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Conjectures about wheels in the join product with cycles

Stas M., Timkova M.

By the crossing number cr(G) of a simple graph G we understand the minimum number of edge
crossings over all possible drawings of G in the plane. The crossing numbers of the join product of
two graphs have been studied for their wide application in practice. The main purpose of the paper
is to establish cr (W5 + C,,) for the wheel W5 on six vertices, where C,, are the cycles on n vertices.
W. Yue et. al. in [Comp. Eng. Appl. 2014, 50 (18), 79-84] conjectured that the crossing number of
Wiy + Cp is equal to Z(m + 1) Z(n) + (Z(m) — 1) | 4| +n+ [4] + 2 for all integers m, n > 3. Here,

the Zarankiewicz’s number Z(n) = |4 | |25} | is defined for all n > 1. The mentioned conjecture

was verified for W3 4+ C,, by M. Kles¢, and for W, + C,, by M. Stag and J. Valiska. We establish the
validity of this conjecture for Ws 4 C,,.
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1 Introduction

Several experts have been dealing with the problem of reducing the number of crossings
on the edges of simple graphs for a long time. Among the most popular areas in which the
minimum number of crossings plays an important role is the implementation of VLSI layout.
It caused significant progress in general, especially in the design of circuits and therefore has
a relatively strong influence on multiple parallel calculations. Integer linear programming can
also be used to formulate some exact algorithms to find provably optimal crossing numbers.
Implementations of QuickCross heuristics also allow finding optimal or near-optimal embed-
dings of many graphs. In contrast, by M.R. Garey and D.S. Johnson [4] it is well-known that
examining number of crossings of simple graphs is an NP-complete problem. Despite this
knowledge, many researchers try to solve this problem at least on some class of graphs. Such a
summarization of the known values of crossing numbers for some graph classes is published
thanks to K. Clancy et. al. [3].

Let G = (V(G),E(G)) be some simple graph. By a drawing of G we understand a repre-
sentation of G in the plane in which its vertices v; € V(G) are represented by different points
and its edges e; € E(G) by simple continuous arcs connecting the corresponding point pairs.
The smallest number of edge crossings over all possible drawings of G in the plane is said to
be the crossing number cr(G), see also M. Kles¢ [7]. A drawing is said to be good if no edge
crosses itself, two edges can cross at most once, two edges incident with the same vertex do
not cross each other, and no more than two edges cross at the same point. It can be very easily
verified that an optimal drawing (a drawing with minimum number of crossings) is always the
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Conjectures about wheels in the join product with cycles 303

good drawing. That is why we will deal only with good drawings throughout the paper. Let
D be a good drawing of the graph G. We denote the number of crossings in D by crp(G). Let
G; and G; be edge-disjoint subgraphs of G. We denote the number of crossings between edges
of G; and edges of G; by crp (G;, G;), and the number of crossings among edges of G; in D by
crp (Gj). Again, it can be very easily verified that both of the following equations are true

Crp (Gi U G]) = Crp (Gz) + crp (G]) + crp (Gi/ G]) , (1)
Crp (Gl U G], Gk) = Crp (Gl’, Gk) + crp (G]/ Gk)

for any three mutually edge-disjoint subgraphs G;, G;, and G; of G. Throughout the paper, we
will also use the already known knowledge for the complete bipartite graphs K, thanks to
D.J. Kleitman [6], i.e.

ot (Kyn) = {%J {mT_lJ EJ V;lJ, if min{m,n} <6. )

The join product of two graphs G; and G; consists from vertex-disjoint copies of G; and
Gj, and also by adding all edges between their vertex sets V (G;) and V (G]-). The edge set of
G; + G; is formed by the union of the disjoint edge sets of both graphs G; and G;, and also
the complete bipartite graph K, if the orders of graphs G; and G; are m and n, respectively.
Let P, and C, be the path and the cycle on n vertices, respectively. The crossings numbers of
G + P, and G + C,, for all graphs G of order at most four are well-known by M. Kles¢ [8,9]. It
is understandable that our immediate aim is to establish exact values for crossing numbers of
G + P, and G + C;, also for all graphs G of order five and six. Of course, some exact values are
already determined [2,7,8,10-12,14,16,17,19,20]. In all these cases, the graph G is connected and
usually contains at least one cycle. Note that cr (G + C;;) are known only for some disconnected

graphs G on five or six vertices [13,15,18,21].

2 Preliminary results and cyclic permutations

The wheel W5 consists of one dominating vertex of degree five and five vertices of degree
three forming the subgraph isomorphic to the cycle Cs (for brevity, we write C5). It is only nec-
essary to suppose all possibilities of crossings between subdrawings of CZ and the five edges
incident with the dominating vertex forming the subgraph isomorphic to the star Ss on six
vertices (also for brevity, we will write S5%). In the rest of the paper, let V (Ws) = {vy,...,v6},
and let v4 be the vertex notation of the dominating vertex in all considered good subdrawings
of W5.

We consider the join product of W5 with the discrete graph D, on n vertices. The graph
Ws + D,, consists of one copy of the wheel W5 and n vertices ¢4, 15, ...,t,. Any such vertex
t; is adjacent with any vertex of Ws. By the six edges incident with the vertex t; is given a
subgraph T. As T' U - - - U T" is isomorphic to K¢ ,, we receive

n
Ws+ D,, = W5 U (UTl).
i=1
The above equality together with the crossing property (1) produce

C].‘D(W5 + Dn) = CI‘D(W5) + CI‘D< U Ti> +crp <W5, U Ti> 3)
i=1 i=1
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for all good drawings D of W5 + D,,.

The graph W5 + P, contains W5 + D, as a subgraph, and therefore let P;; denote the path
induced on n vertices of W5 4 P, not belonging to the subgraph Ws. The path P,; contains
exactly n vertices tq,ty,...,t,and n — 1 edges t;t;;q fori =1,2,...,n — 1, and thus

n
W5+Pn:W5U<UTZ>UP;,‘.
i=1

Similarly, the graph W5 + C;, contains both W5 + D,, and W5 + P, as subgraphs. The subgraph
of W5 + C,, induced on the vertices t1, t5, ..., t, is denoted by C;;. Therefore,

n
W5~|—Cn:W5U<UTZ>UC§.
i=1

Let D be a good drawing of the join product W5 + D,,. In the drawing D, a cyclic permu-
tation recording the (cyclic) counterclockwise order in which the edges leave ¢; is said to be
the rotation rotp (t;) of a vertex t;, see also C. Herndandez-Vélez et. al. [5] or D.R. Woodall [25].
For example, if the counter-clockwise order the edges incident with the vertex ¢; is t;v1, tjv,
tivs, tivg, tivs and t;vs, then we use the notation (123456). Besides, let rotp (;) denote the
inverse permutation of rotp (t;). We separate all subgraphs T* of W5 + D, into five mutually-
disjoint families of subgraphs according to the number of times the edges of W5 are crossed
by the subgraph T' in D. Let Rp = {T':crp (W5, T') =0}, Sp = {T": crp (W5, T') =1},
Tp = {T":crp (W5, T) =2}, and Up = {T':crp (W5, T) = 3}. Every other subgraph T
crosses edges of Ws at least four times in D. Clearly, this idea of dividing all subgraphs T" into
five mentioned families of subgraphs will be also retained in all drawings of the join products
Ws + P, and W5 + C,,.

The crossing numbers of W5 + D, equal to 6|5 ] V’Tflj + n + 3| 4| were established by
S. Berezny and M. Sta [1]. The result for Ws + D,, was independently proved by Y. Wang
and Y.Q. Huang [22] around the same time.

Theorem 1 ([1, Theorem 3.1]). cr (W5 + D) = 6| %] | %52 | +n+3| %] forn > 1.

Using the results of S. Berezny and M. Sta [2], the crossing numbers of the graphs Ws + P,
have already been well-known for any n > 2.

Theorem 2 ([2, Theorem 3.3]). cr (W5 + P,) = 6| 4| L”T*lj +n+3|5] +1forn>2.

To date, the crossing number of W5 + C,; can only be given as a conjecture. This open
problem will be solved in the next section.
3 The crossing number of W5 + C,

Lemma 1 ([11, Lemma 1]). For m > 1, let G be a graph of order m. In an optimal drawing of
the join product G + Cy, n > 3, the edges of C;; do not cross each other.

As the graph W, + C;, is isomorphic to the graph W, + C, for all integers m,n > 3, the
proof of the much-needed Corollary 1 throughout this paper can thus be omitted.

Corollary 1. In any optimal drawing of the join product W5 + C,, n > 3, the edges of C3 do
not cross each other.
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We can always redraw a crossing of two edges of C5 in an effort to get a new drawing of C3
(with vertices in a different order) with less number of edge crossings. This idea has already
been presented in the proof for W5 + D,, by S. Berezny and M. Stas [1]. Based on the arguments
above, we will assume that edges of CZ do not cross each other in all considered subdrawings
D (Ws) induced by a good drawing D of W5 + C,,.

In Figure 1 below, the edges of K, cross each other 6| %||“51| times, each subgraph T',
i = 1,...,[%], on the right side crosses edges of the wheel W5 once and each subgraph T’
i=[%]+41,...,n, on the left side crosses edges of W5 exactly four times. The cycle C;; crosses
Wi; five times, and so 6| 2| |41 | +n + 3| 4| + 5 crossings appear among edges of the graph
Ws + Cy in this drawing. Thus cr (W5 + C,) < 6|2 | 22| + n+3[%]| +5.

Figure 1. The good drawing of W5 + C,, with 6| 4 | | %51 | +n + 3| 4| + 5 crossings

Our goal is to show that the crossing number of W5 + C; is equal to this upper bound.
Lemma 2 below confirms this result for n = 3 and n = 4, and its proof is strongly based on the
isomorphisms mentioned above.

Lemma 2. cr (W5 + C3) = 17 and cr (W5 + C4) = 27.

Proof. M. Kles¢ in [9] showed that cr (W5 + C,) = 2|%]|%52| + n +4, and so we obtain the
equalities cr (W5 + C3) = cr (W3 + Cs5) = 17. Similarly, by M. Stas and J. Valiska [20], the result
cr (Wy+Cp) =4|2] |22 +n+ 4] +4offers cr (W5 + Cy) = cr (Wy + Cs) = 27. O

Lemma 3. Forn > 3, let D be a good drawing of W5 + C,,. If edges of C3 are crossed at least
[4] + 2 times, then there are at least 6 | 5 | L”T_lj +n+3|5]| +5 crossings in D.

Proof. The wheel W5 consists of two edge-disjoint subgraphs CZ and S3. By the assump-
tion, let us consider that crp (C§) = 0 and crp (CZ, 52+ Cy) > [5] + 2 are fulfilling in the
good drawing D of W5 + C,. The star Sz is isomorphic to the complete bipartite graph Kj 5
and the exact value for the crossing number of K5 + C, is given by M. Kles¢ et. al. [11],
ie cr(Kis+Cp) = 6|2] |%2] +4|%] +3. Since edges of St + C, must be crossed at least
62| |2 | +4|%] +3times in D, we obtain

crp (Ws + Cy) = crp (S5 + Cp) + crp (C5, S5 + Cy)

o222 o o2 2ol 52 ol
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Let us first deal with the so far unknown subdrawing of the wheel W5 in which edges of C3
do not cross each other and there is a possibility to obtain a subgraph T whose edges do not
cross edges of Ws, that is, all six vertices of W5 must be located on the boundary of one region
D (Ws). In the rest of the paper, let the dominating vertex vg of W5 be placed in the inner region
of D (C%) and let also a subgraph T € Rp be represented by rotation rotp (t;) = (123456).
This enforces that three edges v,v¢, V306, and v4v4 have to cross the same edge v1v5 in D (Ws).
Taking into account the assumption that it does not matter which of the regions in D (Ws) is
unbounded in our considerations, we obtain one possible subdrawing of W5 induced by D
given in Figure 2.

Figure 2. One possible drawing of the wheel W5 in which edges of C; do not cross each other
and all six vertices of W5 are located on boundary of one region

Lemma 4. Forn > 3, let D be a good drawing of W5 + C,, with the subdrawing of W5 induced
by D and one region with all six vertices of Ws located on its boundary. If |Rp| = 0, then there
are atleast 6 | 2] |52 | + n+3|%]| + 5 crossings in D.

Proof. Let D be a good drawing of W5 + C,, with at most 6 | 2] [%51| + 743 | 4] + 4 crossings
in which the nonplanar subdrawing of W5 can be obtained from the unique drawing (with
respect to isomorphisms) in Figure 2. Each subgraph T' crosses edges of the wheel W5 at least
twice, because we assume that the set Rp is empty and there is no possibility to add a new
subgraph T’ into this drawing with just one additional crossing on edges of Ws. Note that
each subgraph T' € Tp crosses edges of the cycle CZ at least once. If r = |Rp|, s = |Sp|,
and t = |Tp|, then crp (Ke,) > 6 [ %] |22 thanks to (2) implies the following relation with
respect to edge crossings of the wheel Ws in D using (3):

n
crp (Ws) + crp (w;,, U TZ> <n+3 LSJ +4,
i=1

that is, "
crp (Ws) +0r+1s+2t +3(n—r—5s—1) <n+3 bJ +4.
The obtained above inequality enforces 3r 4+ 2s +t > [4]| + crp (Ws) — 4.
Further, if crp (Ws) = 3and r = s = 0, then t > [4| — 1. We remind that three other
crossings on edges of C# are included in D (Ws). Since edges of C# are crossed at least [ 4] +2
times in D, Lemma 3 contradicts the assumption of D. O

Corollary 2. Forn > 5, let D be a good drawing of Ws + C, with the subdrawing of Ws in-
duced by D and one region with all six vertices of W5 located on its boundary. If |[Rp| > 1 with
at least one crossing on edges of the cycle C;;, then there are at least6 | | |25t +n+3 | 4] +5
crossings in D.
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Proof. For a contradiction, suppose that n is a minimum integer at least five for which all as-
sumptions of Corollary 2 are fulfilled, but the considered drawing D of W5 + C,, offers at most
6% VT_lJ +n+3 |4 +4 crossings. Let T' be a subgraph from the nonempty set Rp and let
also there be at least one crossing on edges of C;;.

(@) (b)

Figure 3. (a) the subdrawing of W5 U Ti for T' € Rp,
(b) the subdrawing of W5 U T' U T/ for T € Rp and crp(Ws U T/, T/) =5

The subgraph W5 U T given in Figure 3 (a) is represented by rotp (t;) = (123456) and
it is easy to verify over all possible regions of D (W5 U T') that each of the n — 1 remaining
subgraphs T’ crosses its edges at least five times. If edges of W5 U T" are crossed at least six
times by each other T/, by fixing the subgraph W5 U T, we have

Ccrp (W5 + Cn) = CIp (K6,n71) +crp (K6,n71/ Ws U Ti)
+ crp (Ws U Ti) + crp (Ws U K, Cpy) + crp (Cyr)
n—1|n—-2 n||n— 1 n

22 ez g [ e

Now, assume that there is some subgraph T/ such that crp (Ws U T, Ti ) < 6 which causes
that the vertex t; must be placed in the outer region of the subdrawing D (Ws) with two vertices
v, and v3 of W5 on its boundary, and crp (Ws U T/, T/) = 5 enforces crp (T?, T/) = 0, see
Figure 3 (b). Thus, by fixing the subgraph T* U T/, we have

crp (Ws + Cp) > crp(Ws + Cy—2) +crp (T'UT/) + crp (Ko u—a, T' U T/) + crp (Ws, T U TV)

Z6V_2J V_:;J +n—2+3{"—_2J +54+0+6(n—2)+5

2 2 2
n n—1 n
o] [ e[ s

where edges of T! U T/ are crossed by each other subgraph T at least six times, using
crp (Kg3) > 6 thanks to (2). In the last estimate, the lower bound of crp (W5 + C,,—») is known
by Lemma 4, if |[Rp| = 1, and the result of Lemma 2 is strongly used in the case of n = 5
and n = 6.

Both subcases confirm a contradiction in D, and the proof of Corollary 2 is done. O
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Corollary 2 enforces that the set Rp must be empty for any good drawing D of W5 + C,
with at most 6 | 4 | L”T_lj + 1+ 3| %] + 4 crossings and at least one crossing on edges of Cj;.
Thus, we obtain crp (Ws, U, Ti) > nin D.

Corollary 3. Forn > 5, let D be a good drawing of Ws + C, with the planar subdrawing
of Ws induced by D. If edges of C; are crossed at least twice satisfying the restriction
crp (Ws, C) = 0, then there are at least 6 | 2| |52 | +n+3 | 4| +5 crossings in D.

Proof. Let D be a good drawing of W5 4 C,, in which the planar subdrawing of W5 is not crossed
by any edge of the cycle C;;. Let us also suppose that edges of C;; do not cross each other using
Lemma 1, but they are crossed at least twice by J’_; T* in D. The edges of CZ also do not cross
each other, and so the subdrawing of C3 induced by D divides the plane into two regions. The
dominant vertex vg of the wheel W5 can be placed in one of them. It is sufficient to discuss
two possible positions of the vertex vs with five incident edges of W5 with respect to the cycles
C? and Cj;, see Figure 4. Clearly, it does not matter which of the regions in D (W5 U C},) is
unbounded in our considerations.

o G

(@) (b)

Figure 4. Two possible positions of W5 and C;; in which crp(Ws) = 0 and crp(Ws, C;;) =0

Assume the position of W5 and C;, given in Figure 4 (a). For eachi =1, ..., n, the edge t;v4
crosses some edge of the cycle CZ, and therefore we obtain at least 1 crossings on edges of C3.
Asn > (%W + 2, Lemma 3 enforces at least 6 {%J {”T_lj +n+3 L%J + 5 crossings in D.

Assume the position of W5 and C;, given in Figure 4 (b). Any subgraph T" crosses edges of
W5 at least three times because all vertices t; of the cycle C;; are placed in the outer triangular
region of D(Ws). Taking into account the assumption that edges of C;; are crossed at least
twice in D, we obtain

Crp (W5 + Cn) =cCrp (K6,n) +crp (K@n, W5) +crp (K6,n/ C:;)

e e e m RA H

The obtained results in both subcases complete the proof of Corollary 3. O

Corollary 4. Forn > 5, let D be a good drawing of Ws + C,, with the planar subdrawing of Ws
induced by D. If crp (CZ,C;;) > 2, then there are at least 6 | 4| |25 | +n+3 || +5 crossings
inD.
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Proof. For the planar subdrawing of Ws, it is obvious that the set R is empty because no region
is incident with all vertices in D (Ws). If some vertex t; is placed in the pentagonal region of
D (Ws), then the edge t;vs crosses one edge of C5 and the edge #;v; crosses either no or at least
two edges of W5 for j = 1,...,5. Thus, the set Tp must also be empty. Since each subgraph
T' € Sp U Up crosses some edge of CZ at least once, Lemma 3 using crp (C%, C};) > 2 confirms
the desired result in the case of |Sp U Up| > [§].

In the following, let |Sp UUp| < [%]. The edges of W5 are crossed by [/ ; T at least
n+3|%| + 3 times provided by

n
crp <w5,U Tl> > 1[Sp| +3 |Up| +4(n — |Sp| — |Up])
i=1

n

= 4n —2|Sp| — |Sp| — |Up| z4n+2<1—m)+1—m :n+3b

; J+3.

Finally, crp (CZ, C};) > 2 together with crp (Kg ) > 6 | 2] | %52 | thanks to (2) imply at least
6|2] |2 +n+3|%] +5crossings in D. O

Corollary 5. Forn > 5, let D be a good drawing of W5 + C,, with the nonplanar subdrawing of
Ws induced by D and one region with five vertices of Ws located on its boundary. If edges of
C;; are crossed at least twice satisfying the restriction crp (Ws, C;;) = 0, then there are at least
62| %2 +n+3|%] +5 crossingsin D.

Proof. Let D be a good drawing of W5 + C, with at most 6 | 2| | 251 | 4+ 1+ 3 | 4] + 4 crossings
in which the nonplanar subdrawing of Ws is not crossed by any edge of C;;. Let us also suppose
that edges of C;; do not cross each other again by Lemma 1, but they are crossed at least twice
by U, T' in D. Since edges of S do not cross each other, some edge of C# must be crossed
by vjve fori € {1,...,5}. Note that any region with five vertices of W5 located on its boundary
must be incident with the dominant vertex vg in D (Ws). In the rest of the proof, let five vertices
v1, U2, U3, U5, and vg of W5 be located on the boundary of one region D (Ws5). Then the edge
U406 do not cross any edge of Cz, and the edges v1v¢ and v,v4 cross either one or two different
edges of C3 in D. Two obtained subdrawings of W5 are given in Figure 5.

(a) (b)

Figure 5. Two possible nonplanar drawings of W5 with one region
with five vertices of W5 located on its boundary

At first, we consider the subdrawing of W5 induced by D with the vertex notation in such a
way as shown in Figure 5 (a). If all vertices t; of C;; are not placed in the region of D (Ws) with
tive vertices vy, v2, v3, U5, and vg of W5 on its boundary, the same idea as in the second part of
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the proof of Corollary 3 can be used. In the following, we assume that they are located in the
given pentagonal region of D (W5). For the considered subdrawing of W5, the set Rp is empty
but the set Sp can be nonempty. So, two possible cases may occur, as follows.

Case 1. Let Sp be the nonempty set, that is, only the edge v1v; of W5 is crossed by the
edge t;v4 of any subgraph T* € Sp. The subgraph Ws U T' given in Figure 6 is represented by
rotp (t;) = (142365).

Figure 6. The subdrawing of W5 U Tifor T' € Sp

It is not difficult to verify over six possible regions of D (Ws U T') that each of the n — 1
remaining subgraphs T* crosses edges of Ws U T’ at least six times. By fixing the subgraph
Ws U T?, we obtain

Crp (W5 + Cn) = Crp (K6,n71) +crp (K6,n71/ Ws U Ti) +crp (W5 U Ti) +crp (K@n, C;)

26{71;1 V;2J +6(n—1)+3+226EJ V;lJ +n+3H +5.

Case 2. Let Sp be the empty set, that is, each subgraph T’ crosses edges of Wj at least twice.
We discuss two subcases. Let us first consider that there is a subgraph T € Tp whose edges
do not cross edges of the cycle CZ. The edges of CZ are not crossed by any T’ € Tp only if either
rotp (t;) = (123465) or rotp (t;) = (123645), see Figure 7.

(a) (b)
Figure 7. Two subdrawings of W5 U T for T € Tp with crp (Cg, Ti) =0
(a) rotp (t;) = (123465) (b) rotp (t;) = (123645)

In both cases, crp (W5 UTi, Tk) > 6 is fulfilling for each other subgraph T, k # 1, and
therefore the same fixation as in the previous case can be applied.
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In the following, suppose that there is no subgraph T' € Tp satisfying crp (C%, T') = 0.
Now, let D' be the subdrawing of W5 4+ D, induced by D without the edges of C,, with at
most 6 | 4] |25} +n+3|%] + 2 crossings. For easier reading, let r = |Rp|, s = |Sp|, and
t = |Tp|. Of course, we also get the same cardinalities in the induced subdrawing D’. Then
cry (Keu) > 6|5 |52 thanks to (2) implies the following relation with respect to edge
crossings of the wheel W5 in D' using (3):

n
i n
crp (Ws) + crpy <W5,1L:Jl Tl) <n+3 bJ +2,
that is, ;
crpy (Ws) +0r +1s + 2t +3(n—r—s—t) < n+3 EJ 3

The above inequality enforces 3r 4+ 2s +t > [4] + crpyy (Ws) — 2. Further, if crpy (Ws) = 2
andr = s = 0, then t > [5]. We remind that two other crossings on edges of C# are included
in D (W5). Since edges of C% are crossed at least |5 | + 2 times in D, Lemma 3 contradicts the
assumption of D.

Finally, we assume the subdrawing of the wheel W5 with the vertex notation in such a way
as shown in Figure 5 (b). The set Rp is empty, but the set Sp can be nonempty, and so the proof
proceeds in a similar way as for the subdrawing of W5 in Figure 5(a). Only if Sp # &, then
there are two possibilities of obtaining a subgraph T' € Sp with either rotp (t;) = (123645) or

rotp (t;) = (123654). 0

By Corollaries 3, 4 and 5, the set Sp must also be empty for any good drawing D of W5 + C,
withatmost6 | 2] | %2 | +n+3 | %] +4 crossingsif crp (CZ,C};) > 2 or edges C;, are crossed at
least twice satisfying the restriction crp (Ws, C;;) = 0. Thus, we obtain crp (Ws, Ul T") > 2n
in D. In the following, we will also deal with another form of representation of subgraphs in
drawings of W5 4 C,,.

Let t1,t5,...,tu, t1 be the vertex notation of the n-cycle C, for n > 3. The join product
Ws + C;, consists of one copy of the graph W5, one copy of the cycle C;, and the edges joining
each vertex of W5 with each vertex of C,.. Let C;; be the cycle as a subgraph of W5 + C,, induced
on the vertices of C, not belonging to the subgraph Ws. The subdrawing D (C;;) induced by
any good drawing D of W5 + C, represents some drawing of C,,. For the vertices vy, v,...,v¢
of the graph W5, let T" denote the subgraph induced by n edges joining the vertex v; with n
vertices of C;;. The edges joining the vertices of W5 with the vertices of C;; form the complete
bipartite graph K¢, and so

6
Ws+C, = WsU <UT”"> UC:.
i=1
In the proof of the main theorem of this section, the following two statements related to
some restricted subdrawings of G + C,, will be also required.

Lemma 5 ([8, Lemma 2.2]). Form > 2 andn > 3, let D be a good drawing of D,, + C,, in which
no edge of C;, is crossed, and C;, does not separate the other vertices of the graph. Then, for all
n-1

i,j =1,2,...,m, two different subgraphs T% and T’/ cross each other in D at least | 5| |5 |
times.



312 Stas M., Timkova M.

Corollary 6 ([11, Corollary 4]). Form > 2 and n > 3, let D be a good drawing of the join
product Dy, + C,, in which the edges of C;; do not cross each other and C,; does not separate p
vertices v1,0y,...,0p,2 < p < m. Let T, T%,...,T%, q < p, be the subgraphs induced on the
edges incident with the vertices vy, vy, . .., vy that do not cross Cy;. If k edges of some subgraphs
T? induced on the edges incident with the vertex v;, je{qg+1,9+2,...,p}, cross the cycleC;,

then the subgraph T" crosses each of the subgraphs T, T%,..., T% at least | 5" | L("flz()*lj
times in D.

Now we are able to prove the main result of this paper.
Theorem 3. cr (Ws + Cp,) = 6 | 2] |52 | +n+3|%] +5 forn > 3.

Proof. By Lemma 2, the result holds for n = 3 and n = 4. The drawing in Figure 1 shows that
cr (Ws +Cp) <62 |252] +n+3|2] +5,and let suppose that there is an optimal drawing D
of W5 + C,, such that

n
2

CrD(W5+Cn)§6{ J {n_lJ—i—n%—B{EJ%—él for some n > 5. 4)

2 2

In the rest of the proof, let I = {1,2,3,4,5,6}. By Theorem 1, at most four edges of the cycle
C,, can be crossed in D, and we can also suppose that edges of C;; do not cross each other using
Lemma 1. The subdrawing of C;, induced by D divides the plane into two regions with at least
four vertices of W5 in one of them, and so four possible cases may occur.

Case 1. There is at most one crossing on the edges of C;;. We have at least five distinct
i,j € I such that any two different considered subgraphs T% and T cross each other at least
|2] | %52 ] times by Lemma 5.

Hence, there are atleast () | 2] [ %52 | > 6 [ %] |“5%| +7n+3 |2] + 5 crossings in D, which
confirms a contradiction with the assumption (4).

In the next we assume, that each subgraph T' crosses edges of the weel W5, because Rp = @
thanks to Corollary 2.

Case 2. There are exactly two crossings on the edges of C;;. We discuss two subcases.

(@) If crp (Ws5,C;;) =2 orcrp (T%,C;;) = 2 for one vertex v;, i € I, then the same idea as in
Case 1 contradicts the assumption (4).

(b) Let crp (T%,C;;) = 1and crp (T%,C;;) = 1 for two different subgraphs T%, T, where
i,j € I. By Lemma 5 and Corollary 6 for p = 6, ¢ = 4, k = 1 we obtain at least
() [5] [t + @+ 9 ["5] [%2] +n > 6[5] [*5F] +n+3][5] +5 crossings in D,
which confirms a contradiction with the assumption (4).

Case 3. There are exactly three crossings on the edges of C;;. We discuss three subcases.

(@) If crp (W5, C}y) # 0 or crp (C;, T%) = 3 for one vertex v;, i € I, then the same idea as in
Case 1 contradicts the assumption (4).

(b) Let crp (C;, T%) = 2 and crp (C;, T%) = 1fori,j € I, i # j. By Lemma 5, Corol-
lary 6 for p = 6, = 4, k = land p = 6, g = 4, k = 2, we have at least
() 53] 57t +4l ] 1522 + 4 [22] [%2°2) +n = 6 [3] [ ] +n+3[3] +5 cross-
ings in D, which confirms a contradiction with the assumption (4).
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(c) Let crp (C;;, T%) = 1 for three distinct vertices v;, i € I. By Lemma 5, Corollary 6 for
p = 6,9 = 3,k =1 and the fact that Sp = & provided by Corollaries 3 and 5, we
have atleast (3) | 3] [%3%] + (3 +3+3)[ "5 ] [%32] +2n > 6 [§] |"5*| +n+3 (5] +5
crossings in D, which confirms a contradiction with the assumption (4).

Case 4. There are exactly four crossings on the edges of C;;. We discuss eight subcases.

(a) Letcrp (Ws,C;p) = 4. If all six vertices of the wheel W5 are placed in one region of D (C};),
then the same idea as in Case 1 contradicts the assumption (4). If D is a good drawing
of Ws + C,, with the planar subdrawing of W5 induced by D, Corollary 4 contradicts the
assumption (4). Now, we can assume that four vertices of the wheel W5 are placed in one
and two in the second region of D (C;;) and D is a good drawing of W5 + C,, with the non-
planar subdrawing of W5 induced by D. We have at least ((3) + (3)) | 2] [ %3] + [Sp| +
2(n—|Sp|) +crp (Ws) +4 > 6 |4] |22 + n+3 | 4] + 5 crossings in D using Lemma 5
and four crossings on edges of C;;. This confirms a contradiction with the assumption (4)
forallm > 7 or n > 5 with |Sp| < 4. Note, that in the subcase, when Sp # @, we
have only two possible drawings of W5 given in Figure 5, where crp (W5) = 2. Finally, let
n € {5,6} and |Sp| > 5. If we consider the subdrawing of W5 in Figure 5 (a), two different
subgraphs T/, T/ € Sp are crossed at least six times provided by rotp (t;) = rotp (t]-).1
For the subdrawing of W5 in Figure 5 (b), at least five interchanges of adjacent elements
of (123645) are necessary to obtain cyclic permutation (123654) = (145632) because only
one interchange of the adjacent elements of (123645) produces the cyclic permutation
(123654). Since crp (Ti, T/ ) > 5 for every two distinct T!, T/ € Sp, we have at least
(;)5 + 4 + 2 crossings in D which confirms a contradiction with the assumption (4).

(b) Let crp (W5, C;;) = 3. Five vertices of Ws, say vy, v3,v4, Us, U6, are placed in one region
of D (C}). If crp (C;;, T?1) = 1, then the same idea as in Case 1 contradicts the assump-
tion (4). If crp (C;;, T¥) = 1 for i # 1, then by Lemma 5, Corollary 6 for p = 5, g = 4,
k = 1 and four crossings on C;;, we have at least (5) [ %] | 52| + 4| %52 | [%52] +n+4 >
6|%] |22 +n+3|%] +5crossings in D, which also confirms a contradiction with the

assumption (4).

(c) Letcrp (W5, C;) = 2. If crp (C;;, T%) = 2 for only one vertex v;, i € I, then the same idea
as in Case 1 contradicts the assumption (4). If crp (C;;, T%) = 1 and crp (Cj;, T%) = 1 for
i,j € 1,1 # j, then the same idea as in Case 2 (b) contradicts the assumption (4).

In the next we assume, that each subgraph T' crosses edges of the wheel Ws at least
two times, because Rp U Sp = & thanks to Corollaries 2, 3 and 5. Let us also suppose
that all six vertices of W5 are placed in the inner region of C;;.

(d) If crp (C;;, T%) = 4 for only one T, i € I, then the same idea as in Case 1 contradicts the
assumption (4).

1For m > 3, let t, and ty be two different vertices of degree m in any good drawing D of the graph K, ».
Let T* and TY be two considered subgraphs represented by their rotp (f;) and rotp (t,) of the length m. If
the minimum number of interchanges of adjacent elements of rotp (t,) required to produce rotp (t,) is at most z,
then crp (T*, TY) > [ 2] |21 ] — z (see also [25]).
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(e) Letcrp (C;, T?) = 3 and let crp (C};, T%) = 1 for two distinct 7, j € I, then the same idea
as in the second part of Case 4 (b) contradicts the assumption (4).

(f) Let crp (C;;, T%) = 2 and crp (C;;, T%) = 2 for two distinct i,j € I. By Lemma 5, Corol-
lary 6 for p = 6, g = 4, k = 2 and also due to four crossings on edges of C;,, we have at
least (5) |5 ["5%] + (4+4) [%32] ["5?] + 2n+4 > 6 5] ["51] +n+3 5] +5 cross-
ings in D, which confirms a contradiction with the assumption (4).

(g) Letcrp (C;, T%) =1, crp (C;, T%) = 1, crp (Ci, T%") = 2 for three distinct i,j,1 € 1. By
Lemma 5, Corollary 6 for p = 6,9 = 3,k = 1 and also p = 6, q = 3, k = 2 and four
crossings on C; we have at least (3) |2] [%51| + (3 +3)[ %52 [%52] +3 [ 52] |53 +
2n+4>6 ng L”T_lj +n+3 L%J + 5 crossings in D, which confirms a contradiction with
the assumption (4).

(h) Let us suppose that crp (T%,C;) = 1, cop(T%,C;) = 1, cp (T, C:) = 1 and
crp (T%,Cy) = 1 for four distinct i,7,/,m € I. For such an index pair i,j, the sub-
graph T U T% U C;; is isomorphic to the graph D, 4+ C,. Consider n — 2 vertices of
the cycle C;; incident with edges of T% and T which do not cross C;. Let us delete
all edges of T% and T% which are not incident with these n — 2 vertices. The result-
ing subgraph is homeomorphic to the graph D, 4+ C,_» and, in its subdrawing D' in-
duced by D, we obtain crpy (T%, T%) > L”T*ZJ L”T’?’J thanks to Lemma 5. Clearly, the
same holds for any of remaining index pairs from {i,j,/,m}. Thus, we have at least
2] %52+ 2+ 2+24+2) | %2 [ 552 ] + (5) | %52] | 2523 ] + 27 + 5 crossings in D using
Lemma 5, Corollary 6 for p = 6, g = 2, k = 1, also due to four crossings on edges of C;;
and one crossing in D (Ws).

We have shown that there is no optimal drawing D of the graph W5 + C, with fewer than
6 |2] |%51| +n+3|%] +5 crossings, and this completes the proof of Theorem 3. O

4 Some consequence of the main result

W. Yue et. al. [24] conjectured that the crossing numbers of W,, + C, are given by
Z(m+1)Z(n)+ (Z(m) —1) | 5| +n+ [%] + 2 for all integers m, n > 3, where W,, denotes the
wheel of order m + 1. Here, Z (1) known as the Zarankiewicz’s number is defined by | 4] | 252 |
for all n > 1. Recently, this conjecture was proved for W3 + C,, and Wy + C,, by M. Kles¢ [9],
M. Sta$ and J. Valiska [20], respectively. As we mentioned earlier, the graph W,, + C;, is iso-
morphic to the graph W,, + C, for all integers m,n > 3. Notice that cr (W5 4 C,) thanks to
the main Theorem 3 offers additional results for the join product of W, with cycles on five
vertices.

Theorem 4. cr (Wy, + C5) =6 | %] |51 | + m+3 | 2| +5 form > 3.

Our next research will be devoted to showing the validity of Yue’s conjecture for all inte-
gers m,n > 3 assuming the validity of Zarankiewicz’s conjecture that cr (Ky,,) = Z(m)Z(n).
Some useful remarks about Zarankiewicz’s conjecture were also stated by X. Yang and
Y. Wang [23].
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5 Conclusions

We suppose that similar forms of discussions can be helpful to determine unknown values

of the crossing numbers of other symmetric graphs G = (V(G), E(G)) of order six with respect
to the restriction 3|V(G)| < 2|E(G)]| in the join products with cycles on n vertices. We expect
the same for all graphs of order five, especially for the complete graph Ks and the graph Ks \ e
obtained by removing one edge from K.
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ITia uncaom nepernis cr(G) mpocroro rpadpa G po3yMitoTh MiHIMAaABHY KiABKICTD IIEpeTHHIB
pebep cepea ycix MOXAMBMX 306pakeHb G Ha IAOIIMHI. YnMcaa MepeTUHIB MPUEAHAHOTO AOOYTKY
ABOX rpadpiB BUBYAIOTD Uepes IX IIMpoKe MpaKTHUHe 3acTocyBaHHsL. OCHOBHOIO METOIO CTATTi € BCTa-
HOBAeHHsI 3HaueHHsI cr (W5 + C;;) Anst Koaeca Wi Ha IiecTyt BepimHax, Ae C,;, — IMKAM Ha 11 BEpIIN-
Hax. B. IOe ta in. y [Comp. Eng. Appl. 2014, 50 (18), 79-84] BucyHyAM TilIOTe3Y, IO YMCAO NTePETHUHIB
AAst Wy, 4 Cpy aopiBrtoe Z(m+1)Z(n) + (Z(m) —1) | 5| +n+ [ 4] +2 arstBeix miamx m, n > 3. Ty
urcao 3apankesnya Z(n) = | § | {”T_lj BU3HaUeHe AASI BCix 11 > 1. 3a3HaueHy rirnoTesy IMiATBepAVAU
anst W + C,, — M. Kaemry, a aast Wy + C; — M. Cram Ta IO. Banaicka. VY miit po6oTi My A0BOAMMO
crpaBeAAMBICTD 11i€l rimore3n aast Ws + Cj,.

Kntouosi cnosa i ¢ppasu: rpadp, mpueAHaHVI AOOYTOK, UMCAO IIEPETHHIB, KOAECO, IIVIKA.



