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Relative r-noncommuting graph of finite rings

Sharma M., Nath R.K.2

Let S be a subring of a finite ring R and r € R. The relative r-noncommuting graph of R relative
to S, denoted by I'§ ¢, is a simple undirected graph whose vertex set is R and two vertices x and y are
adjacent if and only if x € Sory € S and [x,y] # r, [x,y] # —r. In this paper, we determine degree
of any vertex in I's ; and characterize all finite rings such that I' » is a star, lollipop or a regular
graph. We derive connections between relative -noncommuting graphs of two isoclinic pairs of
rings. We also derive certain relations between the number of edges in I'; ; and various generalized
commuting probabilities of R. Finally, we conclude the paper by studying an induced subgraph
of I'G .
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1 Introduction

Throughout the paper, S denotes a subring of a finite ring R and r € R. Let us denote
Z(S,R) = {z € S :zr = rz forall ¥ € R}. Then Z(R,R) = Z(R) is the center of R.
For any element x € R, we write Cs(x) to denote the set {y € S : xy = yx}. Clearly,
Z(5,R) = Nyer Cs(x). Let the additive commutator of x,y € R be denoted by [x,y]. Then
[x,y] = xy —yx. Let K(S,R) = {[x,y] : x € S and y € R} and [S, R] be the additive subgroup
of (R, +) generated by the set K(S, R).

In [18], R.K. Nath et. al. introduced the notion of r-noncommuting graph of a finite ring
motivated by the work of B. Tolue, A. Erfanian and A. Jafarzadeh [23]. Recall that the
r-noncommuting graph of R is an undirected graph whose vertex set is R and two distinct
vertices x and y are adjacent if and only if [x,y] # r and [x,y] # —r. Note that this graph
is a generalization of the non-commuting graph of a finite ring introduced and studied by
A. Erfanian, K. Khashyarmanesh and Kh. Nafar [9] in the year 2015. Recent results on non-
commuting graph (along with its complement and generalizations) of finite rings can be found
in [4,5,10,11,13,15,17,19,21]. Non-commuting graph of finite groups is also well-explored over
the years (see [12] and the references therein).
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In this paper, we generalize the notion of r-noncommuting graph of a finite ring. More
precisely, we consider a graph called relative r-noncommuting graph of R relative to S, which
is denoted by I';  and defined as a simple undirected graph with vertex set R and two vertices
x and y are adjacent if and only if x € Sory € S and [x,y] # r, [x,y] # —r. Clearly,
'z g 1s the r-noncommuting graph of R. Further, if r = 0, then the induced subgraph of I'
with vertex set R \ Cr(S), where Cr(S) = {r € R : sr = rs foralls € S}, is nothing but the
relative non-commuting graph of R studied in [2]. Group theoretic analogues of this newly
introduced graph were considered in [20,22].

Let K, be the complete graph on 1 vertices and let G be the complement of any graph G.
We write G + H to denote the join of the graphs G and H.

Observation 1. Let S be a subring of a finite ring R and r € R. Then we have the following.

(a) Ifr ¢ K(S,R), thenTg p = K5 + K|g|_|s| and so

deg(s) = IR|—1, if x €S,
S|, if x € R\S.

(b) IfK(S,R) = {0} and r =0, then I'y = m

It follows that if r ¢ K(S, R), then
(i) I'sgisatreeif and only if S = {0} or [S| = |R| =2,
(if) T§ g is a star graph if and only if S = {0},

(iii) T’ g is a complete graph if and only if S = R.

Note that if R is commutative or S = Z(S, R), then K(S,R) = {0}. Therefore, throughout
this paper, in view of Observation 1, we shall consider R to be non-commutative, S to be a
subring of R such that S # Z(S,R) and r € K(S, R).

In Section 2, we derive formula for degree of any vertex in I' ; and characterize all finite
rings such that I' ; is a star, lollipop or a regular graph. In Section 3, we show that I'g

is isomorphic to Fléjz(rlgz if (¢, 1) is an isoclinism between the pairs of finite rings (S1, R1) and

(S2,Ry) such that |Z (S1,Rq) | = |Z (S2, Ry) |- In Section 4, we obtain certain relations between
the number of edges in FE,R and Pr,(S,K). Recall that Pr,(S, K) is the probability that the
commutator of a randomly chosen pair of elements (x,y) € S x K equals r, where S and K
are two subrings of R. The probability Pr,(S, K) is a generalization of commutativity degree
of finite rings and it was introduced in [6]. Finally, we conclude the paper by deriving certain
results on the induced subgraph of T; ; with vertex set R \ Z(S, R).

2 Vertex degree and consequences

We write deg(x) to denote the degree of a vertex x in I'; . For any two given elements
x,r € R we write C;(x) to denote the set {s € S : [x,s] = r}. Note that C;(x) is the centralizer
of x in Rif S = Rand r = 0. The following theorem gives degree of any vertex in I'y ¢.
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Theorem 1. Let x be any vertex inI'y ».

IR| — |Cr(x)|, ifx€S,

a) It r =0, then deg(x) =
. ) {ISI—ICs(x)l, if x € R\S.

IR| — |CR(x)| =1, ifxe€S,

b) If r #0 and 2r = 0, then deg(x) =
(b) fr# 8(x) {qucg@, ifx e R\S.

R| —2|Ch(x)| =1, ifx€Ss,

¢) If r 20 and?2r # 0, then deg(x) =
©) tr# * 8(x) LM—ZKQML ifx € R\S.

Proof. (a) Letr = 0. If x € S, then deg(x) is the number of s € R such that sx # xs. Hence,
deg(x) = |R| — |Cr(x)]. If x € R\ S, then deg(x) is the number of s € S such that sx # xs.
Hence, deg(x) = |S| — |Cs(x)|.

(b) Letr # 0 and 2r = 0. In this case, r = —r. If x € S, then s € R is not adjacent to x if and
only if s = x or s € Ci(x). Hence, deg(x) = |R| — |Ci(x)| —1. If x € R\ S, then's € S is not
adjacent to x if and only if s € C§(x). Hence, deg(x) = |S| — |C5(x)|.

(c) Letr # 0 and 2r # 0. In this case, r # —r. Also, Ci(x) N C5"(x) = @ and s € Cg(x)
if and only if —s € Cg"(x). Therefore, C5(x) and Cg"(x) have same cardinality. Further, if
x € S, then s € R is not adjacent to x if and only if s = x, s € Ci(x) ors € C;"(x). Hence,
deg(x) = |R| — |Ck(x)| — |Cxr"(x)] —1. If x € R\ S, then s € S is not adjacent to x if and
only if s € C5(x) ors € Cg"(x). Hence, deg(x) = |S| — |C4(x)| — |C57(x)|. Hence, the result
follows. O

The next lemma shows that for all x, 7 € R the cardinality of C%(x) is either zero or |Cs(x)].
Lemma 1. If C}(x) is non-empty, then |C5(x)| = |Cs(x)| forall x,r € R.
Proof. Lett € Ci(x) and p € t 4 Cs(x). Then p = t + m for some m € Cs(x). We have
x,p] =[x, t+m|=x(t+m)— (t+m)x =[x, t] =7

and so p € Ci(x). Therefore, t + Cs(x) C Ci(x). Again, if y € Ci(x), then [x,t] = [x,y],
which implies (y — t)x = x(y — t). Therefore (y —t) € Cs(x) and soy € t+ Cg(x). Thus,
Ci(x) € t+ Cs(x). Hence, C;(x) =t + Cg(x) and the result follows. O

By Lemma 1 and Theorem 1, we have the following two corollaries.

Corollary 1. Letx € S be a vertex inI'g .

IR| — |Cr(x)| —1, if Ci(x) # o,

a) If r 20 and 2r = 0, then deg(x) =
@) 7 5(x) {|R| -1, otherwise.

(b) If r # 0 and 2r # 0, then deg(x)

R|=2|CR(x)| — 1, if Ch(x) £ 2,
IR| — 1, otherwise.
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Corollary 2. Letx € R\ S be a vertex inI'§ .

IS| = |Cs(x)|, if Cli(x) # 2,

(a) If r # 0 and 2r = 0, then deg(x) =
S|, otherwise.

S| =2[Cs(x)|, if C5(x) # 2,

(b) If r # 0 and 2r # 0, then deg(x) =
S|, otherwise.

In the next few results we discuss some properties of I'; . The following lemma shows that
I's ¢ is a disconnected graph if r = 0.

0, ifr=0,

Lemma 2. If x € Z(S,R), then deg(x) =
IR| -1, ifr#0.

Proof. The result follows from Theorem 1 noting that x € S and

Cr(x) =R, ifr=0,
C%(x):{@ ifr#£0

O

Lemma 3. Let S be a subring of a non-commutative ring R with unity 1 andr # 0. If 1 € S,
then deg(x) > 2 forall x € R.

Proof. The result follows from the fact that [x,0] = [x,1] # r and [x,0] = [x,1] # —r for
all x € R. O

Proposition 1. Let S be a subring of a non-commutative ring R and r € R.
(a) If r =0, then T’ , is not a tree, star graph, lollipop graph and complete graph.
(b) If r # 0 and R has unity 1 € S, then T’  is not a tree and a star graph.
Proof. The results follow from Lemma 2 and Lemma 3. O

Theorem 2. Let S be a subring of a non-commutative ring R and r # 0. Then I'  is a star
ifand only if 2r =0, S # {0} and R is isomorphic to

(a,b:2a =2b=0,a°> =a,b> = b,ab =a,ba = b) (1)

or
<x,y:2x:2y:O,x2:x,yzzy,xy:y,yx:x). (2)

Proof. If R is isomorphic to (1) or (2), then it is easy to see that I's ; is a star graph for any
subring S.

Suppose that I ; is a star graph. Clearly, deg(0) = [R| — 1. Also, deg(x) = 1 for all
0# x € R. Sincer # 0and r € K(S,R), we have S # {0}. Let 0 # y € R. Then consider the
following cases.
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Case1:y € S.

Note that deg(y) # |R| — 1. Therefore, if 2r = 0, then, by Corollary 1(a), we have
1 =deg(y) = |R| — |Cr(y)| — 1. Thus, |R| — |Cr(y)| = 2. We have 0,y € Cgr(y). Since Cr(y) is
a subring of R, |Cr(y)| divides |R| — |Cr(y)|- Therefore, |Cr(y)| = 2 and hence |R| = 4.

If 2r # 0, then, by Corollary 1(b), we have 1 = deg(y) = |R| —2|Cr(y)| — 1. Therefore,
|Cr(y)| = 2 and hence |R| = 6, a contradiction since R is non-commutative.

Hence, 2r = 0 and |R| = 4.

Case2: y € R\ S.

Note that deg(y) # |S|, otherwise |S| = 1, a contradiction. Therefore, if 2r = 0, then, by
Corollary 2(a), we have 1 = deg(y) = |S| — |Cs(y)|. Note that 0 € Cs(y). Since Cs(y) is a
subring of S, |Cs(y)| divides |S| — |Cs(y)|. Therefore, |Cs(y)| = 1 and hence |S| = 2. Thus,
S has a non-zero element and so, by Case 1, we have |R| = 4.

If 2r # 0, then, by Corollary 2(b), we have 1 = deg(y) = |S| —2|Cs(y)|. Therefore,
|Cs(y)| = 1 and hence |S| = 3. It follows that S has a non-zero element and so, by Case 1, we
have 2r = 0 and |R| = 4, a contradiction.

Hence, 2r = 0 and R is isomorphic to (1) or (2). Thus, the result follows. O

Theorem 3. Let S be a non-commutative subring of R. Then I p is not a lollipop graph.

Proof. If r = 0, then the result follows from Proposition 1(a). Let r # 0 and I'; ; be a lollipop
graph. Then there exits an element x € R such that deg(x) = 1.

Casel: x € S.

By Corollary 1, we have deg(x) = |R| —1 = 1 or deg(x) = |[R| —|Cr(x)|]—1 = 1 or
deg(x) = |R| —2|Cgr(x)| —1 = 1. Therefore, |R| — |Cr(x)| = 2 or |R| —2|Cr(x)| = 2 since
[R| # 2. Thus, |Cr(x)| = 2 and so |R| = 4 since |R| # 6. Hence, by Theorem 2, T ; is a star
graph, a contradiction.

Case2: x € R\ S.

By Corollary 2, we have deg(x) = |S| —|Cs(x)| = 1 or deg(x) = |S| —2|Cs(x)| = 1
since |S| # 1. Therefore |Cs(x)| = 1 and so |S| = 2 or |S| = 3. Hence, S is commutative,
a contradiction. O

Note that Theorem 3 is a generalization of [18, Proposition 2.4]. We conclude this section
with the following result.

Theorem 4. Let S be a subring of a non-commutative ring R. Then I  is regular if and only
if K(S,R) = {0}.

Proof. If K(S,R) = {0}, then r = 0. Therefore, by Observation 1(b), it follows that I's  is
regular.

Suppose that I' ; is regular. If » = 0, then, by Lemma 2, we have deg(0) = 0. There-
fore, I = m and so K(S,R) = {0}. If r # 0, then, by Lemma 2, we obtain
deg(0) = |R| — 1. Therefore, I'; ; is a complete graph and so S = R. That is, I'; . is regu-
lar, which is a contradiction by [18, Proposition 4]. O
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3 I R of isoclinic pairs
Following P. Hall [14], S.M. Buckley et. al. [1] have defined isoclinism between two rings.
Recently, J. Dutta et. al. [3] have generalized the notion of isoclinism between two rings to

isoclinism between two pairs of rings. Let S; and Sz be two subrings of the rings Ry and Rp. A
pair (¢, ¢) of additive group isomorphisms ¢ : S Rl) — Z(Slzsz) and ¢ : [S1,R1] — [S2, Ry,

such that ¢ ( 5 Rl)) (S R and ¢ ([x1,y1]) = [x2, 2], whenever x; € S;, y; € R;, i = 1,2,

and ¢(x; + Z(Sl,Rl)) = x —{— Z(53,R2), ¢(y1 + Z(S1,R1)) = y2 + Z(S2, Ry), is called an
isoclinism between the pairs (S1, R1) and (Sz, Rp). Two pairs of rings (S1, R1) and (S, Ry) are
called isoclinic if there exists an isoclinism between them. In this section, we mainly prove the

following result.

Theorem 5. Let Ry and R; be two finite rings. Let S; and Sy be two subrings of Ry and Ry,
respectively, such that |Z(S1,R1)| = |Z(S2,R2)|. If r € [S1,Rq] and (¢, ) is an isoclinism

between the pairs (S1, R1) and (52, Rz), then T p = FISPZ( Igz

R, 5 _ 5

Proof. We have ¢ : 51 R1) = 75R) is an 1somorph1sm such that ¢ ( S R1)> =TGR
Ry o Sq

Therefore, Z(Sl,Rl) = Z(Sz,Rz) (51 &y | = ‘ (52 ) Let‘ ‘ = mand ) 705, Rl) = n.

Let {s1,...,Sm "ms1,---,tn} and {s},... sy, 7 q,..., 7} be two transversals of Z(51 Rl) and

%, respectively, such that {sy,...,s;;} and {s,...,s),} are transversals of ﬁ and
Z(%%Rz)' respectively.

Let ¢ be defined as ¢(s; + Z(S1,R1)) = s;+ Z(S2, Ra), ¢(rj + Z(S1,R1)) = 1} + Z(S2, Ro)
forl <i<mandm+1<j<mn Let6:Z(S1,R1) — Z(S2 Ry) be a one-to-one correspon-
dence. Let us define a map « : Ry — Ry such that a (s; +z) = s} +6(z), a (rj +2) = r; +0(2)
forze€ Z(51,Ry),1<i<mandm+1<j<n.Then a is a bijection.

Suppose, u,v are adjacent in Fgl,Rl' Thenu € Sy orv € Sy and [u,v] # r, [u,v] # —r.
Without any loss of generality, let us assume that u € S;. Thenu = s;+zforl <i < m
and v = t 4z, where z,z1 € Z(51,R1),t € {s1,--.,Sm,"m+1,--.,7n}. Therefore, for some
t' e {sl, ..., SpiTiiqs- -, T}, we have

~

[si+zt+z]#r,—r= P([si+zt+z]) £ ), —pr)
= [si+0(2),t' +6(z1)] #p(r), —p(r)
= [a( sz+z a(t+z1)] # ¥(r), —v(r)
= [a(u), a(0)] # ¢(r), ().

This shows that a(u#) and «(v) are adjacent in sz(rlgz noting that a(u) € S. Hence, a is an

¥(r)

isomorphism between the graphs I';  and I'g 'z . This completes the proof. O

4 Connecting I'; , with Pr, (S, R)

The commutativity degree of a finite ring R is the probability that a randomly chosen pair
of elements of R commute and it is denoted by Pr(R). The study of this probability was first
considered by D. MacHale [16]. Certain generalizations of this notion are also considered
in [3,6-8].
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One such generalization, introduced in [6], is given by

{(x,y) € SxK: [x,y] =1}

Prr(5,K) 1= STIK] '

where ¥ € R and S, K are two subrings of R. That is, Pr,(S,K) is the probability that the
commutator of a randomly chosen pair of elements (x,y) € S x K equals a given element
r € R. We have

Pr(S,R), ifr=0and K=R,

Pr,(S,R), ifK=R,
Pr,(S), ifS=K
Pr(R), ifr=0and S =K =R.

Pr,(S,K) = ©)

It is worth mentioning that Pr(S, R), Pr,(S, R) and Pr,(S) are studied in [3,7, 8] respectively.
In this section, we derive some connections between I'; ; and Pr,(S,R). Let }E I's r }
denotes the number of edges in I'g . If r ¢ K(S, R), then it follows from Observatlon 1, that

ISP + 18]
E( )] = [s]R| — 22,
The following theorem gives the number of edges in I'  in terms of Pr,(S, R) and Pr,(S).
Theorem 6. Let S be a subring of a finite ring R.

(a) If r =0, then

2|E(Ts g)| = 2IS||R|(1—Pr(S,R)) — |S|*(1 —Px(S)).

(b) If r # 0 and 2r = 0, then

2|E(Tsr)

- 2|S||IR| (1 —Pry(S,R)) — |S]? (1 — Pr,(S)) — |S|, ifreSs,
2|S||IR| (1 —Pry(S,R)) — |S|> —|S], ifr € R\ S.

(c) If r # 0 and 2r # 0, then

2|S||R|(1—= ¥ Pru(S,R)) —[S]*(1— ¥ Pru(S))—|S|, ifres,
u=r,—r u=r,—r

2|E(T% =
ETsx)] 2IS|[R[(1— ¥ Pru(S,R)) = |SP* 8], ifreR\S.

Proof. Let
I={(xy) €eSxR:x#y[xy] #rand [x,y] # —r}
and
J={(x,y) e RxS:x#y,[xy] #rand [x,y] # —r}.
Then INJ = {(x,y) € SxS : x # y,[x,y] # rand [x,y] # —r}. It is easy to see that
(x,y) = (y,x) defines a bijective map from I to J and so [I| = [J|. Also, 2|E(T ;)| = [TU]J].

Therefore,
2|E(TsR)| =20 —[IN]]. (4)
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(a) If r = 0, then, by (3), we have
I = [{(x,y) € S x R: [x,] # 0}
— ISIIR] — [{(x,y) € § x R: [x,y] = 0}| = |S||RI(1— Px(S, R))
and
[INJ] = [{(x,y) € S xS: [x,y] # 0}
=S = [{(x,y) € Sx S: [x,y] = 0} = [S]*(1 - Pr(S)).
Hence, the result follows from (4).
(b) If r # 0 and 2r = 0, then r = —r. Therefore, by (3), we have
1= [{(xy) € SxR:x £y, xyl £ 1}
= ISIIR| = {(x,y) € SxR:[x,y] =r}| - {(x,y) € S x S: x =y}
— IS|IRI (1 = Pr,(S, R)) — |S].
If r € S, then, by (3), we have
Iny=|{(x,y) €SxS: X#y, oyl # 1}
=[S [{(x,y) € SxS:[xy] =7} —[{(x,y) € SxS:x =y}
= |S]* (1~ Pre(S)) — !5!~
If r € R\ S, then we have [INJ| = |S|> — |S|, noting that {(x,y) € Sx S : [x,y] =r} is
empty. Therefore,

1nj| = {|5|2(1_Pr,(5))—|5|, ifres,
S| — S|, ifr e R\S.
Hence, the result follows from (4).
(c) If r # 0 and 2r # 0, then, by (3), we have
M = [{(x,y) €SxR:x#y,[xy] #r and [x,y] # —r}|
=|S|IR| = {(x,y) € Sx R: [x,y] = r}|
—H{(x,y) e SxR:[x,y] = —r} - {(x,y) €SxS:x =y}

:\sum(1— Y Pry( S,R)) —1s].

If r € S, then, by (3), we have
INJl={(xy) € SxS:x#y,[xy] #r and [x,y] # —1}|
= |S]> - {(x,y) € SxS:[x,y] =r}
—H{(xy) €SxS:xy] =—r} - |[{(x,y) €SxS:x =y}

= IsP(1= ¥ Pru(s)) - Is|.

u=r,—r

If r € R\ S, then we have [INJ| = |S|* — |S|, noting that {(x,y) € Sx S: [x,y] = r} and
{(x,y) € SxS:[x,y] = —r} are empty. Therefore,

1Ay = {52<1 —u:;_rPru(S)) 18|, ifres,

IS|> =S|, ifr € R\S.

Hence, the result follows from (4). O
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As an application of Theorem 6, in the following two propositions, we compute the number
of edges in I'y . if [S, R] has prime order.

Proposition 2. Let S be a commutative subring of a finite ring R such that |[S, R]| = p, where
p is a prime.

(a) If r =0, then
(p — DIR[(IS| = Z(S,R)[)

‘E( E,R)‘ = p :

(b) If r # 0 and 2r = 0, then

_ _ 2 _
}Hgﬁﬂzmm«p anﬁinm pISI® — pIS|

(c) If r # 0 and2r # 0, then

v _ 2IR[((p—2)IS| +2]Z(S,R)[) — plS]* — plS]
}E( S,R)‘ - 2p .

Proof. 1f } (S, R] } = p, then, by [7, Corollary 2], we have

1 p—1 e
Pr, (S, R) = {v (1+ ) =0
! 1 1 .
E(l—m>, 1f7’7£0.
Since S is commutative, we have [S, S] = {0}. Therefore, by (3), we have
1, ifr=0,
wa):{o ifr £0
Hence, the results follows from Theorem 6. O

Proposition 3. Let S be a non-commutative subring of a finite ring R such that |[S,R]| = p,
where p is a prime.

(a) If r =0, then

(p = D2ARI(S| —1Z(S, R)[) — ISI(SI = 1Z(S)D]

‘E( g,R)} = 2p

(b) If r # 0 and 2r = 0, then
2IR[((p = DISI+IZ(S, R)[) —ISI ((p = DISI+IZ(S)]) — pIS|

> , ifres,
TS R1=1 ajR|((p — 1)15] + |2(5,R)]) ~ plsP — pls|
2 , ifr e R\S.
(c) If r # 0 and 2r # 0, then
2IR|((p = DI +212(5, R)) ~II((p — DIS|+2Z(S)) ~pls| . _
; 2p 7 7
}E( SR)‘: 2
’ 2|1R —2)|S 2|Z(S,R)|) — p|S|c — p|S
RI((p = 2)1S|+2(2(S,R))) = pISP = pIS| e R

2p
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Proof. 1f |[S, R]| = p, then, by [7, Corollary 2], we have

[+ wheR). =0
Prr(SrR){;<1 - (1)|> if r # 0.

If S is non-commutative, then ‘ S, S] } = ‘ [S, R] ‘ = p. Therefore, by [8, Lemma 3.2], we have

1 p-1 TS
Pr, (5) = {v<”s=2<s>>' r=0
5 (1= ). ifr#0.

Hence, the results follows from Theorem 6. O

Corollary 3. Let R = E(p?) = (a,b: pa = pb = 0,a> = a,b> = b,ab = a,ba = b) for a prime p.
Let S be a subring of R.

(ﬂ) If’S’ =P, then
1= {1 o
e )@p3) - ifr £ 0 and 2r # 0.

(b) IfS =R, then

p(pfl);(pﬂ), ifr =0,
|ETGR)| = w, ifr #0and 2r =0,

p(p—l)(pz—Z)(pH), if r # 0 and 2r # 0.

Proof. We have [S,R] = {ma+ (p—m)b : 1 < m < p} and Z(S,R) = {0}. Therefore,
} (S, R] } =pand |Z(S,R) } = 1. Hence, the result follows from Propositions 2 and 3 noting that
|Z(S)| =1ifS=R. O

The following two corollaries of Theorem 6 give certain lower bounds and upper bounds
respectively for the number of edges in I' ¢, if r 7# 0.

Corollary 4. Let p be the smallest prime dividing |R| and r # 0. Then for a non-commutative
subring S of R we have the following lower bounds for |E (T'sr) E

(a) If 2r = 0, then

[E(TsR)] >

{z<p1>Rs+sz<s,R2>psz+6pz<s>2ps>, ifres,

p
2(p—1)|R|S[+2|R||Z(S,R)|—p|SP*~plS] ;
2 , ifr € R\S.

(b) If 2r # 0, then

7

[E(T5R)| =

{z<pz>Rs+4Rz<s,R>psz+1zpz<s>2ps> ifres,

2p
2(p—2)|R||S|-+4|R||Z(S,R)|—p|SI*—plS| .
2 , ifre R\S.
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Proof. By [7, Proposition 3], we have

L pr(s,R) > P DISITIZ(S,R)

5)
plS|
and 2)|S| +2|Z(S,R
u=r,—r p|S|
By [8, Theorem 2.10], we have
6/Z(5)[?
> .
Prr(s) — ’5’2 (7)
(a) We have 2r = 0. Therefore, if r € S, then, using Theorem 6(b), (5) and (7), we get
—1)IS| +|Z(S,R 6|Z(S)?
2[E(T )| + 152 +15] = 218 R| (LR ELEEERL) 1 s (SEEE).
plS| S|
Hence the result follows.
If r € R\ S, then, using Theorem 6(b) and (5), we get
—1)|S Z(S5,R
2[E(T )| + 15+ 13| = 2] R (LM ELEEERL),
Hence the result follows.
(b) We have 2r # 0. Therefore, if r € S, then, using Theorem 6(c), (6) and (7), we get
—2)|S| +2|Z(S,R 12|Z(S)|?
plS| Bl
Hence the result follows.
If r € R\ S, then, using Theorem 6(c) and (6), we get
—2)|S| +2|Z(S,R
2[E( )|+ 152+ 5] > 2is)iR| ( E=2EEREER
Hence the result follows. O

Corollary 5. Let p be the smallest prime dividing |R| and
Z(R,S) ={t€ R:ts=st forall s € S}

for any non-commutative subring S of R. If v # 0, then we have the following upper bounds
for ‘E(TE,R)‘.

(a) If 2r = 0, then

2p|R|S|—4p|Z(S R)IZ(R.S)| = (p=D)ISP*=[S||Z(S)|—plS| ~ ;
I I S— L ofres,
SR = 2|R\|S|—4|Z<5,R)2|\pZ(R,S>\—ISIZ—\S\, ifreR\S.

(b) If 2r # 0, then

2p|R|[S|=8p|Z(S,R)[IZ(R,S)|—(p—2)|S[*=2|S||Z(S)|—plS] ifres
|E(T5 )| < - ' '

p
2|R[S|-8|Z(S,R)||Z(R,5)|~|S[*~ S|
4

2 ifr e R\S.
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Proof. By [8, Theorem 2.9], we have

S| 12(5)|

8
pIS] ®)

Pr,(S) <

By [6, Proposition 3.1 (2)], we have

[S[IR] = 2|Z(S, R)[IZ(R, S|

1—Pr,(S,R) <
' |S[IR]

©)

and
S|IR| —4[Z(S,R)[|Z(R, S)|

|S[IR]
(a) We have 2r = 0. Therefore, if ¥ € S, then, using Theorem 6(b), (8) and (9), we get

1— ) Pry(S,R) < (10)

u=r,—r

Hence the result follows.
If r € R\ S, then, using Theorem 6(b) and (9), we get
[SIIR] —2|Z(5,R)||Z(R,5)|> _
ISIIR]

2(E(TG )| + 512 + 1] < 215]IR| (

Hence the result follows.
(b) We have 2r # 0. Therefore, if r € S, then, using Theorem 6(c), (8) and (10), we get

2}E( E,R)‘ + |S|2+ |S| < 2|5||R| <|S||R| _4|Ts(ﬁ};’z)||z(R/S)|> +2|5|2 <|S| _p‘|sz‘(s)|> )

Hence the result follows.
If r € R\ S, then, using Theorem 6(c) and (10), we get
|S]IR] —4|Z(5,R)||Z(R,5)|>
|S|IR]

2(E(TG )| + 512 + 1] < 215]IR| (

Hence the result follows. O
We conclude the section by noting that if r = 0, then using Theorem 6(a) and various
bounds for Pr(S, R) and Pr(S) obtained in [3], we may derive several bounds for |E (I'sr) E
5 An induced subgraph
In this section, we consider the induced subgraph A% ; of I'y  with vertex set R\Z(S, R).
Theorem 7. Let x be any vertex in Ag ¢.

IR| — [Cr(x)|, ifx€S\Z(S,R),

a) It r =0, then deg(x) =
. ) {ISI—ICs(x)!, if x € R\ S.
(b) If r # 0 and 2r = 0, then

deg(x) = IR| — |Z(S,R)| — |Ch(x)| =1, if x € S\ Z(S,R),
i S| —1Z(S,R)| — |C5(x)], if x € R\S.
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(c) If r # 0 and 2r # 0, then

deg(z) — IR~ 128, R ~2ICk()| =1, if x € S\Z(S,R),
8 S| = |Z(S,R)| —2|CL(x)l,  ifx€R\S.

Proof. Let x be a vertexin Ag . If x € S\ Z(S, R), then deg(x) is the number of y € R\ Z(S, R)
such that xy # yx. Hence, deg(x) = |R| — |Z(S,R)| — (|Cr(x)| — |Z(S,R)|) = |R| — |Cr(x)].
If x € R\'S, then deg(x) is the number of s € S\ Z(S,R) such that sx # xs. Hence,
deg(x) = [S| —|Z(S,R)| — (|Cs(x)] — |Z(S,R)|) = |S| — |Cs(x)|. Hence, part (a) follows.
The proofs of parts (b) and (c) follow from Theorem 1 (parts (b), (¢)) noting that the vertex
set of AG  is R\ Z(S, R). O

By Lemma 1 and Theorem 7, we have the following two corollaries.

Corollary 6. Let x € S be a vertex in A .

IR — |Z(S,R)| — Cr(x)| =1, if Cy(x) # 2,

a) If r #0and 2r = 0, then deg(x) =
@) * 8(x) {\R\ —1Z(S,R)| —1, otherwise.

IR — |Z(S, R)| —2|Ck (x)| =1, if Cy(x) # 2,

b) If r #0 and 2r # 0, then deg(x) =
®) * * 8(x) {\R\ —1Z(S,R)| —1, otherwise.

Corollary 7. Let x € R\ S be a vertex in A§ ».

S|—|Z(S,R)| —|C , 1 C§ 9,
(a) If r # 0 and 2r = 0, then deg(x) = ISI=12(S, R)[ = |Cs(x)l,  if C5(x) #

IS| —1Z(S,R)|, otherwise.
S| = 12(S, R)[ = 2[Cs(x)], if Cg(x) # 2,

b) If r #0 and 2r # 0, then deg(x) =
®) * * 8(x) {\S\ —1Z(S,R)|, otherwise.

Theorem 8. Let S be a subring of a non-commutative ring R with unity 1 such that |R| # 8
and 1 € S. Then A p, is not a tree.

Proof. Suppose that Aj p, is a tree. Therefore, there exists x € R\Z(S, R) such that deg(x) = 1.

Case1l:r =0.Ifx € S\ Z(S, R), then, by Theorem 7(a), we have deg(x) =|R| — |Cg (x)| = 1.
Therefore, |Cr(x)| = 1, a contradiction.

If x € R\ S, then, by Theorem 7(a), we also have deg(x) = |S| — |Cs(x)| = 1. Therefore,
|Cs(x)| =1, a contradiction.

Case 2: r # 0 and 2r = 0.

Subcase 2.1. Let x € S\ Z(S, R). Then, by Corollary 6(a), we have

deg(x) = R~ |Z(S,R)[ ~1=1 or  deg(x) = |R| - |Z(S,R)| — [Cr(x)| ~1=1.

That is,
IR| —|Z(S,R)| =2 (11)

or
Rl =[Z(S,R)| = |Cr(x)] = 2. (12)
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Note that Z(S, R) is a subring of R as well as Cg(x) containing 0 and 1. Therefore, |Z(S, R)|
divides the left hand sides of (11) and (12). It follows that |Z(S,R)| = 2. Thus (11) gives
|R| = 4, which is a contradiction since there is no non-commutative ring with unity having
order 4. Again, (12) gives |R| — |Cr(x)| = 4 and so |Cr(x)| = 4. Therefore, |[R| = 8, which
contradicts our assumption.

Case 2.2. Let x € R\ S. Then, by Corollary 7(a), we have deg(x) = |S| — |Z(S,R)| = 1 or
deg(x) = |S| —|Z(S,R)| — |Cs(x)| = 1. Note that Z(S, R) is a subring of S as well as Cs(x)
containing 0 and 1. Therefore, |Z(S, R)| divides [S| — |Z(S,R)| and |S| — |Z(S, R)| — |Cs(x)|.
It follows that | Z(S, R)| = 1, a contradiction.

Case 3: r #= 0 and 2r # 0.

Subcase 3.1. Let x € S\ Z(S, R). Then, by Corollary 6(b), we have

deg(x) = [R| = |Z(S,R)|—=1=1 or  deg(x) =|R|—|Z(S,R)| —2|Cr(x)| -1 =1.

That is,
IRl —|Z(S,R)| =2 (13)
or
IR[ = |Z(S,R)| = 2|Cr(x)| = 2. (14)
Therefore, |Z(S, R)| = 2. Thus, (13) leads to the same contradiction that we get in the first part
of Subcase 2.1. By (14), we have |R| —2|Cg(x)| = 4 and so |Cr(x)| = 4. Therefore, |R| = 12
and so =& is cyclic. Hence, R is commutative, a contradiction.

Z(5.R)
Subcase 3.2. Let x € R\ S. Then, by Corollary 7(b), we have deg(x) = |S| — |Z(S,R)| =1
or deg(x) = |S| — |Z(S,R)| — 2|Cs(x)| = 1. Therefore, | Z(S, R)| = 1, a contradiction. O

The proof of Theorem 8 also tells that there is no vertex in the graph Aj  having degree 1
if R is a non-commutative ring with unity 1 such that |R| # 8 and S is any subring of R with
the same unity. We conclude this paper by obtaining conditions such that Ag ; has no vertex
having degree 2.

Theorem 9. Let S be a non-commutative subring of a ring R with unity 1 such that1 € S. Then
A} r has no vertex having degree 2 if |R| # 12 and |S| # 8.

Proof. Suppose that A » has a vertex x such that deg(x) = 2.

Case1l:r =0.Ifx € S\ Z(S, R), then, by Theorem 7(a), we have deg(x) =|R| — |Cr(x)| = 2.
Therefore, |Cr(x)| = 2, a contradiction.

If x € R\ S, then, by Theorem 7(a), we also have deg(x) = |S| — |Cs(x)| = 2. Therefore,
|Cs(x)| = 2and so |S| = 4, a contradiction since there is no non-commutative ring with unity
having order 4.

Case 2: r # 0 and 2r = 0.

Subcase 2.1. Let x € S\ Z(S, R). Then, by Corollary 6(a), we have

deg(x) = R~ |Z(S,R)| ~1=2 or  deg(x) = |R| |Z(S,R)| — [Cr(x)| ~1=2.

That is,
IR| — ‘Z(S,R)} =3 (15)

or
Rl —[Z(S,R)| = |Cr(x)| = 3. (16)
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Therefore, |Z(S,R)| = 3. Thusm (15) gives |R| = 6, which is a contradiction since R is non-
commutative. Again, (16) gives |R| — |Cr(x)| = 6 and so |Cgr(x)| = 6 since |Cr(x)| # 3.
Therefore |R| = 12, which contradicts our assumption.

Subcase 2.2. Let x € R\ S. Then, by Corollary 7(a), we have deg(x) = [S| — |Z(S,R)| =2
or deg(x) = |S| — |Z(S,R)| — |Cs(x)| = 2. Therefore, |Z(S,R)| = 2 and so |S| — |Cs(x)| = 4
since |S| # 4. We have |Cs(x)| = 4 since |Cs(x)| # 2. Therefore |S| = 8 which contradicts our
assumption.

Case 3: r #= 0 and 2r # 0.

Subcase 3.1. Let x € S\ Z(S, R). Then, by Corollary 6(b), we have

deg(x) = |[R| = |Z(S,R)|—=1=2 or  deg(x) =|R|—|Z(S,R)| —2|Cr(x)| -1 =2.

That is,
IR| - |Z(S,R)| =3 (17)
or
IR[ = |Z(S,R)| = 2|Cr(x)| = 3. (18)
Therefore, |Z(S, R) ‘ = 3. Thus, (17) leads to the same contradiction that we get in the first part

of Subcase 2.1. By (18), we have |R| —2|Cgr(x)| = 6 and so |Cr(x)| = 6 since |Cr(x)| # 3.

Therefore, |R| = 18 and so ﬁ is cyclic. Hence, R is commutative, a contradiction.

Subcase 3.2. Let x € R\ S. Then, by Corollary 7(b), we have deg(x) = |S| — | Z(S,R)| =2 or
deg(x) = |S| — |Z(S,R)| —2|Cs(x)| = 2. Therefore, |Z(S,R)| = 2 and so |S| —2|Cs(x)| = 4
since |S| # 4. It follows that |Cs(x)| = 4. Thus |S| = 12 and so ﬁ is cyclic. Hence, S is
commutative, a contradiction. O
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Hexai1 S — miakiablle ckiHngeHHOro KiAbls R Ta r € R. BiAHOCHUMM r-HeKOMyTaTUMBHMM rpadpom
KiABIIS R BiAHOCHO S, 1110 TIO3HAYaeThest SIK I », Ha3MBalOTh MPOCTWI HeOpieHTOBaHWI rpad, MHO-
XVHOIO BePIIMH SIKOTO € R, i ABi BepImHEM X Ta i € CyMiXXHMMM TOAL i TIABKM TOAL KoAM X € S abo
y € Sta[x,y] #r, [x,y] # —r. Y Lt cTaTTi MU BU3HAYAEMO CTEIHb 6y Ab-SIKOI BepLUIMEM B Tpacpi

roo L o r .
I's g 1 xapaKTepu3syeMo BCi CKiHUeHHI KiABLISL, AASL SIKMX I'g ¢ € 3ipKOBUM, ABOASHMKOBUM a60 pery-
ASIPHMM TpacpoM. MU BCTAaHOBAIOEMO 3B’ SI3KM MiXX BiAHOCHVMM 7-HEKOMYTaTUBHMMM I'pacbaMit ABOX
i3oKAiHHMX Tap Kiremp. TakoX BMBOAMMO TIEBHI CHiBBiAHOIIEHHs MiX KiAbKicTio pebep y rpadi
I'; x Ta pisHMMM y3araAbHEHMMM MOBIPHOCTSIMM KOMYTaTUBHOCTI AAst R. Haperrrri, My 3aBepritye-
. . v
MO CTaTTIO BUBYEHHSIM IHAYKOBaHOro miarpacpa rpadpa I ¢.

Kntouosi cnosa i ppasu: ckiHUeHHe Kiablle, HEKOMYTaTUBHII Tpadp, 130KAIHI3M.



