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Rings with prime units
Calci T.P.1, Chen H.?, Halicioglu S.1

A ring R is said to be a UP ring if every invertible element in R is the sum of the identity and a
strongly nilpotent element. In this paper, many characterizations of UP rings are given. We prove
that for a UP ring R, the following conditions are equivalent: R is weakly exchange, R is exchange,
Ris clean, and R is nil clean. This is a partial answer to the question, which is asked by A.J. Diesl in
[J. Algebra 2013, 383, 197-211].
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1 Introduction

Throughout this paper, all rings are associative with identity unless otherwise stated. For
aring R, a € R is strongly nilpotent if every sequence a = agp,ay, ..., such that a;;1 € a;Ra; is
ultimately zero. Obviously, every strongly nilpotent element is nilpotent. The prime radical
P(R) of a ring R, that is, the intersection of all prime ideals, consists of precisely the strongly
nilpotent elements. For a ring R, U(R), J(R) and N(R) denote the group of units, the Jacobson
radical and the set of all nilpotent elements of R, respectively. Let Z be the ring of integers.
For a positive integer 1, Z,, is the ring of integers modulo n. We write M, (R) for the ring of all
n x n matrices and T, (R) for the ring of all n x n upper triangular matrices over R. Also, we
write R[x] for the polynomial ring over a ring R.

The notion of cleanness was first introduced by W.K. Nicholson in [8]. An element a of a
ring R is called clean if a can be expressed as e + 1, where e is an idempotent and u is a unit
of R. A ring R is clean if all its elements are clean. An element x of a ring R is called P-clean if
there exist an idempotent e € R and p € P(R) such that x = e + p. A ring R is called P-clean
if each of its elements is P-clean. Evidently, a ring R is P-clean if and only if every element is
the sum of an idempotent and a strongly nilpotent that commute by [2]. It is clear that every
P-clean ring is clean. But the converse is not true in general.

We call a ring R as UP ring or a ring with only prime units if 1 + P(R) = U(R). As mentioned
above, we prove that if R is a UP ring, then every weakly exchange element of R is P-clean.
Hence, every clean element of R is P-clean.
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We summarize the contents of this paper. In Section 2, we shall characterize UP rings. We
prove that a ring R is a UP ring if and only if T,,(R) is UP for all n > 2. Furthermore, we show
that if R is a UP ring, then R/P(R) is reversible and R is directly finite. Finally, in the last
section, we focus on weakly exchange properties. For a UP ring R, we prove that the following
conditions are equivalent: R is weakly exchange, R is exchange, R is clean, and R is nil clean.
Moreover, a ring R is P-clean if and only if it is a weakly exchange UP ring.

2 UP rings

For any ring R, it is well known that, 1+ P(R) C U(R). However, this inclusion is strict. So
the aim of this paper is to investigate when U (R) is contained in 1 4+ P(R). In this section, we
define UP rings and investigate several useful properties of UP rings.

Definition 1. A ring R is called UP if
1+ P(R) = U(R).
We begin with a simple result.

Lemma 1. For any ring R, we have
U(R) + P(R) = U(R).

Proof. Ttis clear that U(R) C U(R) + P(R).
To see the converse inclusion, let x = u + p € U(R) + P(R). Then x = u(1 +u~!p) and
sox € U(R). O

Theorem 1. For a ring R the following are equivalent:

1) RisaUP ring;

U(R/P(R)) = {1},

(

(2)

(3) xu —vx € P(R) foranyu,v € U(R) and x € R;
(4)

(

4) U(R) +U(R) = P(R);
5) R/P(R) isa UP ring.

Proof. (1) = (2) Let u be invertible in R/P(R). Then there exists v € R such that
uv € 14 P(R). Hence, uv € U(R), since 1 + P(R) C U(R). Thus, u is right invertible in R.
Similarly, u is left invertible in R. So u € U(R) = 1+ P(R) by hypothesis. Consequently, % is
the trivial unit in R/P(R).

(2) = (1) It is obvious.

(1) = (3) Letu,v € U(R) and x € R. Thenu = 1+ p; and v = 1+ p;, for some
p1,p2 € P(R). Clearly, xu — vx € P(R).

(3) = (4) By hypothesis, for x = 1, u —v € P(R) for any u,v € U(R). This shows
that U(R) + U(R) C P(R). To see the converse inclusion, let p € P(R). Then we obtain
p=1+(-1+p) e U(R)+ U(R).

(4) = (1) Let u € U(R). By hypothesis, u +v € P(R) for any v € U(R). Sou € 1+ P(R).

(2) < (5) Itis evident, since P(R/P(R)) = {0}. O
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Proposition 1. The ring @ R; is UP if and only if R; are UP foralli € Z = {1,2,...,n}.

ieT
Proof. Since P( @ R;) = @ P(R;) and U( @ R;) = @ U(R;), we easily get the result. O
ieT ieT ieT ieT

It is well known that P(R) C N(R) and P(R) C J(R). But these inclusions might be strict.
So we have the following, which is very useful to determine whether a ring is UP.

Proposition 2. If R is a UP ring, then
P(R) = J(R) = N(R).

Proof. It is clear that J(R) is always in 1 4+ U(R). Since R is UP, we get 1 + U(R) = P(R).
Hence, J(R) € P(R). The converse inclusion is clear. Thus, P(R) = J(R).

Further, clearly P(R) C N(R). Let n € N(R). Then 1 —n € U(R). By hypothesis there
exists p € P(R) such that1 —n =1+ p. Hence, n = —p € P(R), as asserted. O

Example 1. Consider the formal power series ring F|[x]] over a field F. Then J(F[[x]]) =< x >
but x ¢ N(F[[x]]). Hence, F[[x]] is not a UP ring by Proposition 2.

The converse statement of Proposition 2 is not true in general.

Remark 1. Consider the ring Z. Then

but Z is not a UP ring.

Recall that an ideal I of a ring R is called locally nilpotent if for any x € I, RxR is nilpotent.
Further, a ring R is Boolean if every element in R is an idempotent.

Proposition 3. If R/J(R) is Boolean and [(R) is locally nilpotent, then R is a UP ring.

Proof. Assume that R/J(R) is Boolean and J(R) is locally nilpotent. Let x € U(R). Then
% = 1as R/J(R) is Boolean. Hence, x — 1 € J(R). Since J(R) is locally nilpotent, R(x — 1)R is
nilpotent and so x — 1 € P(R). Therefore, x € 1+ P(R). O

As the following example shows the condition “R/J(R) is Boolean” in Proposition 3 is not
superfluous.

Example 2. Consider the ring R = Z. Then J(R) = {0}. Hence, J(R) is locally nilpotent.
However, —1 € U(R) and —1 ¢ 1+ P(R). Thus, R is not UP.

Proposition 4. If R isa UP ring, then R/ J(R) is a UP ring. The converse holds if J(R) is locally
nilpotent.

Proof. If R is UP, then R/P(R) is UP by Theorem 1. Hence, R/J(R) is UP by Proposition 2.
Let u € U(R). Thenu € U(R/]J(R)). Therefore, u € 1+ P(R/J(R)). By Proposition 2,

P(R/J(R)) = J(R/J(R)) = 0. Hence, u = 1. Thus, u —1 € J(R). Since J(R) is locally
nilpotent, u — 1 € P(R). Consequently, U(R) =1+ P(R). O
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Theorem 2. Every subring of a UP ring is UP.

Proof. Let R be a UP ring and S be a subring of R. To see that S is UP, let u € U(S). Then
u € U(R). Hence, u = 1+ p for some p € P(R) by hypothesis. Thus, 1 —u € P(R)NS.
Since P(R) NS C P(S), wegetu € 1+ P(S). So, S isa UP ring. O

Corollary 1. Every finite subdirect product of UP ring is UP.
Recall that a ring R is called UU (see [1]), if all units are unipotent.
Theorem 3 ([4, Theorem 6.1]). The following are equivalent:

(1) RisaUP ring;

(2) Risa2-primal UU ring;

(8) U(R) is a2-group, 2 € N(R) and R is a 2-primal ring.
Corollary 2. If R is a UP ring, then char (R) = 2" for somen > 0.
Proof. By Theorem 3, there exists n > 0 such that 2" = 0 as asserted. O
Proposition 5. If R is a UP ring, then

(1) R/P(R) is reversible;

(2) R is directly finite.

Proof. (1) Letab = 0. Then ba € N(R/P(R)), anso 1+ ba € U(R/P(R)). By Theorem 1,
1+ ba = 1. Hence ba = 0, as asserted.
(2) Letab = 1. Then ab = 1. By (1), we obtain that R/ P(R) is directly finite, and so ba = 1.

Hence, ba € 1+ P(R) C U(R). Further, (ba)? = ba. Thus, ba = 1. O
Recall that a ring R is called abelian if all idempotents in R are central.

Corollary 3. Let R be a UP ring. Then R/P(R) is abelian.

Proof. Since reversible rings are abelian, the proof is clear by Proposition 5. O

Being R/I is a UP ring does not imply that R is a UP ring. For example, Z/2Z is a UP
ring, but Z is not. So we have the following assertion.

Theorem 4. Let I be a locally nilpotent ideal of R. Then R is a UP ring if and only if R/I
isa UP ring.

Proof. Necessity. Assume that R is UP and ¥ € U(R/I). Then there exists 7 such that xy = 1.
Hence, xy — 1 € I. By hypothesis, xy —1 € P(R) and so xy € U(R). Thus, x is right invertible.
Similarly, x is left invertible. So x € U(R). Since R is a UP ring, there exists p € P(R) such
that x = 1+ p. Hence, ¥ = 1+ p. Therefore, ¥ € 1+ P(R/I), because P(R/I) = P(R)/I,
since I C P(R).

Sufficiency. To see Ris UP, letu € U(R). Thenu € U(R/I). Since R/Iis UP and I C P(R),
we get # = 1+ p for some p € P(R). Hence, u —1—p € I. Since I C P(R), we obtain
u € 1+ P(R), as asserted. O
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Corollary 4. A ring R isUP if and only if 2 € N(R) and R/2R is UP.

Proposition 6. Let R be a commutative ring and ¢ : R — R be an automorphism of R. Then
R[x, 0] is a UP ring if and only if

(1) RisUP;

(2) every minimal strongly o-prime ideal of R is completely prime.
Proof. 1tis clear by [9, Proposition 3.2] and Theorem 3. O
Corollary 5. A commutative ring R is UP if and only if R[x] is UP.
Proposition 7. Let R be a ring. Then the following are equivalent:

(1) RisUP;

(2) Tu(R) isUP foralln > 2.

Proof. (1) = (2) Without loss of generality we may consider n = 2.
Let A = < g ZZ ) € U(T2(R)). Then a,c € U(R). By hypothesis,a =1+pandc=1+g,

where p, q € P(R). Hence, A € I + P(T>(R)) since P(T(R)) — ( P (OR) pﬁz) )

(2) = (1) Letu € U(R). Then < 1(4) (1) ) € U(T2(R)). Hence, ( g (1) ) € 1+ P(T»(R)).
Thus, u € 1+ P(R). O

The following shows that Proposition 7 is not true for full matrix rings.

Remark 2. M(R) is not UP for any arbitrary ring R. Choose U = < (1) 1 ) € U(Mz(R)).
1 -1

Then, — U =
enl, — U (_1 0

) ¢ P(Mz(R)). Hence, M,(R) is not UP.

3 Weakly exchange properties

A ring R is exchange if for any a € R there exists an idempotent e € R such that e € aR and
1 —e € (1 —a)R. Further, in [10] a ring R is called weakly exchange if for any x € R there exists
e? =e € xRsuchthat1 —e € (1—x)Ror1—e € (1+ x)R. Moreover, an element 4 in a ring R
is called nil clean if there exist > = ¢ € Rand n € N(R) such that a = e + n. If also en = ne,
then an element a is called strongly nil clean. A ring R is called nil clean (strongly nil clean) if
each of its elements is nil clean (strongly nil clean). It is proved in [6] that every nil clean ring
is clean and it is asked is there any nil clean element also clean. So, the following can be seen
as a partial answer to this question.
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Theorem 5. Let R be a UP ring. Then the following are equivalent:
(1) R is weakly exchange;

(2) R is exchange;
(3) R is clean;

(4) R is nil clean.

Proof. (1) < (2) < (3) Since Ris UP, 2 € J(R). Hence, we get result by [3].

(3) = (4) Let x € R be clean. So, x = e + u for some ¢> = ¢ € Rand u € U(R). Then
we have p € P(R) such that u = 1+ p. Hence, x = e+1+p = 1 —e+ 2¢e+ p, where
2¢ +p € P(R) C N(R). Thus, x is nil clean.

(4) = (3) Let x € R be nil clean. Then there exist ¢ = ¢ € R and n € N(R) such
that x = e+n. Hence, x =1 —e+2¢—1+n. Since Risa UP ring, wegetl+n =1+p
for some p € P(R). Thus we have x = 1 — e+ 2¢ — 1+ p, which implies that x is clean
as2 € P(R). O

Corollary 6. Let R be a weakly exchange UP ring. Then M, (R) is nil clean for alln > 1.

Proof. Assume that R is a weakly exchange UP ring. Then R is exchange UU. Hence,
it is strongly nil clean by [3]. Further R is 2-primal since it is UP. Thus, M,(R) is nil clean
by [7]. O
Theorem 6. A ring R is P-clean if and only if

(1) R is weakly exchange;
(2) RisaUP ring.
Proof. Necessity. This is obvious.
Sufficiency. Since R is a UP ring, we see that 2 € R is nilpotent. Hence, 2 € J(R). In light
of [3, Proposition 2.5], R is an exchange ring. Since R is a UP ring, it is UU (see [5]). Thus, R

is strongly nil clean by [4]. To see R is P-clean, let x € N(R). Since Ris UP, 1+ x = 1+ y for
some y € P(R). Hence, x = y € P(R). Thus, R is P-clean. O

Corollary 7. A ring R is P-clean if and only if it is a clean UP ring.

Z, 7 (0 7,
0 Zz) Then we have P(R) = (O 0 >and

R/P(R) = Zy X Z,. Since Zy X Z; is a Boolean ring, R is a UP ring by [2] and Theorem 6.

Example 3. Consider the ring R = <

Example 4. LetR = Io_o[ Zyn. Then R/P(R) is not Boolean. However, R is exchange. Thus, R is
not a UP ring by [2] 2;31 Theorem 6.
Corollary 8. Let R be a ring. Then the following are equivalent:
(1) RisaUP ring;
(2) every weakly exchange element of R is P-clean.
Corollary 9. A ring R is UP if and only if every unit of R is P-clean.

Proof. Necessity. It is clear by Corollary 8.
Sufficiency. Let u € U(R). Then u = e+ p, where ¢> = ¢ € Rand p € P(R). Hence,
e=u—p=u(l—ulp) € U(R). Thus,e =Tandsou € 1+ P(R). O
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Kinbre R HasmBaroTh UP-KiAblIeM, SIKIIIO KOXeH 06OPOTHMI eAeMeHT Y R € cyMoIo oAMHMII Ta
CMABHO HIiABIIOTEHTHOTO eAeMeHTa. Y Wilf CTaTTi HaBeAeHO barato xapakrepuctuk UP-kinerrs. Ao-
BeAeHO, 10 AAsT U P-KiabIrs R Taki yMoBU € ekBiBaAeHTHMMI: R € crabko o6MiHHMM, R € 0OMiHHMM,
R e unctum i R e Hiab-umcTuM. Lle € 9acTKOBOIO BiATIOBIAAIO Ha IIMTaHHS, MOcTaBAeHe A. Ai3A0OM y
[J. Algebra 2013, 383, 197-211].

Kontouosi cnosa i ppasu: UP-Kinblle, po3IIMpeHHs! Kirellb, 0OOMiHHe KiAblle.



