
∣

∣

∣

∣

.

Passing to the limit as t → ∞, we obtain [SD(c,d)′]
ν-lim xi = ℓ.

Corollary 2. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be four sequences satisfying the condition (1).

If (2) holds, then

(i) [SD(c,d)] ⊂ [SD(c,d)′]
ν for 0 < ν ≤ 1,

(ii) [SD(c,d)] ⊂ [SD(c,d)′].
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Theorem 8. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be four sequences satisfying the condition (1), ν and γ be

fixed real numbers such that 0 < ν ≤ γ ≤ 1.

(i) Let (2) be satisfied, then [D(c,d)]
γ ⊂ [SD(c,d)′]

ν,

(ii) Let (3) be satisfied and x ∈ ℓ∞, then [SD(c,d)′]
ν ⊂ [D(c,d)]

γ.

Proof. (i) Omitted.

(ii) Assume that x ∈ [SD(c,d)′]
ν and x ∈ ℓ∞, and there exists K > 0 such that |xi−ℓ|

i ≤ K for

all i. Then for every ε > 0 we obtain

1

(Lt)
γ

d(t)

∑
i=c(t)+1

|xi − ℓ|

i
=

1

(Lt)
γ

[ c′(t)

∑
i=c(t)+1

+
d′(t)

∑
i=c′(t)+1

+
d(t)

∑
i=d′(t)+1

]

|xi − ℓ|

i
+

1

(Lt)
γ

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

≤
Lt − L′

t

(Lt)
γ K +

1

(Lt)
γ

d′(t)

∑
i=c′(t)+1

|xi − ℓ|

i

≤
Lt − (L′

t)
γ

(L′
t)

γ K +
1

(L′
t)

γ

d′(j)

∑
i=c′(j)+1

|xi − ℓ|

i

≤

(

Lt

(L′
t)

γ − 1

)

K +
1

(L′
t)

γ

d′(t)

∑
i=c′(t)+1
|xi−ℓ|

i ≥ε

|xi − ℓ|

i
+

1

(L′
t)

γ

d′(t)

∑
i=c′(t)+1
|xi−ℓ|

i <ε

|xi − ℓ|

i

≤

(

Lt

(L′
t)

γ − 1

)

K +
K

(L′
t)

ν

∣

∣

∣

∣

{

c′(t) < i 6 d′(t) :
|xi − ℓ|

i
≥ ε

}
∣

∣

∣

∣

+
Lj

(L′
t)

γ ε

≤

(

Lt

(L′
t)

γ − 1

)

K +
K

(L′
t)

ν

∣

∣

∣

∣

{

c′(t) < i 6 d′(t) :
|xi − ℓ|

i
≥ ε

}
∣

∣

∣

∣

+
Lt

(L′
t)

γ ε.

Consequently [SD(c,d)′]
ν ⊂ [D(c,d)]

γ for 0 < ν ≤ γ ≤ 1.

Corollary 3. Let
(

c, d
)

,
(

c′, d′
)

∈ Λ be four sequences satisfying the condition (1).

If (2) holds, then

(i) [D(c,d)] ⊂ [SD(c,d)′]
ν for 0 < ν ≤ 1,

(ii) [D(c,d)] ⊂ [SD(c,d)′].

If (3) holds, then

(i) [SD(c,d)′]
ν ⊂ [D(c,d)] for 0 < ν ≤ 1,

(ii) [SD(c,d)′] ⊂ [D(c,d)].

3 Conclusion

In the present study, using the concept of harmonic summability, we have introduced the

new notations of deferred (H, 1)-summability and deferred strongly harmonically summabil-

ity of order ν. Further we give some inclusion relations related to these concepts. Finally

deferred statistically logarithmic convergence of sequences of order ν have been introduced.

We expect that the introduced notions and the results might be a reference for further studies

in this field. For further studies one can investigate and generalize this results using neutro-

sophic normed spaces, multiplier sequences, sequence of modulus functions, etc.
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[11] Et M., Baliarsingh P., Şengül Kandemir H., Küçükaslan M. On µ-deferred statistical convergence and strongly

deferred summable functions. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM 2021, 115, article 34.

doi:10.1007/s13398-020-00983-4
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Метою цiєї роботи є введення понять вiдкладеної (H, 1)-пiдсумовуваностi порядку ν, вiд-

кладеної сильної гармонiчної пiдсумовуваностi порядку ν та вiдкладеної статистичної логари-

фмiчної збiжностi порядку ν для послiдовностей дiйсних чисел. Крiм того, встановлено деякi

спiввiдношення включення, пов’язанi з цими поняттями.

Ключовi слова i фрази: вiдкладена статистична збiжнiсть, гармонiчна пiдсумовуванiсть, гу-

стина.


