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Some bilinear inequalities through a weighted Hardy operator

Benaissa B.1, Sarikaya M.Z.2

In this paper, we give some new generalizations of the bilinear Hardy type inequality by using

weighted mean operator S := S fv and its dual S̃ := S̃ fv, where f is a non-negative integrable

function with two variables on (0,+∞)× (0,+∞) and v is a weight function.
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Introduction

The inequality
∫

∞

0

(
F(x)

x

)q

dx ≤

(
q

q − 1

)q ∫ ∞

0
f q(x)dx, (1)

where F(x) =
∫ x

0 f (τ) dτ, known as Hardy’s inequality, holds for all non-negative and mea-

surable functions f on (0, ∞) with q > 1. The constant
(

q
q−1

)q
is the best possible. In 1928,

G.H. Hardy [4] gave a generalization for (1). If f ≥ 0, q > 1 and

F(x) =





∫ x

0
f (τ) dτ, µ > 1,

∫
∞

x
f (τ) dτ, µ < 1,

then ∫
∞

0
x−µFq(x) dx ≤

(
q

|µ − 1|

)q ∫ ∞

0
x−µ

(
x f (x)

)q
(x) dx. (2)

The constant
(

q
|µ−1|

)q
is the best possible.

Over the past three decades, the study of Hardy type inequalities has focused on the char-

acterizations of weights, bilinear etc. These results are of interest and importance. Recently,

some studies have been devoted to this inequality in dimension two. Hardy type inequalities

for various integral operators in dimension two have been studied in [2, 3, 5–8] (see also refer-

ences therein). The objective of this paper is to give some new generalizations of the classical

bilinear Hardy inequality by using some elementary methods of analysis and Hardy operator.

УДК 517.51
2020 Mathematics Subject Classification: 26D10, 26D15.

The authors are very grateful to the referees for helpful comments and valuable suggestions. This work was

supported by the Directorate-General for Scientific Research and Technological Development (DGRSDT) Algeria.

© Benaissa B., Sarikaya M.Z., 2025



228 Benaissa B., Sarikaya M.Z.

1 Main results

Throughout the paper, we will assume that functions f are non-negative integrable func-

tions on Γ and the integrals everywhere are assumed to exist and are finite. At the beginning,

we give some lemmas which will be used in proof of the main theorems.

Let 0 < a < b < +∞, 0 < c < d < +∞, Γ = (0,+∞)× (0,+∞) and

V(z) =
∫ z

0
v(s) ds for z ∈ (0,+∞).

Lemma 1. Suppose that f is a non-negative integrable function on Γ and q > 1, µ > 1. Let

S(x, t) =
1

V(x)V(t)

∫ x

a

∫ t

c
v(τ)v(s) f (τ, s) ds dτ,

and

Φ(x, t) =
∫ x

a
v(τ) f (τ, t) dτ.

Let us fix x > a. If η ≥ µ−1
q+µ−1 , then

∫ d

c

v(t)

Vm(t)
Sq(x, t) dt ≤

(
η q

µ − 1

)q ∫ d

c

v(t)

Vµ(t)

(
Φ(x, t)

V(x)

)q

dt. (3)

Proof. Since x is fixed in (3) and using Fubini’s Theorem, we get

S(x, t) =
1

V(t)

∫ t

c

v(s)

V(x)

( ∫ x

a
v(τ) f (τ, s) dτ

)
ds,

therefore

S′(x, t) =
∂S(x, t)

∂t
=

v(t)

V(x)V(t)
Φ(x, t)−

v(t)

V(t)
S(x, t).

Denote by I(x) the left hand side of (3). Integrating it by parts, we obtain

I(x) =

(
−

Sq(x, t)

(µ − 1)Vµ−1(t)

)∣∣∣∣
d

c

−
q

µ − 1

∫ d

c

v(t)

Vm(t)
Sq(x, t) dt

+
q

µ − 1

∫ d

c

v(t)

V(x)Vµ(t)
Φ(x, t)Sq−1(x, t) dt,

this gives

q + µ − 1

µ − 1
I(x) =

(
−

Sq(x, d)

(µ − 1)Vµ−1(d)

)
+

q

µ − 1

∫ d

c

v(t)

Vµ(t)

Φ(x, t)

V(x)
Sq−1(x, t) dt.

Since µ > 1 and S(x, d) ≥ 0, we deduce

q + µ − 1

µ − 1
I(x) ≤

q

µ − 1

∫ d

c

v(t)

Vµ(t)

Φ(x, t)

V(x)
Sq−1(x, t) dt.

Using the assumption on η, we get

1

η
I(x) ≤

q

µ − 1

∫ d

c

v(t)

Vµ(t)

Φ(x, t)

V(x)
Sq−1(x, t) dt.
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By Hölder’s inequality for 1
q +

1
p = 1, we obtain

I(x) ≤
η q

µ − 1

( ∫ d

c

v(t)

Vµ(t)

(
Φ(x, t)

V(x)

)q

dt

) 1
q
( ∫ d

c

v(t)

Vµ(t)
Sq(x, t) dt

) 1
p

.

Thus, upon simplification, we get

∫ d

c

v(t)

Vµ(t)
Sq(x, t) dt ≤

(
η q

µ − 1

)q ∫ d

c

v(t)

Vµ(t)

(
Φ(x, t)

V(x)

)q

dt,

which completes the proof.

Lemma 2. Suppose f is a non-negative integrable function on Γ and q > 1, µ > 1. Let

Φ(x, t) =
∫ x

a
v(τ) f (τ, t) dτ.

Fix t > c. If η ≥ µ−1
q+µ−1 , then

∫ b

a

v(x)

Vµ+q(x)
Φ

q(x, t) dx ≤

(
η q

µ − 1

)q ∫ b

a

v(x)

Vµ(x)
f q(x, t) dx. (4)

Proof. Since t is fixed in (4), so

Φ
′(x, t) =

∂Φ(x, t)

∂x
= v(x) f (x, t).

Denote by I(t) the left hand side of (4). Integrating it by parts, we obtain

I(t) =

(
−

Φ
q(x, t)

(µ + q − 1)Vµ+q−1(x)

)∣∣∣∣
b

a

+
q

µ + q − 1

∫ b

a

v(x)

Vµ+q−1(x)
f (x, t)Φq−1(x, t) dx

=

(
−

Φ
q(b, t)

(µ + q − 1)Vµ+q−1(b)

)
+

q

µ + q − 1

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Φ

q−1(x, t) dx.

Since µ > 1 and Φ(b, t) ≥ 0, we get

I(y) ≤
q

µ + q − 1

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Φ

q−1(x, t) dx.

Using the assumption on η, we deduce that

I(t) ≤
η q

µ − 1

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Φ

q−1(x, t) dx.

Let us apply the Hölder inequality, it gives

I(y) ≤
η q

µ − 1

( ∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)q
dx

) 1
q
( ∫ b

a

v(x)

Vµ+q(x)
Φ

q(x, t) dx

) 1
p

.

By simplifying, we get

∫ b

a

v(x)

Vµ+q(x)
Φ

q(x, t) dx ≤

(
η q

µ − 1

)q ∫ b

a

v(x)

Vµ(x)
f q(x, t) dx,

which completes the proof.
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Lemma 3. Let f be a non-negative integrable function on Γ and q > 1, µ < 1. Let

S̃(x, t) =
1

V(x)V(t)

∫ b

x

∫ d

t
v(τ)v(s) f (τ, s) ds dτ,

and

Ψ(x, t) =
∫ b

x
v(τ) f (τ, t) dτ.

Fix x > a. If η ≥ 1−µ
1−µ−q > 0, then

∫ d

c

v(t)

Vµ(t)
S̃q(x, t) dt ≤

(
η q

µ − 1

)q ∫ d

c

v(t)

Vµ(t)

(
Ψ(x, t)

V(x)

)q

dt. (5)

Proof. Since x is fixed in (5) and using Fubini’s Theorem, we have

S̃(x, t) =
1

V(t)

∫ b

y

v(s)

V(x)

(∫ b

x
v(τ) f (τ, s)dτ

)
ds,

therefore

S̃′(x, t) =
∂S̃(x, t)

∂t
= −

v(t)

V(x)V(t)
Ψ(x, t)−

v(t)

V(t)
S̃(x, t).

Denote by J(x) the left hand side of (5). Integrating it by parts, we get

J(x) =

(
S̃q(x, t)

(1 − µ)Vµ−1(t)

)∣∣∣∣
d

c

+
q

1 − µ

∫ d

c

v(t)

Vµ(t)
S̃q(x, t) dt

+
q

1 − µ

∫ d

c

v(t)

V(x)Vµ(t)
Ψ(x, t)S̃q−1(x, t) dt.

Therefore,

1 − µ − q

1 − µ
J(x) =

(
−

S̃q(x, c)

(1 − µ)Vµ−1(c)

)
+

q

1 − µ

∫ d

c

v(t)

Vµ(t)

Ψ(x, t)

V(x)
S̃q−1(x, t) dt.

Since µ < 1 and S̃(x, c) ≥ 0, we deduce that

1 − µ − q

1 − µ
J(x) ≤

q

1 − µ

∫ d

c

v(t)

Vµ(t)

Ψ(x, t)

V(x)
S̃q−1(x, t) dt.

Using the hypothesis on η, we get

1

η
J(x) ≤

q

1 − µ

∫ d

c

v(t)

Vµ(t)

Ψ(x, t)

V(x)
S̃q−1(x, t) dt.

By applying the Hölder inequality, we obtain

J(x) ≤
η q

1 − µ

( ∫ d

c

v(t)

Vµ(t)

(
Ψ(x, t)

V(x)

)q

dt

) 1
q
( ∫ d

c

v(t)

Vµ(t)
S̃q(x, t) dt

) 1
p

,

then ∫ d

c

v(t)

Vµ(t)
S̃q(x, t) dt ≤

(
η q

1 − µ

)q ∫ d

c

v(t)

Vµ(t)

(
Ψ(x, t)

V(x)

)q

dt.
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Lemma 4. Suppose f is a non-negative integrable function on Γ and q > 1, µ < 1. Let

Ψ(x, t) =
∫ b

x
w(τ) f (τ, t) dτ.

Let t > c be fixed. If η ≥ 1−µ
1−µ−q > 0, then

∫ b

a

v(x)

Vµ+q(x)
Ψ

q(x, t) dx ≤

(
η q

1 − µ

)q ∫ b

a

v(x)

Vµ(x)
f q(x, t) dx. (6)

Proof. Since t is fixed in (6), we get

Ψ
′(x, t) =

∂Ψ(x, t)

∂x
= −v(x) f (x, t).

Denote by J(t) the left hand side of (6). Integrating it by parts, we get

J(t) =

(
Ψ

q(x, t)

(1 − µ − q)Vµ+q−1(x)

)∣∣∣∣
b

a

+
q

1 − µ − q

∫ b

a

v(x)

Vµ+q−1(x)
f (x, t)Ψq−1(x, t) dx

=

(
−

Ψ
q(a, t)

(1 − µ − q)Vµ+q−1(a)

)
+

q

1 − µ − q

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Ψ

q−1(x, t) dx.

Since µ < 1 and Ψ(a, t) ≥ 0, we obtain

J(t) ≤
q

1 − µ − q

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Ψ

q−1(x, t) dx.

Using the assumption on η, we deduce

J(t) ≤
η q

1 − µ

∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)
Ψ

q−1(x, t) dx.

It follows that

J(t) ≤
η q

1 − µ

(∫ b

a

v(x)

Vµ+q(x)

(
V(x) f (x, t)

)q
dx

) 1
q
(∫ b

a

v(x)

Vµ+q(x)
Ψ

q(x, t) dx

) 1
p

.

As a result of simplification, we get

∫ b

a

v(x)

Vµ+q(x)
Ψ

q(x, t) dx ≤

(
η q

1 − µ

)q ∫ b

a

v(x)

Vµ(x)
f q(x, t) dx.

We now present the principal results.

Theorem 1. Suppose f is a non-negative integrable function on Γ and q > 1, µ > 1. Let

S(x, t) =
1

V(x)V(t)

∫ x

a

∫ t

c
v(τ)v(s) f (τ, s) ds dτ.

If η ≥ µ−1
q+µ−1 , then

∫ b

a

∫ d

c

v(x)v(t)

Vµ(x)Vµ(t)
Sq(x, t) dt dx ≤

(
η q

µ − 1

)2q ∫ b

a

∫ d

c

v(x)v(t)

Vµ(x)Vµ(t)
f q(x, t) dt dx. (7)
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Proof. We denote by LHS the left-hand side of inequality (7). By using Lemma 1 and Lemma 2,

we get

LHS =
∫ b

a

v(x)

Vµ(x)

(∫ d

c

v(t)

Vµ(t)
Sq(x, t) dt

)
dx

≤

(
η q

µ − 1

)q ∫ b

a

v(x)

Vµ(x)

( ∫ d

c

v(t)

Vµ(t)

(
Φ(x, t)

V(x)

)q

dt

)
dx

=

(
η q

µ − 1

)q ∫ d

c

v(t)

Vµ(t)

(∫ b

a

v(x)

Vµ+q(x)
Φ

q(x, t) dx

)
dt

≤

(
η q

µ − 1

)q ∫ d

c

v(t)

Vµ(t)

((
η q

µ − 1

)q ∫ b

a

v(x)

Vµ(x)
f q(x, t) dx

)
dt

=

(
η q

µ − 1

)2q ∫ b

a

∫ d

c

v(x)v(t)

Vµ(x)Vµ(t)
f q(x, t) dt dx.

Theorem 2. Suppose f is a non-negative integrable function on Γ and q > 1, µ < 1. Let

S̃(x, t) =
1

V(x)V(t)

∫ b

x

∫ d

t
v(τ)v(s) f (τ, s) ds dτ.

If η ≥ 1−µ
1−µ−q > 0, then

∫ b

a

∫ d

c

v(x)v(t)

Vµ(x)Vµ(t)
S̃q(x, t) dt dx ≤

(
η q

1 − µ

)2q ∫ b

a

∫ d

c

v(x)v(t)

Vµ(x)Vµ(t)
f q(x, t) dt dx.

Proof. Applying Lemma 3 and Lemma 4, the proof is similar to Theorem 1.

2 Applications

In this section, we present some special cases according to the choice of the weight func-

tion v, the parameter η and the function f (x, t).

2.1 Bilinear weighted Hardy integral inequality

Taking v(x) = 1 in Theorem 1 and Theorem 2, we get the following corollaries.

Corollary 1. Let q > 1, µ > 1 and f be a non-negative integrable function on Γ. Let

F(x, t) =
1

x t

∫ x

a

∫ t

c
f (τ, s) ds dτ.

If η ≥ µ−1
q+µ−1 , then

∫ b

a

∫ d

c
(x t)−µ Fq(x, t) dt dx ≤

(
η q

µ − 1

)2q ∫ b

a

∫ d

c
(x t)−µ f q(x, t) dt dx.

Corollary 2. Let q > 1, µ < 1 and f be a non-negative integrable function on Γ. Let

F̃(x, t) =
1

x t

∫ b

x

∫ d

t
f (τ, s) ds dτ.

If η ≥ 1−µ
1−µ−q > 0, then

∫ b

a

∫ d

c
(x t)−µ F̃q(x, t) dt dx ≤

(
η q

1 − µ

)2q ∫ b

a

∫ d

c
(x t)−µ f q(x, t) dt dx.

Remark 1. By setting η = 1 in the above Corollary 1 and Corollary 2, Hardy type integral

bilinear inequality is obtained.
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2.2 Function with two independent variables

Taking f (x, y) = f1(x) f2(t) where f1, f2 are non-negative integrable functions on (0, ∞) in

the Corollary 1 and the Corollary 2, we deduce the following results.

Corollary 3. Let q > 1, µ > 1 and

F(x, t) =

(
1

x

∫ x

a
f1(τ) dτ

)(
1

t

∫ t

c
f2(s) ds

)
.

If η ≥ µ−1
q+µ−1 , then

∫ b

a

∫ d

c
(x t)−µ Fq(x, t) dt dx ≤

(
η q

µ − 1

)2q (∫ b

a
x−µ f

q
1 (x) dx

)(∫ d

c
t−µ f

q
2 (t) dt

)
.

Corollary 4. Let q > 1, µ < 1 and

F̃(x, t) =

(
1

x

∫ b

x
f1(τ) dτ

)(
1

t

∫ d

t
f2(s) ds

)
.

If η ≥ 1−µ
1−µ−q > 0, then

∫ b

a

∫ d

c
(x t)−µ F̃q(x, t) dt dx ≤

(
η q

1 − µ

)2q (∫ b

a
x−µ f

q
1 (x) dx

)(∫ d

c
t−µ f

q
2 (t) dt

)
.

2.3 Analogues of the initial inequality (2)

Putting now f1 = f2, a = c, b = d in the Corollary 3 and the Corollary 4, we get the

following results.

Corollary 5. Let q > 1, µ > 1 and f be a non-negative integrable function on (0, ∞). Let

F(x) =
1

x

∫ x

a
f (τ) dτ.

If η ≥ µ−1
q+µ−1 , then

∫ b

a
x−µFq(x) dx ≤

(
η q

µ − 1

)q ∫ b

a
x−µ f q(x) dx.

Corollary 6. Let q > 1, µ < 1 and f be a non-negative integrable function on (0, ∞). Let

F̃(x) =
1

x

∫ b

x
f (τ) dτ.

If η ≥ 1−µ
1−µ−q > 0, then

∫ b

a
x−mF̃q(x) dx ≤

(
η q

1 − µ

)q ∫ b

a
x−µ f q(x) dx.

Remark 2. The Corollaries 5 and 6 are similar to Corollaries 1 and 2 obtained in [1], respec-

tively.
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У цiй статтi ми подаємо новi узагальнення бiлiнiйнiйної нерiвностi типу Хардi, використо-

вуючи зважений оператор середнього S := S fv та його спряжений S̃ := S̃ fv, де f − невiд’ємна

iнтегровна функцiя двох змiнних, визначена на (0,+∞)× (0,+∞), а v − вагова функцiя.
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