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Some bilinear inequalities through a weighted Hardy operator

Benaissa B.1, Sarikaya M.Z.2

In this paper, we give some new generalizations of the bilinear Hardy type inequality by using
weighted mean operator S := Sf, and its dual S := Sf,, where f is a non-negative integrable
function with two variables on (0, +00) X (0, +00) and v is a weight function.
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Introduction
The inequality

I () o= () o »

where F(x) = [ f(7)dt, known as Hardy’s inequality, holds for all non-negative and mea-

surable functions f on (0, 00) with g > 1. The constant (qu)q is the best possible. In 1928,
G.H. Hardy [4] gave a generalization for (1). If f > 0,4 > 1 and

/Oxf(r)dr, n>1,

Fx) =4 o
/ f(r)ydr, p<1,
then :
/0 x FF(x) dx < (!u 1 1,) /0 T (xf(x))T(x) dx. )
The constant <ﬁ> " is the best possible.

Over the past three decades, the study of Hardy type inequalities has focused on the char-
acterizations of weights, bilinear etc. These results are of interest and importance. Recently,
some studies have been devoted to this inequality in dimension two. Hardy type inequalities
for various integral operators in dimension two have been studied in [2,3,5-8] (see also refer-
ences therein). The objective of this paper is to give some new generalizations of the classical
bilinear Hardy inequality by using some elementary methods of analysis and Hardy operator.
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1 Main results

Throughout the paper, we will assume that functions f are non-negative integrable func-
tions on I' and the integrals everywhere are assumed to exist and are finite. At the beginning,
we give some lemmas which will be used in proof of the main theorems.

Let0<a<b< 400,0<c<d< 400, T =(0,400) x (0, 400) and

V(z) = /OZ v(s)ds for z € (0, 4+00).

Lemma 1. Suppose that f is a non-negative integrable functiononI' andq > 1, u > 1. Let

S(x,t) / / f(t,s)dsdr,

q%xj):iéxv@ﬁfh;ﬂdt

and

Letus fixx > a. If 5 > - q+y 1,then
4 o(t) ng \ (7 o(t) [(®(x )\
e () [ (Vi) ©

Proof. Since x is fixed in (3) and using Fubini’s Theorem, we get

S(x, t) = % /Ct %(/Hxv(r)f(r,s) dT) ds,

therefore

, aS(x,t) v(t) v(t)
S'(x,t) = T V(x)V(t)q)(x' t) — WS(JC, t).

Denote by I(x) the left hand side of (3). Integrating it by parts, we obtain

S9(x, t) d

e g 4 o)
109 = ( <u—1>w1<t>>c St 1)t

w—1Jc Wﬂ)

_1/ e W O(x,1)S17 (x, t) dt,

this gives

gtp—1, v _(_ S(x,d) g (% u(t) O(x,t)
W= (- g ne@) T L v v

Since y > 1 and S(x,d) > 0, we deduce

ST 1(x, t) dt.

qg+u—1
]/t—l

Using the assumption on 1, we get

I(x) < g (7 o(t) O(x,t

) o
S u—1Jc VE(D) V@)Sq%nﬂdt

1 q 4 o(t) ®(x,t) .,
ﬁl(x) < 1) Vi V) ST 1(x, t) dt.
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By Holder’s inequality for % + % = 1, we obtain

I(x) < yﬂ_q1< Cd ;E&(CD ) > ( W 9(x, t dt)é.

Thus, upon simplification, we get

o= () [t (V)

which completes the proof. O

Lemma 2. Suppose f is a non-negative integrable functiononI' and q > 1, u > 1. Let

D(x, t) = / Co(0)f (1, b) dr.

then

Fixt > c. If17>q+y 1,

1 v(x
/ VV+’1 (x,t)dx < (%) ab Vy((i)fq(x,t) dx. 4)

Proof. Since t is fixed in (4), so

O (x, 1) = aq>§i, D _ o) f(x, ).

Denote by I(t) the left hand side of (4). Integrating it by parts, we obtain

= q)q(x’ t) ! q b oo(x) _
I(t) - <_ ( 1)V;4+q 1( )) . + U+q— 1/, V?“H]—l(x)f(x't)q)q 1(x,t) dx
cpq boo(x B
:< (n+q- 1() H)ﬂ (b )) +V+Z_1/a Wiqu) (V(x)f(x, 1)) D17 (x, ) da.

Since y > 1 and ®(b,t) > 0, we get

<

Using the assumption on 7, we deduce that

I(t) < y’?_‘]l ab V:S;()x) (V) f(x, 1) D1 (x, 1) dx.

Let us apply the Holder inequality, it gives

< ([ o v ar) ([ et a)

By simplifying, we get

I G OMUCLE <%>q A T 131

which completes the proof. O
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Lemma 3. Let f be a non-negative integrable function onI andg > 1, u < 1. Let

S(x,t) / / f(t,s)dsdr,

b

¥ (x, 1) = / o(0)f(1, 1) dt.

and

4 v(t) S9(x, t)dt < <y’7—”’>q Cd olt) <T<x’t)>th.

. V(D) —1 Vi) \ V)

Proof. Since x is fixed in (5) and using Fubini’s Theorem, we have

~ B 9S(x,t) B v(t) v(t) ~
S'(x,t) = T _V(x)V(t)‘F(x' t) — WS(JC, t).

Denote by J(x) the left hand side of (5). Integrating it by parts, we get

0= ()| -t L v

therefore

—H /c V(x)vu(t)‘f(xf £)S1 1 (x, t) dt.

Therefore,

x

Loty = (‘(1 S ) /w Sq .

L—p VI

Since y < 1 and S (x,c) > 0, we deduce that

l—pu—gq q [ o) Y(xt)
1—u ](x)gl—y e VI V()

Using the hypothesis on 7, we get

ST 1(x, t) dt.

4 o(t) ¥(x,t)

) < T [C e S .

By applying the Holder inequality, we obtain

2 [ () ([ )

o) g, 1y at < <ﬂ>q/cd o(t) <T<x't)>th.

then

10 1—u) Jo vy \ V()

(5)
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Lemma 4. Suppose f is a non-negative integrable functiononI andg > 1, u < 1. Let

Y(x,t) = / " w0(T)f(r, 1) dr.

q rb
w+ q (x, 1) dx < <’7—> /a 5;522 FI(x, 1) dx. ()
Proof. Since t is fixed in (6), we get
¥ (x, ) = awg;;,t) — —o(x)f(x,b).

Denote by J(t) the left hand side of (6). Integrating it by parts, we get

_ P (x, t) ’ q b o(x) B
o= <(1 —p- q)V?‘”‘l(X)) p TTou—yg /a w+q—1(X)f(x't)w nt)dx

¥9(a,t) b o(x) ~
- < (- ‘J)V”Jr"_l(ﬂ)) = Z —q /a Vi (x) (V) f(x, ) %7 (x, t) dox.

Since y < 1and ¥(a,t) > 0, we obtain

J(t) < — Z = / ’ V;’if]‘()x) (V(x)f(x, £) 991 (x, ) dx.

Using the assumption on 1, we deduce

_1_ / ww V() f(x, ) ¥ (x, ) d.

It follows that

S1— </ Vﬂw () f(x, qu> ( w+q ”)dx>%

As a result of simplification, we get

b v(x) 9 b v(x)
/a i ¥ ) dx < <%) RGOS

We now present the principal results.

Theorem 1. Suppose f is a non-negative integrable functiononI andg > 1, u > 1. Let

S(x,t) / / f(t,s)dsdr.

Ify > then

q+y 1/

/ab/cd%sq(x,t)dtdx§< ) // Wi it )



232 Benaissa B., Sarikaya M.Z.

Proof. We denote by LHS the left-hand side of inequality (7). By using Lemma 1 and Lemma 2,
we get

) L v (L (S60) )
= v% (L g az) a
) [ (1) ortrcsnss)

ﬂ)zq/b T 000t g ) aran.

—1 a c VH(X)VH(t)

U

Theorem 2. Suppose f is a non-negative integrable functiononI andg > 1, u < 1. Let

S(x,t) / / f(t,s)dsdr.
If
/ / 7()507@ £ dtdx < / / _o0) g 1y gt d.
VHE(x)VH(t) VP‘ VP‘( )
Proof. Applying Lemma 3 and Lemma 4, the proof is similar to Theorem 1. O

2 Applications

In this section, we present some special cases according to the choice of the weight func-
tion v, the parameter 77 and the function f(x, t).

2.1 Bilinear weighted Hardy integral inequality
Taking v(x) = 1in Theorem 1 and Theorem 2, we get the following corollaries.

Corollary 1. Letq > 1, > 1 and f be a non-negative integrable function onT'. Let

1 X t
F(x,t):—/ /f(r,s)dsdr.
xtJa Je
q+y 1’

// (xt) ?‘Fq(xt)dtdx<<’7q> // (x )" f1(x, ) dt dx.

Corollary 2. Letq > 1, 4 < 1 and f be a non-negative integrable function onT'. Let

F(x,t) zé/xb/tdf(r,s)dsdr.
// (xt) ?‘Fq(xt)dtdx<<’7q> // (xt) " f1(x, ) dt dx.

Remark 1. By setting 7 = 1 in the above Corollary 1 and Corollary 2, Hardy type integral
bilinear inequality is obtained.

Ifn > then
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2.2 Function with two independent variables

Taking f(x,y) = f1(x)f2(t) where f1, f, are non-negative integrable functions on (0, c0) in
the Corollary 1 and the Corollary 2, we deduce the following results.

Corollary 3. Letq > 1, u > 1 and

(3 [ A@e) (3 [ ped).

then

If17>q+y 1

// (xt) ”F"xt)dtdx<<yqq> </abx_”ff(x)dx> </cdt"‘f§(t)dt>.

Corollary 4. Letq > 1, u < 1 and

~ (3 [ stwa) (3 [ o),

11‘17>1 y ; > 0, then

// xt) ”F"xt)dtdx<<17qy> (/abx_”ff(x)dx> (/Cdt"‘fg(t)dt)

2.3 Analogues of the initial inequality (2)

Putting now f; = f», a = ¢, b = d in the Corollary 3 and the Corollary 4, we get the
following results.

Corollary 5. Letq > 1, u > 1 and f be a non-negative integrable function on (0, ). Let

= %/ﬂxf(r)dr
/ab x HFI(x)dx < (%)q/ab x Hf(x)dx

Corollary 6. Letq > 1, u < 1 and f be a non-negative integrable function on (0, ). Let

:%/xbf(r)dr

Ifn > q+y 1,t‘hen

11‘17>1 ; > 0, then

y
bx’qu(x)dxg 19! bx’”fq(x)dx
/g <1—y> /g

Remark 2. The Corollaries 5 and 6 are similar to Corollaries 1 and 2 obtained in [1], respec-
tively.
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V midt craTTi MU TOAAEMO HOBI y3araAbHEHHsI OiniHIHIVHOI HepiBHOCTI THIy XapAi, BUKOPUCTO-
BYIOUM 3BaKeHIII OIlepaTop CepeAHbOro S := Sf; Ta Moro cripsiXeHmit S := Sf,, Ae f — HeBia'eMHa
iHTerpoBHa (pyHKIiST ABOX 3MIHHNX, Bu3HadeHa Ha (0, +00) X (0, +00), a v — BaroBa (pyHKIIsL.

Kntouosi cnoea i ppasu: Teopema Dybini, HepisHicTh 'eAbaepa, Barosa pyHKIIisI, 3Ba’KeHMI OTTe-
parop Xapai.



