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Some bounds for distance signless Laplacian
energy-like invariant of networks

Alhevaz A.l, Baghipur M.}, Pirzada S.?, Shang Y35

For a graph or network G, denote by D(G) the distance matrix and Tr(G) the diagonal matrix
of vertex transmissions. The distance signless Laplacian matrix of G is D?(G) = Tr(G) + D(G).
We introduce the distance signless Laplacian energy-like invariant as DEL(G) = ¥.I' ; \/p;, where
p1 = p2 > --- > py are the eigenvalues of distance signless Laplacian matrix. In this paper, we
obtain new upper and lower bounds for DEL(G). These bounds involve some important invari-
ants including diameter, minimum and maximum transmission degree, distance signless Laplacian
spectral radius and the Wiener index. Additionally, we characterize the extremal graphs attaining
these bounds. Finally, we establish some relations between different versions of distance signless
Laplacian energy of graphs.

Key words and phrases: distance signless Laplacian matrix, distance signless Laplacian energy-
like invariant, spectral radius, distance signless Laplacian energy, Wiener index.
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1 Introduction

Let G(V, E) be a network (or simple graph) having the vertex set V(G) = {v1,v2,...,0,}
and the edge set E(G). The distance matrix of G is D(G) = [d¢ (v;, ;) ]UUGV(G) (see [9)),
i70j
where dg (vl-, v]-), or d;; for short, represents the distance between two vertices v; and v;. The
transmission degree Tr (v;) of a vertex v; is defined as

Trg (vi) = Y _dg (vi,vj), ]#i.
=1

For simplicity, we write Tr; = Trg (v;).
The transmission degree sequence of vertices {vy,va,...,vs} is {Try, Try, ..., Try} and the
n

weighted sum T; = ) d;;Tr; is called the second transmission degree. It is well known that
j=1

W(G) = 1 Y1 Tr; is the Wiener index, also known as the transmission of G. A graph G is called

transmission regular when every transmission is equal. The transmission regular graphs are

essentially distance balanced graphs [24].
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Let Tr(G) = diag (Try, Try, ..., Try) represent the diagonal matrix of vertex transmissions.
The distance Laplacian matrix of G is denoted by D'(G) = Tr(G) — D(G). Analogously, the
distance signless Laplacian matrix is denoted by D?(G) = Tr(G) + D(G). Since D?(G) is sym-
metric, non-negative and irreducible for connected graph G, the eigenvalues of D?(G) can be
ordered as p; > p2 > --- > pu. The eigenvalue p; is termed as the distance signless Laplacian
spectral radius. In the sequel, p(G) is used to replace p;. Note that D9(G) is an irreducible
matrix. It follows from the Perron-Frobenius theorem, p(G) > 0 is a simple eigenvalue (its
algebraic multiplicity is equal to 1). Moreover, there exists only one positive unit eigenvector
X associated with p(G). It is known as the distance signless Laplacian Perron vector. For standard
graph theoretical notations, such as the degree of vertex deg;(v) and the neighborhood of
vertex N(v), we refer to [17,29,37]. In particular, we will use G to represent the complement of
G. Both distance Laplacian spectra [10-12,22,23, 34, 35,41,42] and distance signless Laplacian
spectra [1-8,10-14, 18,19, 36,43] have been widely studied in spectral graph theory.

Suppose that the adjacency matrix A(G) has eigenvalues A1, Ay, ..., A,. We define energy
of G [21] as E(G) = YJ_1|Ail. If 61,02, ...,0, are the eigenvalues of D(G), distance energy
Ep(G) [26] is defined as Ep(G) = Y_I" ; |di|. Note that ¢;’s satisfy

1

n n
5;=0 and Y 4%=2s (1)
=1 i=1

where

s= Y, (dyj) )
1<i<j<n
In [45], the energy metric is defined using distance Laplacian eigenvalues, which was
shown to maintain the many properties of distance energy. Bearing in mind the identities
in (1), some auxiliary eigenvalues {; = 6- — %(G) were introduced, where 6F is the ith eigen-
value of DL (G),i=1,2,...,n. Ithas also been revealed that these auxiliary eigenvalues follow
similar properties regarding (1).
In [45], it is states that these auxiliary eigenvalues exhibit properties similar to (1), as fol-
lows.
Suppose that G is connected and has n vertices. We have } /' ; {; = 0 and )} ; gf = 25,

2
where S = s + % (2?:1 Tri — %(GU and s is given by (2).

Let ¢; be the auxiliary eigenvalues associated to the distance signless Laplacian eigenvalues

with ¢; = p; — %H(G) The following quantity is introduced as the distance signless Laplacian
energy [6,19,30]:
& 2W(G
Epo(G) =) |pi— #'
i=1

n
Define another type of distance signless Laplacian based graph metricas DEL(G)= }_ /p;-
i=1

This is termed as distance signless Laplacian energy-like invariant.

It is well-known that the DEL(G) is related to molecular descriptors of the molecules that
modeled by the chemical graphs. Since the distance Laplacian (or its signless version) are
based on metric properties of the graph there may be some (geo)metrical motivation for this
number, which can be investigated. In Section 4, we have obtained relationships between
Epo(G) and DEL(G) which can help in the derivation of one from another.
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The paper is organized as follows. Some preliminary results, which will be used later, are
provided in Section 2. In Section 3, we obtain upper and lower bounds for DEL(G) in con-
nected graphs and identify extremal graphs that attain these bounds. Section 4 is devoted to
new bounds for the distance signless Laplacian energy-like invariant, and we further establish
some relations for different versions of the distance (signless) Laplacian energy.

2 Preliminaries

The following lemmas will be used for developing the main results in subsequent sections.

Lemma 1 ([43]). Suppose G is connected and has the vertex set {v1,v,...,v,}. We have

p(G) > 49(C) with the equality holding if and only if G becomes transmission regular.

n 7
Lemma 2 ([6]). Suppose that the transmission degree sequence of G is {Try, Trp, ..., Try}. We
have

Y pi =2W(G) ()
i=1

and . .
2
Yei=2 ¥ @)yt @
i=1 1<i<j<n i=1
n n
From (3), (4) and the definition of ¢;’s, we see that Z ¢i=0and Z (_;"12 = 25, where
i=1 i=1

1 & 2W(G)?
S:S+§ZT712_ ( ),
i=1

n
and s is given by (2). Similar properties as (1) can be derived for the auxiliary eigenvalues.

Lemma 3 ([32]). Suppose that the non-negative matrix A € R"*" has spectral radius A(A) and
r1,72,...,1y are the row sums. We have

min 7; < A(A) < max r;.

1<i<n 1<i<n
Further, given A to be irreducible, the above two equalities can be attained if and only if all
row sums are identical.

It is clear that r; = Tr; + 2;7:1 dij = 2Tr; is the ith row sum of D?(G). By Lemma 3, the
observation below is immediate.

Corollary 1. Suppose that G is connected and has the vertex set {v1,vy, ..., 0, }. Let Trmax and
Trmin represent its largest and least transmissions. We have 2Trin < p(G) < 2Trmax. The two
equalities are attained if and only if G becomes transmission regular.

In [40], J. Radon showed the following inequality.
Lemma 4 ([40]). Ifay, x¢, p > 0,k € {1,2,...,r}, we have

y i Ceam)™
k=1 a,’(’ (Lker ax)?
The two equalities are attained if and only if
X1 X2 Xr

a;  ap a,’
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Lemma 5 ([39]). Let by, by, ..., b, be positive numbers. Assume ay,ay, .. .,a, are real numbers.

We have
atatoctan
bi+by+---+by, ~ 1<i<n b;’

where the equality is attained if and only if the ratios 3 are identical.

Lemma 6 ([27]). Suppose that x1,x,...,x, form a list of on-negative numbers. Denote by

1
X= % YN xjand B = <Hf~i1 xi> " the arithmetic and geometric averages, respectively. We

have
1

N D (V- VvE) Seops gD (Ve V)

i<j i<j

2
’

where the equality is attained if and only if x; is identical for any i.

Lemma 7 ([20]). Assume that a; and b;, 1 < i < n, are two lists of non-negative numbers.
Suppose there arer, R € R satisfying r < z—; < R, a; # 0, for every i. We have

n n n
Zb%%—rRZa? < (r+R) Zaibi,
i=1 i=1 i=1
where the equality is attained if and only if b; = a;r or b; = a;R for somei € {1,2,--- ,n}.

Lemma 8. Suppose G is connected and has exactly two distinct distance signless Laplacian
eigenvalues. Then G is complete.

Proof. First, let the graph G admit exactly two distinct D?-eigenvalues. In a similar way as
in [25, Lemma 2], we can prove that the diameter of G is one. Conversely, if G is a complete
graph with vertex set {v1,vs,...,v,}, then D2(G) = D(G) + (n — 1)I. It then can be seen that
G admits exactly two distinct D?-eigenvalues, 21 — 2 and n — 2. O

Lemma 9 ([38]). Suppose we have two lists of positive numbers a; and b;, 1 < i < n. Then we

obtain ,
iazib2< 1 M1M2+,/ il ia‘b- 2
S5 4 mymz M M =)

in which m; = minj<;<, a;, mp = minj<;<, b;, M = maxj<j<, a;, and M = maxj<;<y b;.

Lemma 10 (Power mean inequality). Suppose we have a list of positive numbers ay, a, . .., ay

1
ands,t € R withs > t. Then Mgy > M;, where M, = (W) ". The equality is attained if
and only ifay = a = - -+ = ay.

Lemma 11 ([33]). Suppose we have two lists of nonnegative numbers a; and b;, 1 <i < n. Then
we have

n 9 n ’ n 2 1’12 2
Y oar) bi— ) abi)| < e (MyMj — mymy)*,
=1 i=1 i=1

where my = min;<;<, a;, my = minj<;<, b;, M1 = max;<;<, a;, and My = maxj<j<, b;.
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Lemma 12 ([15]). Suppose that we have two lists of nonnegative numbers a; and b;, 1 < i < n.
There area,b, A, B € R satisfyinga < a; < Aand b < b; < B for any i and

n n n
nZaibi — ZﬂiZbi
1 i=1 i=1

i=1

< a(n)(A —a)(B—b),

where a(n) = n [%] (1—2 [g]) and [x] represents the floor rounding of x. The equality is
attained if and only if a1 = ap = =a,andb; = by, = =b,.

3 Bounds on distance signless Laplacian energy-like invariant

In this section, we obtain several inequalities involving the distance signless Laplacian
energy-like invariant DEL(G). The following first result gives an inequality using maximum
transmission degree Trmax(G), minimum transmission degree Trmin (G) and distance signless
Laplacian energy-like invariant DEL(G).

Theorem 1. If G is a connected graph having maximum transmission degree Trmax(G) and
minimum transmission degree Trmin(G), then

1

(DEL(G) ~ /2Trmn) (s - 2Trmax) > (n 1), 6)

The equality is attained if and only if G = K.

s N ()

where S =Y 1p

Proof. We have

2<i<j<n

Pi p 6

—n—1+ Y \/\/p’] \/: (6)
2<i<j<n

>n—1+m—-1)(n—-2) as (\/zj;—\/g)ZEOZ(n—l)z.

Recalling Cauchy-Schwarz inequality, it can be seen that
n 2 n
(L) so-nga-v-n(s-1).
i—2 VPi i—2 Pi P1

Therefore, it follows from the definition of distance signless Laplacian energy-like invariant
that

DEL(G) = i VB> i+ 2k Prmin | A (7)

> VP
i=1 \/(n—l)(S—%) <S— ZTrma)
which leads to (5).
Next, suppose equality holds in (5). The inequalities in the above argument will become

equalities. Particularly, using (6), we obtain <\/g - \/g )2 = 0for2 <i <j<mn,
or pp = -+ = py. Also, from equality in (7), we get p; = 2Trmin. Hence, applying Corol-
lary 1, we observe that G is a transmission regular graph. Therefore, equality holds in (5) if
and only if G is a transmission regular graph having no more than two distinct distance sign-

less Laplacian eigenvalues. In other words, by Lemma 8, the equality is attained if and only if
G = Kj;. On the other hand, if G = K,;, the equality holds in (5) immediately. O
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Now, we obtain an inequality using minimum transmission degree Trmin(G) and distance
signless Laplacian energy-like invariant DEL(G).

Theorem 2. Suppose that G is a connected graph and it has the vertex set {v1,vy,...,v,} and
minimum transmission degree Trmin(G). Then

1
S — ) 2 Tr —4Tr
(s=5m) (2, L 0+ £ 0 -smk) >

2
DEL(G 2Trmm> T

YN

~Y

where S = . The equality is attained if and only if G = K,,.

1 1 p
Proof. Settingp =1,r=n—1, x4 = VP and a; = —,k =2,3,...,n,in Lemma 4, we get
Z Pk > (Zi—o \/_)
- Zk 2 Pk
where equality holds if and only if pp = - - - = p,. From the above results, we arrive at
1 n
w(oee) - i <n(s- 1) (2 Tty Em-at),
p1 1<i<j<n i=1
where the equality is attained if and only if p = - - - = p,,. We introduce the function
n
fx) = <s - —) (2 Y (d)+ YT - x2> —n(DEL(G) — vx)?,
1<i<j<n i=1

for 2Trmin < x < 2Trmax. Then
n
Nﬂ:ﬂm@—ﬂ+—(221wﬁ+2ﬂ%%)%iwﬂm%¢ﬂ
1<i<j<n i=1 Vx
Now,

pl 1<i<j<n

n
= —2np1S + % (2 ) (dij)z + ZTr?) + —DEL(G)

P1 \ 1<i<j<n i=1

n 2 n X 2
Z Pi_ 200 [P —nY < &_P_1>+ P_;_P_l <0.
S\t pi P1 i=1 p1 - pi 1P

Clearly, f(x) is a decreasing function over 2Trmin < X < 2Trmax. Therefore

0< f(p1) < f (2Trmin)

:n<s_ 1 )(2 y (di]-)2+§Tr 4Trmm> <DEL(G)—m>2,

2T min 1<i<j<n

that is,

n<S - ) <2 Y (d)+ i Tr2 —4Tr§mn> >n (DEL(G) - m)z.

2Trmin 1<i<j<n i=1

The first half of the proof is complete.
Assume that the equality in (8) is attained. The equalities must be attained. Thus, we get
p2 = p3 = - -+ = pu. By Lemma 8, we derive that G = K,. O
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The next proposition gives a lower bound for distance signless Laplacian energy-like in-
variant DEL(G) involving transmission degrees as well as W(G).

Proposition 1. Suppose that G has the transmission degree sequence {Tr1, Tr, ..., Tr,}. Then

8W3(G)
2) a<icj<n (di]')z + X Trlz

DEL(G) > J )

The equality is attained if and only if G = Kj.

Proof. From Holder’s inequality;, it is clear that

1

] [ ]

1

<m>4> (Z m) -

1=
(SN

Il
—_

> (Vo = L (VR (vei)S < [ ((vo)

g

n A3
Hence, Y1 1 \/0; > %, and the equality is attained if and only if /o1 = --- = |/on.

i=1F;

-

1

~

Using Lemma 2, we get

8W3(G)
- .
2V a<icjen (di)” + X, T?

n
DEL(G) = ) v/pi > J
i=1
On the basis of the above discussion, the equality in (9) us attained if and only if
VP1 =+ = ./0n, thatis, if and only if G = K. O
From Proposition 1 we have the following observation.

Corollary 2. Suppose that G is connected and has the vertex set {vy,vs, ..., v, } and diameterd,
then

DEL(G) > 2n(n — 1)\/4012 +ni(n 5

Proof. First, recall that d;; < d for i # j. There are @ pairs of vertices in G. In view of the

lower bound proved in Proposition 1, we obtain

3 n3(n—1)3
DEL(G) > J SW(G) > J : 5%
2”

2 2 — —
221§i<j§n (dz‘j) +3 Tr? ”2 1 g2 4+ ("4 1)

=2n(n - 1)\/4d2 + ni(n —1)
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Leta = {ay,ay,...,a,} be a list of positive numbers. The mean of products of k tuples of

this family, Wy, can be defined as follows:

1
W1:E(51+ﬂ2+"‘+ﬂn)/

Whr =
2 In(n—1)

W, =aias...a,.

(arap +ayaz + - - - +aya, +apas + - - - +a,_1a,),

It can be seen that the arithmetic average value is W; and the geometric average value

1
becomes W,".
The MacLaurin symmetric average value inequality is the following.

Lemma 13 ([16]). If a1,a»,...,a, are given as above, then

Sy

1 1
Wi >WE>WS > > W,

where the equality is attained if and only if a1 = a = - - - = ay.
Lemma 14 ([28]). Givena,b > 0 and z € |0, 1], we have

2

(1—2z)a+zb>a 2" +r <\/E— \/E>

Here, r := min{z,1 — z}.

(10)

Proposition 2. Suppose that G is connected and has the vertex set {v1,vy,...,v,}. We have

DEL(G) > \/(n ~1) (np% - %W(G)),
where P =[], p; and the equality is attained if and only if G = Kj.

Proof. By invoking Lemma 13, we obtain

n n—1 n
ZmMZn(Hm)
i=1 i=1

and

Setting z = ”2—J;1, a=p,b=pjandr = ”2—711 in (10), we get

n=1 n+1

n—1 n+1 il o —1
. . > .2 2n . R .
2n pit on Pi=Pit P T 2n <p1+p] 2VP1P])-

Moreover,

n o n n 1 N oy n o n
2n

n—1& & n+1 n-1 i1 op—1
Y Ytz e Yot = L Y (it =26

i=1j=1 i=1j=1 i=1 j=1 i=1j=1

(11)

(12)

(13)
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hence from (12) and (13), we deduce that

n+l
n2

21W(G <sz> (Hp]> +2W(G)(n—1) — <”;1> DEL(G).

This implies

DEL*(G) > <" - 1) (m2Pr —2w(G)),

which leads to the lower bound (11).

If equality holds in (11), all equalities above will be attained. From Lemma 13, we get
p1 = P2 = -+ = pu, and therefore G = K;.

Furthermore, one can easily examine the fact that when G = Kj, the equality holds
in (11). O

Now, we apply Lemma 11 to derive a simple lower bound for DEL(G).

Proposition 3. Suppose that G is connected and has the vertex set {v1,vy,...,v,}. We have

n2 2
DEL(G) > \/ZnW(G) — Z<\/p_1_ Vo).

Proposition 4. Suppose that G is connected and has the vertex set {v1,vy,...,v,}. We have

DEL(G) > \/21W(G) — a(n) (\/p1 — v/pn)> (14)

where the equality is attained if and only if G = K;.

Proof. Fora; = \/p;, b = \/pi,a =b= \/pn, A=B=,/p1,i =1,2,...,n,apply Lemma 12, it

follows that i )
ny - ( > va

i=1

< a(n) (vp1 — v/Pu)"-

By Lemma 2, the above inequality becomes

2nW(G) — DEL*(G) < a(n) (Vo1 — v/pn)*,

and so the inequality (14) follows.
Equality of (14) holds if and only if p; = p2 = - - - = p,. This is equivalent to G = Kj. O

Since a(n) = n [5] <1 — %[%]) < ”Tz,we obtain

V200(6) — aln) (VT — vBn)” = | 200(6) ~ " (i - V)’

Thus, we have the following observation.

Remark 1. The lower bound shown in Proposition 4 is sharper than the lower bound given in
Proposition 3.

Now, we consider to investigate some upper bounds for DEL(G). The next theorem pre-
sents an upper bound involving the transmission degrees of vertices.
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Proposition 5. Suppose that G has the transmission degree sequence {Tr1, Tr, ..., Tr,}. Then

DEL(G) < %<\/g+ @)(g%)

Proof. In the light of the Cauchy-Schwarz inequality, we derive (Y1 \/pi )2 n (Y- pi). For

every 1 <i <n,weknow thatn —1< Tr; < © nn=1)

(£ < (o F) (Lvm).

Since n (Y 1 pi) = n (X4 Tr;), we get DEL(G) < %(ﬂ + \/%) < '21 \/Tri>. This finishes
=

the proof of the theorem. O

. S0, by Lemma 9, we arrive at

Next, we derive another upper bound for DEL(G) involving order n, maximum transmis-
sion degree Trmax(G) and minimum transmission degree Trmin (G) of a graph G.

Theorem 3. Suppose that G is a connected graph and has the maximum transmission degree
Trmax(G) and minimum transmission degree Trin (G). We have

1

) 1

2V acicjzn (di) "+ X T _4Trmm) | "
n—1 ,

DEL(G) < V2Trmax + (n — 1) (

where the equality is attained if and only if G = K,.
Proof. Settingp =n—1,a; =p;, i =2,3,...,nands =2,t = % in Lemma 10, we get

07 : Yiea \/Pi ?
(ﬁ) = <ﬁ) | (16)

(221§z‘<j§n( i)+ Tr?—p§>7 N (DEL(G) —\/m>2

Therefore,

n—1 n—1

So,

1
) .
2V cicien (dif) "+ Xy Tr? — p%) ’

DEL(G)S\/pTJr(n—l)( 1
(17)

1

2y T —4Trmm) :

n—1

2y (di
< /72Trmax—|—(n—1)< Yi<icj<n (dif)

Now, if the equality in (15) is attained, then inequalities above turn out to be equalities.
Particularly, from equality in (16), by Lemma 10, we get po = --- = py. Also, from equality
in (17), we have p; = 2Trpin, so by Corollary 1, G is a transmission regular graph. Therefore,
equality holds in (15) if and only if G is a transmission regular graph having at most two
distinct distance signless Laplacian eigenvalues. That is, by Lemma 8, if and only if G = K.
On the other hand, one can readily show that the equality is attained in (15) for the complete
graph K,. O
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If minimum degree is §, maximum degree is A and diameter is d, then

n
Try=Y djp <dp+2+3+ -+ (d—1)+d(n—1—d,— (d—-2))
=1
d(d—1)
2

forallp =1,2,...,n. Also, forany i = 1,...,n, we have

=dn —

—1—dy(d—1)

Tri>di+2n—d;—1)=2n—d; —2>22n—A-2). (18)
Using Theorem 3, we derive the the following result.

Corollary 3. Suppose that G has the minimum degree 6 and the maximum degree A. If the
diameter of G isd, then

DEL(G) < \/2<dn - d(dz_ D1 _s@- 1))

1
221<1<]<n( 1]) +Z Tr12—4(21’l—A—2)2>4
n—1 )

+(n—1) <
The next result presents an upper bound for DEL(G) involving maximum transmission

Trmax(G), minimum transmission Trmin (G) and Wiener index W(G).

Theorem 4. Suppose that G is connected and has the vertex set {vq, vy, ...,v,} and p, >k > 0.
We have

20/2Trmaxk + (1 — 1)k + 2W(G) — 2T min
2k ’

where the equality is attained if and only if G = K.

DEL(G) < (19)

Proof. Denote by p1 > p2 > --- > p, > k > 0 the distance signless Laplacian spectrum. Since
2Trmin < p1 < 2T7max, SO wWe see that

DEL(G) = ). Vi = F+<n—1@+2<\r+%>

<\/_+(n—1\/p_n—|—z<2\/p_n>

_ 2ypipn + (n = 1)pn +2W(G) — 1
2/on
< 2/2Trmaxpn + (n — 1)py + 2W(G) — 2TVmin

2\/Pn

For x > k, we examine the following function

24/ 2Trmaxx + (n — 1)x +2W(G) — 2Trmin

fx) = NE

Accordingly, we have
x(n—1) 4+ 2Trmin — 2W(G)

fix) = e
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for all x > k. Since 2Trmin + (1 — 1)pn < p1 +p2 + - - - + pn = 2W(G), it follows that f(x) isa
decreasing function for x > k. Therefore,

 2\/2Trmaxk + (1 — 1)k 4+ 2W(G) — 2Trmin
- N ,

f(x) < f(k)

which gives

2/ 2Trmaxk + (n — 1)k + 2W(G) — 2Trmin
< .
2\/%

Equality occurs in (19) if and only if 2Trmin = p1 = 2Trmax, p2 = -+ = pn = k. In other
words, it happens if and only if G is transmission regular having at most two distinct distance
signless Laplacian eigenvalues. In view of Lemma 8, the equality is attained if and only if
G = K,;,. Moreover, we can easily derive the equality in (19) for complete graph K;, in a direct
manner. U

DEL(G)

Foreach1 <i <mn,weobtainn —1 < Tr; < @ The following result is immediate.
Corollary 4. Suppose that G is connected and has n vertices with p, > k > 0. We have

2kn(n—1)+ (n—1)(k—2) +2W(G)
2Vk '

Next, we establish some bounds for DEL(G) in terms of the Wiener index W(G).

DEL(G) <

Proposition 6. Suppose G is connected and has the vertex set {vy,v,...,v,}. Then

2W(G) < DEL(G) < 1/2nW(G). (20)

n o on 2
Proof. LetS =) ) <\/;71 - \/p7) . Then simple computations show that
i=1j=1

S= i i <\/@-— m)z = 2i2W(G) - 2( i \/@) (i m) = 4nW(G) — 2DEL?(G).
i=1j=1 i=1 i=1 j=1

Since S > 0, we get DEL(G) < 1/2nW(G). On the other hand, we have

n n

DEL*(G) = Y (vpi)> +2 Y. /pi\/0j > P = 2W(G).

i=1 i#] iz
U

The following results provides bounds for DEL(G) in terms of the two extreme distance
signless Laplacian eigenvalues p, and p; as well as W(G).

Theorem 5. Assume that G is connected and has vertex set {vy,...,v,}. Then

ny/p1pn +2nW(G)
VPL+ /P

where the equalities are attained if and only if G = K;.

< DEL(G) < \/an(G) _ g(\/ﬁ— ) (1)
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Proof. We consider the lower bound first. For b; = Voirai=1r=/on, R=/01,i=1,...,n,
using Lemma 7, we get

L (VR + VBIVR L 1< (BT V) LoV

Therefore, by Lemma 2 and simple calculations, we get the desired lower bound in (21).

If for some i, ra; = b; = Ra;, then the equality b; = r = R holds. In other words, for any
j, j # i, we have Vi < VO < \/Pi- Therefore, equality on left-hand side of (21) is true if and
only if p; = - - - = py, that is, if and only if G = K;.

Now, we obtain the given upper bound. As

Lo (Sm) = T -

1<i<j<n
so we get

n—1

n n 2
L (ZMTI‘) > L (Vo= V) + (V= V)’ ) + (VT - V) 22)

i=2
Also, in view of Jensen’s inequality [31], it can be seen that

n—1

2 2 n—2 2
Y (VA= v+ (VB - van)?) = 2= (Ve - von)™ (23)
i=2
By Lemma 2 and inequalities (22) and (23), we obtain the desired upper bound in (21).
Equality in (22) holds if and only if /o> = /p3 = -+ = ,/pn, Whereas in (23) if and only if
VP1 — /Pi = /Pi — \/Pn foreachi = 2,...,n — 1. This means that equality in right-hand side
of (21) holds if and only if \/p1 = /P2 = - - - = \/pn, that is, if and only if G = K. O

If G has order n and is connected with the property that /o1 # ,/pn, then

\/ZnW(G) - g(\/m— Vo) < \/2nW(G).

Therefore, we conclude the following remark.

Remark 2. The upper bound given in (21) improves the given upper bound in (20).
Another simple upper bound for DEL(G) is as follows.
Corollary 5. Suppose that G has order n and is connected with the property /01 # /pu- Then

DEL(G) < V2nW(G) (24)

S = vpr

Proof. On the basis of the upper bound of Theorem 5, we obtain

DEL(G) + 5 (V1 — vou)* < 21W(G).

From the well-known A-G mean inequality [31], it follows that

2\/%DEL2(G)(\/p_1 — Jpn)? < 2nW(G),

from where the inequality (24) follows. O
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Letn > 3, P =[['ipi,and p1 > p2 > --- > p, > 0 the distance signless Laplacian
eigenvalues of G. The following result gives a lower and an upper bound for DEL(G) using P,
two extreme transmission degree Trmax and Trmin, as well as W(G).

Theorem 6. If G is connected, then

1

2Tt min + \ 2W(G) — 2Trmax + (1’1 — 1)(1’1 — 2) ( p > il

< DEL(G) < (25)

V2Trmax + | (1 —2) (2W(G) — 2Trmin) + (n — 1) < P ) H,

2 Trmin

where the equalities are attained if and only if G = K,.

Proof. In view of Lemma 6, if weset N =n —1land x; = p;,i = 2,3,...,n, we arrive at

zzgiqgn(m—mf<zw<c>—pl_<_>% Tacicjen (VP = VP))
1 p1

(n—1)(n—2) - n-— n—1

We have

L (VA =02 a2 T

2<i<j<n 2<i<j<n

_ — (n-2)(2W(G) - <Z\F)2 Y e

l_

= (n=1)(2W(G) — p1) — (DEL(G) - /p1

4

2

2
)
from which

(n—1)(2W(G) —p1) = (DEL(G) — /p1)* _ 2W(G) —p1 _ <£>ﬁ

CERICER) T or
_ (n=1)2W(G) — p1) — (DEL(G) - /p1)’
- n—1 '
This implies that
DEL(G) < /pi + J (n=2)@W(6) ~pr) + (-1 (5] (26)
and
p\
DEL(G) > \/ﬁ+\12W(G) —o1+ (n—=1)(n—2) (E) . 27)
Let
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Notice that f(x) is decreasing with respect to x > 2Trmin. Consequently,

f(x) < f (2T min) = J (n —2)(2W(G) — 2Trmin) + (1 — 1) <2Tfmin> m.

Since p1 < 2Trmax, from (26), it follows that

DEL(G) < /p1 + J (n —2)(2W(G) — 2Trmin) + (n — 1) <2Tfmm> -

1

< 2T max + J (n —2)(2W(G) — 2Trmin) + (n — 1) < P ) =

2 Trmin

Similarly,

g(x) = \lzw«;) x4 (n—1)(n—2) <§>11

is also decreasing for p; < 2Trmax and consequently

1

2(x) > ¢ (2Trmax) = szm) — 2Trmax + (1 — 1) (n — 2) < P ) "

2 Trmax

Then, from (27), we obtain

1
P n—1
DEL(G) > \/2Trmin + J 2W(G) — 2Trmax + (n —1)(n — 2) <2Tr ) '
max

The first part is finished here.

Next, if the equality holds in (25), equalities will be attained in the above arguments. By
Lemma 6 and if equalities holds in (25), we have po = p3 = -+ = py, and hence applying
Lemma 8, we see that G & K;,.

On the other hand, we can directly verify that the equalities hold in (25) for the complete
graph K. O

4 Relations between versions of distance signless Laplacian energy

In this section, we establish relations between distance signless Laplacian energy Epo(G)
and distance signless Laplacian energy-like invariant DEL(G) of a graph G.

Theorem 7. Assume that G is connected and has the vertex set {vy,...,v,}. We have

Epo(G) { 2W(G) 2W(G) }
—=— = < max< /01 — , -/ , 28
DEL(G) N N T 28)
where equality holds if and only if G = Ky orpy = p2 = -+ = pgand pgi1 = Ppgy2 = "+ = pPn
with (,/pl + w/pn) (,/plpn — &YEG)) = 0, where B, 1 < B < n, is the number of distance
2W(G)

signless Laplacian eigenvalues of G, which are no less than = —.
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( )

Proof. Assume that § is the integer satisfying pg > 2 and pg41 ZWn(G). In the light of

Lemma 5, we have

Epo(G)  Lis }Pi - ZWn(G)‘ < max {‘Pi - &n(c)}}

DEL(G) B zr'lzl \/E - 1<i<n \/E (29)
B - 2W(G) 2W(G) :
Rt i S O S Rl
A line of calculation shows that f(x) = /x — ZZV\%) is an increasing function for
0<pgp<x<prandg(x) = ZZ\/\%}) — y/x is a decreasing function for 0 < p, < x < pgyq.
Consequently,
W(G) 2W(G) 2W(G) 2W(G)
A Sl AR VA -\ <=7
S e SV T e e YRS e Ve
Henee Fpa() () 2(0)
DQ
DEL(G) ~ max{ P }

This concludes the first half.
Assume that the equality holds in (28). In this case all inequalities above turn out to be
equalities. Using Lemma 5, it is immediate that the equality holds in (29) if and only if

_ 20(G) _ 20(G) _20(G)
}Pl n ‘ _ ‘pz n } _ _ ‘p” n ‘
VP1 VP2 VP

In the sequel, we split the proof into the following two scenarios.
Case (i): 1 < g < n — 1. Then we have

p-29 2O MO, MO,
Vo1 VP Pp+1 Von
that is,
20(G) 20(G)  20(G _20(G)
\/p_l n\/P_l \/FTﬁ 1’1 pﬁ n /—pﬁ+ \/ pﬁ‘f“l n\/pin \/P_n
For1 <i<j<pB<mn-—1,weknow
_ — 20(G)
e VP e
and thus - (G)
(voi = voi) (/oo )=0 = pi=p;
Forp+1<i<j<mn-—1,wehave
20(G) 20(G)
V=200

ny/pi
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therefore, similarly

20(G
(voi—va) (vam + 2N =0 = pi=yp;
From the above observations, we conclude that p1 = p2 = -+ = pg, pg11 = P12 =+ = Pn
with
_ 20(G) 2‘7((3) B . : : — 20(G)\ _
Vo1 NN On,s thatis,  (y/pi + /i) <, /0i0] T) =0.
Case (ii): B = n. In this case, we have
20(G) 20(G) _ _ (G)
RN A v
thatis, p; = po = --- = py, hence G = Kj.
On the other hand, suppose that G satisfies p1 = p2 = -+ = pg, Pgr1 = Ppr2 = "+ = Pn
and (/pi + V7i) (m - Z”SF)) = 0. Then
- 20(G) - )
Epal O g (v - pyvm (228 -
(0= gl o
and
DEL(G) = By/p1 + (n — B)/pu-
Henee Fpa() 20(G) _ 20(3)
DQ _ a\=) _
pEL(G) VP T aym ~ ayee VP
and the proof is complete. O

The next result is an upper bound for DEL(G) — Epo(G) involving minimum transmission
degree Trmin(G) and Wiener index W(G).

Theorem 8. For a connected graph G with the vertex set {vy,v, ..., vy}, we have

DEL(G) — Epa(G) < 1/ V() _1% n—gwm)ﬂ)_4(nT;nEZ:1v§<G>>.

Proof. Consider a function

2W(G)

g(x) = Vi+/(n-1)(2W(G) ~x), x< 1

The first derivative of g is

I R L 2W(G)
g(x)_zﬁ 2/2W(G) — x’ -

Thus g(x) is increasing with respect to x < %H(G) — 1, and then

Va+/(n—1)(2W(G < /2VE) 1+\/ "_Z)W(G)H).
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2W(

Using Cauchy-Schwarz inequality and the fact p,, < — 1 (see [44]), we have

n n—1
DEL(G) = L, VA < Vot (1= 1) L i < v + V(1 =1)(2W(G) — pu)
= = (30)
- /2Wn(G) (n-1) <2(n -~ i)W(G) R 1>‘

Suppose f is the integer such that pg > 2 ( ) and Pp+1 <2 ( ] Note that Yiipi =2W(G)
and 2W(G) > p1 + (n — 1)p,. Also, by Corollary 1, we have 2Trmm < p1 < 2Trmax. Then we

get p, < 2W1(1(i)17p 1L < ZW(Gn):lzTrmi“. Moreover,

Epo(G) = 2 max (X]:pi — w) >2 (nzlpi_ w>

Isjsn \iZa n iz n

_, <2W(G) g 2(n — i)W(G)> _ 4wn(c) 20
S AW(G)  4AW(G) —4Trmin  4(nTrmin — W(G))
- n n—1 - n(n—1)

Now, we have the following claim.
Claim. The following inequality

4(nTrmin — W(G))

Epe(G) > n(n—1)

(31)

holds.

Proof of Claim. By using the method of contradiction, we can prove the strict inequality in (31).
Assume that the equality holds in (31). As a result, the above inequalities become equalities.

Therefore, .
/ 2]w = 2(n —1)W(G)
e (2 bi - ) S 2
and 2W(G) JW(G) — 2T,
_ —P1 _ rmln
Pn = 1 = 1 (33)
From (32), we conclude § = n — 1. Also, from (33), we obtain pp = --- = p, and

from Corollary 1, G is a transmission regular graph. Recall that § = n — 1. We derive that
On <2 ( 2WE) < Pn—1 = Ppn, which is a contradiction. O

Now, by inequality (30) and using the Claim, we get

DEL(G) — Epo(G ,/ 1 +\/ 2(n — i)W(G) +1> B 4(nT;HEZ:1M)](G))’

which leads to the desired conclusion. O

The following result gives another relationship between the two versions of distance sign-
less Laplacian energy.
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Theorem 9. Suppose that G is connected. Then

2W(G) 2W(G)

2 2
— ZTT’maX) < <4W(G) — - 2T7’min)

-3 (DEL(G) - VaTre),

<EDQ(G) + -

where the equality is attained if and only if G = K,.

Proof. By employing the Cauchy-Schwarz inequality, we know that

EDQ(G):Zn;Pi_ZWVEG)'Ipl_ZVVnﬁ"FZ:Pi_%'m_%
*-nzz(“‘“ w) i /2
< 2Trmax — 2WT§G)

+ \/<4W(G) - % - 2Trmin>2 - SWnﬁ (DEL(G) - m)z,

which gives the required inequality in (34). The equality occurs if and only if the Cauchy-
Schwarz inequality attains the equality and 2Trmin, = p1 = 2Trmax. That is, if and only if
2Trmin = p1 = 2Trmax and p» = --- = p,. That is, by Corollary 1, if and only if G is a
transmission regular graph with pp = --- = p,. Namely, if and only if G is a transmission
regular graph having at most two distinct distance signless Laplacian eigenvalues. It then
follows from Lemma 8 that equality is again equivalent to G = K,,.

Moreover, if G = K, then the equality occurs in (34). O

We conclude with the following observation.

Corollary 6. Suppose that G is connected. Then

(EDQ(G) RGN 2N>2 < <4W(G) - w - 2M>2 _ 8W(6) (PEL(G) - \/2_N)2,

n n
whereM:2n—A—2andN:dn—@—1—5(d—1).

Proof. Follows from Theorem 9 and inequality (18). O

5 Conclusions

We have defined distance signless Laplaian energy-like invariant DEL(G) and we have ob-
tained several bounds for DEL(G) in terms of some established graph invariants. We have
derived relationships between distance signless Laplacian energy Eo(G) and distance sign-
less Laplacian energy-like invariant DEL(G). These relations can be helpful in the further
investigation of Eo(G). Further, this type of graph energy can find importance in the study
of molecular structure, which can be an interesting case of future investigation.
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Hexait G — rpad abo mepexa, D(G) — Marpuist Biacrareit, a Tr(G) — AlaroHanbHA MaTpu-
IIsI TPaHCMicilt BepImH. AaItaaciaHoBa MaTpUIISI i3 6€33HAKOBOIO BiACTaHHIO MepeXi G Mae BUTASIA
DQ(G) = Tr(G) + D(G). Mu BBOAMMO AaTAACiaHOBUI €HeprOMOAiGHMIT iHBApiaHT i3 6e33HAKOBOIO
BiacTanmio sik DEL(G) = YI' 1 \/pi, A€ p1 > p2 > -+ > py — BAACHi 3HaUEHHS AaMAaciaHoBoi Ma-
Tpui i3 6€33HaKOBOIO BiACTaHHIO. Y IIilf CTATTi MU OTPVUMYEMO HOBi BEPXHIO Ta HVDKHIO MEXi AAS
DEL(G). Lli MeXi BKAIOUAIOTh AESIKi BaXKAMBI iHBapiaHTH, TakKi SIK AlaMeTp, MiHiMaAbHIIA Ta MaKCH-
MaABHMIA CTeNliHb TPaHCMICii, AaTlAaciaHOBMIA CIIEKTPaABHMIA paAiyc i3 6e33HaKOBOIO BiACTaHHIO Ta
inaexc Binepa. Kpim Toro, Mu xapakTepusyeMo eKcTpeMaAbHi rpady, 0 AOCSITaloTh Imx MexX. Ha-
PeILTi, MM BCTAHOBAIOEMO A€SIKi CIiBBiAHOIIIEHHSI MiX Pi3HMMM BepcCisiMM AallAaciaHOBOI eHepril i3
6e33HaKOBOIO BiACTaHHIO Ipadis.

Kntouosi cnoea i ppasu: AaraaciaHoBa MaTpPUIIS i3 6€33HAKOBOIO BiACTaHHIO, AAITAACiaHOBWIL eHep-
rOmoAiOHMIT iHBapiaHT i3 6e33HaKOBOIO BiACTaHHIO, CIIEKTPaAbHMIL PaAiyc, AallaaciaHOBa eHepris i3
be33HaKOBOIO BiACTaHHIO, iHAeKC Binepa.



