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The Cauchy problem for a double nonlinear
time-dependent parabolic equation with absorption in a
non-homogeneous medium

Aripov M.}, Bobokandov M.

In this paper, our primary focus is on studying the properties of self-similar solutions to the
Cauchy problem. We specifically examine the behavior of these solutions in a double nonlinear
time-dependent parabolic equation and their absorption in a non-homogeneous medium. Through
the research of the topic matter, our aim is to deliver a more thorough comprehension of the finite
speed perturbations propagation in the solution of the Cauchy problem for a nonlinear parabolic
equation. This establishment of a property is essential to understand the dynamic nature of these
equations. Furthermore, we delve into the self-similar analysis of the solution, which allows us to
ascertain the condition of Fujita type global solvability for the Cauchy problem in a double nonlinear
degenerate-type parabolic equation within a non-homogeneous medium. This analysis provides
valuable insights into the behavior and potential solvability of these equations on a global mean.
Additionally, we establish estimates for weak solutions depending on the growing density and the
value of numerical parameters. By establishing these estimates, we provide a more comprehensive
understanding of the behavior of the solutions in different scenarios.

Key words and phrases: finite speed, perturbation, global solution, estimate solution, critical case,
asymptotic behavior, numerical analysis.
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1 Introduction

Considerin Q = {(t, x):t>ty, x € RN, ty = const > O} the following Cauchy problem:
02 (x) 0pu = ul div <p1 (x) um_l}Vuk‘pQVu) — o3 (x) t'uf, (1)

u(ty,x) =ug(x), xeRV, (2)

where p1(x) = [x|", pir1(x) = x|, g€ (0,1),mk>1,p>2nl,l,B,i=1,2, are the
numerical parameters, and the function u = u (¢, x) > 0 is the solution.

It is clear that the equation (1) is degenerate. Therefore, in the domain Q, where u =
0, Vu = 0, it is a degenerate type. Therefore, in this case, we need to consider a weak solution
from having a physical sense class.

Equation (1) plays an important role in modeling a wide range of physical phenomena. For
instance, equation (1) is frequently employed to describe and analyze diffusive processes found
in biological species, diffusion phenomena in force-free magnetic fields, curve shortening flow,
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and the spreading of infectious diseases, among others (see [7,13,14,17,21] for further details).
By utilizing mathematical equations, researchers and scientists are able to delve deep into the
intricate mechanisms underlying these phenomena, allowing for a better understanding and
prediction of their behavior.

Weak solutions play an essential role in modelling real-world phenomena, since many
differential equations are unable to admit sufficiently smooth solutions, and the weak for-
mulation is the only method available for solving them. It often proves advantageous to
prove the existence of weak solutions first and then show that those solutions are sufficiently
smooth, even in cases when an equation has differentiable solutions. This elegant and beauti-
ful work [10] revealed a new phenomenon of nonlinear PDEs and stimulated the study of sim-
ilar phenomena for various parabolic, hyperbolic, and nonlinear Schrodinger-type equations.
Many significant discoveries have emerged since then, but we cannot provide a thorough sum-
mary in such a short paper. The interested reader is referred to the paper by F.B. Weissler [26]
and the references therein for a good account of related works. A brief review of some related
results on parabolic equations will be given below.

The problem (1)—(2) intensively studied by many authors [19,20,27]. Zh. Xiang et. al. [28]
studied the properties of solutions to the following problem (1)—(2) in one-dimension case:

ou 9/ . |oulf*ou

ox
u(x,0)=ug(x), x€eR,

wherem > 1, p > 2, B > 0and v > 0 are constants, the nontrivial initial data u (x) is non-
negative continuous and compactly supported, while the variable function p (x) is positive,
bounded, and smooth enough.

Qualitative properties of solutions of doubly nonlinear reaction-diffusion, self-similar pro-
tiles of solutions, global existence, and blow-up solutions studied in [8,18]. Asymptotic be-
havior of solutions of the nonlinear diffusion equation with absorption at a critical exponent
considered in the works [1,5,22,25]. In [15, 16], the Cauchy problem for the following two
equations with variable coefficients is studied:

ou
4 m—1 p—2 B
o (x) 5 div (u |Vl Vu) +po(x)u
and
0
o (x) a—btl = div (um’1 |Vu|P 2 Vu) +uf, xeRN, t>0,

where p > 1, m+p >3,8>m+p—2,p(x) = |x| " orp(x) = (1+ |x|)". The authors
showed that under some conditions for the parameters and for the initial data, any nontrivial
solution of the Cauchy problem blows up in a finite time. Moreover, the authors established a
sharp universal estimate of the solution near the blow-up point.

D. Andreucci and A.F. Tedeev [2,3] studied the Neumann problem for the following equa-
tions

(wf), = div ( |Dw|™ ' Dw) +w', |Dw|" 'Dw-n=0, wP(x,0)= wp (x),
where 0 < B <1,m >1,v > 1, wy(x) > 0, n denotes the outer normal. They established a

sharp universal estimate of the solution near the blow-up point and showed the condition for
the solutions to exist and to which class they belonged.
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Definition 1. We will call a weak solution to the problem (1)~2) in (to, T) with0 < T < 400
the functionu = u (t,x) > 0 with the property pj (x) umfl}Vuk‘p_ZVu € C(Q), and satisfying
to the equation (1) in distribution sense

/tT /RN <Pz(x)”aa—lf — 01 (%) umil‘Vuk}’FzVu -V (pu?) + p3 (x) tlu5> dxdt =0

forany p € CF (RN x (t, T)).

The existence of a weak solution is proven in [6, 19], where doubly nonlinear parabolic
equations are considered.

2 The self-similar equation
We introduce the notation u = 01%‘1 and put this into the equation (1)—(2). We get
p2 (x) 0pv = div (pl (x) vmz*l}Vvkz}%sz) — (1 —q) p3 (x) tof?, (3)

Vl¢=t, = 0o (). 4)

Also, consider the radial symmetric case

) 9vk2|P~2 9y
— 17N_ N-1 mel - _ _ _ 1 /32
p2(r)ow=r P <p1 (ryr" v P 8r> (1—gq)p3(r) tor2, (5)
m k B—q . . .
where r = |x|, mp = Ty ky = Ty B2 = T and N is the dimension of space.
We look for the solution of (5) in the form v(t,r) = t7%f(&), { = rt~#, where
o (l+1) (p—n—ll)+ll—lz o [32—1—(1—1—1) (m2+k2(}7—2)—1)
a d ! - d !

d=(po—1)(p—n—-h)+(h—h)(m+k(p—2)—1)#0.
It is easy to check that for an unknown function f the following equation

d dff2|P=2df df
L _ x-N" [ aN-1+ngmy—1|") ~ “J 1-11 ) “hy_(1— =l g _
@) =¢ dC(C e ) T el - i =0 6)
is obtained. According to the original problem statement, we will be looking for a non-trivial
non-negative solution of the equation (6) that fulfills the following condition

F(0)=0, f(c)=0, 0<c< +c.
We look for the solution (6) the WKB solution [6] in the Hardy form [23]:

f(&)=z2(e(Q))- (7)

The function z(¢ (&) ) is the solution to the equation

-2
i ZMa—1 ! E - E (8)
de dp | d¢’

dzk

do
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where the function ¢ () is to be chosen. Then after substituting (7) into (6), and choosing ¢ (&)

as the solution of the equation (@z)P~1 = —u¢!="~h, we get
%1
0 (8) = {c—i— %é’“, ifp#tn+l, 1= p;rfll, ¢ = const > 0, ©)
(—u)P1In|¢|, otherwise.

Note, that equation (8) have particular solution

-1
@bl 7=t >0
(a+bg)7, 7 <0,
z(9) = 0
exp<— p2>, my—1+ky(p—2)=0,
k3
2

where b =

mz—l—kz(p—Z)—l
2

p—

(p—Dky "
Therefore, the function f (&) = f(¢), can be considered as the congruence of function f(¢)
(see [6, Paragraph 4.3] and [23, Paragraph 2, topic 13]). So, we obtain f (¢) in the following
form

,a = const > 0, (d)+ = max(d,0).

A(a - éﬂh)’-y}-r Y > 0,
_ Ala+ &), v <0,

GE 0 . (10
exp(‘ > p(&) =M=, my—1+k(p—2) =0,

7
1
" , pF#En+1.

Then we need to prove that all solutions satisfying equation (6) have an asymptotic in the
form (10).

where A =

3 Main results

3.1 The slow diffusion case (y > 0)

Since problem (1)—(2) is equivalent to problem (3)—(4), it is sufficient to solve (3)—(4).
Using constructed above function f (&) and the solution comparison method [6,27], we are
in a position to establish explicit estimates of the solution of an estimate of the Cauchy prob-
lem (3)—(4).

Consider the function v (t,x) = t~*f(&), f(&) = A(a — &™), where a,¢, a, 71, 7 are
defined above.

Theorem 1. Let v (t, x) be a weak solution of the problem (3)—(4), v > 0,

,32Zl‘f‘(l‘f‘l)(ﬂlz—l—kz(p—z)_l)_'_(l+1)(p_N”_lll)+ll—lzl
-

11<min<N,(l+1)(pl_n)_lz>, 140

p#h+n,
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and vy(x) < vy (tg, x), x € RN. Then for the solution of the problem (3)~(4) in Q the estimate
v(t,x) <vy(tx)

and for the front the following estimate
1

x| > xf (t) =amth
hold.

Proof. The proof is based on the principle of comparison [11, 26]. For comparison function
we take the function v, (¢, x) defined above. We note that according definition the function

1
has the property v, (t,x) = 0, when |x| > a"1t#. Now to prove the theorem we need to
calculate L(v. (t,x)) and show that L (v (t,x)) < 0. Indeed, we will show that L(f (¢) ) < 0
1
in|¢] <am.

After calculating, we get

P=2 4z

- d dz
L(f(©) ‘f@_z(?) =0 ((cpg)p‘lCN‘””sz‘l @> T g el Tz

+(1—q)g 2P = ghz fa - p (N = k) — (1—q) g 2Pt

dzk>

do

_ 1
It easy to see that L(f(g)) < 0ina —g" >0,ie. || <anmifa —pu(N—1) <0, ie.

I+ (p-—n—h)+h—-hb—(N=h)[Ba—1—(+1)(m+ka(p—2)—1)] <0
Ba—1)(p—n—h)+(h—h)(m+k(p-2)-1) -

By > o =14 (I+1) (my+ka(p—2)—1)+ LFDP=n=l)+h-h

N-—-L ’
I+1)(p—n)—1
ll<min<N, ( )(pl n) 2), 140,
Applying the comparison principle, we have v (f,x) < vy (t,x) in Q. O
(I+)(p—n-h)+h-h

Remark. The number By = 1+ (I+1) (ma+ky (p—2)—1) + N1
—h

is called the critical Fujita exponent [10], which separates the nonexistence and existence of
global in-time solutions of (1)—2).

3.2 Fast diffusion case (y < 0)
Suppose that for equation (6) the following conditions are fulfilled
f0)=0,  f(e0)=0.
Note that the function f (¢) = A (a + &) with a = const > 0 satisfies the above conditions.

Theorem 2. Lety < 0, B2 > Bac, vo(x) > v_(ty, x), x € RN. Then for the problem (3)-(4), there
exist a global solution in Q and it satisfies the estimation

v(t,x) >v_(t,x), xcRY,

where
v_(t,x) = At *(a+ M),

Proof. The proof of the Theorem 2 is similar to the proof of the Theorem 1. O
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3.3 The critical case (mz — 1+ ka(p —2) = 0)
Theorem 3. Let v (t, x) be a weak solution of the problem (3)<(4), my —1+ky (p —2) =0,

I+1 —n—I)+hL—-1
( )(pN_lll) ! ’ p;éll—{—n,

(l+1)(P—”)—lz> o

B2 >1+

l

vg (x) < vq (to,x), x€RN.

l1 < min (N,

Then for the solution of the problem (3)—(4) in Q the estimate

1 pfnfll

|plp 1 g P _
——— |, &= |x|t7H,

r1ky~

= | R

v(t,x) <vy(tx)=t "exp (—

N <
)|

holds.

Theorem 3 contains the Fujita result (see [9,12]) on global solvability of the problem (1)—(2)
forthecasem+k(p—2)—1=0,k=1,p=2.

3.4 Double critical case

The case my +ky (p —2) —1 =0, p = I; + n we will call a double critical case.

Theorem 4. Let v (t, x) be a weak solution of the problem (3)<4), my —1+ky (p —2) =0,

I+1 —n—IN)+1l; -1
,3221+( )(pN—lll) ! 2, p=1L+n,

(l+1)(P—”)—lz> 2o

!
vo(x) < v (tg,x), xRN\ {0}.

l; < min (N,

Then for the solution of the problem (3)—(4) in Q the estimate

1
71
o(t,x) <o (t,x) =t “exp ( IR ) £ =|x|tH,

p—1
k2

holds.

Proof. Theorems 3, 4 can be proved using the same approach as in proving of Theorem 1. As
functions for comparison the corresponding functions v; (¢, x), vp (¢, x) are taken. After cal-
culating L(v1(t,x)), L(va2(t, x)), it easy to check conditions L(v1(t,x)) < 0, L(v2(¢,x)) < 0. O

In [8], authors established a large time an asymptotic solution of the problem (1)—(2) for the
case g =1 =0,1; = I, B = Bc. They established the following asymptotic solution

u(t,x)N(tlnt)_ﬁexp<—\x]2/t), Bc=1=2/N for t~ co.
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Generalization large time asymptotic and behavior of the front of this result for to a degen-
erate nonlinear parabolic equation considered in the works [4, 5, 24]. Authors of these works
showed the following large time asymptotic of solution of the problem (1)—(2)

1
u(t,x) ~ ((T+H)In(T+t)) P Texp (— |x|? /t)
for the following critical exponent case

p—lL—n

Be=1+(1+1) lmy+ka(p—2)—1+ N_7

], n<N, p—l1—n>0,

and behavior of a free boundary for a particular value of the numerical parameters (I = 1,
ll = 12, q= O)
3.5 Asymptotic of compactly supported weak solutions

Next, the asymptotic behavior of the self-similar solutions of the equation (6) is studied.

Theorem 5. Lety (1 — B2) < 1. Then a finite solution of the problem (3)—<(4) has an asymptotic
representation

(@) =1 (A+o(1)).

Proof. We will search for a solution to the equation (6) in the following form

f(&) = F@)w(n). (11)

Heren = —In(a —¢"), w () is to be determined.
Now, let us investigate the asymptotic behavior of the solution of the equation (6) at

1
¢1 = ¢ — an. Itis to check that substituting (11) into (6), for w (1) we obtain the equation

d dw
3 (k) a0 () Ko ) (0 =0 )+ (ot as (=0, (12
where

N-—-1; e 1\1-p I e

==t ) =p(nal) ) = S (),
(v(1=B2)-1)y
a3 () = — (1= q) 7, P AP mahalp=2) _© PR
(a o 6717)1_._7
k2 P2/ dw
— oma—1 L_ ko -

Kw =w i koyw <d17 'yw>.

It is supposed that ¢ € [Co, 1), 0 < &o < &1. Therefore, the function # (¢) has the properties

n(¢) >0 at ¢e[Co,1), no=1n(S)>0, glgnglﬂ(é)=+w-

Note that the study of the solutions of the (12) is equivalent to the study of those solutions
of the equation (3), each of which in some interval [#, +-o0) satisfies w (7) > 0, Kw # 0.
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First, we show that the solutions w (1) of equation (12) has a finite limit wy at 7 — oo.
Assume

y () = Kw, (13)
d
v (1) = —a0 () y () — ax () (% - vw> —a () w0 — a3 () . (14)
Now, we consider the function
d
(A ) = —ao (1) A — a (1) (% - W> — () w — a3 () b, (15)

where A is the real number. From here it is easy to see that for each value A, the function
¢ (A, 1) preserves sign on some interval [1,+00) C [, +0o0) and for every fixed value A,
different from the value satisfying equation

2y (17) A — 1 (17) (—ywo) — a2 () wo — @ (1) wy? = 0.

1=p
Here 20 = lim ap () = —v, 21 = lim oy () =nu <’)/1A%> , 22 = lim ay () =0,

n—>+00 n——+oo nN——+oo
0/ ,Y (1 - 52) < 1’
o B oo
1y = Hm a3 (1) = 0 —(1—q)yy Pa AR, g (1-py) =1,

This implies that the function g (A,#) preserves sign on the interval [1p, +00) C [1g, +00),
where A # 0. Thus, the function g (A, 77) for all 7 € [12, +00) satisfy one of the inequalities:

g(Ay)>0 or g(An)<O. (16)

Suppose now that for the function y (1) limit at # € [1p, +00) does not exist. Consider that
case when one of the inequalities (16) is satisfied. As y (7) is an oscillating function around
a straight line 7 = A, its graph intersects this straight line infinitely many times in [1p, +00).
However, this is impossible, since on the interval [#,, +-00) just one of the inequalities (16) is
valid, and therefore, from (15), it follows that the graph of the function y (1) intersects the
straight lines 7 = A only once in an interval [#p, +00). Accordingly, the function y (1) has a
limit at # — 4-oo0.

It is obvious that
e 1

lim — =0, lim @’ =0.
n—+oog — e~ f—>—+00

By assumption, f (&) = f (&) w (1) and the function y (17) defined in (12), has a limit at
7 — +oo. Then g¢'(7) has a limit at 7 — 400, and this limit is zero. Then
wk2
diy

mz—l

P=2 /4
<—w - vw) = ="K Py o (1),

_ ko
kyyw an

I = 1

And by (14), the derivative of function y (1) has a limit at # — 400, which is obviously equal
to zero. Consequently, the following

dw
lim [ao )y () +ar () <%—7w> Tap () w0+ a3 () wf2| =0

H——+00
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is necessary. Then from (12)—(16) we obtain the following algebraic equation
-1 1—
yl’k’;zwopT + 23w052_1 — y'y'yiprTp =0.

From these expressions, it is easy to see that the equation (13) has a solution y (17) with a finite
non-zero limit at 7 — +o00. On behalf of (12), we have proved that f (&) = Cf (&) (1+0(1)),
where C is the root of the above algebraic equation. The proof is completed. O

3.6 Fundamental solution

If in (3) the initial condition is equivalent to the condition v(x,0) = Eyé(x), then
(I+1)(p—n—h)+hL -1

N_L can be calculated as the

Boe =1+ (I+1)(my+ka(p—2)—1)+

value of a, where §(x) denotes the Dirac delta function and Ey = / e (x)v(t, x)dx.
R

Let the constant a satisfy the Dirac condition, then we say that the function v (¢, x) is the
generalized (weak) fundamental solution of the problem (3)—(4).

In the particular case ¢ = n =1 = 0, k = 1, p = 2 and sourceless form of (1)-(2),
A.A. Samarskii et. al. [23] determined the value of a.

Consider the following integrals

In(v,m) = /IRN (ag" —¢™)7 dg, (17)
IN (V71 72) = /]R (g —gm)] & dg. (18)

_1

We introduce the notation 7 = ¢1™72, by = agﬁ and put them into the integral (18), we get

In (7,71, 72) = /IR (b — M) &1 dg

i Y N n_ i
RN + T2 +1 RN +

N
Consequently, we have [y (7,71, 72) = (ﬁ) In(7, ’)’;}’1 )
Therefore, it is enough to consider the integral (17). Introduce the following notations

i "o
0= (C--. 8, xi= <ﬂ31 - ;“) , i=N-1,1,
we can rewrite (17) as follows

v (rm) = [ e =g Tde = [ do [ O~ )] e

1

AXN-1 1
_ 94! Y1\ _ _ 71
= Jen 0N 1/XN1 (A1 —¢\) , dén = ’CN = AN-1Zy
2 1 L1 2 1 1
S MHlgey / 1—2\) 20 dz :—B< +1,—>1 ) < +—>
’)’11RN1XN1 Nlo( N) Lz N = 0 - N-1 |7 -

N-1\N=1/2 i—1 1
g4 -1 \n 1 mn
2

:aN+'wlﬁ T(%)‘F(7+1~l—%) _ Nt F(y+1) <£r<i>>N
O i T(y+1+:) "0 Tiy+1+)\n \n
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Given that 2 = a)', 72 = —I; and put that to the above equation, we obtain the following

equation
N

Eo I ) < 1 )NI ( T ) an T (y+1) 2. 1-I\\V

7 S\ m2) =\ =) NV = — .

A 2+ 1 2+ 1 i)) 1

v v T<'y—|—1+N< %1 71 Y

Hence,

1

EOF<7+1+N<1%11>)< ’ ))}mm_

A <1—11
M

a=alko) =17 T(y+1)

4 The Numerical Scheme

We consider the numerical solution of the problem (1)=(2) and their approximations for

one-dimensional space.
In the domain D = { (t,x) : 0 <ty <t < T, 0 < x < b}, T,tp, b = const > 0 we construct
a uniform grid wy, for x in steps of hy:

wp, = {x; =ihy :hy >0,i=0,n, hyn = b},
and a temporary grid
Wy, = {t]-:jht:ht >0’j:()l—mlhtm:T_tO}.

Let us replace problem (1)—(2), by using the balance method, implicit difference scheme
[1,6] and obtain the following difference problem with an error O(h? + T)
L

Yi yi o (yt! ' +1 41 j 1 _ 1] '
ne (h,% )[ﬂm(y’“)(yﬂl—yf)—ﬂi(yf“)(y?+ —Vﬁl)}‘q’;' (19)

i=1,n-1,j=1m-1,

with boundary conditions

W=u(x), i=1n, y{):01 (t]-), j=1,m, yL =6, (t]-), j=1,m. (20)

For calculating a(y), c(y), 01(t), 62(t) the following formulas are used

+1\ k i+1\k |p—2

(vi) — ()
h

. , A
ci(y) = lx" (V) a(y) = |xl" ()"

4

1 1

01(t) = (Awot )T, 6y(k) = (Awot ™ (a — b)) T0, ol = x| ()" ()P

The system of algebraic equations (19) is nonlinear relative to /*!. To solve the system of
nonlinear equations, apply iterative methods, we obtain

1 S]‘ Ci ]/] s s+1 s+1 s s+1 s+1 s
Yi Yi . ‘ j+1 s S L U I A | j+1 i+l N
I = 2 ai+1 |\ Y Yign — Yi ai |\ 'y Yi Vi1 i (21)

X

i=1n-1,j=1m-1,s=0,1,2,....
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s+1 s+1
The difference scheme (21) is linear with respect to ¥ . As an initial iteration for ¥ itis taken

0
the value from the previous time step and /™! = 1/. With the score on the iterative scheme set
. . . . . s+1 s
accuracy of iteration and process continues for as long while the condition max | yi —yi <e
<i<n
is not satisfied.
In (21) we introduce the following notations
s T s s s T s s
Aj = 35Ci <]/]+1>11i+1 <]/]+1>, Bi= 5 (]/]H)ﬂi <]/]+1>,
X X
S S S 5 5. 5.
— ] / J
Ci—Ai+Bi+1/ Fi_htq)i_yi'
Now difference equation (21) could be written as
s s+1 s s+1 s s+1 s
j+1 j+1 j+1 j - T
Ay, —Cy, +By,_,=-F, i=1n-1 (22)

For the numerical solution of equation (22) it is used the Thomas (tridiagonal) algorithm [1].
From the boundary conditions we have y{;rl =01 (tj11), y{fl =02 (tjy1).
Let

i1 i1
= Al x, @
A; Bixi-1+F .
h A — —, = =, 1 = 2, .
e A BN T G — A B "
The values A Bo: 4 F
A= _Bibi+hH
1 Cy X1 7@

could be found from (22), (23) at i = 1. The solution of system (19) is determined by the

recursive formula (23). The values y{fl we obtain from the boundary conditions (20), namely
j+1
(" =6y,
j+1 j+1
yff,l = A1l + Xn-1,
i+1 i+1
Vi =M+ X

L

To apply the tridiagonal matrix algorithm sufficient to require that the coefficients in (21) sat-
isfy the conditions (diagonally dominant conditions)

A, Bi#0, |G| >|A|+|Bi|, i=1n
For the iterative scheme (22), the Thomas algorithm is stable and gives a unique solution [6].

41 Numerical analysis of solutions

For numerical solutions, it is important to choose an appropriate initial approximation that
preserves its nonlinearity properties. In the slow diffusion case as an initial approximation it is

used ug (t,x) = (Awgt~*f(&)) 7. Based on the qualitative studies above, numerical calcula-
tions were carried out. The numerical results show quick convergence of the iterative process
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to the solution of the Cauchy problem (1)-(2), due to the successful choice of the initial ap-
proximation. For the numerical solution, the generalization of the Samarskii-Sobol scheme [6]
for the numerical calculation of wave type temperature is used. In the same place running ani-
mation can trace the evolution of the process in time. The figures below illustrate an evolution
of the diffusion process with a finite speed of perturbation in the one- and two-dimensional
cases.

5 Conclusion

The property of the finite speed of perturbation and a space localization of the Cauchy
problem for a nonlinear parabolic equation is established. This property highlights the signifi-
cance of understanding the behavior of solutions about the speed at which perturbations prop-
agate, as well as their spatial localization. Through self-similar analysis, a condition known as
Fujita type global solvability has been derived for the Cauchy problem in the context of dou-
ble nonlinear degenerate-type parabolic equations with variable density. By considering the
estimates of weak solutions and fronts (also known as free boundaries), this study provides
valuable insights into the behavior of solutions and the free boundary. It has been observed
that the behavior of these solutions and free boundaries is closely related to the exponential
growth rate of the density and initial data. Such analysis allows researchers to gain a deeper
understanding of the intricate relationship between the properties of the equation and the
resulting solutions. In all cases, it is important to consider the property of a finite speed of
perturbation solution. This property ensures that any changes or disturbances in the system
propagate at a limited speed, allowing for more stable and predictable behavior. An inter-
esting aspect to explore is the concept of self-similar solutions. The asymptotic behavior of
these self-similar solutions is of great interest in many scientific fields, as it provides valuable
insights into the underlying dynamics of the system. When studying the asymptotic behavior
of equations, it has been established that the coefficients of the main terms of the asymptotic
solution satisfy a system of nonlinear algebraic equations.

The results obtained from the computational tests provide valuable information on the
effectiveness and suitability of self-similar solutions as an approximation method. By utilizing
both the solutions derived from the nonlinear splitting approach and the standard equation
method as initial approximations, we can effectively employ an iterative method based on
Picard’s method to solve these nonlinear problems while also retaining the essential nonlinear
effects [6].
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V 1ill cTaTTi OCHOBHY yBary IpMAIA€HO AOCAIAXKEHHIO BAACTMBOCTEN CAMOMOAIOHMX PO3B’SI3KiB
3apaui Komri. Mu 30kpema aHaAi3yeMO MOBEAIHKY LIMX PO3B’SI3KiB AASI TIOABITHOTO HEAiHITHOTO 3a-
AEXHOTO BiA 4acy mapaboAidHOro piBHSHHS Ta IXHE IOTAMHAHHS B HEOAHOPiAHOMY CepeAOBMII.
AOCAIAXYIOUM IIFO TEMY, MI CTaBMMO 3a METY T'AMOIIIe 3pO3yMiTH BAACTMBICTh NOIIMPEHHS 36y peHb
3i cKiHUEHHOIO IIBUAKICTIO ITpM PO3B’si3aHHi 3aaaui Ko AAst HeAiHiHOTO TapaboAidHOro piBHSIH-
Hs1. BcTaHOBAEHHS i€l BAAQCTMBOCTI € KAIOUOBMM AASI PO3YMiHHSI AMHAMIiUHOI IPUPOAM TakMX PiB-
HstHB. KpiM TOTO, MU 3AilICHIOEMO CaMOTIOAIOHMIT aHAAI3 PO3B’SI3KY, IO AO3BOASIE BCTAHOBUTH YMO-
BY I'A0GaABHOI po3B’s13HOCTI THiy @y a3iTit 3apaui Korrri AAst OABIIHOTO HeAIHITHOTO BMPOAKEHOTO
napaboOAIYHOTO PiBHSIHHS Y HEOAHOPiAHOMY cepeaoBuItti. Takmit aHaAi3 Haaae HiHHY iHdopMariito
IIPO MOBEAIHKY Ta IOTEHIIiHY TAODAABHY PO3B’SI3HICTh IMX PiBHSHB. AOAATKOBO MM BCTAHOBAIOEMO
OIHKM AASI CAAOKIX PO3B’SI3KiB 3aA€XHO BiA 3pOCTAlOuU0i I'yCTVHM Ta 3Ha4UeHb UMCAOBMX Iapame-
TpiB. Li OLiHKYM CIPVSIIOTH TAMOIIIOMY PO3YMIHHIO IOBEAIHKY pO3B’I3KiB Y Pi3HMX CUTYyaIIisIX.

Kontouoei cnosa i ¢ppasu: cKiHUeHHa IIBUAKICTB, 30YpeHHsI, TAOGAABHIIT PO3B’SI30K, OIiHKA PO3-
BSI3KY, KPUTUYHMIA BUIIAAOK, aCMMIITOTMYHA IIOBEAIHKA, UMCAOBMIA aHAAI3.



