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Some new Simpson type integral inequalities
for (s, P)-functions

Kadakal M.}, Iscan 1.2, Kadakal H.3

In this paper, we establish some new Simpson type inequalities for functions, whose first deriva-
tive in absolute value is (s, P)-function by using Holder, power-mean and Holder-iscan inequalities.
After that, we compare the results obtained with both Holder, Holder-Iscan integral inequalities
and prove that the Holder-Iscan integral inequality gives a better approximation, than the Holder
inequality. Also, some applications to special means of real numbers are also given.
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Holder-Iscan inequality.
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1 Preliminaries and fundamentals

Let I C R be an interval. A function f : I C R — R is said to be convex if the inequality

flx+ @ =ty) <tf () +(1-1)f(y)

isvalid forall x,y € I and t € [0, 1]. If the above inequality reverses, then the function f is said
to be concave on interval I # @&. Convexity theory provides important powerful principles
and techniques to study a wide class of problems in both pure and applied mathematics and
the other sciences. Let f : I — R be a convex function. Then the following chain of integral

F(U) < s [ o < L0

foralla,b € I witha < b. Both inequahtles hold in the reversed direction if f is concave. This
double integral inequality is well known as the Hermite-Hadamard integral inequality, and it
is one of the most studied result in inequalities via convex functions. The Hermite-Hadamard
integral inequality provides a necessary and sufficient condition for a function to be convex.
Additionally, readers can refer to [6-10,14,16] to obtain more information on convexity.

Suppose f:lab] — lR is a four times continuously differentiable mapping on (a,b) and
| i Hoo 1= SUP ¢ (4h) | @ (x)| < co. The following inequality

LE@ )y (120))

YAK 517.51
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inequalities hold

(1)

< o [F9] (b
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holds. The above inequality is well known in the literature as Simpson’s inequality. In re-
cent years, many authors and researchers have studied error estimations for the Simpson’s
inequality. For refinements, counterparts, generalizations and new Simpson-type inequalities,
for some related papers see [2-5,9,11,19-21]. Some of the important results about the Simpson
type integral inequality are presented below.

In [5], S.S. Dragomir et. al. pointed out some recent developments on Simpson’s inequality
for which the remainder is expressed in terms of lower derivatives than the fourth.

Theorem 1 ([5]). Suppose f : [a,b] — R is a differentiable mapping whose derivative is con-
tinuous on (a,b) and f' € L [a,b]. Then the following inequality

MICESORSEOIR

b—a .,
3 Hf Hl

<

bia/ﬂbf(x)dx

holds, where ||f'||; = [7|f'(x)| dx.

Theorem 2 ([5]). Let f : [a,b] — R be an absolutely continuous mapping on [a,b] whose
derivative belongs to L, [a, b]. Then the inequality

B0 (47

g+1
<1[2 +1
6

1 b .
i [ F e < S e-wti,

holds, where % + % =1Lp>1

In [8], S.S. Dragomir et. al. gave the following definition and related Hermite-Hadamard
integral inequalities as follow.

Definition 1 ([8]). A nonnegative function f : I € R — R is said to be P-function if the
inequality

fltx+(1=t)y) < f(x)+f(y)
holds forall x,y € I and t € (0,1).

Theorem 3 ([8]). Let f € P(I),a,b € I witha < b and f € L|[a,b]. Then

P50 <2 [rwar <2 @+ ol

In [18], S. Numan and I. Iscan introduced and studied the concept of (s, P)-function and es-
tablished Hermite-Hadamard integral inequalities for this type of functions. Also, the authors
obtained some new Hermite-Hadamard type inequalities for functions whose first derivative
in absolute value is (s, P)-function by using Holder and power-mean integral inequalities.
Next, the authors pointed out some applications of the results to give estimates for the ap-
proximation error of the integral function in the trapezoidal formula and for some inequalities
related to special means of real numbers. S. Numan and I. Iscan gave the following definition
and Hermite-Hadamard integral inequality for the (s, P)-functions.

Definition 2 ([18]). Lets € (0,1]. A function f : I C R — R is called (s, P)-function if
flx+ 1=ty <@+ 0 -1)°) [f(x) +f(y)]

forevery x,y € I andt € [0,1].
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Let us denote by Ps (I) the class of all (s, P)-functions on interval I. Clearly, the definition
of (1, P)-function is coincide with the definition of P-function.
Note that every (s, P)-function is a h-convex function with the function h(t) =t + (1 — t)°.

Theorem 4 (18]). Lets € (0,1] and f : [a,b] — R be a (s, P)-function. If a < b and f € L|[a,b],
then the following Hermite-Hadamard type inequalities

272 f <a;b> = bia/abﬂx)dx < = [f(0) + f(0)

s+1

hold.

In recent years, many function classes such as P-function, geometric P-function, n-polyno-
mial P-function, semi P-geometric-arithmetically functions, logarithmic semi P-function, semi
harmonically P-function, semi P-geometric-arithmetically function, etc. have been studied by
many authors, and integral inequalities belonging to these function classes have been studied
in the literature (see [8,13-17]).

Theorem 5 (Holder-Iscan integral inequality [12]). Letp > 1 and % + % = 1. If f and g are real
functions defined on interval [a,b] and if |f|?, |g|? are integrable functions on [a,b], then

[ sl < bia{(/f(b—x)\f(x)\ﬁdx)%(/abw—x)\g(x)r%lx)%
([ e-atrwra) ([ a-oswire) )

The main purpose of this manuscript is to establish some new Simpson type inequality for
(s, P)-functions. The most important feature of this study is that the results obtained with both
Holder and Holder-Iscan integral inequalities are compared and it is shown that the Holder-
Iscan integral inequality provides a better approximation than the Holder inequality.

2 Some new Simpson type inequalities for (s, P)-functions

In this section we establish new estimates, that refine Simpson type integral inequality
for functions, whose first derivative in absolute value is (s, P)-function. Also, we compare
the results, obtained with both Holder, Holder-Iscan integral inequalities, and prove that the
Holder-Iscan integral inequality gives a better approximation than the Holder integral inequal-
ity. M. Alomari et. al. [1] used the following lemma.

Lemma1 ([1]). Let f : I C R — R be an absolutely continuous mapping on I°, wherea, b € I°
with a < b. Then the following equality

é[f( >+4f<“+b)+f }

holds, where

/f x)dx = ( —a)/ p()f (th+ (1 — t)a) dt

b—a
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Theorem 6. Let f : [ — R be a differentiable mapping on I° such that f' € L [a,b], where
a,b € I° witha < b. If |f'| is a (s, P)-function on interval [a, b], then the following inequality
‘ 1 a+ b

[ f@)+4f(

5s+2 + 1) + (S _ 4)6S+1 _ 6.3S+1 (2)

<4(b-a)A(|f @)].|f©®)]) [2( 672(s+ 1)(s + 2)

holds, where A(a,b) = Y is the arithmetic mean.

Proof. Using Lemma 1 and the following inequality

[t + (1= Ba)| < (£ + (1 =) [|f (@] +]f ®)]],

we obtain
HIOEY COR
1
<@-a)| [ p0)f (0 (1= 00)
S(b—a)/j)t—l (1— )a)| dt
+(b—a) [ 1 (1—t)a)|dt

1

<O-a) [ -2 A= [IF @] + |70
+(b— a/‘t—— (E+ @ —=0)°) [|f @)+ |f (b)|]dt

(b—a)[|f (@) +|f (b /)t——
+@—a)[|f (@) +|f (b /‘t——

(t+ (1 —1)%)dt

(t*+(1—1¢)%)dt

— G- If @+ PO [ (=) e+ - a

+ b —=a)[|f (@) +|f () Hﬁ <t—%) £+ (1—t)°)dt

6

b—a) [|f ()] +]f (b /( ) (e +
Fb—a) [If @] + 0] /;(—2) F (11

572 4 (s —4)6°T1 +1 25552 — 3,651 4 2¢
65T2(s +1)(s +2) 256512(s 4+ 1)(s +2)

(1—1)°

= (-a)[|f @]+]f©®)]

: 252 3642428 524 (s—4)67H1 41
+ (b —a) [ }f (’1)} + }f b } ] [2s6s+2(s +1)(s+2) 65t2(s +1)(s +2) ]
2 5s+2 1 s —4)25 —3 3S+1
— A @), If D[( e ]
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where
1
s /1 5572 4 (s —4)65T1 + 1
- —1 1—1¢)%)dt =
/0 (5-1)+a-0) 6 2(s+1)(s+2)
1
3 1 2555+2 _ 3.6S+1 428
t——) (¥ 1—1t)%)dt =
/% (t-g)rr-1) 26725 +1)(s +2)
5
2 /5 2555+2 _ 3.6S+2 428
— —t)(F 1—1)%)dt =
/% (G-t w+a-0) 26725 +1)(s +2)
1 5 5s+2 + (S _ 4)6s+1 +1
t——) (¥ 1—1t)%)dt = .
/g (t=5) (F+=1p) 6+2(s 1 1)(s 1 2)
This completes the proof of the theorem. O

Therefore, for s = 1, we can deduce the following result for P-functions.

Corollary 1. Let f : I C [0,00) — R be a differentiable mapping on I such that f' € L|a,b],
wherea,b € [ witha < b. If } f } is a P-function on interval [a, b], then the following inequality

a+b>+f( _a/f dx

HIOEY < (b =a) [If @] + ]/ ®)]

holds.

Corollary 2. In Theorem 6, if f(a) = f (#) = f(b), then we get

‘bia/abf(x)dx_f(l-;b)‘

<4(b—-a)A(|f (a)

2s+155+2 + ((S _ 4)25 _ 3) 6S+1 + 2S+1
) { 25652(s +1)(s +2)

Corollary 3. In Corollary 2, by setting s = 1, we obtain

[ s = 1(55)| < 3 -allf @]+ 17 )]

'b—a a

Theorem 7. Let f : [ C [0,00) — R be a differentiable mapping on I° such that f' € L|a,b],
where a,b € I° witha < b. If |f'|" is a (s, P)-function on interval [a, b] for some fixed q > 1,

then the following inequality
1 b
T /a f(x)dx

o) () (i)

holds, where % + % = 1and A (-, -) is the arithmetic mean.

a+b>+

'2[f( a)+4f

3)

<2(b—a)ai (|f (@)

Proof. Using Lemma 1, well known Holder’s integral inequality and the following inequality

Iff (th+ (1 —t)a)|T < (F+ (1—1t) [\f )\M\f’(b)\"],



336 Kadakal M., iscan ., Kadakal H.

which is the properties of (s, P)-function of | f'|7, we get

], foax
s<b—a>/j)t——)\f’(tb+<1—t>a>>dt+<b—a>/1\t—g\»f'<tb+<1—t>a>\dt
<o [ dt) (/ o+ (1 )a Wdt)
+<b—a>(ﬁ)t—ﬂ”dt)z(/f»f’<tb+<1—t>a>\th)ﬁ
o -l o)
cunl G f D firmen-mre)
=00 iy +3P+1<L+1>]p </02 fth+ ‘”””“”)q
+0-0) gy 6P+1<;+1>]% (f o ‘t)“”q”“);

o) () (s3m)

a+b

)+

sl ar ("

=2(b —a)A% <}f’ (a)|

where
1
6 (1 p 1
/0 <€_t) dt_/g (t_é) at = 6" l(p+1)
1 5
2 6 (5 p 1
t— =) dt _/ St dt=——,
/é ( 6) 1 <6 ) 3t (p+1)
1 1 / q / q
2 YN : a7~ L@+ [ (0)]]
/0 |f (tb+ (1 —t)a)| dt—/% |f (tb+ (1 —t)a)|"dt = Py :
This completes the proof of the theorem. O

Therefore, for s = 1, we can write the following result for P-functions.

Corollary 4. Let f : [ C [0,00) — R be a differentiable mapping on I such that f' € L [a,b],
wherea, b € [ witha < b. If |f'| is a P-function on interval [a, b], then the following inequality

)—l—f —a/f )dx

REc i\

a+b

sl an(*;

th

<2(b-0) o))

holds, where % + % =1.
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Corollary 5. In Theorem 7, if we take f(a) = f <“T+b) = f(b), then we get

‘f(a—l—b —a/f

1 1
2 N4/ 1421 NP Al ]
< - .
<2(b—a) <s+1> <6P+1(p+1 ) At (}f @) )
Corollary 6. Under the conditions of Corollary 5, if we take s = 1 in 4, then we get the follow-
ing inequality
1
a—+ b 14+ 2rt1 A , q , q
f( 2 —a/ f dx <2(b ><6?7+1(p—{—1)> Aq(“ (a) f(b” )

Theorem 8. Letf : I C [0,00) — R be a differentiable mapping on I° such that f' € L|a,b],
where a,b € 1° witha < b. If |f'|" is a (s, P)-function on interval [a,b] for some fixed q > 1,
then the following inequality holds

2 F@ +as(

1
5\'"7 1, , q
< (p— =
<t-0(5) A (rw
Proof. From Lemma 1, well known power-mean integral inequality and the property of the
(s, P)-function of |f'|7, we obtain

Sl 4 (50) +50)] - 5 [ s

g(b—a)/j’t—%"f’(tb~|—(1—t)a)}dtqt(b—a)/;’t—g’}f’(tb+(1—t)a)\dt

<o [h-2) ([

1

Hb_a)(/;’t_g’dt) _q</; f—g‘ ‘f/(fb%—(l—t)a)‘th);

|+ a0 [If @+ 7 )] )’

(4)

a+b>

(5)

: (2s+1) (5s+2+1) —{—(S—7)6S+1 %
f(b)}q) ( 6s+2(5+1>(5+2> )

t—%’ \f’(tb+(1—t)a)}‘7dt>q

1

2

+(b—a)< _1)t—g)dt> q(/; t—g‘( £+ (1 —t)° [\f )}M\f’(b)}ﬂdt)q
~0-0 () (o o) (A
where
3 1
L= gla= b= gloe = 7

§ 5 — 51/s S\ 7p 2(55+2+ 1)+ [(s —4)2° —3]3S+1
“gl -0 Mt_/% Tl = 62(s +1)(s +2)

This completes the proof of the theorem. O

0
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Corollary 7. Under the assumption of Theorem 8, if we take q = 1 in the inequality (5), then
we get the following inequality
Sygen

‘(b 2 (55+2 + 1) +(s—4)6°t1 — 6351
( )D 65+2(S+1)(s+2) .

a+b

Slr@ar (") + )

<(-a)A(lf (a)

This inequality coincides with the inequality (2).

Theorem 9. Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € L [a,b],
where a,b € I° witha < b. If |f'|" is a (s, P)-function on interval [a, b] for some fixed q > 1,
then the following inequality

a+b

) +£0)] - <4 -7 (|f @)

HIDEC: 7))

XKévfféfifﬁifa)’l’(3%5121;512)); -
(@) (eiess) |

holds, where % + % = 1and A (-, -) is the arithmetic mean.

Proof. Using Lemma 1, Holder-Iscan integral inequality and the following inequality
If b+ (1 —ta)|" < (E+(1—t)° [\f )\‘H\f’(b)\q],

we have

a+b

sl ar(C5) + s
s<b—a>/j
szw—w(ﬁ(; O=5a) (G- s a-omra)

oo ira) (s

o oo 3fa) ([ oo ra)

([ (=3 2a) (ff (=317 o a-naprar)

2

g [ S

6) \f’(tb+(1—t)a)}dt+(b—a)/;‘t—g‘ |f (tb+ (1 — t)a)| dt




Some new Simpson type integral inequalities for (s, P)-functions 339

_ Q(b_a)A% (‘fl }q }f “7)

1
P24 3p 45 \7 525+ 1 ]
6P 2(p+1)(p+2) (s+1)(s+2)

. (Bp+4)2v+1 1 2 -1
-|-2(b—a)Aﬂ<}f/ )N (B < 25(s+1) s+2>

28

6Pr+2(p+1)(p+2) <
25+l _1q
(255—1—1 )(s +

(
")
>< (Bp+4) 2Pt +1 2)
) 525+1 2)
| )

+2(b—a>A% (}f/ “1 ‘f }‘7 6p+2 p+1 p+2

)
)
224 3p+5 )
)

120 =04 (If @ L)) ( P IGT

s25 4+ 1
25(s+1)(s+2

6P 2(p+1)(p+2)

B B g 2P+2 4 3p 4+ 5
= aw-aat (iF @O | (goap G+

I
3P+4 2p+1+1 % 2s+1 q
+<6P+2p~|—1 p+2> < S(s+1) s+2)> ]'

where

1 Voo ANy, 5 202 43p45
/ 2! ‘t__) at = /; <t__>‘t_€‘ dt_6P+2(p+1)(p+2)’
P (Bp+4)2rti+1
/ ‘dt ﬁ (1-1) ‘t— ‘dt—6p+2(p+1)(p+2),
2 (1 )’ s25 41 T
/0 (2 )’f tb+(1 t ‘ dt 2s+1(s+1) S+2 |:‘f )‘ +‘f (b)‘ ]/

2+
/ EIf (th+ (1—t)a)|Tdt = G T I S+2 L @]+ 1F®)],

(1 b+ (1 14 2 -1
—t)[f (¢ —t)a)|Tdt =
/}Z ) If (tb+( )a)| 25t (s +1)(s +2)

f, (=1 @+ -nof i = s I @+ P 0]

This completes the proof of the theorem. O

1 @[+,

Remark 1. The inequality (6) gives better result than the inequality (3). Let us show that
1 1
2[( 2PF2 4 3p 45 )v( 25 41 >q
6V 2(p+1)(p +2) 25(s +1)(s+2)
+<(3p+4)2v+l+1>%< 25t 1 )3]

6P 2(p+1)(p +2) 25(s+1)(s +2)
1 1
1 \7/ 142rtL \v
s+1 6rl(p+1))

< (x+2)P(y+w)7, xy,zw € (0,00),

==

<2

==
[

11
Using the well known classic inequality x?y7 + zPw
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by sample calculations we get

2< 2P+2 4 3p 4+ 5 )37( s25 +1 ) <3p+4 2P+1+1>< 2stl 1 )5

6Pr2(p+1)(p +2) 25(s4+1)(s+2 6P 2(p+1)(p+2) ) \25(s+1)(s +2)

<2P+2+3p+5 (3p +4) P+1+1> < 525 +1 2511 \i
)

6P 2(p+1)(p+2)  6F2(p+1)(p +2) 25(s+1)(s+2) +25(s +1)(s+2

1

1 1 1
o1\ (1 142! " o) 1 \7 [/ 142711 NV
s+1) \26rti(p+1)) s+1) \6rti(p+1)

o) 1 \i/ 1420+ ,
= 21
(1) (#57m)

which completes the proof of remark.

IN

2

IN

3 Applications for special means for (s, P)-functions

Throughout this section, for shortness, the following notations will be used for special
means of two nonnegative numbers a,b with b > a.

1. The arithmetic mean
a+b
2 4

A:=A(a,b) = a,b>0.

2. The geometric mean
G:=G(a,b) = Vab, a,b>0.

3. The harmonic mean oab
a
H:= H(a,b) = b .
(a,b) T a,b>0

4. The logarithmic mean

b—a b
L:=L(a,b) = {lnblna' 1EL b0,

a, a=2»,

5. The p-logarithmic mean

1

pp+l_gp+l \ p .

L, = Ly(a,b) = {((wl)(b@) ra7b p eRI-LO0L o,
a, a= b/

6.The identric mean .
1/
I.= I(ﬂ,b)—;(a—u> ’ ﬂ,b>0.
These means are often used in numerical approximation and in other areas. However, the
following simple relationships
H<G<L<I<A

are known in the literature.
It is also known that L, is monotonically increasing over p € R, denoting Ly = I and
L, =L
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Proposition 1. Leta,b € [0,00) witha < b,s € (0,1] and n > 2. Then the following inequality

1
S (A(a", ") +24") — L}

542 o s+1 s+1
<an(b—a)A (a0 ) [2(5 £1) + (s - 46 63 ]

65+ 2(s +1)(s +2)

holds.

Proof. The assertion follows from the inequality (2) for the function f(x) = x", x € [0,00). O

Proposition 2. Leta,b € (0,00) witha < b and s € (0,1]. Then the following inequaly

;(H1 (a,b) +2A™ ) = L7t <4n(b—a)H ! <a2, bz) [

2(572+1) + (s —4)6° 1 — 635!
65t2(s +1)(s +2)

holds.

Proof. The assertion follows from the inequality (2) for the function f(x) = x~1,x € (0,00). O

4 Conclusion

In this paper, some new Simpson type inequalities are obtained for functions whose first

derivative in absolute value is (s, P)-function using Holder, power-mean and Holder-Iscan
inequalities. The authors can obtain new types of integral inequalities for (s, P)-functions us-
ing different identities. Then the authors compare the obtained results with both Holder and
Holder-Iscan integral inequalities and show that Holder-Iscan integral inequality provides a
better approximation than Holder inequality.
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V Oilt cTarTi BCTAaHOBAEHO Aesiki HOBi HepiBHOCTI Ty CimmicoHa Ansl (pyHKIIN, abcOAIOTHE
3HAUeHHsI NepIIo] MOXIAHOI sIkuX € (s, P)-dyHKIi€o, i3 BUKOPUCTaHHSM HepiBHOCTelt I'eabaepa,
l'eappepa-lmxana Ta HepiBHOCTI AASI cepeAHiX cTeneHeBMX. AaAi MOPiBHIOIOTHCS OTPVMaHI Pe3yAb-
TaTy SIK 3 iHTerpaAbHOIO HepiBHicTIO ['eabaepa, Tax i 3 HepiBHicTIO I'eabaepa-Iikana, i AOBOAUTECS,
IIIO OCTaHHSI Aa€ Kpallly aIlpOKCMMalIilo, HiX HepiBHicTb ['eabaepa. Takox HaBeAeHO AesIKi 3aCTOCY-
BaHHSI AO CIIEIliaAbHMIX CePeAHIX AIVICHVX UyCceA.

Kutouosi crosa i ppasu: (s, P)-dpyHkuis, HepisaicTs Triry CiMIicoHa, HepiBHicTs EpMiTa-Aaamapa,
HepiBHicTb ['eabaepa-Imkana.



