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Extended local convergence analysis of optimal eighth order
method for solving equations in Banach space

Argyros 1.K.}, Regmi S.2, Shakhno S.M.3, Yarmola H.P.3

A local convergence analysis is developed for an eight-order method to solve Banach space de-
fined nonlinear equation under w-continuity. Earlier efforts require the existence of the ninth deriva-
tive to show the convergence on the finite Euclidean space R¥. However, high order derivatives do
not appear in the method. Moreover, no error estimates are available. Therefore, the previous efforts
cannot assure the convergence if these derivatives do not exist although the method may converge.
The present article addresses these problems. In particular, the new convergence conditions require
only the existence of the first derivative appearing in the method. Moreover, error estimates become
available. Furthermore, a region is determined containing only one solution of the equation. The
novelty of the developed process allows its usage on other methods, since it is independent of the
method. The numerical example complements the theory.
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space.
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Introduction

A plethora of problems in Computational Mathematics reduce to solving the nonlinear
equation [1,10]
F(x) =0, (1)

where F : () C X — Y is a differentiable operator according to Fréchet, X and Y denote
Banach spaces, and (3 C X is an open and convex set. An exact solution x* of the problem (1)
can be found very rarely. Therefore, the approximate solution is usually found numerically by
iterative methods [1,5-10].

The most used method for solving nonlinear equation (1) is Newton’s [1,10]. Also, many
scientists are developing and researching multi-step algorithms [2-6,8,9]. These methods have
a higher order of convergence than Newton’s method. The convergence order is affected by the
number of method steps and the number of function computations. The convergence analysis
of these methods was provided using derivatives or divided differences of order higher than
one.

Considering these disadvantages we study multi-step methods using only the first deriva-
tive as well as the divided difference of order one that are in the iterative formulas of these
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methods. Moreover, error bounds on ||x, — x*|| and uniqueness of the solution results are
presented. We provide convergence analysis under w-type conditions.
In this article, we demonstrate our technique on the eighth order method

Yn = xn — &F (x,) " F(x),
Zy = d4(xn/ yn); (2)
anrl = dS(xnr yl’l/ Zl’l)r

where « is a real or complex parameter, and dy : QO xQ — X, dg : O x QA xQ — X are
continuous operators.

If X =Y =Rk a =1, and dy, dg are iterative functions of orders four and eight, respec-
tively, then method (2) was shown in [9] to be of order eight.

1 Local Convergence

The local convergence analysis uses some scalar functions and positive parameters.
Set S = [0, 00). Suppose that the following assumptions hold.

(i) There exists a continuous and nondecreasing function wp : S — R such that the equation
wo(t)—1=0
has a smallest solution pg € S\ {0}. Set Sy = [0, po).
(ii) There exists a continuous and nondecreasing function w : Sy — R such that the equation
g1(t)—1=0
has a smallest solution 1 € Sy \ {0}, where the function g; : So — R is defined by
1 1 1
g1(t) = m/o w(|1—0|t)do + |1 — « <1 +/0 wo(]eyt)d(?).

(iii) There exist continuous and nondecreasing functions g, g3 : Sp — R such that the equa-
tions

9(#t)—1=0 and g(t)—1=0
have smallest solutions 5,73 € Sp \ {0}, respectively.
The parameter r, defined by
r=min{r,}, m=123, (3)

will be shown to be a radius of convergence for method (2). Set S; = [0, r). It follows by this
definition and (3) that for all t € S; we have

ngo(i’) <1

and
0<gm(t)<l, m=123. 4)

Let U(x, A), U[x, A] stand for the open and closed balls with center x € X and radius A > 0,
respectively.
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The aforementioned functions and parameters are connected to the following conditions.
(h1) There exists a simple solution x* € () of an equation F(x) = 0.
Set Uy = U(x*, po) N Q.
(h2) ||F'(x*)"Y(F'(x) — F'(x*))|| < wo(||x — x*||) for all x € Q.
(h3) [[F/(x*)"L(F/(x) = F'(y))]| < wo(lx — yIl) forall x, € U,
(h4) ||ds(x,y) — x*|| < ga(llx — x*||)||x — x*|| forall x € Up and y = x — aF’(x) "1 F(x).
(

(h5) ||ds(x,y,z) — x*|| < g3(]lx — x*||)||x — x*|| for all x € Up, y = x — aF'(x)"F(x) and
z = dy(x,x — aF' (x)"'F(x)).
(h6) U[x*,r] C Q.
Next, the main local convergence result is presented using the developed terminology and

the “h” conditions.

Theorem 1. Suppose conditions (hl)—(h6) hold and choose xy € U(x*,r)\ {x*}. Then,
sequence {x,} generated by method (2) is well defined, remains in U(x*,r) and converges
to x*. Moreover, the following estimates

lyn — <1 < gl — < Dl — x| < Il — x| <7, )
lzn — || < g2(llxn — x* [0 — || < 2 — 2™, (6)

and
[xn1 — x*[| < ga([[xn — 2% [|xn — x| < [l — 7] )

hold for alln = 0,1,2,..., where the functions g, are previously defined and parameter r is
given by formula (3).

Proof. Letv € U(x*,r) \ {x*}. It follows by applying (h1), (h2) and using (3) that
IF"(x*) 7H(F'(0) = F'(x*)) | < wo(llo = ")) < wo(r) < 1.
Thus F'(v)~! € L(Y, X) and

/Ufl /x* 1
IF@= PN < =5 me ==

by the Banach lemma on linear operators with inverses [1]. If v = x, then (8) implies that

F'(x9)~! is invertible. Hence, the iterate 1 is well defined by method (2) for n = 0. We can
also write

Yo — x* = xg — x* — F/(x0) "'F(x0) + (1 — a)F'(x0) "' F(x0)
= xg — x* — F'(x0) " }(F(x0) — F(x*))
+ (1 —a)F'(x0) ' (F(x0) — F(x*) = F'(x")(x0 — x*) + F'(x*) (x0 — x7))

= F (o) P )FG) () = [Pt (10— x0))d0 ) ()

(8)

1
+ (1 —a)F (x0) " LF (x*)F(x*) 7! (/0 F(xo+ (1—0)(x* —x0))do

— F'(x*) + F'(x*)) (xg — x¥).
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By using (3), (4) for m = 1, (8) for v = x, and (h1) - (h3), we get

1 1
[ et — e+ 1l (14 [ wn(olla — )6 ) [ 1xo - ]
=l -

= g1(llxo = x*[)[|x0 = x| < [lxo —*"|[ <7

lyo — x*[| <

showing (5) for n = 0 and yo € U(x*,r). Similarly, using (2), (h4) and (h5), we obtain
20 — x*[| < g2(llxo — x™[)[|x0 — x™|| < [Jxo — &7

and
21 = x*|| < ga(l|xo — x*[)[[x0 — ™| < [[xo — x|

showing (6), (7), respectively, and zp, x1 € U(x*, 7).
By simply replacing xo, o, zo, X1 by x;, ¥, zi, xi+1 in the preceding calculations we complete
the induction for estimates (5) — (7). Then, by the estimate

241 = 27| < b([lai — 27 [)]]2c; — 27| <l — 27,
where b(||x; — x*||) = g3(||x; — x*||) € [0,1), we conclude
lim x; = x* and  x;11 € U(x", 7).
1—00
Next, a uniqueness of the solution result for equation F(x) = 0 is presented.

Proposition 1. Assume that there exists a simple solution x* € U(x*, p) of equation F(x) = 0
for some p > 0. Let condition (h2) holds and there exists p; > p such that

1
/0 wo(601)d0 < 1. )
Then the point x* is the only solution of equation F(x) = 0 in the set U; := U[x*, p1] N Q).

Proof. Lety* € U; with F(y*) = 0. Define the linear operator

1
T :/ F'(x* +8(y* — x*))d6.
0

Then, by using (h2) and (9), we obtain

IF/ ()= Pl < [ a6l vl < [ wp(@pn)as < 1.

Hence, x* = y* by the invertability of T and the identity
T(y* —x°) = E(y') — F(x") = 0.
O

Remark 1. The uniqueness of the solution x* was shown in Proposition 1 by using only con-
dition (h2). However, if all “h” conditions are used, thenr = p.
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2 Special Cases

In this Section we specialize method (2) to determine functions g, and gs.
Case 1. Choose dy(xn, Yn) = Yn — AnF(yn) and dg(xn, Yn, zn) = zn — BnF(2zn), where

—1 _ _
and
Cyn = Z[an]/n}F] - [Zn/ xn}F]-

Let functions w1, ws, ws, ws : Sg X Sg — R, wy : Sg X Sg X Sg — R be continuous and non-
decreasing. Moreover, define scalar sequences and functions, provided that iterates x;, y,, zx
existand ||x, — x*|| < t, by

P = w1 (lyn = ¥l 120 = x*1) + wa(ll % — 5[, Iy — °1], 1z — 2°])

< wi(g1(H)t, &2()t) + walt, g1(H)t, g2()t) = p(t) <1

11 .
L e O

sn = @a([lxn = 7|y =7 |20 = 27(]) + ws([lyn — 27|, [|20 — 7))
< wy(t, g1 ()t g2(1)E) + ws (g1 (8t g2(8)t) = ().
Define the functions g> and g3 by

(wa(t, g1(8)t) + ws(t, 81(£)t))81(t)
1— (wi(t, g1(8)t) + wa(t, 81()t))

$(t) =

and

(wa(t, g1 (8)t, g2 (1)) + q(H)s(H)ws (gz(f)f,gl(f)f))gz(f)‘
1—wi(t &()t)
Notice that functions g, and g3 are well defined on S; = [0, v) provided that equations

wi(t,g1(H)t) +wa(t,g1(F)t) =1 =0 and  wi(t, g(t)t)—1=0

have smallest solutions y; and 7, respectively in S \ {0} and y = min{po, 71, 72}
Then, consider the following conditions (h7), replacing (h4) and (h5):
(h7)

g3(t) =

1E" (") 7 ([, 2 F] = F () < on(llx = 27|, ly = x*1)),
1F (") 7 [y, 2 F] = F' ()| < con(llx = x|, ly — 7)),
1" (™) 7 [y, 2 F] = [y, 25 ED| < ws(flx = 27, fly = x7])),
1F"(x*) 7 (2% F] = [z, DI < wsflxe = 2", lly = [, |z = x*])),
1E" (") " [z, FII| < ws(llz = 2", fly = x711),
IF"(x*) T ()| < ws([lx = x7])),
1E () = ([ x5 F) = F )l < wr(llx = 2" lly = x711),
1F" (") ™ [, %5 P < ws(flx = 27

Then we use the estimates

IF" (") (A = F' () < or(llxn = 2", Nlyn = (1) + w2 (e = [, ly — x7[)) < 1,
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SO
!/ * 1
AR (x*)[| <
1= (@r(lxn = Il lyn = x* 1) + w2l = x|, 1y = x*11))
< 1
1= (wi(t g1(t)t) +wa(t, g1(H)t))’
Zn — x* =yu — x* — [2[yn, xn; F] — F’(xn)}_1 F(yn)
= An [Z[Wrxn?F] — F'(xn) — [me*?FH (yn —x7).
Thus,

lzn — || < | ARE ) () [y, x5 F] = F'(x0)) + ([, 20 F] = [y, x5 ED Ny — 27|
< ga(llxn = x* Dl — 2™ < [l20n = 27| <7,

IF"(x*)7H(Cn = F'(x* )l < wr(llym — 2", llzu — x7]))
+ws(flxn = x|, lyn = 271, Nz = 7)) = pu < 1,

SO

ICF ()| < —

_1—Pn:qn.

Moreover, we can write in turn that

Zy — x° — [zn,xn;F]_l[zn,yn;F]C,jl[zn,x*;F](zn —x")
= [Zn; Xn, F]_l{ ([Zn/xn}F] - [Zn/yn}F])
+ (20, Yu; F1C; (20, Yis F] = (20, X; F] = [20, X5 F]] } (200 — x7),

SO

%1 = X7} = [|2n = x" = BuF(za) ||
[wa(llxn=x*||, [lyn ="l 120 =2"11) + qusncws(llzn =2, lyn—x*[D] llza—x"
1 =i ([fxen = x|, 120 = x*[)

< g3([lxn — x*|D[[xn — x*| < |20 — x*.
Hence, we arrived to the following assertion.

Theorem 2. Suppose that conditions (h1), (h2), (h3), (h6) and (h7) hold. Then the conclusions
of Theorem 1 hold.

Concerning the uniqueness of the solution we can also use function w; (see (h7)) instead of
wy (see (h2)).

Proposition 2. Assume that there exists a simple solution x* € U(x*, p) of equation F(x) = 0
for some p > 0. Let condition (h7) holds and there exists p* > p such that

w1(0,0%) < 1. (10)

Then the point x* is the only solution of equation F(x) = 0 in the set U, := U[x*, p*| N Q.
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Proof. Let y* € Up with F(y*) = 0. Define the linear operator T} = [x*, y*; F]. Then, by using
the first condition in (h7) and (10), we get
[/ (x*) (T = F'(x))[| < w1(0, [ly* — x*)) < wi(0,0") <1,
implying x* = y*. O
Comments similar to Remark 1 can follow.
Case 2. Choose dy(xn,yn) = yn — AnF(yn), where Ay = [yn, xu; F|7YF (x0)[yn, xn; F] 71
Then, using that the iterates x;, y, exist, we have the estimate
Zn = X" =Yn —x" — [yn,xn;F]’lF’(xn)[yn,xn;F]’l[yn,x*;P] (yn —x%)
= (I - [yn,xn;F]’lF'(xn)[yn,xn;P]’l[yn,x*;F]) (yn —x%).
The expression inside the branches can be written as
[yn/xn?F]il [([ynzxn/' F] - F/(xn)) + F/(xn)[]/nzxn?F]il([ymxn;F] - [yn,x*;F])].
Composing by F/(x*)~! and using the condition (h7), we get
IF' ()~ ([yn, x0; F) = F'(xa)) |
+ [ () 7 F (o) 1 [y, x5 E) U () NTE (%) (s x5 F) = Ty, X5 D)l

we (|20 — x*|)ws ([[xn — x*[I, llyn — x* 1)
< wy(||xy — x*||, —x*|) + =ey,
2 (| xn Il llyn I 1= w1 (|Jxn — x|, lyn — ) n

SO

* enllyn — x|
zn— x| <
Ien = W — 2T T — =)
It follows that function g, can be defined by
1 we (H)ws (¢, gl(t)t)>
t) = wo(t, t)t) + .
820 = 1 (a0 + S

Case 3. Choose dy(xy, yn) = yn — AnF(yu), where A, = 2[yy,, x,; F]~1 — F'(x,,) 1. This time

we get

zn = X" =Yn — X" = Anlyn, X" F](yn — x7) = (I = An[yn, x5 F]) (yn — x7).
The expression inside the branches can be written as
F'(xn) N (F' (%) = [y, "5 F]) = 2[yn, X0; F1 71 (F (%) = [y, %05 F))F' (x0) ™ [y, X7 ).
Using the conditions (h7), we obtain
1E CGen) ™ F ()" () 7 CE () = [y, 275 ED 201y, 20 E] 7V () |
I (%) THF (xn) = [y, s EDIIE Gen) ™ F ) NE ()™ [y, 2™ F |

w7 (llyn = x*[|, l[xn — x*|]) wa([[xn = x*[|, llyn = x*[Dews(llyn — x*1)

1 — ws([]xn — x*|[) +2(1 — w1([lxn = x|, [lyn — x*[)) (1 = ws (l|xn — x*[]))

= An.
Therefore
120 = x| < Anllyn — 7.
Hence, the function g, can be defined by

~ wr(g1(t)t,t) wo(t, g1(H)H)wg(g1(H)t)
820 =T 20® T 0w bsiO0)(1 —we®)
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3 Numerical Experiments

Example 1. Let X = Y = R. Define Q = (0,2) and F : Q — R by F(x) = x> — 1. Then
F'(x) = 3x? and [x, y; F] = x* + xy + y*. The solution of equation F(x) = 0 is x* = 1.

Let us compute the convergence radii of the method (2) with d4 and dg defined in Case 1.
Functions w and wj, i = 0,5, are linear by its arguments. Let us show it.

Since F'(x) — F'(y) = 3x% — 3y?> = 3(x + y)(x — y), then wp(|x — x*|) = Ap|x — x*| and

*
]x+x2\ and A = max \x+g]'
(x*) xyely (x*)

w(|x —y|) = Alx —y|, where Ag = max
Next, we can write
[x,y; F] = F'(x*) = x* + xy + y* — 3(x*)?
=% — ()27 — (¢)2 4wy — xxt 4t — (xF)
=(x—x")(x+2x")+ (y—x")(x+y+x7),
[x,y;F] — F'(x) = x* + xy + y* — 3x°

=(y—x)(2x+y)
= 2x +y)((y —x") + (" — x)),

*

2

N

Y, Fl = [y, 2 Fl = 2 +xy +y* — y* —yx" — (x
=~y ay —yx* P — (x
==y x+y) +ylx—x") +y—x")(y +x7),

2

)
*)2
(

[z, %,F] — [z, F] =2 +zx + x> — 2> —zy — y
=%~y fzx — xXx+ xx — 2y + 'y — zy
=x—y)(x+y+x")+x(z—x")+ (x" —2)y,

[z,y; F] = 22 4 zy + y* — zx* + zx*
= z(z — x*) +z(y — x* +2x*) +
= z(z — x*) +z(y — x*) + 2zx* + .

Therefore
wi(lx =x*|, [y —x*|) = Ai]x —x"|+ Byly — x*|,
|x 4 2x*] [x +y+ x|
Ay = et B = rrys2 0
V% 3( )2 "N T apel,  3(x)2
12x + y|
wr(|x = x|, [y —x*|) = Ax|x — x|+ Baly — x*|, AzZBzzx{;‘ggOWr
wi(|x —x*|, [y —x*|) = As|x —x"|+ B3|y — x*|,
|x + 2y [x +y| + |y + 7|
A - 7 - 7
3T ety 3(x )2 P T ety 3(x)2
wg(|x = x|, [y — x|, [z = x*|) = Ag|x —x"| + Baly — x*[ + Cy|z — x7|,
|x +y + x*| x| + |y

* 4 xl:?eaﬁo 3(x*)2 7 4 xl,?eaéo 3(x*)2’

ws(|z =", [y =x7|) = Bsly — x|+ Cslz —x"[ + Ds,

Bs = C5 = max3 2 Ds = max
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4 y . .
3 33) Convergence radii for different « are shown in Table 1.
We see that as « increases, the radius of the convergence region increases.

We get pp = 1 and Uy =

0a=025|1a=05|a=075|a=1
v1 | 0.1386 0.1560 0.1802 | 0.2179
72 | 01174 0.1343 0.1586 | 0.1982
0% 0.1174 0.1343 0.1586 | 0.1982
r1 | 0.0458 0.0984 0.1593 | 0.2308
ry | 0.0758 0.0957 0.1253 | 0.1748
r3 | 0.0669 0.0826 0.1069 | 0.1516
r 0.0458 0.0826 0.1069 | 0.1516

Table 1. Radii of convergence

Let us choose xy = 1.14. The method (2) for « = 1 gives the solution x* at 2 iterations for
e = 10710 and estimates (5) —(7) hold. The obtained results are shown in Table 2.

n|en=|xn—x"| | gs(en—1)en—1| |yn —x"| g1(en)en |zn — x*| ga(en)en
0 1.4000e-01 - 1.6489%¢-02 | 4.5057e-02 | 1.8580e-04 | 4.2224e-02
1 5.6775e-09 6.4332e-02 | 3.2234e-17 | 4.2979¢-17 | 6.9270e-34 | 6.5070e-25
2 0 1.1205e-32

Table 2. Error estimates
Example 2. Consider the system of k equations
k
Y xj+ei-1=0, i=1,..,k
j=1

Here X =Y =RK,Q C RFand x* = (0,...,0)T.

Let us choose k = 10, xg = (15, ..., 15)T and investigate the influence of the parameter «
on the convergence speed of the considered methods. Results in Table 3 show that method (2)
converges fastest if x = 1. The influence of the operator A, on the number of iterations is
insignificant. However, it is easy to see that Case 1 has the smallest computational complexity.

o Casel | Case2 | Case3
0.25 10 10 10

0.5 8 8 9
0.75 7 7 7
1 4 5 5

Table 3. Number of iterations

4 Conclusion

We studied a method with eighth-order convergence for solving nonlinear operator equa-
tions in Banach space. We provide the local convergence analysis under w-type conditions.



180 Argyros LK., Regmi S., Shakhno S.M., Yarmola H.P.

This method and its special cases were studied earlier in the Euclidean space provided the
ninth derivative of the operator. We use conditions only on the linear operators which exist in
the method. Hence, the conditions are weaker and the applicability of this method is extended.
The future topics include the study of the convergence of other iterative methods, where this
process can be used, since it does not depend on the method.

We avoid that using conditions which are on the method and in Banach space.
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ITpoBeaeHO aHAAi3 AOKAABHOI 36KHOCTI METOAY BOCBMOTO HOPSIAKY AASI PO3B’SI3yBaHHSI HeAi-
HIlfHOTO PiBHSHHS B 6aHaXOBOMY IIPOCTOPi 3a w-yMOB. AOCAiAKEHHS IIbOr0 METOAY 6yAO IIpOBe-
A€HO paHilte. Ane, o6 mokKasaTy 30DKHICT Y CKiIHIeHHOBUMIPHOMY €BKAIAOBOMY IIPOCTOpi ]Rk,
BMMaraAl iCHyBaHHSI ITIOXiAHOI AeB’Toro nopsaky. OAHaK IOXiAHI BMCOKOTO TIOPSIAKY He BUKOPM-
CTOBYIOTBCSI B MeTOAl. KpiM Toro, omiaky nmoxmboxk He 6yAo oTpumaHo. TakuMm UMHOM, IONepeAHi
AOCAIAKEHHS He MOXYTb 3abe3neunTy 361KHICTb, SKIIO 11 MOXiAHI He iCHYIOTD, X04a METOA MOXe
3biraTycst. Y i CTATTi pO3TASIAQIOTRCS 11l TIMTaHHS. 30KpeMa, HOBi yMOBM 361KHOCTI BMMararoTh
iCHyBaHHSI AMILIE TIEPILOI ITOXiAHOI, sIKa BUKOPMCTOBYEThCS B MeTOAL. KpiM TOro, oTpMmMaHoO OLiH-
KM TTIOXMOOK Ta BU3HAUeHO OOAACTh €AVHOCTI pO3B’SI3KY piBHSHHS. UMCAOBMIT IPUKAAA AOIIOBHIOE
Teopiro. HoBusHa po3pobaeHOro mAXOAY AOCAIAXKEHHS! iTepallilfHiX IMpoIeciB AO3BOASIE BUKOPU-
CTOBYBATU JIOTO AASI iHIIIMX METOAIB, OCKIABKM BiH He 3aA€XUTh Bip METOAY.

Kontouosi cnosa i ¢ppasu: AoxaabHa 36iKHICTB, BOCBMIIM TOPSIAOK 361KHOCTI, 06AacTh 361KHOCTI,
banaxis pocTip.



