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On the classes of n-Nadir’s and n*-Nadir’s operators
on Hilbert spaces

Smati A.1l, Guesba M.2

The main aim of this paper is to present some new results for Nadir’s operator N = AB* — BA¥,
where A and B are two bounded linear operators. We introduce a generalization of this concept,
that is, the n-Nadir’s and n*-Nadir’s operators, where 1 is a positive integer. We present fundamen-
tal properties of these operators, including compactness and normality. Additionally, we establish
relationships between these classes, we show that the adjoint of #n-Nadir’s operator is n*-Nadir’s op-
erator. Furthermore, if T is an n-Nadir’s operator, such that A and B are two bounded commuting
normal operators, then T is an n*-Nadir’s operator. Moreover, we study these classes in the special
case n = 2, with some interesting examples. Other related results are also established.

Key words and phrases: Hilbert space, bounded operator, n-Nadir’s operator, n*-Nadir’s operator,
2-Nadir’s operator.
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Introduction

We denote by B(H) the algebra of bounded linear operators on a Hilbert space H. Let
T* be the adjoint of an operator T. Recall that an operator T € B(H) is said to be normal if
TT* = T*T, self-adjoint if T* = T, skew-adjoint if T* = —T, projection if T> = T = T*, and
unitary if TT* = T*T = I. An operator S is said to be unitarily equivalent to an operator T if
there exists a unitaty operator U such that T = U*SU.

In classical physics, measurements can be made on a system without actually disturbing
the system. However, in quantum mechanics, the measurement process can seriously disturb
the system (see, e.g., [8,9,16]). In the theory we can present a measuring device by an operator
so that, after carrying out the measurement, the system will be in one of the eigenstates of the
operator. Since the act of measurement generally perturbs the system, the result of measuring
two observables A and B on a given system therefore depends on the order in which they are
carried out. The act of measuring A first and then B is represented by the action of product
BA of their corresponding operators on the state vector (see [8, 16]).
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In 2017, M. Nadir introduced and studied some basic properties of bounded Nadir’s oper-
ator N = AB* — BA*, where A and B are two linear operators. The class of Nadir’s operators
is a central concept in quantum mechanics, since it quantifies how well the two observables
described by these operators can be measured simultaneously. In 2018, M. Nadir and A. Smati
present some sufficient conditions which ensure the closedness and skew-adjointness of the
unbounded Nadir’s operators (see [8,9,12-14, 16]).

A.A.S. Jibril introduced the class of n-power normal operators as a generalization of the
class of normal operators and studied some properties of this class for different values of the
parameter n (see [10, 11]). The properties of n-normal operators and operators related with
them were extensively studied by many authors (see, e.g., [1,3,4,7,15]).

In this paper, as the class of n-normal operators we introduce a generalization of the class of
Nadir’s operator, which are n-Nadir’s and n*-Nadir’s operators, and present some properties
of these concepts.

First, we recall the Fuglede’s theorem which will be needed to prove some of our results.

Theorem 1 ([6]). If T is a bounded operator, and N is normal and not necessarily bounded,
then
TN CNT = TN*CN'T.

Now, we present some well-known definitions and lemmas that will be needed (see [2,5]).
Definition 1. The closed linear subspace M is said to be invariant under the operator T if
T(M) C M.

Recall that if T € B(H) and M is an invariant subspace for T, then T/M is used to de-
note the restriction of T to M. That is, T/M is the operator on M defined by (T/M)h = Th
whenever h € M.

Lemma 1. Let M be a closed linear subspace of H and A € C. If M is invariant under the
operators S and T, then it is invariant under S + T, ST, and AT. Moreover,

(S+T)/M = (S/M) + (T/M),
(ST)/M = (S/M)(T/M),
(AT)/M = A(T/M).

Definition 2. A closed linear subspace M is said to reduce the operator T if both M and M+
are invariant under T.

Lemma 2. If T is an operator, and M is a closed linear subspace, the following conditions are
equivalent:

(a) M reduces T;
(b) M reduces T*;
(c) M is invariant under both T and T*.

Lemma 3. If M reduces T, then
(T/M)* =T"/M.
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Main Results

In this section, we investigate some properties of n-Nadir’s and n*-Nadir’s operators. We
will first start showing new results about Nadir’s operator.
In what follows, we denote by [Nr] the class of all Nadir’s operators.

Proposition 1. Let T be a Nadir’s operator. If T is invertible, then T*T~! and T~'T* are self-
adjoint operators.

Proof. We have
Te[Nr] = T=AB*—BA" = T"=BA*—AB"=-T,

therefore T*T~' = —TT~' = —Iand (T*T"")" = (~1)* = —I. Hence (T*T")" = T*T",
this means that T*T~! is a self-adjoint operator.
Similarly, we can prove that T~!T* is also a self-adjoint operator. O

Proposition 2. Let T be a Nadir’s operator. Then T" is self-adjoint if n is an even number and
it is skew-adjoint if n is an odd number.

Proof. We have

(T = (T)" = (—T)" = T", if n is an even number,
—T", if nis an odd number.
O

Proposition 3. If T} and T, are two commuting Nadir’s operators, then T, T, is a self-adjoint
operator.

Proof. Since Ty and T; are two Nadir’s operators, we have T = —T7 and T; = —1T5. Thus,
(MT)" =T, T = ToTy.
By the commutativity of T and T, the operator T; T, is self-adjoint. O

Now, we introduce a generalization of Nadir’s operator, which are n-Nadir’s and n*-Nadir’s
operators.

Definition 3. An operator T € B(H) is called n-Nadir’s operator for a positive integer n if
T = A"B* — B"A”,
where A and B are two bounded operators.
The class of all n-Nadir’s operators is denoted by [n-Nr].
Definition 4. An operator T € B(H) is called n*-Nadir’s operator for a positive integer n if
T=A(B")"—B(A")",
where A and B are two bounded operators.

The class of all n*-Nadir’s operators is denoted by [n*-Nr].
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To simplify writing, we adopt coding (A*)" = A*", then we have
T € [n*-Nr] = T = AB* —BA™.
Remark 1. If T is a Nadir’s operator, then T € [1-Nr| and T € [1*-Nr]|, ie.
[Nr] = [1-Nr] = [1*-Nr].

Proposition 4. Let T = A"B* — B" A* be a bounded n-Nadir’s operator. If A or B is a compact
operator, then T is also compact one.

Proof. Suppose that A is a compact operator and B is bounded. Since A is compact, both A*
and A" are also compact ones. And since B is bounded, both A"B* and B"A* are compact
operators. Hence T = A"B* — B" A* is compact one.

Similarly, we can prove that the n-Nadir’s operator T is compact if A is a bounded operator
and B is compact. O

Theorem 2. Let T be a bounded n-Nadir’s operator on a Hilbert space H. For an arbitrary
A € R* := R\ {0}, the operator AT is bounded n-Nadir’s operator, i.e.

T € [n-Nr] = AT € [n-Nr].
Proof. For A > 0, we have
AT = A (A"B* — B"A*) = ("VA)""' (A"B* — B"A*)
_ ( n+\1/KA)n< n+\l/XB)* i ( n+\1/XB)?l< n+\l/XA)* — SnK* - Kns*,

where S = "VAA and K = "VAB.
For A < 0, we have

AT = — |A| (A"B* — B"A*) = |A| (B"A* — A"B*).

Since [A| > 0 and (B"A* — A"B*) € [n-Nr], it follows from the case proved above that
AT € [n-Nr]. O

Corollary 1. Let T be a bounded n-Nadir’s operator on a Hilbert space H. If A € C, then there
exists an n-Nadir’s operator K such that

AT ="K,
where i is the imaginary unit, and 6 is the argument of A.
Proof. We have AT = |A|¢®T = €% |A| T. By Theorem 2, we obtain K = |A| T € [n-Nr]. O
Proposition 5. The adjoint operator T* of n-Nadir’s operator T is n*-Nadir’s operator, i.e.
T € [n-Nr] = T* € [n*-Nr].
Proof. We have
T* = (A"B* —B"A*)" = (A"B*)* — (B"A*)* =B(A")* — A(B")" = B(A")" — A(B")".

Hence, T* is an n*-Nadir’s operator. O
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Recall that by Fuglede’s theorem, if A and B are two bounded commuting operators and A
is a normal operator, then A* and B also commute.

Theorem 3. Let T = A"B* — B"A* be an n-Nadir’s operator, such that A and B are two
bounded commuting normal operators. Then

(i) T is a normal operator;
(ii) T is an n*-Nadir’s operator, i.e. T [n*-Nr];
(iii) T* is an n-Nadir’s operator, i.e. T* € [n-Nr].

Proof. Since A and B are two bounded commuting normal operators, each of A, A*, B and B*
commutes with all the others.
(i) For the normality of T we have

TT* = (A"B* — B"A*) (A"B* — B"A*)*
= A"B*BA™ — A"B*AB*" — B"A*BA*™" + B"A* AB™"

and

T*T — (A"B* _ B"A*)* (A"B* _ B"A*)
_ (BA*” _ AB*") (A”B* _ B”A*)
= BA™A"B* — BA™B"A* — AB*"A"B* + AB*"'B" A*
= A"B*BA™ — A"B*AB™" — B"A*BA*" + B"A*AB™".

Hence, TT* = T*T.
(ii) For T € [n*-Nr], we have

T = A"B* — B"A* = B*A" — A*B".
Put M = B* and N* = A, then we obtain
T=M(N*)"—-N(M)".

Hence, T is an n*-Nadir’s operator.
(iii) For T* € [n-Nr], we have

T* = (A"B* — B"A*)* = B(A")" — A(B")" = (A*)" B— (B*)" A.
Put S = A* and K = B*, then we obtain
T* = S"K* — K"S*.

Hence, T* is an n-Nadir’s operator. O
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Theorem 4. Let A and B be two bounded self-adjoint operators and BA be a normal operator.
Then
T € [2-Nr] = T =B(A—-B)A.

Proof. We have
A(BA) = (AB)A = A(BA) = (B*A")" A.

Since A and B are two bounded self-adjoint operators, we get
A(BA) = (BA)* A.

Note, that BA and (BA)* are both normal operators. So, by means of the Fuglede-Putnam
theorem, we get
A(BA)* = (BA)A = A?B = BA%

Thus,

T € [2-Nrf] = T = A’B*— B>A* = A’B— B?A = BA> - B’A = B(A— B)A.

Example 1. Consider the matrices A and B defined as
1 0 01
= 5) =0

) is a normal operator. Then, we have

e (10D D6 -6 -0
" B(A-B)A = (g é) <_11 j) (cl) _O1> - <_11 1)

It is clear that if A and B are self-adjoint, then AB is self-adjoint if and only if AB = BA.
Since a self-adjoint operator is normal, we can state the following assertion.

Obviously BA = (O

Corollary 2. Let A and B be two commuting self-adjoint operators. Then
A’B* — B2A* = B(A — B)A.

Remark 2. The hypothesis that BA is normal operator cannot merely be dropped. As counter
example, consider for instance the matrices A and B defined as

=)o)

_§> is not normal. We have

ream w0 )06 )6 2 =G )-6 %)= 9

The operator BA = <(1)



On the classes of n-Nadir’s and n*-Nadir’s operators on Hilbert spaces 143

sa-sa=(7 1) (1 30 %)= (o 5)

T e [2-Nr] == T=B(A-B)A.

but

Hence,

Theorem 5. Let T, A, B be three bounded operators, and S be an operator unitarily equivalent
to T, such that the unitary operator U is commute with both A* and B*. Then

(i) it T = A"B* — B" A*, then there exists an n-Nadir’s operator Ky such that

S = UKy

(i) if T = A (B*)" — B(A*)", then there exists an n*-Nadir’s operator K, such that
Moreover, K, = —Kj.

Proof. (i) Suppose that T = A"B* — B" A*. Since S is unitarily equivalent to T, then there exists
a unitary operator U such that

S=U*TU = U* (A"B* — B"A*)U = U*A"B*U — U"B"A*U.
On the other hand,
uur =utu =1= (uus)" ' =u"twu)"!

It is clearly that if U commutes with both A* and B*, then U* commutes with both A and B.
Therefore
U™MA" = (U*A)", U™B" = (U*B)".
This in turn shows that
S — UM AMB U — U WU BT AU
— Ul (U*A)" B*U — U™ (U*B)" A*U
= U (U A)" (BU) — (U°B)" (AU
— UL (D"C* — C"DY),
where D = U*A and C = U*B.
Hence, S = U"1Kj such that K; = D"C* — C"D* is an n-Nadir’s operator.
(ii) In the same way, suppose that T = A (B*)" — B (A*)", then
S=U‘TU=U"(A(B")"—B(A*)")U
=U"A(B")"U—-U'B(A")"U
= (U*A) (B*)"U" (U*)" 1 _ 1B (A%)" U™ (u*)nfl
(B'U)" — (U*B) (A*U)" ] (u")"""
(U*B)™" — (U*B) (U* A)™" ] (ur)"
n C ) ] (u*)nfl‘

*

UrA
U-A

[(u4)
[(u4)
= [D(c)

Hence S5 = K; (U*)" ! such that K, = D (C*)" — C (D*)" is an n*-Nadir’s operator. O
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Theorem 6. Let A and B be two bounded operators on a Hilbert space H. Let M be a closed
linear subspace of H. If M reduces both A and B, then

(i) M is invariant under the n-Nadir’s operator Ty = A"B* — B"A* and

Ti/M € [n-Nr];

(ii) M is invariant under the n*-Nadir’s operator T, = A(B*)" — B (A*)" and

T,/M € [n*-Nr].

Proof. (i) Since M reduces both A and B, we get that M is invariant under A, B, A*, B*, A" and
B". This means that M is invariant under both A”"B* and B"A*. Thus M is invariant under
T = A"B* — B"A* and

Ti/M = (A"B* — B"A*) /M = (A"B*) /M — (B"A*) /M.
Since M reduces both A and B, we obtain
A*/M = (A/M)* and B*/M = (B/M)*.
Since M is invariant under A and B, we have
(A"/M) = (A/M)" and (A"/M) = (A/M)".
Therefore,
Ty/M = (A"/M) (B*/M) — (B"/M) (A*/M) = (A/M)"(B/M)* — (B/M)"(A/M)*.

Hence T; /M is an n-Nadir’s operator.
(i) In the same way, since M is invariant under both A (B*)" and B (A*)", we get that M is
invariant under T, = A (B*)" — *)" and

B(
A
A

T,/M= | <*>”—B<A*>”]/M
=[A(B")"]/M—[(B(A")")]/M
= (A/M) (B""/M) — (B/M) (A™ /M)
= (A/M) (B*/M)" — (B/M) (A*/M)"
= (A/M)(B/M)*™" — (B/M)(A/M)*™"
Hence, T,/ M is an n*-Nadir’s operator. O
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OcHoBHOIO MeTOIO L€l CTaTTi € IMpeACTaBAGHHSI HOBMX Pe3yAbTaTiB IIOAO onepaTopa Haaipa
N = AB* — BA*, ae A i B— aBa obMexXeHi AiHilHI onepaTopy. My BBOAMMO y3araAbHEHHS LIbO-
TO TIOHSTTSI, a came n-omeparopu Haaipa Ta n*-omeparopu Haaipa, Ae 7 — AoaaTHe Iiiae umcho.
Y poboTi HaBeAe€HO OCHOBHI BAACTMBOCTI VX OIIEPATOPiB, 30KpeMa KOMITaKTHICTh i HOpMaAbHICTb.
AOAATKOBO BCTAHOBAEHO 3B’SI3KM MiX LIMMM KAacaMM: ITOKa3aHO, IO CIPSDKEeHU A0 1-OIepaTopa
Haaipa e n*-oneparopom Haaipa. Biabite Toro, sikimo T — Taxmii n-oneparop Haaipa, mo Ai B —
ABa 0bMeXeHi KOMyTyIoUui HopMaabHi oneparopy, To T Takox € n*-omeparopom Haaipa. Oxpemo
PO3TASIHYTO BUITAAOK 71 = 2 3 HaBeACHHSIM AESIKMX LIKaBMX IIPUKAaAiB. TakoX BCTaHOBACHO iHIII
OB’ s13aHi pe3yAbTaTH.

Kontouosi cnosa i ¢ppasu: TiabbepTOBMI IpOCTip, 0bMeXeHMit omeparop, n-omeparop Haaipa,
n*-omeparop Haaipa, 2-omeparop Haaipa.



