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Groups of nilpotency class 3 of order p*
as additive groups of local nearrings

Raievska 1.2, Raievska M.12

A nearring is a generalization of the notion of a ring in the sense that the addition needs not to be
commutative and only one distributive law is assumed. A nearing with identity is called local if the
set of all non-invertible elements forms a subgroup of its additive group. However, it is not true that
any finite group is an additive group of a nearring with identity. Therefore the determination of the
non-abelian finite p-groups, which are an additive groups of local nearrings, is an open problem.

We consider groups of nilpotency class 3 of order p*, which are the additive groups of local
nearrings. It is shown that for p > 3 there exists a local nearring on one of four such groups. Using
the well-known system of computer algebra GAP, we construct examples of local nearrings with the
specified properties.
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Introduction

The classification of all nearrings up to certain orders is an open problem. It requires ex-
tensive computations, and the most suitable platform for their implementation is the com-
putational algebra system GAP. Until 1990s the interest of pure mathematicians in nearring
theory was stirred by, but in most cases also confined to the information that was produced
by theoretical results for some research problems. However, 27 years ago the developers of
the GAP [7] package SONATA [1] have shown the implementation of nearring theoretical al-
gorithms. These are gradually becoming accepted both as standard tools for a nearring the-
oretician, like certain methods of proof, and as worthwhile objects of study, like connections
between notions expressed in theorems. The package SONATA provides methods for the con-
struction and analysis of finite nearrings, as well as the library of all nearrings up to order 15
and all nearrings with identity up to order 31. The current version of the LocalNR package [14]
(not yet redistributed with GAP) contains all local nearrings of order not greater than 361, ex-
cept those of orders 32, 64, 128, 243 and 256. We have already calculated some classes of local
nearrings of orders 32, 64, 128, 243 and 625 (see, for example, [15]).
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In [8], it is proved that, up to isomorphism, there exist at least p local nearrings on ele-
mentary abelian additive groups of order p®, which are not nearfields. Lower bounds for the
number of local nearrings on groups of order p> were obtained in [9]. It is established that on
each non-metacyclic non-abelian or metacyclic abelian groups of order p> there exist at least
p + 1 non-isomorphic local nearrings. It was proved that for p > 2 every finite non-metacyclic
2-generated p-group of nilpotency class 2 with cyclic commutator subgroup is the additive
group of a local nearring and in particular of a nearring with identity [10].

Groups of nilpotency class 2 of order p*, which are the additive group of local nearrings,
were investigated in [11]. In this paper, we consider groups of nilpotency class 3 of order p*,
which are the additive group of local nearrings. There are examples of local nearrings on such
groups constructed via GAP and the LocalNR package, i.e. of order 625 (see [12,15]). It is
shown that for p > 3 there exists a local nearring on one of four such groups.

1 Preliminaries

We consider groups of the nilpotency class 3 of order p*.

Let [n,i] be the i-th group of order n in the SmallGroups library in the computer system
algebra GAP. We denote by Z,, the cyclic group of order n.

It is an easy exercise, for example in GAP, to get the following assertions.

Remark 1. There are 3 non-isomorphic groups of nilpotency class 3 of order 2* = 16, namely
D16 [16,7], QD16 [16,8], Q16 [16,9].

Remark 2. There are 4 non-isomorphic groups of nilpotency class 3 of order 3* = 81, namely
(Cg X C3 X Cg) X C3 [81, 7], (Cg X Cg) b C3 [81,8], (Cg b Cg) X C3 [81,9], (Cg X Cg) b C3 [81, 10].

Using the packages SONATA and LocalNR it is possible to check the following assertion
(see also [4]).

Theorem 1. There is no local nearring on the groups of nilpotency class 3 of orders 16 and 81.

The following theorem contains the classification of groups of nilpotency class 3 of order
p4 with p > 3 (see, for example, [2,5]).

Theorem 2. There are 4 non-isomorphic groups of nilpotency class 3 of order p* with p > 3,
namely

Hy = (ab:a’=0b"=cP=[a,c]’ =[bc]=eala,c]] =[bac]] =e)=(CpxChxCp)xCp

where ¢ = [a,1],
Hy = (a,b: ¥ = bP = [a,b]” = [b,[a,b] = ¢, [a,[a,b] = a*) = (C,z % Cy) x Cp,

Hs = (a,b: o’ = bP = [a,b]F = [a,[a,b]] =e,[b,[a,b]] =aP) = (Cpp xCp) x Cp,

p

Hy = {(a,b: ¥ = bP = [a,b]P = [a,[a,b]] =e,[b,[a,b]] =a?F) = (Cp2 x Cp) % Cp.
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Below we give the basic definitions.
Definition 1. A non-empty set R with two binary operations “+ ”and - ” is a nearring if
1) (R,+) is a group with neutral element 0,
2) (R,-) is a semigroup,
3) x-(y+z)=x-y+x-zforallx,y,z € R.

Such a nearring is called a left nearring. If the third axiom is replaced by the following
axiom (x +y)-z=x-z+y-zforallx,y, z € R, then we get a right nearring.

The group (R, +) of a nearring R is denoted by R™ and is called the additive group of R.
It is easy to see that for each subgroup M of RT and for each element x € R the set
xM = {x-y : y € M} is a subgroup of R" and, in particular, x -0 = 0. If in addition
0-x = Oforall x € R, then the nearring R is called zero-symmetric. Furthermore, R is a nearring
with an identity i if the semigroup (R, -) is a monoid with identity element i. In the latter case
the group of all invertible elements of the monoid (R, -) is denoted by R* and is called the mul-
tiplicative group of R. A subgroup M of R is called R*-invariant, if rM < M for each r € R*,
and (R, R)-subgroup, if xMy C M for arbitrary x, y € R.

The following assertion is well-known (see, for instance, [6, Theorem 3]).

Lemma 1. The exponent of the additive group of a finite nearring R with identity i is equal
to the additive order of i, which coincides with the additive order of every invertible element
of R.

Definition 2. A nearring R with identity is called local, if the set L of all non-invertible elements
of R forms a subgroup of the additive group R™.

Throughout this paper, L denotes the subgroup of all non-invertible elements of R.
The following lemma characterizes the main properties of finite local nearrings (see [3,
Lemma 3.2]).

Lemma 2. Let R be a local nearring with identity i. Then the following statements hold:
1) Lisan (R,R)-subgroup of R™,
2) each proper R*-invariant subgroup of R™ is contained in L,
3) the seti+ L forms a subgroup of the multiplicative group R*.

Finite local nearrings with a cyclic subgroup of non-invertible elements are described in [13,
Theorem 1].

Theorem 3. Let R be a local nearring of order p" withn > 1, whose subgroup L is cyclic and
non-trivial. Then the additive group R is either cyclic or is an elementary abelian group of
order p?. In the first case, R is a commutative local ring, which is isomorphic to residual ring
Z/p"Z withn > 2. In the other case, there exist such p non-isomorphic nearrings R with
|L| = p, from which p — 1 are zero-symmetric nearrings and their multiplicative groups R*
are isomorphic to a semidirect product of two cyclic subgroups of orders p and p — 1.
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As a direct consequence of Theorem 3 we have the following result.

Corollary 1. Let R be a local nearring of order p* with non-abelian additive group and
is not a nearfield. Then the subgroup of non-invertible elements L is a non-cyclic group of
order p® or p?.

We define the binomial coefficient (}) of integers # and k by
! .
(Tl): W, if 0<k<n, (1)
k 0, if k>n or k<0.
1.1 The group H;

Let H; be additively written group from Theorem 2. Then Hy = (a) + (b) + (c) + (d) for
some elements a, b, c and d of R satisfying the relationsap =bp =cp=dp =0,b+c=c+Vb,
at+d=d+a,b+d=d+b, wherec=—-a—-b+a+bandd=—-a—c+a-+c.

Lemma 3. For any integers k and m in the group H; the equalities —ak — cm + ak 4+ cm = dkm
and cm + ak = ak + cm — dkm hold.

Proof. Since —a —c+a +c = d, we get the equality —c +a +c = a4+ d. Then we obtain
—cm +ak + cm = (a+dm)k = ak + dkm. Therefore, —ak — cm + ak + cm = dkm and so
cm + ak = ak + cm — dkm. O

Corollary 2. For any integers k and m in the group H; the equalities —cm + ak = ak — cm + dkm
and —cm — ak = —ak — cm — dkm hold.

Lemma 4. For any integers k and | in the group H; the equalities —ak — bl 4 ak + bl = ckl +- dl (’5)
and bl + ak = ak + bl — ckl + dI(%) hold.

Proof. Letk = 1. Since —a —b+a+b = c, we get the equality —b+a+b = a+c. Then
—bl+a+bl=a+cl=a+cl—- dl(;), where dl(;) = 0 by definition (1). Therefore, we obtain
—a—bl+a+bl=cl—dl(}) andsobl +a=a+bl—cl+dl}).
The proof is carried out by induction on k. For k = 1 the equality is valid. Assume that for
a number k the equality holds, i.e. —bl + ak + bl = ak + clk — dl(g).
Let us prove that the equality holds for k + 1, i.e.
—bl+a(k+1)+bl =—bl +ak+a+bl = —bl +ak+bl +a+cl
= ak +clk — dI(5) +a+cl = ak +a + clk — dik — dI (5)
=a(k+1)+cl(k+1) —dl((5) +k) = a(k+1) +cl(k+1) —di(*Th).
U

Corollary 3. For any integers k and | in the group H; the equalities —bl+ak = ak—bl+ckl—dl ('2‘)
and —bl — ak = —ak — bl — ckl — dl(_zk) hold.

Lemma 5. For any natural numbers k, [, n, m and r in the group H; the equality
(ak + bl + cm + dn)r = akr + blr + c(mr — kI(3)) +d (nr + 1(5) (5) — km(5) + K21(,"5))

holds.
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Proof. The proof will be carried out by induction on r. For r = 1 the equality is valid. Let for r
the equality holds, i.e.

(ak + bl + cm + dn)r = akr + blr + c(mr — kI(3)) +d (nr + 1(5) (3) — km(5) + K21(,"5)).
Using Lemmas 3 and 4, let us prove the equality for r + 1, i.e.

(ak + bl +cm+dn)(r+1)

= akr + blr + c(mr —KkI(3)) +d(nr +1(5)(}) — km(5) + K21(," ;) + ak + bl + cm + dn

= akr + blr + ak + c(m(r + 1) — kI (})) — d(kmr — K*1(})) + bl
+d(n(r+1) +1G) () — km(3) +£21(,75))

= akr + ak + blr + bl — cklr +dlr () + c(m(r + 1) — kI(})) — d (kmr — K21(}))
+d(n(r+ 1) +1E)G) —km() +K4(,5))

=a(k(r +1)) +b(I(r + 1)) +c(m(r+1) = kI("5h)
+d(nr+1) +I1E Y —km(TH +K1(TY)).

Therefore, the equality holds for any . O

1.2 Nearrings with identity whose additive groups are isomorphic to Hy

Let R be a nearring with identity, whose additive group of R™ is isomorphic to H;. Then
R* = (a) + (b) + (c) + (d) for some elements a, b, ¢ and d of R satisfying the relations
ap=bp=cp=dp=0,b+c=c+ba+d=d+ab+d=d+b wherec=—-a—-b+a+b
and d = —a — c+a+c. In particular, each element x € R is uniquely written in the form
x = axi + bxy + cx3 + dxg with coefficients 0 < x; < p,0 < xp < p, 0 < x3 < p and
0< x4 <p.

Since order of the element 4 is equal to the exponent of group G, i.e. p, we can assume that
a is an identity of R, i.e. ax = xa = x for each x € R. Furthermore, for each x € R there exist
coefficients a(x), B(x), v(x), ¢(x) such that xb = aa(x) + bB(x) + cy(x) + dp(x). Itis clear
that they are uniquely defined modulo p, so that some mappings a: R — Z;, B: R — Z,,
Y: R —Zp, ¢: R — Z, are determined.

Lemma 6. Let R be a nearring with identity, whose additive group of R™ is isomorphic to Hj.
If a coincides with identity element of R, x =ax;+bxy 4+ cx3 4+ dxg, y=ay1+by, +cys +dys € R,
xb = an(x) + bB(x) + cy(x) +d¢(x), then

xy = a(x1y1 +a(x)y2) + b(x2y1 + B(x)y2)
+ c(x3y1 — x102(%) — xoa(X)y1y2 + v (X)y2) — a(x)B(x) (%) + x18(x)y3 — x2a(x)y3)
+ d(xay1 +x2(53) () — xaxs (%) + xlzxz(ylyig) + xz]/l(“(xz)yz) — a(x)x3y1Y2 )
+ 312000 (%) (5)y2 + (x)y2 + BE) (") (5) — a(x)7(x)(3) + a(x)2B(x) (2 )
+x17(2)ys — B()(5)ys + x2(*5))ys — xaa(x)ys + x3B(x)ys — x12000(x)ys).

Moreover, for the mappingsa: R — Zy,: R — Z,,v: R — Zy,$: R — Z, the following
statements hold:
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(0) a(0) = 0 (mod p), B(0) = 0 (mod p), ¥(0) =0 (mod p) and ¢(0) = 0 (mod p) if and
only if the nearring R is zero-symmetric,

(1) xc = c(x1B(x) — xoa(x)) +d(x17(x) — B(x)(3) + xz(”‘(zx)) — x3a(x)),

(2) xd = d(x1?2B(x) — x1x2a(x)),

(3) a(xy) = x1a(y

(
a(x)p(y) (mod p),
(4) B(xy) = x2a(y) + B(x)B(y) (mod p),
( )

(5) 7(xy) = xa(y) — xix2 (Y )—XZIX( Ja(y)B(y) +r(x)B(y)
—a(x)B()(PY) + x1B(x)7(y) —XZIX( )7(y) (mod p),
)

(6) ¢(xy) = xaa(y) +x2(5) (") = 2133 ("Y) + 1122 () + xaaly) (L)
—a(x)x3a(y)Bly) + xlxz«x<x><“<;f )yz +¢< JB(y) + B(x ><“<;>>< )
—a(x)7(x)(PY) + a(x)2B(x) (4 23> +x17(x)7(y > B () 7(v)
+x2(*5) () — xa(x)7(y) + 2
Proof. Since 0-a = a-0 = 0, it follows that R is a zero-symmetric nearring if and only if
0=0-b=aua(0)+bB(0) + cy(0) + dp(0). Equivalently we have
«(0) =0 (mod p), PB(0) =0 (mod p), 7(0) =0 (mod p), ¢(0) =0 (mod p).
Moreover, sincec = —a—b+a+b,d = —a — ¢+ a+ c and the left distributive, law we
have0-c=—-0-a—0-b+0-a+0-b=0and0-d=-0-a—0-c+0-a+0-c=0, whence
0-x=0-(axg +bxy+cx3+dxg) =(0-a)x;+(0-b)xa+ (0-¢c)xz+ (0-d)xg = 0.
So that statement (0) holds.

Further, using Lemmas 3 and 4, we derive
xc=x(—a—b+a+b)=—xa—xb+xa+xb=—dxy —cx3—bxy —ax; —dp(x) —cy(x)
—bB(x) —an(x) + axy + bxy + cx3 + dxy + an(x) + bB(x) + cy(x) + do(x)

= —cx3 — bxy — cy(x) —axy +dxyy(x) — bB(x) —an(x) + axy + bxy
+ an(x) + cxz — dxza(x) + bB(x) + cy(x)

= —cx3 — bxy — cy(x) +dxyy(x) — bB(x) — axy + cx1B(x) +dp(x)(75") — an(x)
+aa(x) + bxy — cxon(x) + dxz(”‘(zx)) + cx3 — dxsa(x) + bB(x) + cy(x)

= —cx3 — bxy — cy(x) +dxyy(x) — bB(x) + cx1 B(x) — axy — dx1?B(x)
+dB(x)(5") 4+ axy + bxy — cxon(x) + dxz(”‘(zx)) + cx3 — dxza(x) + bB(x) + cy(x)

= c(ap(x) — () +d(ny(x) — B)(F) +0(5) - xa(x)

and
xd=x(—a—c+a+c)=—xa—xc+xa+xc=—dxqg—cx3— bx, —ax;

—d(x17(x) = B(x)(3) + 22 (*F)) — x3(x)) — c(x1(x) — x2(x)) + ax1 + b
+ o3+ g + e(1p(x) —x2a(x) +d(117(x) = B0 (H) + 22("F)) — x3a(x))

= —cx3 — bxy — c(x1B(x) — x0a(x)) — axy +d(x12B(x) — x1x0a(x))
+axy + bxy + cxz + c(x1B(x) — xoa(x))

= d(x1%B(x) — x1xpa(x)).

) —
)+
)+
)

(x
(DC
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So, we obtained statements (1) and (2) of the lemma. By the left distributive law and proved
statements (1) and (2), we have

xy = x(ay1) + x(by2) + x(cy3) + x(dys)
= (ax1 + bxp + cx3 + dxg)yy + (aa(x) +bB(x) + cy(x) +d(p(x)))y2
+c(x1B(x) — xp(x)) +d(x17(x) = B(x)(F))y3 + d (xFB(x) — x1x20(x)) ya.

Furthermore, Lemma 5 implies that

(ax1 + bxy + cxz + dxg)y1 = axyyr + bxoys + c(x3y1 — x1%2(%))
+d(xay1 + 223 () — xx3(%) + (ylyi3)x%xz),
(aa(x) + bp(x) +cy(x) + dfP( ))y2 = an(x)y2 + bB(x)y2 +c(v(x)y2 + a(x)B(x) (%))
+d(P(x)y2 + B (S (%) — a(x)v(x) (4 ) ( )2B(x)(,)5)),
(c(rb(x) — xoa(x)) + d(x17(x) — B(x)(3) + x2(*5)) — xae(x)) )y
= c(x1B(x)ys — xaa(x)y3) +d (x17(x)ys - /5( )(ya + x2(*5))ys — xaa(x)ys),
d(x2B(x) — x1x000(x))ya = d (X3 B(x)ya — x1%00(x) s ).

By Lemmas 3 and 4, we have

xy = a(x1y1 + a(x)y2) + b(x2y1 + B(x)y2)
+ c(x3y1 — x122(%) — 220 (X)y1y2 + ¥ (X)y2 — a(x) B(x) (B) + x18(x)y3 — x20(x)y3)
+d(xayn + 0(3)(5) — x1x3(5) + 1120, 1 5) + 2y (M) — alx) vy
+ xpa(x) ()2 + ¢ + B(x) (* ><y2> a(x)y(2)(5) +a(x)2B(x)(,25)
+x17(x)ys — B(X)(5)ya + x2(*5))ys — xaa(x)ys + x3B(x)ys — x12000(x)ys).

Finally, the associativity of multiplication in R implies that

x(yb) = (xy)b = aa(xy) + bp(xy) +cy(xy) +d(xy).

Furthermore, substituting yb = aa(y) + bB(y) + cy(y) + dp(y) instead of y in formula (2), we
also have

x(yb) = a(x1a(y) + a(x)B(y)) + b(xaa(y) + B(x)B(y)) + c(x3a(y) — x1x2("Y))

— xoa(x)a(y)Bly) +7(x)By) — a(x)p(x >< gmxl (2)7(y) — x20(x)7 (1))
+d(xaa(y) + (Y = xxs*Y) + 120 V) ) + xay) (TFY)

— a(x)xa(y)By) + x1020(x) (*Y)y2 + ¢(x)By) + B (5 (PY)

— a(x)y(x) )7(y) = B(x) (3

0 (*F)y

Comparing the coefficients under 4, b, ¢ and d in two expressions obtained for x(yb), we
derive statements (3)—(6) of the lemma. O

B ()Zﬁ(x)(ﬁ(ﬁ()))+x{7(x (v ﬁ(X) )7 ()

("3 (
() — x3a(x)y(y) + x3B(x)P(y) — x1x20(x)P(y)).
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1.3 Local nearrings whose additive groups are isomorphic to Hy

Let R be a local nearring, whose additive group of R™ is isomorphic to H;. Then
R* = (a) + (b) + {c) + (d) for some elements a, b, ¢ and d of R satisfying the relations
ap=bp=cp=dp=0,b+c=c+ba+d=d+a b+d=d+b wherec=—-a—-b+a+b

and d = —a —c+a+c. In particular, each element x € R is uniquely written in the form
x = axi + bxy + cx3 + dxg with coefficients 0 < x; < p, 0 < xp < p, 0 < x3 < p and
0<x4<p.

Since order of the element 4 is equal to the exponent of group G, i.e. p, it follows that we can
assume that a is an identity of R, i.e. ax = xa = x for all x € R. Furthermore, for each x € R
there exist a(x), B(x), v(x), ¢(x) such that xb = aa(x) + bB(x) + cy(x) + dp(x). It is clear
that they are uniquely defined modulo p, so that some mappings a: R — Z;, B: R — Z,,
Y: R —Zp, ¢: R — Z, are determined.

By Corollary 1, L is the normal subgroup of order p> or p? in R.

Throughout this section, let R be a local nearring with |[R : L| = p.

Theorem 4. Let R be a local nearring, whose additive group R™ is isomorphic to a group Hy
and |[R : L| = p. ThenR™ = (a) + (b) + (c) + (d),ap =bp =cp =dp =0,b+c =c+Db,
a+d=d+ab+d=d+b, wherec=—a—b+a+b,d=—a—c+a+c. Ifa coincides with
identity element of R, then the following statements hold:

1) L= (b) + (c) + (d) and R* = {ax; + bxp +cx3 +dxs : x1 £ 0 (mod p)},
2) xb = bB(x) + cy(x) + dp(x),

3) xc = cx1B(x) +d(x1y(x) — B(x) (%)),
4) xd = dx1?B(x).

Proof. Since L consists the derived subgroup of R, it follows that we can choose generators b, d
and ¢,suchthatc = —a—b+a+bandd = —a—c+a+c. If |L| = p?, then L = (b) + (c) + (d)
and L is the (R, R)-subgroup in R™. By statement 1) of Lemma 2, we have xb € L, hence
an(x) € L for each x € R. Thus a(x) = 0 (mod p), and so xb = bB(x) + cy(x) + dp(x),
i.e. statement 2) holds.

Since R* = R\ L, it follows that R* = {ax1 + bxy +cx3 +cxg : x1 0 (mod p)} and
x=ax1+bxy + cx3 + dxy is invertible if and only if x; # 0 (mod p), as claimed in statement 1).

Further, substituting a(x) = 0 (mod p) to 1) and 2) of Theorem 6, we derive the equalities

xc = cx1B(x) +d(x17(x) — B(x) (%)) and xd = dxy?B(x). O
As a consequence of Lemma 6 and Theorem 4 we get the following assertion.

Corollary 4. If a coincides with identity element of a nearring R, x = axj + bxy + cx3 + dxy,
y=ay1 +by, +cys+dys, € Rand |R : L| = p, then

xy = a(xiyr) + b(xayr + B(X)ya) + c(xsyr — x122(%5) + x18(x)y3 +7(x¥)y2)

+d(rayr +x2(3) (%) —xxs(B) +x’x0(,),) 3)

+ ¢(x)y2 + x17(x)ys — B(x) (F)y3 + x12B(x)ys).

Moreover, for the mappings B: R — Zy,v: R — Zy, ¢: R — Z, the following statements
hold:
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(0) B(0) =0 (mod p), ¥(0) =0 (mod p), ¢(0) = 0 (mod p) if and only if the nearring R is

zero-symmetric,

(1) B(xy) = B(x)B(y) (mod p),
(2) v(xy) = x18(x)y(y) (mod p),
3) ¢(xy) = ¢(x)B(y) + x17(x)r(y) — B(x) (D) (y) + x3B(x)P(y) (mod p).

Next, we give examples of local nearrings, whose additive group R™ is isomorphic to Hj.

Lemma 7. Let R be a local nearring, whose additive group of R is isomorphic to H; and
IR:L| =p. If x = axy + bxy + cx3 +dxs, y = ayy + byz + cy3 + dys € R, then the mappings
B:R—Zp,v: R— Z, and ¢: R — Z,, from multiplication (3) can be B(x) = x1? (mod p),
2 ifx;=0 d p),
v(x) =0 (mod p) and ¢(x) = 2 (mod p)
0, if x3 #0 (mod p).
Proof. Itis easy to check that the functions 8 and -y satisfy conditions 1), 2) of Corollary 4. Since

v(x) = 0 (mod p) it follows that ¢(xy) = ¢(x)B(y) + x2B(x)$p(y). If x1y1 Z 0 (mod p), then
p(xy) = 0= ¢(x)B(y). For x;y1 = 0 (mod p) we need check the following three cases:

1) if x; = 0 (mod p) and y; # 0 (mod p), then ¢(xy) = (x211)* = x2°y1* = P(x)B(),

2) if x; # 0 (mod p) and y1 = 0 (mod p), then ¢(xy) = (x3y1)* = x2"y1* = P(¥)B(y),

3) if x3 =0 (mod p) and y; = 0 (mod p), then ¢(xy) = 0 = ¢(x)B(y).

We derive condition 3) of Corollary 4. O
As a consequence of Lemma 7 we get the following result.

Theorem 5. For each prime p > 3 there exists a local nearring R, whose additive group R™ is
isomorphic to H;.

Example 1. Let G = (C5 x C5 X C5) X Cs. If x = axy + bxy + cx3 +dxq and y = ay; + by,
+cys +dys € G and (G, +, ) is a local nearring, then, by Lemma 7, “- ” can be
x -y =a(xiy1) +b(xy1 + B(x)y2) + c(x3y1 — x1x2(%) + x18(x)y3)
+d(xayr +x2(3) (%) — xax3(5) +x1x2(, ) 5) + @(0)y2 — B(x) (3 )y + 21°B(x)ya),

x2?, if x1 =0 (mod 5),
0, if x;1 #0 (mod 5).

The computer program, which verified that for p = 5 the nearring obtained in Lemma 7, is
indeed a local nearring (see Example 1), is deposited on GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_625-7.txt
From the package LocalNR and [15] we have the following number of all non-isomorphic

where B(x) = x1? (mod 5) and ¢(x) = {

zero-symmetric local nearrings on H; of order 625.

IdGroup(R™) | IdGroup(R*) | StructureDescription(R*) | n(R*)
[625,7] [500, 21] ((Cs x C5) x Cs) x Cyg 45
103 [500, 42] C5 X ((C5 X C5) b C4) 34
[500,44] C5 X ((C5 X C5) b C4) 6
[500, 46] (C5 X C5 X C5) b C4 18
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MaiKe-KiAbIST — IIe y3araAbHEHHS Kinellb B CeHCI TOro, IO AOAABAHHS He MOBMHHO OyTy abe-
A€BMM 1 TIABKM OAVH AVICTpMOYTUBHIIA 3aKOH Ma€ Micre. MaiKe-KiAblle 3 OAVHUIIEIO Ha3WBAIOTh
AOKAABHMM, SIKIIIO MHOXMHA BCiX HEOOOPOTHMX eAeMEHTIB YTBOPIOE MATPYIY B a AMTVBHIN TPYII.
Biaomo, 110 He € BipHMM, III0 KOXKHA CKiHUeHHA IPyIa € aAUTMBHOIO IPYIIOK MavbKe-KiAbLisa 3 OAM-
mmieto. ToMy Bu3HaUeHHs HeabeAeBUX CKiIHUEHHNX p-TPYTI, sIKi € aAUTUBHVIMY I'PyTIaMyt AOKaABHIMX
MarbKe-KiAellb, € BIAKPUTOIO IPOHAEMOIO.

MW pO3TASHYAM TPy KAACY HiABIOTEHTCHOCT 3 MOpPSIAKY p? 1K aAMTUMBHI IpymM AOKaAbHMX
Malke-Kinenpb. Byao mokasano, o aAast p > 3 iCHYIOTh AOKAABHI MaliKe-KiAbIISL HA OAHIN 3 UOTH-
PpBOX Takux rpyI. basylouncs Ha A06pe BiaOMilt cucTeMi KOMIT'ToTepHOI aArebpu GAP, Mu mobyay-
BaAV IPUKAAAV AOKAABHMX MaViKe-KiAellb 3 BKa3aHVMM BAACTUMBOCTSIMIA

Kntouosi crosa i ppasu: AoxaabHe MalbXKe-Kiablle, p-TpyIla, KAaC HiABIIOTEHTHOCTI 3.



