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A novel paranormed sequence space derived by
Schrioder conservative matrix

Dagli M.C.

In this paper, we offer a new paranormed sequence space £(S,p) by utilizing the Schroder
conservative matrix and show that this new space is linearly isomorphic to ¢(p). Moreover, we
give its Schauder basis and determine some special duals such as a-, -, y-duals.
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1 Preliminaries and motivations

A sequence space is a linear subspace of the set w of all real valued sequences. We denote
by fe,c,co and £, the set of all bounded sequences, the set of all convergent sequences, the
set of all convergent to zero sequences and the set of all sequences constituting p-absolutely
convergent series, respectively. These are Banach spaces with the following norms

1x]¢, = llxllc = llx[l¢, = sup |xx]
nelN

and
1/p

I, = (Ell”)

For brevity, here and in what follows, the summation without limits runs from 0 to cc.

A linear topological space X over the real field R is referred to as paranormed space if
there is a subadditive function ¢ : X — R such that ¢(0) = 0, g(—x) = g (x) and scalar
multiplication is continuous, i.e. |a, —a| — 0 and g (x, — x) — 0imply g (anx, —ax) — 0 for
all x € R and x € X. Here, 0 is zero vector of X.

Assume from now on that (p,) is a bounded sequence in the set of real numbers R with
pn > 0,sup,.npPn = Pand S = max {1, P}. Forany { € Randn € N = {1,2,...}, from [29]
we have

&P < max {1,1&]° }. (1)
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Throughout the paper, we assume that p, ! + ( PZ)_l = 1 provided 1 < infp, < P < co.
Then 1.J. Maddox [29,30] (see also [39,41]) defined the linear space ¢ (p) as

Up) = {x=(x) €w: L |xl" < oo}
n
with the complete space paranormed by
1/$
() = (L)
n

Let (X, g) be a paranormed space. A sequence J; € X is a Schauder basis for X if and only
if for every x € X there exists a unique sequence of scalars ¢, such that g(x —Yio skék) —0

X = Zekék.
k

The multiplier space of X and Y is the set S(X, Y) defined by

as n — 0. Then we write

S(X,Y) ={xew:zx € Yforallx € X}.

Adopting this notation, the a-dual, B-dual and y-dual of a sequence space X are, respec-
tively, defined by

X* =8(X, 1), XP=5(X,cs) and X" =S5(X,bs).

Here, cs and bs correspond to the spaces of sequences with convergent and bounded series,
respectively.

Let T = (tu,) be an infinite matrix with real entries t,,, and T}, be the sequence in the mth
row of the matrix T for each m € IN. The T-transform of a sequence x = (x,) € w is the
sequence Tx obtained by the usual matrix product and its entries are stated as

(Tx)m — Ztmnx;/l
n

provided that the series is convergent for each n € IN. T is called a matrix mapping from a
sequence space X to a sequence space Y if the sequence Tx exists and Tx € Y for all x € X.
The collection of all infinite matrices from X to Y is denoted by (X, Y).
Recall that the set
Xr={xcw:TxeY}

is referred to as the domain of the infinite matrix T in the space X. The literature concerned
with producing sequence spaces by means of matrix domain of a special limitation method
and studying their some algebraic, topological features, and matrix transformations has re-
cently enlarged. In this respect, some important sequence spaces were introduced and matrix
mappings on them were studied by several authors. See, for example, [3-5, 8, 10-12, 14, 15,
23,32,37,38] and plenty of references therein. In particular, for the papers concerning with
paranormed space, we can refer to [1,2,6,9,13,19,24,28,33-36,40,42,43,47].

Recently, some remarkable numbers such as Catalan, Fibonacci, tribonacci, Bell and some
number theoretic functions such as Euler totient and Jordan totient have been considered by in-
troducing a conservative matrix. Also, its matrix domain in several famous sequence spaces of
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functional analysis, some special duals and some matrix mappings are discussed. The reader
can consult [17,18,20-22,25-27,44-46].

Let us focus on another special number, called as Schroder number S, and located in a very
important position in combinatorics and number theory. These can be defined by the recursive
formula

n
Sut1=Sn+ Y SkSp—k, 1 >0,
k=0
with initial condition Sg = 1. The definition of these numbers can also be given combinato-
rially as follows: Schroder number S, counts the number of paths from the southwest corner
(0,0) of an n x n grid to the northeast corner (1, n), using only single steps north, northeast, or
east, that do not rise above the southwest-northeast diagonal. The first ten Schroder numbers
S, are

1,2,6,22,90,394, 1806, 8558, 41586, 206098, 1037718.

Also, the Schroder numbers S, possess the following representation via hypergeometric
function as

Su=2oF (—n+1,n+22-1),

where the hypergeometric function »F; (a, b; c; z) is defined by

oF1 (a,b;¢;2) = i%i

. n!
with the Pochhammer symbol (x), = x(x+1)---(x+n—1) forn > 1, and (x), = 1 for
n = 0. For details and applications, we may refer to [7].
Quite recently, the author in [11] introduced a new matrix S = (§nk), whose entries are
Schroder numbers S, as
SkSn—k
gnk = Sn—i—l - Sn’
0, if k>mn,

if 0<k<m,

and computed its inverse as

51 (_1)n_k@1§nk, if 0<k<nm,
nk — n
0, if k>n,
where P, denotes the following determinant
S1 So 0 0
S S1  So 0

Sn Sn_l Snfz oo Sl

foralln € N\ {0} and Py = 1. It is also shown that this matrix is a conservative matrix.
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Following that, in [12], new sequence spaces ¢}, (S) and le (S) are defined as

. = 1 - P
gp(S) = {Z = (Zn) € w: Z 7_5251(5”_](2](‘ < OO}
k=0

n=0 Sn+1

and

I (S) = {z: (zn) € w : sup

n

n
SkSn_kzk| < o0 p.

The sequence f, represents the S-transform of a sequence z = (z,) as

~ 1

n
th = Sn (z) = Y SkSu—kzk )
k=0

Sn+1 - Sn —

for all n € IN, while the following relation is valid

k Sit1— S,
=1y, <(—1)k171+15 lPki) ti
i=0 k

forall k € N.

In this paper, we extend the normed sequence space £,(S) to paranormed space £(S, p)
and show that the paranormed space /(S, p), newly defined here, is linearly isomorphic to
¢(p). Furthermore, its Schauder basis is given and the a-dual, f-dual and y-dual of this space
are determined.

2 The paranormed sequence space £(§, p)

This section is devoted to introduce a new paranormed space ¢ (5, p) by means of the
Schroder numbers, to demonstrate the completeness of the resulting paranormed space, and
to present the Schauder basis of £ (S, p).

Pn }
< 0.

Define the sequence space / (S, p) as
(S p) = {z:(zn) cw:)y,

Note that if p, = p for all n € IN, the sequence space ¢ (S, p) reduces to the space ¢, (S).

We begin to show the completeness of paranormed space ¢ (S, p).

1 n
SkSn_kz

n

Theorem 1. With the following paranorm
1

" o 1/
85 (z) = <Z ﬁgsksn—kzk‘ ) ,

n Si’l+1
forall z = (z,) € (S, p), the space { (S, p) is a complete paranormed space.
Proof. Forz = (zx) and y = (yx) in ¢ (S, p), it follows from [31, p. 30], that

1 n Pn 1/5
(Xn: mkg)sksn—k(zk+yk)’ >
1 1 pa\ /° 1 n pa\ 1/8 (3)
< SiS,_ — ) 55, .
< <Xn: 5n+1—5nk§) kon kzk‘ ) + <Xn: 5n+1—5nk§0 kOn kyk’ >
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In view of (1) and (3), we see that ¢ (5, p) is linear in accordance with scalar multiplication
and the coordinatewise addition. Also, it is clear that gs (0) = 0 and gs (—z) = g5 (z) forall z
in ¢ (S, p). We arrive the subadditivity of g5 and g5 ({z) < max {1, |Z|} g5 (z) forany ¢ € R in
the light of (1) and (3).

Now, let {z"} be any sequence in ¢ (S, p) such that g5 (z" —z) — 0 and (&,) be any se-
quence in R such that ,, — ¢. By aid of the subadditivity of g¢, one can readily write

85(2") <gs5(2) +85(z" —2),
from which one can reach the boundedness of g (z,,) and the fact
1 1/8
Sn+1 —

85 (Gnz" —Cz) = (Z ZSkSn k (Cnzy — Czk) ‘P”>

< |8 —¢lgs(z )+\§!8§(Z —z) =0 asn — oo,

which gives the continuity of scalar multiplication. In conclusion, g5 is paranorm on ¢(S,p).
For the purpose of the completeness of £ (S, p), consider any Cauchy sequence {u' '1int (S, p)
such that u’ = (u},u},...) for eachi € IN. For a given € > 0, there exists an integer 19 (¢) € N
such that

gs(u' —w) <e (4)

foralli,j > ng (¢). Using the definition of g, we have

_ ‘ _ 1 Pn 1/S
sn(uZ)_sn(m)\) <

Su(u ) < (L

n

for each i,j > ng (¢), which yields that {S, (u!),S,(u?),...} is a Cauchy sequence of real

numbers for each fixed n € IN. Since R is complete, we have S, (ui) - S, (u) asi — oo for

every fixed n € IN. Taking into consideration these infinitely many limits S; (1), 52 (1), ...,
let us define the sequence {S1 (1), 5, (1), ... }. It follows from (4), that

p

Sn(ui) —§n(uj) "< gg(ui —uj)s < ¢ (5)

for all fixed m € N and i,j > ng (¢). Taking in (5) the limit as m — oo and j — oo, leads us to
gs (u' —u) < e. Now, lete = 1in (5) and so i > np(1). Then, applying Minkowski’s inequality,
for every fixed m € IN gives

mo /s .
(1800l ) < o =) +55(0) < 14 5500,

from which we arrive at u € ¢ (S, p). Since gg (1’ — u) < eforalli > ng (¢), we have u’ — u as
i — co. Consequently, the completeness of £ (S, p) is proved.

Remark that we do not have absolute property on ¢ (5, p) due to the fact that we can find a
sequence u in £ (S, p) such that g5 (1) # g5 (Ju|), where |u] = (Juy|). O
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Theorem 2. The spaces ¢ (S, p) and ¢ (p) are linearly isomorphic.

Proof. We must provide that there exists a linear transformation between these spaces which
is injective, surjective and paranorm preserving.

Foranyz € ¢(S,p),let L : £ (S, p) — {(p) be a transformation such that L (z) = (S, (z)).
The linearity of L is clear by using the fact that any matrix transformation is linear. Also, the
transformation L is injective from the fact that if L (z) = 0, then z = 6. For any sequence
t = (tp) € ¢ (p), if the sequence z = (z,) is denoted for n € IN by

n

S - S
Zy = k;,)((—l)" k%ﬂ%k) tk,

then we have

1 1/S

Y, ]
Sn+1_snk§) k n—kzk’ )

k G
) o isksn—kza—l)k_iislﬂ e Pk—z')fi
n k=0 i=0 Sk

Sn+1 - Sn —

Pn) 1/S
1 no n—i

pa\ /5
L m2<z(_1)k5n—k—ipk> (Sit1— i)t )
n i=0 k=0

from which we get z € £ (S, p). Thus, L is surjective and paranorm preserving, as required.
So, the proof is complete. O

Now, let us present a Schauder basis of the space ¢ (S, p).

Theorem 3. Define a sequence s¥) = (s,gk)) inl(S,p) as

) (—1)”—’<Mpn,k, if 0<k<n,
Sy’ = Sn
0, it k>mn,
wheren € IN is fixed.

Then {S(O), s . } is a Schauder basis for the space ¢ (S, p) and any z in { (S, p), uniquely
determined as
z = Ztks(k),
k

where t;, = ;. (z).

Proof. As is demonstrated in Theorem 2 the isomorphism L : (S, p) — £(p) is surjective.
Since the inverse image of the Schauder basis of the space ¢ (p) is a Schauder basis of the space
(S, p), the assertion is clear. O
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3 The -, B- and 7-duals of the space £(S, p)

In this section, we give a-dual, f-dual and y-dual of £(S, p). We need the following lemmas.
Lemma 1 ([16]). Let 1 < p, < P < oo foralln € N. Then T = (tu) € ({,, (1) if and only if
Ph

Y K

neN

sup Z

NeF &k

< 0 (6)

for some integer K > 1. Here | denotes the family of all finite subsets of IN.
Let 0 < py, <1foralln € N. ThenT = (t,) € ({,, (1) if and only if

Z tnk

neN

Pn
< 00,

sup sup
NeF &k

Lemma 2 ([16]). Let 1 < p, < P < oo foralln € N. Then T = (tux) € (¢, {s) if and only if

Ph

tnkKil < o0 )

sup )
nok

for some integer K > 1.
Let 0 < py <1foralln € N. Then T = (t,) € ({5, {w) if and only if

sup |f]P" < oo. ®)
n,kelN

Lemma 3 ([16]). Let 0 < p, < P < oo foralln € N. Then T = (t,) € ({p,c) if and only if
(7) and (8) hold and
llrIlII tik = ¢, k€N, )

for some cy.

Theorem 4. Define the following sets

y (—1)i-nSmL =Sy
ieN 5i

Pn
< oo}
Ph
< oo}.

By = {b = (bn) € w : sup sup
NeF n

and

Z (_1)i—n5n+1 — Su PifnbiK_l
ieN Si

B, = J {b:(bn)Ew:supZ

K>1 NeF n

Then the a-dual of the space { (S, p) is as follows

{g(g )}IX_ By, it 0<p, <1 forall n €N,
P By, if 1< p,<P<co forall neN.

Proof. It is sufficient to prove only the second case since the first is similar. For any
b = (by) € w, define a matrix A = (a,x) by

Sn

) (—1)”—kMPn,kbn, if 0<k<n,
nk —
0, if k> n.
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Using the S-transform given by (2) yields for all n € IN that

L _xSki1—S
Aut = Yo (=1)" TR bty = bz (10)
k=0 n

Combining (10) and (6) shows that bz € ¢; forz € ¢ (S~, p) if and only if At € ¢; for t € £y,
So, b = (by) € {£(S, p)}“ if and only if A € (¢,, ¢1), which means that {ﬂ(g,p)}“ = B,, as
desired. O

By employing Lemma 2, we derive the following theorem.

Theorem 5. Define the sets B3, By and Bs by

n . [—
Z(—l)l_nMPi—nan_l

pn}

Bs= J {b:(bn)Ew:squl:

K>1 i n=11i=0 Si
d — Sn—i—l - Sn P
By=14b=(by) €w: sup | Y (—1)"""=—"P_,by
ineN | n=0 5i
and ,
. ! j— Sn—b—l - Sn .
Bs=1<b=(by) €w:lim)_(-1) nsipi—nbi exists for n € N 5.
b n=0 i
Then

{E(g, p)}ﬁ = B3 U B4 U Bs.

Proof. Consider b = (b,) € w and apply the S-transform given by (2) to get

i i n .5.+1 S
Z bnzy = Z by Z <(_1)n—] ! S ]Pnj> t]'
n=1 n=1 j=0 n

(11)

i n 7,5._._1 —S.
= Z:l <Z(_1)n ]]Sinfpn_jbn> t.
n=

j=0

Let D denotes the matrix given for all i, n € IN by

i . S:.1—8S.
Y (1) _TIp by, if 0<n<i,
din = \j=n Si
O/ lf n > i.

Using Lemma 3 and equation (11) yields that bz = (b,z,) in cs if and only if Dt belongs to ¢
whenever t = (t,) € £ (p). From this, we have b = (b,) € {£ (S, p) }ﬁ ifand only if D € (¢, ¢).
Thus, from (7) and (9), we reach the desired result. O

Theorem 6.
By, if 0<p, <1 forall n €N,
Bs, if 1<p,<P<oo forall n €.

s,y -

Proof. Proceeding with the arguments as in the proof of Theorem 5, but using Lemma 2 instead
of Lemma 3, completes the proof. O
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4 Conclusions

For decades, by introducing of a new sequence space via the domain of a special infinite

matrix, numerous considerable properties containing special duals and some matrix transfor-
mations have been investigated by many scholars. In recent papers, these topics have been
studied with respect to number theoretic functions and some special numbers, and conse-
quently, various meaningful and interesting conclusions are revealed.

In this article, as a continuation of the studies [11, 12], we consider a new paranormed

space arising from a conservative matrix involving Schroder numbers. Also, we show that this
paranormed space is linearly isomorphic to ¢ (p). Additionally, we offer a Schauder basis and

some special duals of the resulting space.
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VY Wit cTaTTi MM OPOHOHYEMO HOBMI MApaHOPMOBAHWUIA IpOCTip mocaiaosHoOCTelt £(S, p), moby-
AOBaHMIA 3a AOIIOMOrOK0 KOHcepBaTuBHOI MaTpui Illpeaepa, i AOBOAMMO, 110 LVl HOBMIL IIPOCTIp
AiHiNHO i30MopdoHMit A0 ipocTopy ¢(p). KpiM Toro, Mu moaaemo 6asuc Mlayaepa AASL LIBOTO IPO-
CTOPY Ta BU3HAUYAEMO AesIKi cIelliaAbHi CIIpsIKeHi MpocTopy, Taki K a-, B-, y-CIpsIKeHi.

Kntouosi cnosa i ppasu: wwmcaro Illpeaepa, mapaHOpMOBaHMI IPOCTip TOCAIAOBHOCTEM, KOHCEpBa-
TMBHA MaTPUIIs, &-, B-, Y-CIIPsKeHi TPOCTOPI.



