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Some fixed point results on controlled rectangular partial
metric spaces with a graph structure

Alamgir N.}, Kiran Q.%, Ali Y.3, Aydi H.%5

In this work, we define a controlled rectangular partial metric space, which is a generalization
of a controlled rectangular metric space and a controlled metric space. Furthermore, we derive
some fixed point results with suitable conditions in this setting. As an application, we give a fixed
point theorem for graphic contractions on a controlled rectangular partial metric space via a graph
structure.
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1 Introduction

In the recent years, fixed point theory appears in many fields of mathematics by its con-
venient application to resolve problems of nonlinear analysis, graph theory and differential
equations. For more details, see [3,8,10,16,19,29]. A large number of researchers have exerted
in finding new metric spaces, besides to variant contraction mappings. I.A. Bakhtin [11] and
S. Czerwik [12] presented the famous b-metric space generalization. A convenient application
of the b-metric space opened avenues for researchers to apply fixed point theorems for resolv-
ing problems in variety of situations. Resultantly, many generalizations of the metric space
have emerged. Namely, T. Kamran et. al. [15] in 2017 generalized the concept of a b-metric
space by replacing in the triangle inequality the constant s by a function 6(u, v) as follows

de(u,w) < ¢(u,w)d(u,v) +dc (v, w)]

forall u,v,w € U. Note that each b-metric space is an extended b-metric space, but the converse
is not true in general. Since then, many researchers have successfully generalized it in different
directions, see [5,7,9,17,23,27]. Lately, N. Mlaiki et. al. [18] developed the notion of a controlled
metric space by generalizing the extended b-metric with the following triangle inequality

e (1,0) < g1, 0)d (1,0) + 6(0,0)d (0, )

for all u,v,w € U. Since then, a good amount of very valuable papers have been published,
see [2,6,13,21,22,28]. N. Alamgir et. al. [4] introduced a controlled rectangular metric space as
a generalization of a controlled metric space as follows.
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Definition 1. A mapping d. : U x U — [0,00) on a nonempty set U is called an extended
rectangular b-metric, if for allu,v € U, and all distinct u1, up € U \ {u, v}, the following axioms
are satisfies:

(i) d.(u,v) = 0ifand only if u = v,
(i) d.(u,v) =dc(v,u),
(iii) dg(u,v) < ¢(u, p1)dg(u, 1) + ¢ (p1, p2)de (i, p2) + 6 (p2, v)dg (42, 0),
whereg : U x U — [1,0) is a map. Then (U, d.) is a controlled rectangular metric space.

Example 1. Let U = [0, ). Define a mappingd. : U x U — [0,0) by

0, ifu=mo,
1 >

de(i,0) = 4 ifu>1land v € [0,1),
1 ifv>1landu€0,1),
1, otherwise.

Then (U, d) is a controlled rectangular metric space, where ¢ : U x U — [1,00) is a map-
ping defined by
u, ifuov>1,
6(u,0) = :
1, otherwise.

In this paper, we introduce the notion of a controlled rectangular partial metric space,
which generalizes a controlled rectangular metric space and a controlled metric space. Fur-
ther, we derive several fixed point results on such spaces via a graph structure [25].

2 Some fixed point results on controlled rectangular partial metric spaces

In this section, we introduce a controlled rectangular partial metric space and prove some
related fixed point results.

Definition 2. A mappingd. : U x U — [0, %) on a nonempty set U with a real valued function
¢: UxU — [1,00) is called a controlled rectangular partial metric, if for all u,v € U and all
distinct p1, up € U \ {u, v}, the following axioms are satisfied:

(i) dg(u,v) 20,
(i) u = v if and only if d¢ (u,u) = dc(u,v) = d (0, 0),
(iii) dg(u,0) = d(o,u),
(iv) dc(u,u) < d(u,0),
(v) dg(u,0) < g(u, p)de(u, pr) + ¢(pa, p2)de (pa, p2) + 6 (p2, v)d (p2, 0)
—d¢(p1, 1) — dg(p2, p2).

The pair (U, d.) is a controlled rectangular partial metric space.
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Remark 1. A controlled rectangular partial metric space is different from a controlled partial
metric space [25]. Also, every controlled rectangular metric space is a controlled rectangu-
lar partial metric space with a zero self-distance, but the converse statement is not true. For
explanation, see the following example.

Example 2. Let U = [0,3] and ¢ > 3 be a constant. Define a mapping d. : U x U — [0, c0) by

o, ifu=mo,
L1l ifu>1andvel0,1),
d(1,0) = ,f+(1, 1 > 1lan [0,1)
45, ifv>landuc|01),
1+ (17, otherwise.
Then (U, d,) is a controlled rectangular partial metric space, where¢ : U x U — [1,00) is a
function defined by
u, ifu,ov>1,
¢(u,v) = .
1, otherwise.
Note that (U,d.) is not a controlled partial metric space, because if we take u = 3,

v =05 w=4andoc = 6, thend.(u,w) = 1+ 1 = 1.16666, d.(u,v) = 3+ + = 0.49999,
dc(v,w) = 3+ % = 041666 and g(u,v) = 1, ¢(v,w) = 1, so the triangle inequality does not
hold. Indeed,

dc(u,w) = 1.16666 > ¢(u,v)d:(1,v) + ¢(v, w)dc (v, w) = 0.49999 + 0.41666 = 0.91665.

Clearly, (U, d.) is not also a controlled rectangular metric space because the self distance is
not zero.

Next, we will define convergent and Cauchy sequences in the setting of controlled rectan-
gular partial metric spaces.

Definition 3. Let {u, } be a sequence in the controlled rectangular partial metric space (U, d)
and u € U. Then

(i) {un} converges to u, if nlgrolo dc(un,u) = dc(u,u), in such a case, we write nlgl(}o Uy = U,

(ii) {u,} is called Cauchy sequence, if mlrilr_r}oo dc(um, un) exists and is finite,

(iii) (U,d,) is called complete, if every Cauchy sequence in M converges to u, so that

m/l}%r_r}oo de(tm, up) = dc(u,u).

Remark 2. It should be noted that
(i) a controlled rectangular partial metric space is not continuous in general,

(ii) the limit of a convergent sequence in a controlled rectangular partial metric space need
not be unique.

The following example confirms the second statement.



346 Alamgir N., Kiran Q., Ali Y., Aydi H.

Example 3. Let U = [0,00). Define a map d. : U x U — [0,00) by d¢(u,v) = max{u,v} + 0o,
where o > 0 is an arbitrary constant. Also, define a functiong¢ : U x U — [1,00) by

uv, ifu,v € ll,00),
g(u,v>={ Ic2)

1, otherwise.

Then (U, d.) is a complete controlled rectangular partial metric space. Now, consider the se-
quence u, = {1} foralln € N. Then for allv > 1, we have

nh_r>ro10 dc(un,v) = dc(v,0).

Hence, {u,} has more than one limit in U.

Theorem 1. Let T : U — U be a mapping on complete controlled rectangular partial metric
space (U, d.). Suppose that the following axioms hold:

(i) for allu,v € U we have
dc(Tu, Tv) < Adc(u,v), (1)

where A € [0,1),

(ii) for each uy € U we have liILl ¢(tn, um)A < 1, where u, = T"up,n =1,2,....
1,1Mm—00

Then T has a unique fixed point u € U and d.(u, i) = 0.

Proof. First, we will show that if y is a fixed point of T, then d.(y, ) = 0. Let us suppose that
dc(p, u) > 0, then from inequality (1) it follows that

de(p,p) = dc(Ty, Tu) < Adc(p,p) < de(p, p).

It is a contradiction. Hence, d.(p, u) = 0.
For the existence of a fixed point, let us take an arbitrary element 1y € U, and define an
iterative sequence {u, } over ug as follows

uy = Tug, up = Tuy = T(Tug) = T?uo,..., uy=T"ug,....
Now, by recursively applying inequality (1), we obtain

de(un, 1) = de (T uo, T ug) < Adc (T g, T"u)
< A2 (T 2ug, T" tug) < -+ < A"d(ug, uy).
So, we have
dg(un/ un+1) < )\ndg(MOr ul)- (2)

By taking limit in the above inequality as n — oo, we get

nh_r>ro10 dc(up, tpy1) = 0.

Next, we show that {u, } is a Cauchy sequence. For this end, we consider the following two
cases.
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Case 1. Let x be odd, thatis, k = 2m 4+ 1 with m > 1. Then from condition (iii) of Definition 2
and inequality (2) for n 4+ x > n, we have

dg(”nz Untoms1) < G(un, ”n+1)dg (tn, tny1) + 6(Unt1, ”n+2)dg (Unt1, Unt2)
+ ¢(Unt2, Ungoms1)de (Unt2, Untoms1) — Ac(Ung1, Up1) — de(Uny2, Ung2)
< [ettn, s )A" + Gt 10012)A7] i (0, 11)
+ 6 (Unt2, Untam+1)de (Unt2, Unyomi1) — dg(Uni1, Uni1) — dg(Unt2, Unt2)
< {G(”nr upy1) A" + ¢(uny1, un+2))‘n+1] dg(uo, u1) — dc(Un41, Unt1)
—d (U2, ung2) + G(Uns 2, Ungoms1)G(Unt2, Uny3)de (g2, Uny3)
+ ¢ (Unt2, Untomt1)G (Ung3, Unta)de (Ung3, tnia)
+ ¢ (Un+2, Un2m11)6 (Untds Unsom1)de (Unsa, Uny2me1)
—6(uny2, un+2m+1)dg (Uny3,Uns3) — G(Uny2, un+2m+1)dg (Unta, Unsa)
< |6 (un, uni1) A" + ¢ (Una, un+2)An+1] d¢(uo, 1)
+ 6 (tns2, Ung2ms1)6(Unt2, Mn+3))\n+2dg(uor up)
+ 6(tns2, Ung2ms1)6(Unts, Mn+4))\n+3dg(uor uy) + ...
+ dg (o, u1)g(Un+2, Untam+1) - - - 6 (Unt2m—2, Un+2n-1)
+ (g2, Unyams1) - - - (Unsam—1, Ungom) A" 2" (1o, uq)
+ ¢ (tng2, tnrom+1) - - - G (Unsom, Unsamr ) A" 2" dg (o, ur)
— [N = A2 d (ug, 10) — ¢ (Unt2, Unsam+1)de (1o, g) A"
— G(uny2, un+2m+1)dg (uo, uO))\nJr‘L ..

- dg(uOI uO)Q(”n—i—Z/ un+2m+1) cee G(”n—i—Zm—Z/ un+2m+1)

An+2m—2

An+2m71

— dg (10, 10)G (Unt2, Untom+1) - - - 6 (Unsom—2, Uns2ms1 ) A"

< dc(uo,u1) [g(un,unﬂ))»” + g(un+z,un+3))»”“]
i .
+ 6 (Uns2j Unt2m+1)6 (Uns2is Unoir1) A" T2 (ug, ur)

3
L

~
I
—_
~.
Il
—_

3
L

+

Q(”n+2j+1r Uny2m+1)6(Unt2it1, un+2z‘+2))\n+2i+1dg (1o, u1)

~
I
[
~.
Il
—_

¢ (tn2is Unromr1 )N T2 (ug, ur) — [A"T — A2 d (g, ug)

+
P Is

—_
~

g(uﬂ+2]'/ un+2m+1)An+2i+ld€ (Mo, uO)

~
Il
U
.
Il
U

3
L

Q(”n+2jr un+2m+1))‘n+2i+2dg (UO, MO)-

i=1 j=1
We get
m—1 i "y m—1 i "y
Y T T(unsojs ttnsoms)§(tnnis ngais )N <Y T [ 6 (unj, ttnsam+1)6 (i, taig1)A™
i=1 =1 i=1 =1
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and
m—1 i vit1
Z 1—[€(14n+2j+1rMn+2m+1)(;(”n+2z‘+1,un+2i+2))\"+ ol
i=1 j=1
Z ”2j+1f Unt2m+1)6 (U2iy1, un+2i+2)A2i+1'
Therefore, we obtain
dg(un/ Unomi1) < dg Uo, ul { Un, Upy1)A" +€(un+2/ un+3>An+1}
+ Z Q(”Z]/un+2m+1)€(”2i/u2i+1)A2idg(quu1)
i=1 j=1
m—1 i 0ii1
+ 6 (t2j 1, Untoms1)6 (Uait1, Unipa) A7 T (1o, ur)
i=1 j=1
m—1 9 1 ’ (3)
+ 1T 6Ctnroi tnyoms ) A" de (o, ur) — (A" = A2 dc (1o, uo)
i=1
m—1 i 9ii1
- 6 (tj, tpyoms1) A (uo, uo)
i=1 j=1
m—1 i 9iin
- 6 (t2j, tny2my1) A 2dg (o, o).
i=1 j=1

Since lim ¢(uy, um)A < 1, the series
n,m—oo

. o0 1‘ .
Y T Te(uoj tingomsr)g(uai unis1)A®, Y T (s, insamin)g(uais, unin) A%,
i=1j=1 i=1j=1
0o i ] o i )
Y TTs(uaj, unsomiar® ™, YT T ¢(uoj, tingomiaA® 2
i=1j=1 i=1j=1
converge by the ratio test. Let
0 "y oo i vit1
ZHG g, Unyom+1)6 (Ui, tgiy1)A”, 8" =Y [ 6(tajr1, ttngam+1)6(Uaiv1, taiy2) A%,
im1j=1 im1j=1
. 0 i .
= ZHQ(uzj/unumH))\ZZH/ S" =Y " TT1e(uzj, tinsomi1)A* 2,
i=1j=1 i=1j=1
LA % o T 2it1
ZHG Uj, i 2ms1)G (Ui, tais1)A™, Sy = Y T [ 6(ugjs1s thnrams1)6(uair1, taig2) A,
i3 =1 im1j=1
. n 1‘ .
Sy = ZHG(”er”nHmH))\ZZHr Sy = Z G(Uer”n+2m+1>A21+2~

i=1j=1 i=1j=1
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Then inequality (3) takes the following form

dg(un; un+2m+1) < dg(uOI ul) [Q(un; un—i—l))\n + g(un+2/ un+3))\n+1}
+d¢ (uo, 1) [Su—1— Susa] + de (uo, u1) [}, 1 — Syya] de (o, u1)

m—1 (4)
+ 1T sy tnsoms) A" T2 (g, ur) — [N — A2 d (w0, o)
i=1

- dg(”OI uo) [5:1/1—1 - ZH] - dg(”of ”0)[ Zz/—l - Z/H]

By taking limit in the above inequality as n — oo, we get h_r)n dc(tn, Upgomy1) = 0.
n

Case 2. Let k be even, that is, k = 2m with m > 1. Then from condition (iii) of Definition 2
and inequality (2) for n 4+ x > n, we have

dg(”nf Uniom) < G(Un, un+1)dg (tn, tpy1) +6(Uni, ”n+2)dg(”n+1/ Uny2)
+6(Unt2, un+2m)dg(un+2, Unt2m) — dg(”n+1, Ups1) — dg(un+2, Upi2)
< [ (un, 1) A" + ¢ (i1, ) A" ] dc (ug, u7)
+¢(upso, un+2m>dg (Ung2, Ungom) — dg(”n+1r Upt1) — dg(un-i-Z/ Upt2)
< o, tps1) A" + ¢ (i1, una2) A de (10, u1) — dg(Upir, ts1)
- dg(”n+2r Unt2) + ¢(Ung2, Unt2m)G(Uny2, un+3>dg (Ung2,Uni3)
+ 6 (Unt2, n2om) 6 (Unt3, Unta)dg (Uni3, Unta)
+ 6(tny2, Unt2m)G(Unta, un+2m)dg (Unta, Untom)
— G(Uny2, Ungom)dc (Uni3, Uny3) — G(Unt2, Unyom)d (Unta, Unga)
< [ty 1) A" + ¢ (g1, una2) A de (10, u1)
+ 6 (2, Unpom) (6 (tng2, tny3) A2 + 61y 3, nga) A"2) de (1o, u1)
+ ¢(tns2, tngom) - - - §(Untom—2, nsom)G (Uns2m—2, Unrom—1)A" 2" 2dc (o, uy)
+ 6 (tns2, tnrom) - - - §(Unsom—1, Untom)G (Untam—1, Unsam)A" 2" Ve (g, u7)
+ (s, Uniom) - - §(Uns2m—2, Unt2m) G (Unt2ms Unom) A 2" dc (1, 1)
— A" = A1 d (g, o) — ¢ (U2, nsom)dc (o, ug) A3
— G(Uny2, Unsom)dc (uo, uO>An+4 -
— G(unt2, Unsom) - - - G(Unt2m—2, Unt2m) (An+2m*1 - )‘n+2m)dg(u0/ uo)
< dg(uo, u1) [6(tn, ns1)A" + (g2, tnr3) A" 1]

1 .
+ Z Hg(un+2j/un+2m)g(un+2i/un+2i+1)An+21dQ(uO/ul)
i=1 j=1
m—1

Z‘ .
Z H G\ Un+2j, Unt2m)6 (Unt2it1, un+2i+2>}\n+2z+1dg(u0/ up)
i=1 j=1

+ [ T 6 (tnais thnsom) A" 2" de (ug, ug) — [A" T — A" 2] d (ug, uo)

i

1 i ‘ ‘
_ g(un+2jr ui’l+2m) ()\n+21+1 + )\VH-ZH-Z)dg(uO’ u0>.
1j=1

~.
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We have

m—1 1 "y m—1 i 2
Y T T 6(ttnroj tinyom) G (tnpais tngiv)) A2 <Y T [ 6(ua), thnom)6 (i, i) A,
im1 =1 im1 =1

m=1 i ) m—=1 i )
Z G(un-i-Zj/un+2m>€(un+2i+1run+2i+2))\n+21+1 < Z HG(”ZJ‘,Mn+2m)€(”2i+1r”2i+2))\21+1-
i=1 j=1 i=1 j=1

Therefore, we obtain
dg(un; un+2m) < dg(uO/ ul) [Q(un; un—i—l)An + Q(unJrZ/ un+3))\n+1]

m—1 i )
+ ‘ Q(uzj, Un+2m)G (Ui, u2i+1))‘21dg(”0/ uy)

N
Il
—_
~.
Il
—_

3
R

_l_

¢(u2j, niom)G (Uaiy1, Unit2) A* T hd (o, u7)

N
Il
—_
~.
Il
—_

¢ (tnsi, Unsom) A 2" dc (g, ug) — A" — A2 dc (ug, ug)

+
TS

=
~

Gty tnam) (A1 4+ A2 2)d (o, o).

N
Il
—_
~.
Il
—_

Since lim ¢(uy, um)A < 1, the series
n,m— o0

i

o i ) )
YT T s(uoj tinsom)g(uai, uzi1) A%, Y T T 6(uaj, tnsom)g(univ, uzi2) A* 1,

i=1j=1 i=1j=1

0o 1 ) 0o i .
Z H Q(MZ]'/ un+2m))\21+1, Z g(uz]', un+2m))t21+2,
i=1j=1 i=1j=1

converge by the ratio test. Let

oo i ‘ o i |
S= Z G(uz]‘,un+2m)g(u2i,u2i+1))A21, S/ — Z G(uzj,un+2m)g(uzi+1,u2i+2))t21+1,
==t i=1j=1
© i . o i |
8" = Y TTsluj tnsam)A**, S" =Y T16(uzj, ttnsom)A**2,
i=1j=1 i=1j=1
n i ) n .
S, = Z Q(uzj,un+2m)9(u2i, Upit1))A”, S; = Z G(”ijun+2m)€(uzi+1,uzi+z))\ i+1
=1j=1 i=1j=1
noi o w i .
S = LI Teluay, tsam) 2™, Sy =Y 1 Ts(uaj ttnsom)A**2.
i=1j=1 i=1j=1

Then inequality (3) takes the following form

dg(un/ Untom) < dg(uOr up) [Q(un/ Uy 1)A" + 6 (Uny2, un+3>}\n+l}
+ dg(uo, ul) [Sm,1 — Sn+1] + dg(u(), ul) [S;nfl — S:ﬁLl] dg(u(), ul)
m
+ H G(”n+2jz un+2m)An+2mdg (uOI MO) - [An—‘rl - An+2] dg(uO/ MO)
i=1

— d¢(uo, uo) [5;1/171 - Z+1] — dg (uo, uo) [ me1= Z/H] :
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By taking limit in the above inequality as n — oo, we get 1Lm dc(Un, Up+om) = 0.
n—oo

Hence, in both cases

r}glt}o dg(un/ un+2m) = 0.

This shows that {u, } is a Cauchy sequence. As U is complete, so there exists u € U such that

lim dc(uy, p) = lim dc(up, upm) =dc(p,u) =0. (5)

n—oo 1,1M—00

Now we show that y is a fixed point of T. From axiom (v) of Definition 2, we have

de(p, T) < ¢(p, un)dg(p, tin) + 6(tn, Upy1)de (Un, tni1)
+6(Unt1, Tl/‘)dg (tpg1, T) — dg(”nz Un) — dg(”nJrlz Uni1)
< () (pt, un) + 6 (n, g 1)dg (Titn 1, Tun) + G (ung1, Ti)dg(Tun, Ty)
< 6, un)dg(p, un) + 6 (un, 1) Adg (n—1,1n) + ¢(Uns1, 4)Adg (1, ).

Since 1113 G(un, um)A < 1forany u, € U, by taking limit as n — oo and using (5), we get
n,M—00

lim d.(u, Tu) = 0.

n—oo

Therefore, Tu = . Hence y is a fixed point of T.
For uniqueness, let v be another fixed point of T and y # v. From inequality (1), we obtain

de(p,v) = dg(Tp, Tv) < Adg(p,v) < de(p,v).
It is a contradiction. Hence, d.(p,v) = 0, thatis, p = v and p is the unique fixed pointof T. O
Example 4. Let U = [0,2]. Define a mappingd. : U x U — [0, 00) by
(u —v)? +max{u?,v?}, ifu+#o,

dc(u,v) = u, ifu=v#0,
0, ifu=v=0.
Also, define the function ¢ : U x U — [1,00) by ¢(u,v) = 3u+2v+2 for all u,v € U.

Then (U, d,) is a controlled rectangular partial metric space.
Define a mapping T : U — U by

%, ifue(0,1),
T(u) =40, ifu=0,
1,

Then inequality (1) holds for all u,v € U.
Also, note that for each u € U we have

Hm ¢(up, um)A <1,

n,m— o0

where A € [0,1). Hence, all the axioms of Theorem 1 are satisfied, and 0 is the unique fixed
pointof T.
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Theorem 2. Let T : U — U be a mapping on a complete controlled rectangular partial metric
space (U, d.), which satisfies the following axioms:

(i) for allu,v € U we have

dc(Tu, Tv) < Aldc(u, Tu) 4+ dc (v, Tv)], (6)
where A € [0, %),
(ii) for each ug € U we have lim ¢(uy,, um)A < 1, where u, = T"ug, n = 1,2,..., and
n,m—oo

U= ﬂ S [0/1)/

(iii) for each u € U limits lgn ¢(u,uy) and lgn ¢(uy, u) exist and are finite.
n—oo n—oo
Then T has a unique fixed point u € U and d.(u, i) = 0.

Proof. First, we will show that if y is a fixed point of T, then d(p, ;) = 0. Let us suppose that
dc(p, i) > 0. Then from inequality (6) it follows that

de(p, p) = do(Ty, Tu) < Ald(p, Tu) +dc(n, T)]
= Mdg(p, ) +dg(p, w)) = 2Adg (p, ) < dc(p, ).

It is a contradiction. Hence, d.(p, 1) = 0.
For the existence of a fixed point, consider u, = T"ug. Let us take an arbitrary element
ug € U and choose 11 = Tug and up = Tuy. Then from inequality (6) we obtain

dg(ul,uz) = dQ(Tuo, Tul) < )\[dg(uo, TM()) + dg(ul, Tul)] = A[dg(uo, 1/[1) + dg(ul,uz)].

This implies that
A
dg(ul,uz) 1= Adg(uOr ul)
where w = ﬁ < 1for A < . By recursively applying inequality (6), we obtain
de(Un, tpy1) < w"dc(uo, up). (7)

Thus, by taking limit in the above inequality, we get
lim d(uy, 1,41) = 0. (8)

n—oo

Now, we will show that {u, } is a Cauchy sequence. By following the same procedure as in
the proof of Theorem 1 and using inequality (7), we conclude that {u,} is a Cauchy sequence.
As U is complete, so there exists y € U such that

lim d(up, p) = Um dc(un, up) =dc(p,p) =0. )

n—oo n,m—00
Next we show that y is a fixed point of T. From condition (iii) of Definition 2, for any n € IN

we have

de(u, Ti) < 6, un)d (i, 1) + G (thn, y1)de (tn, Un1)

+6(tpg1, Tp)d (”n+1f Tu)—d (un, Un) — dg(unﬂz Upt1)
6 (u, un )dg (p, tin) + 6 (un, i )dg (n, Uny1) + G(Unga, Tp)dg (Tun, Tp)
c(u, ”n)d (,un) + 6 (un, g 1)dg (tn, 1)
+ 6(uny1, T)Adg (un, Tun) + de(p, Th).

<
<
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This implies that

(1= Ag(upyr, T)ldg (p, T) < g(p, un)dg(p, un)

(10)
+ [Q(”nl Upi1) + Ag(Up1, T]/l)]dg (Un, tyt1).

Since for each 1y € U we have nlgrgo ¢(ty, um)A < 1, and for each u € U limits nlgr(}o ¢(upy, u) and
nh_r>r010 ¢(u, u,) exist and are finite, by taking limit in (10) as # — oo and using equations (8) and
(9), we obtain d. (4, Ti) = 0. This implies that Ty = u.

For the uniqueness, let v be another fixed point of T and y # v. From inequality (6), we
obtain

de(p,v) = dc(Tu, Tv) < Mdg(p, Tu) +dc(v, Tv)] = Alde(w, p) +dc(v,v)].

Asd (pu,pu) = 0and d.(v,v) = 0, hence from above inequality, we obtain d.(y,v) = 0, that
is, y = v and p is the unique fixed point of T. O

Theorem 3. Let T : U — U be a mapping on a complete controlled rectangular partial metric
space (U, d.), which satisfies the following axioms:

(i) for allu,v € U, we have
dc(Tu, Tv) < Amax{d;(u,v),d:(u,Tu),d. (v, Tv)}, (11)
where A € [0, %),

(ii) for each uy € U we have lim ¢(uy, um)A < 1 and hm g(un,y))t < 1foreachy € U,

n,m-—o00
where u, = T"up,n =1,2,.

(iii) for each u € U limits lgn ¢(up,u) and lgn ¢(u, uy) exist and are finite.
n—oo n—oo
Then T has a unique fixed point u € U and d.(u, i) = 0.

Proof. First, let us suppose that if y is a fixed point of T, then d.(u, ;) = 0. Suppose that
dc(p, i) > 0. Then from inequality (11) it follows that

de(p,p) = dc(Ty, Tp) < Amax{de(p, w), de(p, Tw), de(, Tw) } = Ade(p, 1) < dg(p, ).

It is a contradiction. Hence, d.(p, u) = 0.
For the existence of a fixed point, let us take an arbitrary element 1y € U, and define an
iterative sequence u, = T"uq for each n > 0. From (11), we obtain

de(un, upr1) = de(Tuy—1, Tup) < Amax{dc(un_1,un), dc(Un—1, Tup_1),dc(un, Tuyn)}
= Amax{dc(uy_1, tn),dc(thp_1,un),dc(Un, Upys1)}
= Amax{dc(uy_1, tn),dc(Un, hy41)}.
)

If max{d(uy—1,tn),dc(ttn, thyy1)} = dc(Un, Uy41), then from above inequality, we obtain
dg(un/ un+1) < )\dg (ul’lr un+1) < dg (unr un+1)~

It is a contradiction. Hence, max{d,(u,_1, un), dc(un, y+1)} = dc(14y_1,u,), and from above
inequality we get d¢ (1, uy41) < Adc(tn, upr1) < de(Up—1,un).
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By repeating the same procedure recursively, we obtain
de(Un, Upr1) < Adc(ug, uq) (12)
for all n > 0. Thus, by taking limit in the above inequality, we have

lim d (uy, ty11) = 0. (13)

n—oo

Now, we will show that {u, } is a Cauchy sequence. By following the same procedure as in
the proof of Theorem 1 and using inequality (12), we conclude that {u, } is a Cauchy sequence.
Since U is complete, there exists € U such that

im dc(up, p) = Um dc(up, up) =dc(p,p) =0. (14)

n—r00 n,m—»o00

Next, we show that y is a fixed point of T. From condition (iii) of Definition 2, for each
n € IN, we have

de(p, Tp) < ¢(p, un)de(p, un) + 6 (un, tns1)dg (un, tny1)
+6(uny1, Tu)dg (uni1, Th) — dg(tn, tn) — de(tpi1, Uni1)
G (s un)dg (, n) + 6 (ttn, un1)dg (thn, Uns1) + 6 (1, Ti)dg (Tun, Tie)
6 (p, un)de (p, un) + 6 (tn, Uni1)dg (Un, Uni1)
+ ¢ (unt1, Tp)A max{d (un, u), dg(un, Tun), de(p, T) }
= (p, un)dc(p, un) + ¢(un, tny1)dc(tn, tn1)
+ ¢ (uns1, Tu)Amax{de (un, u), dg(tn, n1), dg(pt, Tp) }-

<
<

Assume that Ty # p. Then dc(u, Tu) > 0. Due to equations (13) and (14), there exists an
integer 1y so that for all n > ng, one can write max{d, (un, u), dc(tn, tny1)} < dc(p, Ty). That
is, for all n > ng, we have max{d (un, u), dc(thn, hny1),dc(u, Tu)} = dc(u, Tu). Thus,

de(p, Tu) < 6(p, un)de (s, tn) + 6 (un, tny1)de (Un, ni1) + 6(Unr1, TH)Ad (1, Th).

This implies that

(1 —G(unrr, Tw)AJdc (1, Tp) < g(p, un)dg (p, tin) + 6 (tn, Uny1)de (Un, Uny1)- (15)

Since for each uy € U we have li_r>n G(up, um)A < 1, 1i_r>n [1—¢(ups1, Tu)A] < 0 and for
n—oo n—o0
each u € U the limit lgn (u, uy) exists and is finite, the right-hand side of inequality (15) goes
n—oo

to 0 as n — oo. Necessarily, we obtain that d.(y, Tu) = 0. This implies that Ty = p. Itis a
contradiction. That is, y is a fixed point of T.
For the uniqueness, let v be another fixed point of T. From inequality (11), we obtain

de(p,v) = dg(Tp, Tv) < Amax{d,(p,v),dg(u, Tu), dg (v, Tv)}
= Amax{d;(p,v), dg(u, u),d (v, v)}.

Asd (u,u) = 0and d.(v,v) = 0, hence from above inequality, we obtain d.(y,v) = 0, that is,
u = v and p is the unique fixed point of T. O
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3 Fixed point results for graphic contractions in controlled rectangular
partial metric spaces

In this section, we present some fixed point results for graphic contractions in controlled
rectangular partial metric spaces. J. Jachymski [14] established some strong results, which
combine fixed point theory with graph theory. Afterwards, many researchers have developed
this approach for different metric spaces with several contractions, see [1,20, 24-26]. In this
section, we prove some fixed point results for graphic G,-contractive maps.

For more understanding, we review some basic concepts of graph theory. Let (U,d.) be
a complete controlled rectangular partial metric space. We denote by A the diagonal of the
Cartesian product U x U. A graph & is denoted by the pair (%, €), where U is a set of vertices
coinciding with U and € is the set of its edges, so that A C ¢&. Throughout this paper, we
suppose that the graph & has no parallel edges, that is, & has no edges that are incident to the
same two vertices.

Definition 4 ([14]). Let us take two vertices a and b in a graph &. A path in ® froma to b of
length k, k € N U {0}, is a sequence {t}}_, of k + 1 distinct vertices such thatty = a, t; = b
and (t;,tiy1) € €(®) fori =1,2,... k.

Let (U, d.) be a complete controlled rectangular partial metric space. The graph & can be
converted to a directed graph by assigning to each edge the distance given by the controlled
partial metric between its vertices. We denote by & ! the graph obtained from & by reversing
the direction of edges in &. Hence,

&) ={(u,V)eUxU: (V,u) € €®)} and V(6 ') =(&).
Let us take an undirected graph & by ignoring the direction of all edges, that is
(&) =¢(B)Ue(s ).

Definition 5. A subgraph of a graph & is itself graph, that consists the subsets of graph edges
and its correlated vertices.

Definition 6. (i) A graph & is said to be connected, if there is a path between any two vertices
of &, and is called weakly connected, if & is connected.

(ii) A graph & is said to be simple, if it has no multiple edges nor loops.

Let us take a vertex u of graph &. Then the subgraph &, consisting all the edges and
vertices, that are contained in some path in & starting from u, is called the component of &
containing u. In this case, U(&,) = [u]g, where [u]s denotes the equivalence class of relation R
(we say that u R*Y, if there is a path from u to U in &). In order to apply condition (iii) of
Definition 2 to the vertices of the graph &, we consider a graph of length bigger than 2, which
means that between any two vertices we can find a path through at least two other vertices.
We denote by Ur the following set

Ur={uecl: (uTu) € €&&) or (Tu,u) € €(&)}.

Next, we will define graphic &;-contractions.
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Definition 7. A mapping T : U — U on a complete controlled rectangular partial metric space
(U,d.) endowed with a graph & is called a graphic &, -contraction, if it satisfies the following
conditions:

(i) for allu,B € U we have that (u,0) € €(®) implies (Tu, TY) € €(&),

(ii) there exists a function i : [0,00) — [0,00) such that d.(Tu, T?>u) < 5(d.(u, Tu) for all
u € Ur, where 1 is an increasing function and {3" (t) },en converges to 0 for allt > 0.

Definition 8. A mapping T : U — U on a controlled rectangular partial metric space (U, d)
endowed with a graph & is called orbitally &-continuous, if for all u,*0 € U and any positive
sequence {t, } neN it satisfies the following condition:

Ty — 0, (T'u, T'+1u) € €(®) implies T(T"u) — TV as n — .

Lemma 1. Let T : U — U be a graphic &;-contraction on complete controlled rectangular
partial metric space (U,d.) endowed with a graph &. If u € Ur, then there exists y(u) > 0
such that

de(T"u, T u) < (v (w)),

for alln € N, where y(u) = dc(u, Tu).

Proof. Let u € Ur, then (u,Tu) € (&) or (Tu,u) € E(B). Let us suppose (u, Tu) € E(B).
Then by induction we obtain (T"u, T"*1u) € (&) for all n € IN. Thus, we get

Ao (T, T 1) < p(dg (T, T'0)) < (Ao (T2, T ) < - < " (de(u, Tu)).
Since y(u) = d.(u, Tu), we obtain d.(T"u, T"u) < 5" (y(u)). O

Theorem 4. Let T : U — U be orbitally &-continuous graphic &;-contraction on complete
controlled rectangular partial metric space (U, d.) endowed with a graph &. Suppose that the
following axioms hold:

(i) for every sequence {uy},eN in U, if u, — u and (uy, u,+1) € €(&), then there exists a
subsequence {uy, } neN with (uy,,u) € €(&) forn € N,

(i) foreachi > 1and u € U we have lim ¢(T'u, T"u) < 1,

n—oo

(iii) a function ¢ satisties the inequality

ki
lim — ST (16)
n—oo 1 — ¢(Tkn+1u, Ty)

Then the restriction T| il of T to [u]g has a unique fixed point.
Proof. Let u € Ut. Then from Lemma 1 we have
de(T"u, T u) < " (7 (w)), (17)

where y(u) = d.(u, Tu) > 0. By taking limit in (17) as n — co and using property of 1, we
obtain
lim dc(T"u, T" 'u) = 0. (18)

n—oo
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Next, we will show that {T"u} is a Cauchy sequence. For this end, we consider the follow-
ing two cases.
Case 1. Let k be odd, thatis k = 2m + 1 with m > 1. Then from condition (iii) of Definition 2
and inequality (17) for n + x > n, we have
dg(T"u, T"H2m+1y)
< o(T"u, T u)dg (T"u, T ) + (T, T 2u0)d (T, T 20)
(T2, TE2m L) g (T 2y, T 2mty,)
— d (T, T y) — d (T 2w, T )
< (T, T ) (y(w)) + (T g, T2 (o))
+ g(T"Hu, Tn+2m+1u)dg(Tn+2u, Tn+2m+1u)
A (T Y, T ) — do (T2, T 20)
< (T, T )y () + (T, T2y ()
A (T Y, T ) — do (T2, T 20)
g(Tn+2 Tn+2m+1u)g(Tn+2u, T"+3u)dg(T”+2u, Tn+3u)
(T"Hu, Tn+2m+1u)g(Tn+3u, T"Hu)dg(T”Mu, Tn+4u)
(T"Hu, Tn+2m+1u)g(Tn+4u, Tn+2m+1u)dg(Tn+4u, Tn+2m+1u)
(T"Hu, Tn+2m+1u)dg(Tn+3u, Tn+3u)
( )dg(T”Hu, Tn+4u)
< (T, T )y () + (T, T 2y ()
+ g(Tn+2u Tn+2m+1u g(T"“u, Tn+3u)17n+2(,y(u))
T"“u, Tn+2m+1u g(T"+3u, Tn+4u)17n+3(,y(u)) 4.

)

)
TI’H—Zu, Tn+2m+1u) S C

)

)

(
Q(Tn—O—Zm—lu’ Tn+2mu)
(

2 2m—+1
Tﬂ+ u, Tﬂ+ m+

=

(19)
Tn+2m—2u’ Tn+2m+1u)17n+2m—2 (’Y(”))

" (y (w))
C Tn+2mu, Tn+2m+1u)17n+2m (,),(u))

u...

+ TI”H—Zu Tn+2m+1

G u)..
o dg(T"Jrlu, Tn+1u

+(
+(
(T 2y, T2
(
— d (T2, T 2)
d. (T3, T"3y)
do (T, Ty —

(Tn+2m Zu Tn+2m+1

c TI”H—Zu, Tn+2m+1u

( )
o g(T”+2u, Tn+2m+1u)
( )

c Tn+2u, Tn+2m+1u u)dg (Tn+2m—1u’ Tn+2m—1u)
o g(T”Hu, Tn+2m+1u) ) u)d

Tn+2m 2 Tn+2m+1 (Tn+2mu,Tn+2mu)

-6
< G(T"u, T )" (v () + (T u, T 20) (v(u)g)
+ mil ﬁ g(T”J“zju, Tn+2m+1u)g(Tn+2iu, Tn+2i+1u)17n+2i(,y(u))
i=1 j=1
+ mill IL[ g(T”+2j+1u, Tn+2m+1u)g(Tn+2i+1u’ Tn+2i+2u)17n+2i+1 (,Y(u))
i=1 j=1
. g(T”J“ziu, Tn+2m+1u)17n+2m (,Y(u))
i=1
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By using the property of function # and axiom (ii), we conclude that the following two
series

o i

Y T Te(T" ¥, T2 ) g (T2 0, T2 )y 2 (y (),
i=1j=1

and

co i

Z H g(T”Jrszu, Tn+2m+1u>g(r1—vn+2i+1u, Tn+2i+2u);7n+2i+1 (7(”))/
i=1j=1

converge by the ratio test.

Let

G(T" 2, T H2m 1y o (T2, T2y )2 (o (),
g(Tn+2j+1u, Tn+2m+1u>g(Tn+2i+1u, Tn+2i+2u);7n+2i+1 (7(”))!
g(T”+2ju, Tn+2m+1u)g(Tn+2iu, T”+2i+1u)17n+2i(’y(u)),

g(Tn+2j+1u’ Tn+2m+1u)g(Tn+2i+lu’ T”+2i+2u>;7"+2i+1 ('y(u) )

Then inequality (19) takes the following form

de(T"u, T"P2" ) < o(T"u, T" M)y (7 (u))
+ (T, T 20y (y (u)
+ [Sn—1 = Suta] + [Sho1 — Shid]

m—1 .
+ H g(T”+2]u, Tn+2m+1u))17n+2m (’Y(”))
i=1

By taking limit in the above inequality as n — co, we get

lim dc(T"u, T" " 1y) = 0.
n—oo

Case 2. Let x be even, that is k = 2m with m > 1. Then from condition (iii) of Definition 2
and inequality (17) for n + x > n, we have
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de(T™u, T2 y)

< (T, T u)de (T, T ) + (T, T 20)dg (T, T )
(T2, T2y (T 20, T2y
A (T, T ) — dg (T 2u, T 2u)

< o(T"u, T )y (y () + 6 (T"at, T 2u)g" (7 ()
+ g(T”+2u Tﬂ+2mu)dg(Tn+2u, Tﬂ+2mu)
A (T, T ) — dg (T2, T 2u)

< o(T"u, T M)y (y () + 6 (T at, T 20" (o ()

d

dg(TnJrl Tn+1u) _ (TnJrZu Tn+2 )

Tn+2 Tn+2m n+2u, Tn+3 )d( n+2 Tn+3u)

( u)g(T

(Tn-i-z Tn+2mu)g(Tn+3 Tn+4 )d (Tn+3 Tn+4u)
(Tn—i-zu Tn+2mu)g(Tn+4u Tn+2m ) (Tn+4u’ Tn+2mu)
—¢(

(

(20)

Tn+2u, Tn+2mu) o g(TnJerflul Tn+2mu)17n+2m*1(,),(u))
+c Tn—i-Zu Tn+2mu) o Q(Tn—i-Zmu, Tn+2mu)17n+2m(dg(u’ u))
. dg(Tn+1u, Tn+1u) —d (Tn-i-zu’ Tn—l—Zu)

(
(
+ g(T”*zu, Tn+2mu) o Q(TnJerqu’ Tn+2m71u)17n+2m72(,y(u))
(
(

) ( n+3 Tn+3u)
) g(Tn+4 Tn+4u) _
Tn+2u, Tn+2mu) o Q(Tn+2m72u’ Tn+2mu)dg Tn+2m 1 Tn+2m71u)
)
)

(
Q(Tn+2m72u’ Tn+2m (Tn+2mu Tn+2m )

u)dc

+ Z Hg Tn+2]u Tn+2m )Q(Tn+2iu, Tn+2i+1u)17n+2i(,),(u))
i=1 ]:1

m—1 ) . .
Z HG Tn+2]u Tn+2my, )g(T"“lHu, Tn+21+2u)17n+21+1 (’Y(”))
i=1 j=1

Q(Tn—i-Ziu’ Tn+2mu)17n+2m (,),(u))

_:1§

Il
—_

+

1

By using the property of function # and axiom (ii), we conclude that the following two
series

o 1 ) ) ) )
Z H Q(Tn+2]u, Tn+2mu>g(Tn+21u’ Tn+21+1u>17n+21 (7(”))1
i=1j=1
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and
Z H g(Tn+2jul Tn+2mu)g(Tn+21+lu’ Tn+21+2u>17n+21+1 (,Y(u)),
i=1j=1

converge by the ratio test.
Let

S— Z Q(Tn+2ju, Tn+2mu)g(Tn+2iu, Tn+2i+1u)17n+2i(,y(u)),

g — i g(Tn+2ju Tn+2mu)g(Tn+2i+lu Tn+2i+2u>17n+2i+l (’Y(”))
n . . . .

Sn — Z g(T”+2]u, Tn+2mu)g(Tn+21u, Tn+21+1u)17n+21(,y(u)),

S; — Z g(Tn+2] u, T”+2mu)g(Tn+2l+lu, Tn+21+2u)17n+21+1 (’Y(”))
i=1j=1

Then inequality (20) takes the following form

de(T"u, T" 2" u) < ¢(T"u, T" Ny (v (1)) + ¢(T" Hu, T 2u)y" (y (u))
+ [Sm—1— Spa] + [S;n—l - :1+1}
m—1 )
+ H g(TnJrZ]M’ Tn+2mu))17n+2m(,y(u>>.
i=1
By taking limit in the above inequality as n — co, we get nlgrolo de(T™u, T"F2My) = 0.

Hence, in both cases
lim d.(T"u, T" ™ u) = 0.

n—oo

This shows that {T"u} is a Cauchy sequence. Since U is complete, there exists y € U such that
T"u — p as n — oo. (21)

We have T"u € Ur for u € Ur and each n € IN. Since (1, Tu) € &(®), from axiom (i)
there exists a subsequence {T¢"u},cn of {T"u},en with (TFu, u) € €(&) for n € IN. Hence,
a path in & can be formed by using the points u, Tu, T?u, ..., T"'u, i, and then p € [u]g. As T
is orbitally &-continuous, so

T(T*"u) — Ty as n — co. (22)

Now we show that y is a fixed point of T. From axiom (iv) of Definition 2, we have

de(p,p) <dc(p, Tp) (23)

and
de(Tu, Tu) < dc(p, Tp). (24)
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On the other way, from axiom (v) of Definition 2, we have

de(p, T) < g(p, T w)dg (p, T u) 4 ¢ (T w, T 1u)d (T u, T 1)
+ g(Tkn+1u T;l/l) (T n+1u T]/l) —d (Tk”l/l, Tknu) _ dg(Tk71+lu, Tkn+1u)
c(p, TOu)dg (, T u) + ¢(TFu, T u)dg (T, TO 1)

+Q(Tk71+1u Tu)d ( n+1u, Tu).

By using equations (18), (21) and (22), (24) in the above inequality, we get
de(pn, T) < N (u, T*u)de (o, o) + lim ¢(TO 1w, Tp)de (1, Tp)

and
[1— lim g(T*u, Ty)]d (p, Tp) < lim ¢ (p, T u)de (u, w)de (1, ). (25)

n—oo

Since for each u € U and i > 1 we have lgn ¢(T'u, T"u) < 1. Hence, (25) implies that
n—00

lim ¢(u, Tou) (1, T*nu0)
d.(u, T 1o de(u, 1) = li AV d ().
¢(u, T) < 1= T o(Thoiw, ) ¢(u p) = lim = (TR, Tp) ¢ (1 1)

Then by using inequality (16), we obtain d(y, Tu) = 0. Using this equality in (23) and (24),
we get

dg(p, ) = dg(p, Tp) = dg(Tp, Tph)-
Hence, Ty = p and p is a fixed point of T| s O

Example 5. Let U = [0, ). Define a mappingd. : U x U — [0,0) by
dc(u,0) = max{u, U}
for allu,G € U. Also define the functiong : U x U — [1,00) by
¢(u,V)=u+V+1

for allu,0 € U. Then (U, d.) is a complete controlled rectangular partial metric space.
Let us define a mapping T : U — U and 17 : [0,00) — [0, 00) by

u
T(l/l) = 5
forallu € U, and
t
1=

forallt € [0,00). Let
¢(&) = {(u,V) € [0,00) X [0,00) : u > Y}.

Then it is easy to prove that T is a graphic ®,-contraction and satisfies all the axioms of
Theorem 4. Hence, T has a tixed point y = 0.
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Y it poboTi MM BBOAMMO TIOHSITTSI KOHTPOABOBAHOTO IPSIMOKYTHOTO YaCTKOBOTO METPUUYHOTO
MPOCTOPY, SIKE € y3araAbHEeHHSIM KOHTPOABOBAHOIO HPSIMOKYTHOIO METPUYHOTO IIPOCTOPY Ta KOH-
TPOABOBAHOTO METPMYHOTO IMpocTopy. KpiMm TOro, My oTpumyeMo AesiKi pe3yAbTaT PO HEPYXOMY
TOUKY 3a BiATIOBiAHMX YMOB Yy LIMX IPOCTOpax. SIK 3acTocyBaHHsI, MU (POPMYAIOEMO TeOpeMy IIpO
HEPYXOMY TOUKY AASI TpacpiuHMX CTMCKaHb Y KOHTPOABOBAHOMY MPSIMOKYTHOMY YaCTKOBOMY Me-
TPUUHOMY IIPOCTOPi Uepes rpadpoBy CTPYKTYPY.

Kntouosi cnoea i ppasu: KOHTPOABOBaHMI IPSIMOKYTHMI YaCTKOBMIA METPWYHMIA IIPOCTip, HEPY-
XoMa TouKa, rpad.



