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On common fixed points for Geraghty contraction mappings
and an application to integral equations

Batul S.1, Ashraf M.S.}, Sagheer D.-e.-S.1, Mehmood F.}, Aydi H.%3, Kumar S.%*5

In this paper, few common fixed point theorems for Geraghty-type contractions are established
in G,-complete fuzzy b-metric spaces. Moreover, an example is constructed to authenticate the main
result. Ultimately, an application of the results is obtained by exhibiting the existence of a solution
for an integral equation.
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1 Introduction

L.A. Zadeh [26] laid the basic frame work of fuzzy mathematics by introducing fuzzy sets in
1965. Afterwards, many researchers used this idea in general topology to define a new notion
of a fuzzy metric space (FMS). The first example in this perspective is the work of I. Kramosil
and J. Michélek [17], in which authors described the concept of a FMS and established some
related fixed point results as well. In 1988, M. Grabiec [11] constructed a result, which is anal-
ogous to the renown BCP and Edelstien theorem in the context of FMSs by using the same
idea. In 1994, A. George and P. Veeramani [9] modified the theme of a FMS by adopting the
idea of continuous t-norms in the definition of I. Kramosil and J. Michélek [17] and proved
some fixed point results. Subsequently, many new fixed point theorems are proved by many
researchers in a FMS by using numerous mappings, such as compatible maps, weakly com-
patible maps, R-weakly compatible maps, and by using implicit relations. For details, one can
consult [23-25].

In 1989, L. A. Bakhtin [6] initialized the idea of a b-metric space (BMS). In 1993, S. Czerwik [7]
conceived this idea to formally define a BMS. Afterwards, a BMS becomes a stimulating topic
for mathematicians and various results on this platform are established. Further related results
are presented in the works [3-5,14-16,18,22,27,28].

N. Hussain et al. [13] introduced the concept of a fuzzy b-metric space (FBMS) in 2015 and
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developed a relationship between the fuzzy b-metric and the parametric b-metric. In 2016,
S. Ndddban [21] studied the notion of a FBMS. Recently, F. Mehmood et al. [19] presented
the idea of extended fuzzy b-metric spaces and proved the Banach fixed point theorem. In
1973, M.A. Geraghty [10] introduced a family of functions to generalize the Banach’s theorem.
In this regard, O. Acar [1] presented further fixed point results for rational type ¢-Geraghty
contractions (see also [2]). In 2019, H. Faraji et al. [8] constructed some fixed point theorems for
Geraghty type contraction mappings in BMSs accompanied with an application.

In this article, we merge the ideas presented in [8] and [13] to establish some common fixed
point results for Geraghty type contractions in G-complete FBMSs. Our first two results are
the extensions of the main results of H. Faraji et al. [8] and the third result is the generalization
of the work of V. Gupta et al. [12] in the setting of G-complete FBMSs.

2 Preliminaries

We first recollect a few basic definitions which will help to understand the rest of the sec-
tions.

I. Kramosil and J. Michélek [17] presented the concept of a FMS in 1975 by using the concept
of a fuzzy set and t-norm as follows.

Definition 1. Take ) # @. Let Fy, be a fuzzy set on Q) x Q) x (0,00) and * be a continuous
t-norm. A triplet (Q), Fy,, %) is said to be a FMS if for all 9, ,® € Q) and ¢, ¢ > 0 the following
conditions hold:

(fm1) Fu(o,C,t) >0;

(fm2) F, (Q,C ) =1ifandonlyifo = {;
(fm3) Fu(0,C, ) = Fu(l 0, t);

(fm4) F, (Ql9¢+¢)>~7'—m(e,€ ) * Fu(C, 0, ¢);
(fm5) Fu(o,C,-): (0,00) — [0,1] is left continuous.

Many scholars further investigated the fixed point (FP for short) theory in a FMS. In 2016,
S. Naddban [21] gave the following definition of a FBMS.

Definition 2. Take () # &. Letb > 1 € R be a real number and * be a continuous t-norm. A
fuzzy set Fp,,: Q x Q) x (0,00) — [0,1] is called a fuzzy b-metric on Q) if for i, ¢ > 0 and for
all o,, 9 € Q) it satisfies the following conditions:

(tbm1) Fon(o,0t) > O;

(ftbm2) Fyu(0,C,¢) =1ifand onlyifo = (;

(bm3) Fip(0,8,9) = Fom(S,0,9);

(fbm4) Fpu(0,8,b( + ) = Fpm (0,8, ) * Fpm(S, 8, ¢);

(fbmb5) ]—"bm(g, Z,+): (0,00) — [0,1] is continuous, and lplglgofbm(g, oy =1

The triplet (Q), Fp,,, %) is called a FBMS.

Remark 1. The class of FBMSs is the generalization of a FMS. Indeed, when b = 1, it coincides
with a FMS setting.
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Example 1. Let Q = R and define dj(0,7) = (0 — {)?, then (Q),d,,) is a BMS with coefficient
b=2. Let Fyp: QO x Q x (0,00) — [0,1] be defined by

_(e-0)?
]:bm(Q,g,llJ) =e v,

then (Q), Fp,, *) is a FBMS, but it is not a FMS (the continuous t-norm is taken as a x b = ab).

The notions of convergence, Cauchyness and completeness are similar to that of M. Grabiec
[11]. In this article, these terms will be called G,-convergent, G,-Cauchy and G,-complete,
respectively.

Definition 3 ([21]). A sequence {0,} in a FBMS (Q, Fy,,, %) is called G,-convergent to ¢ € Q) if
nh_r}n Fom(on,0,¢) =1 forallp > 0.

Example 2. Suppose Q) = [0, 1]. Define F,,: QO x Q x (0,00) — [0, 1] by

4
Y+ (-0

then (Q, Fy, %) is a FBMS. Consider a sequence {0, } in Q) such that ¢, = % foralln € N,
then v

lim Fp,(00,0,¢9) = lim ———— = lim =

n—yoo ~ VMAST nﬁooll)—}—(%—())z n~>001/)+%

This implies that ¢, is G,-convergent to 0.

Fbm(Ql ¢ IP) =

Definition 4 ([21]). A sequence {0} in a FBMS (Q, Fy,,, %) is said to be a G,-Cauchy sequence
if 1211 Fom(0n, Onvp, P) =1 forall ¢ >0andp € N.
n—oo

If each G,-Cauchy sequence in a FBMS is G,-convergent, then it is called a G,-complete
FBMS.

Example 3. Consider the FBMS (Q), Fy,,, *) defined as in Example 2 and the sequence given as
On = % for alln € N. Now, lgn ]—"bm(gn,gﬁpﬂp) = lim — % L Hence, {on}
n—oo

n~>oolp+(%_ﬁ>2 ~ 9+0

is a G,-Cauchy sequence.

In 1973, Geraghty’s theorem opened new doors for researchers. Subsequently, various au-
thors established new results for the existence of a FP by using Geraghty type contractive
mappings. Recently, H. Faraji et al. [8] used BMS as a platform to obtain few FP theorems
involving Geraghty type contractions. This research deals with the existence of common FP
results for Geraghty type contractions in FBMSs.

3 Main results

Following [8], let F, be the family of all functions : [0,00) — [0, %), where b > 1, which
satisfy the following condition

limsup B(yn) = % = lim ¢, = 1.

n—00 n—o0
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Lemma 1. Let (Q), Fp,, *) be a G,-complete FBMS. If for all 9,7 € O, ¢ > 0 and B € F, we
have Fp (0,1, B(Fom (0,1, %)) = Fom (0,1, 9), theno = 1.

Proof. From (fbmb) it follows that ll}im Fom (0,1,9) =1, 50 Fpy (0,17, B(Fpm(0, 1, 9))) =1,
—00
by (fbm2). It is clear that 0 = 7. O

The following is a common FP result for Geraghty type contractions in FBMSs.

Theorem 1. Let (Q), Fy,,, *) be a G,-complete FBMS withb > 1. Let T,S: QO — Q) be mappings
satisfying the condition

Fom(T 0,51, B(Fom e, 1, %)) = Ao, 1,9), (1)

where for all 9, € Q, B € F, we have A(0,1,¥) = min{Fy,,(0, T o, V), Fpm(n, Sy, ¥)}. If T or
S is continuous, then 7 and S have a unique common FP.

Proof. Let o9 € (). Let us consider the iterative sequence defined by 0,41 = 7 02, and
02n+2 = S0op41 forn =0,1,2,.... We have

'F m n 7 7 = ]: m T rS n 7 Z )\ < 7 n 7 ll) ) . 2
b (02141, 02142, ) b (T 021, S02141, P) 0211, 0211 B(Fom(@oms Goms, ) (2)

Now,

A(02n, 0241, ) = min { Fpy (021, T 020, W), Fiom (02041, SO02n+1, ) }
= min { Fp, (0211, 020+1, ¥), Fom (02041, 02n42,P) } -

If min {Fpp, (020, 02041, W), Fom (02041, 02042, ¥)} = Fom(02n+1, 02042, ¢), then we obtain the
equality A(021, 02141, ¥) = Fom (02141, 02n+2, ). The equation (2) implies

' )
F 7 n 4 Z ‘F 4 n ’ !
b (@201, 02042, 9) = Fom <92”“ O B Foe(@ars1, 02002, 9)

then there is nothing to prove due to Lemma 1.

If min{Fpy (020, 02041, ¥), Fom (02041, 02042, P)} = Fom(020, 02041, ¢), then we obtain
A(021, 02n+1, W) = Fom(02n, 02n+1, ). Again, (2) implies

]:m n+1s ’ > J m s San+1s
b (QZ +1,02n+2 IP) b (an Q2n+1 IB( bm(QZn/ 02n+1, l/]))

¢ )
> f m n—1r nrs
=ob <Qz 162 B(Fom (021, 02141, ¥)) B(Fom (02n—1, 020, 1))

(3)

P
= Fom (QO' o B(Fom (021, 020+1, ¥)) B(Fom (0211, Q2n, P)) - - ':B(]:bm(QOrQLlP))> .

For any arbitrary g € N, and ¢ = % + ¥

g Tt %, using Definition 2 repeatedly, we get
Fom (Qan 02n+p, ¢)

Z Fom (QananH,q%) * Fom <92n+1192n+2,q—l£2> *oook Fpy (QZthPl/QZn-O-p/q%) .
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Using (3), we obtain

Fom (Qan 02n+ps 77”)

4
= Fom <QO' U 00 B(Fom (Q2n—1, @21, ) B Fom (@202, 0201, ) - ~~[5(fbm(90,91r1/)))>

* ‘/T-‘bm (QO/ 01, ll) )
qb2B(Fom (020, 02041, ) B(Fom (0201, 020, ¥)) - - - B(Fpm(Q0, 01, %))

*‘Fbm <Q0/Q1/ ll) )/
qb? B(Fom (92n+p—1, 02n+p/ ) B(Fom (QZn-i-p—Zr 02n+p—1, ¥)) ... B(Fom(00, 01, 9))

b2n—1 b2n—1 bZn—l
fbm(@2n192n+p;¢) ZFbWI(QO/Ql/ q ll]) *FbWI(QO/Ql/ q ll]) *---*Fbm<QO/Q1/ q ll])

Passing to the limit as n — oo, we obtain 1211 Fom(02n,02n4p, ) = 1. Thus, {0,} is a
n o0

G,-Cauchy sequence. As (Q, Fy,y, ) is a G-complete FBMS, so there is ¢ € Q) such that

lim ¢, = 0. We show that o isa FP of 7. Since 7T is continuous, one writes
n—o0

"TbM(T‘TI v, 1/]) > Fom (TU/ TQ”/ 2_1/]b> * Fom <TQn/ ag, %)
Z]:bm <T0—1T0—/%>*Fbm <Qn+1,Qn,2¢_b> —1x1=1 as n — oo.

This implies that 7o = 0, so o is a FP of 7. From (1), we have

Fbm(o—r SU! :B(fbm(gr v, ¢))¢) = Fbm(TUr SU! ,B(fbm(gl g, IP))IP) > )\(0’, v, IP)/ (4)

where
A(Urffr’#) = min {fbm(gl To—r’)"’)r]:bm(o—r bffr’l’)} = min{l,}"bm(cr,&r,yb)} = fbm(UIS(TrlP)-

The equation (4) implies Fy,, (0, So, B(Fpm (o, 0, ¢))¢p) > Fpp(o,So, ). By Lemma 1,
So=vc0,andsocisa FP of S.

If we assume that S is continuous, then one can show analogously that 7 and S have a
common FP.

Uniqueness. Assume that ¢ is any other common FP of 7 and S, thatis § = T = &6, then
from (1), we get Fp (0,0, B(Fpm (0,8, 9))¢¥) = Fyu(T o, S8, B(Fpm(o,6,9))¢) > Ao, d,¢),
where A(c, 6, ¢) = min{Fy, (0, To, ), Fpu(8,S6,9)} = min{1,1} = 1. Thus, ¢ = J. Hence,
7T and S have a unique common FP. O

The following are immediate consequences of Theorem 1.

Corollary 1. Let (Q), Fy,, *) be a G,-complete FMS. Let T,S: (3 — Q) be mappings satisfying
the condition

Fn(To, SCB(Fum(e, G, 9))p) = Ao, ),
where

Ao, T, ¢) = min{Fn(0, T, ¥), Fu(Z, ST, )}
forallo,{ € O, B € Fy. If T or S is continuous, then T and S have a unique common FP.
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By taking 7 = & in Theorem 1, the following result can be obtained.

Corollary 2. Let (Q), Fy,, *) be a G,-complete FBMS withb > 1. Let T : Q) — Q) be a mapping
satisfying the condition

Fom (T, TC, B(Fom (0,8, 9))) = M, L, ¥),
where
AMe, ¢ ) = min{Fpu(e, To, ¢), Fom (T, TC 9)},
forallo,{ € Q), B € Fp. Further, if T is continuous, then T has a unique FP.

Analogous to [8, Theorem 4], we have a common FP theorem.
Theorem 2. Let (Q), Fy,y, %) be a Gy-complete FBMS with b > 1. Let 7,S5: QO — Q be a
mapping satisfying the condition
Fom(T 0, ST, B(Fom (0,5, 9))¢) = A0, 0, 9),
where
AMe, ¢ ¢) = min{Fpu (0,0, ¥), Fom(0, T0, §), Fom (3, ST, )},
forallo,{ € O, B € F,. If T or S is continuous, then T and S have a unique common FP.

Proof. Let g9 € (). Let us consider the iterative sequence defined by 05,11 = 702, and
0on+2 = S0op41 forn =0,1,2,.... We have

Fom (02041, 02042, P) = Fpm (T 021, S02041,P) > A <QanQ2n+1/ ,B(]:bm(QZnI{)QZn+1r¢))> (5)

and

A(02n, 02141, ) = min {Fbm(Qan 020+1, W), Fom (020, T 0200, ¥), Fom (02041, S02n+1, IP)}
{-/rbm(QZHI 02n+1, lIJ)/ ‘/T-‘bm(QZi’l/ 02n+1, lIJ)/ -/_"bm(QZn—b—lr 02142, lIJ) }

min {]:bm(Qan 020+1,¥), Fom (02041, 02142, IP)}~

If min {Fbm(Qan92n+1/¢>/Fbm(92n+1192n+2rlp)} = Fom(021+1, 02012, ), then we get the
equality A(02, 02141, ¥) = Fpm (02141, 02n+2, ). The equation (5) yields

; )
F 7 n 4 Z ‘F 4 n ’ !
b (0211, Q2n+2, %) = Fm <92n+1 2t g (oamrt, 0z ¥))

there is nothing to prove by Lemma 1.
If min {fbm(an, 02141, ), Fom (02141, 02n+2, lIJ)} = Fim(021, 02n+1, 1), then we obtain the
equality A(021, 02141, ¥) = Fpm (021, 02041, ). The equation (5) implies

fbm(QZnJrlr 02n+2, ¢>

lp )
> ]:m 7 n 7
=ob (an Can1 B(Fom (021, 02n+1, 1)

_e\_/

(6)

> Fom | 0201, 020,
—Jb (QZ 1,02n (Fbm(QZn—ll 021, lp)))

B(Fom (021, 02n+1,))

=

Y
e (QO' N B(Fom (020, @211, ©)) B(Fom (@211, 020, 9)) - - - B(Fom (€0, 01, 9)) ) '
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Foranyg € N, ¢ = % + % +..+ %, applying Definition 2 repeatedly, we get

Fom(Q2u,s 02n+4-p/ P)
> Fom <Q2n/Q2n+1/ %) * Fom <Q2n+1192n+2/ %) % ..ok Fpm <QZn+P—1rQZn+pr q%) .
Using (6), we obtain
Fom (Qan 02n+p, lP)

P
> Fom <QO' o b B(Fpm (0211, 020, ¥)) B(Fpm (020—2, 0201, %)) - - - B(Fpm (00, 01, 4’)))

* ]:bm (QO/ 01, ll) )
qb?B( Fom (021, 02141, ) B(Fom (02n—1, 020, ¥)) - - . B(Fim (00, 01, 9))

*Fbm <Q0/er ll) )r
qbpﬁ(}—bm(QZner—l/Q2n+p/lp))ﬁ(}—bm(e2n+p72/ Q2n+p—111/’)) oo B(Fpm (00,01, 9))

b2n—1 bZn—l¢7 2n—1
Fom(02n, 0214p, ) > Fpm (QOrer p ) * Fom (QO,QL p ) kook Fpm <Q0,er p >

Passing to the limit as n — oo, we obtain limy,—sco Fpm (021, 02n+p, ) = 1. Thus, {0,} is a
Gr-Cauchy sequence in (). By G,-completeness of FBMS there is o € () such that 1211 On =0.
n—oo

Next, we need to prove that cisa FP of 7. If T is continuous, then

Fin(T,0,9) = Fon (70, Ton 25 ) # Fon (Tawo, )

Z]:bm 7’0—1777—/i *Fbm Qn+1,Qn,£ —1x1=1 as n — oo.
2b 2b
This implies that 7o = o, thus ¢ is a FP of 7. From (2), we get
Fbm(o—r SU! ,B(]:bm(o—r 0—7 770))770) = Fbm(TU, SU! ,B(]:bm(o—/ U/ lp))lp) Z )\(0—/ U/ lp)/ (7)

where
Mo, o, ¢) = min { Fp (0,0, 9), Fom(o, To, ), Fom(o,So, ) }
=min{1,1, Fyu(0,So, )} = Fpu(o,So, ).
The equation (7) implies Fy,, (0, S0, B(Fpm (0, So, ) ) > Fpu(o,So, ). So by Lemma 1,
So =o¢. Thus,cisa FP of S.
Also, if S is continuous, then one can show in a similar way that 7 and S have a unique

common FP.
Uniqueness. Let 6 = T = S6 be another common FP of 7 and &, then from (2), we get

Fom (7,6, B(Fom (0,6, 9))§) = Fou (T, S8, B(Fom (0,0, 9))9) = A0, 6, ), ®)
where
Mo, 8,¢) = min { Fpp (0,6, 9), Fom (o, To, ), Fom(6,S6,9) }
= min { Fp,,(0,6,9),1,1} = Fyu(0,6,9).
The equation (8) implies that
Fom (7,6, B(Fom (0,0, 9))¢) 2> Fom(0, 6, 9).

Soby Lemma 1, c = 6. Hence 7 and S have unique common FP. O
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The following are immediate consequences of Theorem 2.

Corollary 3. Suppose that (Q), Fy,, ) is a G,-complete FMS. Let T,S: QO — Q be mappings
satisfying the condition

]:m(TQ/SCrﬁ(Fm(Qrgrw))w) Z A(Q, C/ IP)/

where
A0, C, ) = min {Fu(0,C,9), Ful0, To, ), Fu(Z, ST, ) }

forall o, € Q), B € Fy. Further, if T or S is continuous, then 7 and S have a unique com-
mon FP.

If we take 7 = S in Theorem 2, we get the following result.

Corollary 4. Let (Q), Fy,, *) be a G,-complete FBMS withb > 1. Let T : Q) — Q) be a mapping
satisfying the condition

Fom(T e, TC B(Fom(0, 5, ¥))9) = AMe, &, ),

where
AMe, ¢ ¢) = min{Fpu (0,8, ¢), Fom(e, T, ), Fom(G, T, ¢)}
forallo,C € ), B € F,. If T is continuous, then T has a unique FP.

We now establish a common FP result, analogue to [12, Theorem 1] in G,-complete FBMSs
by using Geraghty type contractions.

Theorem 3. Suppose that (Q), Fy,,, %) is a G,-complete FBMS withb > 1. Let T,S: QO — Q) be
mappings satisfying the condition

Fbm(TQI Sgr 5(~Fbm(gl C/ IP))IP) > A(Q, C/ IP)/

where

.| Fom(C, S, Fom(o, To,
Mo &, p) = min { T &L T @ TO, 72 0,0, p)}

forallo,( € OO, >0and B € F,. If T or S is continuous, then 7 and S have a common FP.

Proof. Let o9 € (). Let us consider the iterative sequence defined by 0,41 = 7 02, and
02n+2 = Soop4+1 forn =0,1,2,.... We have

Fbm(QZnJrl/ 02n+2, 1’/)) = fbm(TQZHrSQZH+1r ¢) Z A <Qan 02n+1, ,B(Fb (Qz ¢Q2n+1 lP))) . (9)
m nrs 7
Consider

- Fom(02n11, 802041, 9) [1 + Fom(020, T 020, ¥)] }
A , ,¥) = min ,F , ,
(0211, 02041, ¥) { T+ Forr (020 Goms 1, 0 bm (021, 02141, P)

. fbm(QZn—i-l/ 02n+2, lP) [1 + fbm(Qan 02n+1s, 1/1)] }

= min e " P
{ 1+ o (03 o1, 1) bm (021, 02141, P)

= min {]:bm(QanQ2n+1r¢)r]:bm(Q2n+lrQ2n+2/¢7)}-
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If min { Fp (020, 02011, W), Fom(Q2nt1, 0202, W)} = Fom(02n11,Q2nt2, ), then we obtain the
equality A(02, 021+1, ¥) = Fom (02141, 02n+2, ). The equation (9) implies

¢ )
f 7 V4 Z F 7 V4 V4
b (02n+1, 02n+2, P) bm (an+1 02n+2 B Fom(@omis o 0))

then there is nothing to prove by Lemma 1.

If min { Fyp (021, 02041, ¥), Fom (02011, 02142, W) } = Fom(02, 02041, ), then we obtain the
equality A(021, 02141, ¥) = Fom (021, 02041, ). Again, the equation (9) implies

Fom (02141, 02012, 1)

grwey)
> ‘F ns 7
= <Q2 Oan1 B(Fom (021, 02111, 1)

> Fom <an1,92n,

_S\_/

(10)

B(Fom (021, 02n+1,)) (]:bm(an—lfezmlP)))

=

P
> Fom <QO' o B(Fom (020, 02041, 9)) B(Fom (020—1, 020, 9)) - - . B(Fpm (00, 01, %)) )

Forany g € N and ¢ = % + % +...+ %, using Definition 2 repeatedly, we obtain

fbm(an,an+p,l/J) = Fom <92n192n+1/q£b> * Fom <Q2n+1r@2n+2;%>
ook Fp | 02ntp—1, 02n+ v .
m n+p—1, Q2n+p, qb7

In view of (10), we get

fbm(Qan 02n+p, 1/1)

P
= Fom (QO' 1 45 B(Fom (0201, 020, 9)) B(Fiom (0202, 0201, 9)) - - - B(Fom (0, el,lp)))

* fbm <Q0/ 01, l/] )
qb?B(Fom (021, 020+1, ¥)) B(Fom (020—1, 021, ) - - - B(Fom (00, 01, 9))

*Fbm <Q0!er ll) >r
qbplg(}—bm(QZner—l/Q2n+p/1/’)),3(~7:bm (92n+p72/ 92n+p—1/lp)) oo B(Fpm (00, 01, 9))

b2n—1 bZn—l bZn—l
Mb(Q2n1Q2n+p;1/]) 2 -/T"bm (QO/Ql/ q ll)) *erm <Q0/Ql/ q ll)) *.. -*-Fbm (QO/Ql/ q ll]) .

Passing to the limit as n — oo, we obtain li_r>n Fom(021, 02n4p, ) = 1. Thus, {0,} is a
n—oo

G,-Cauchy sequence. Since (Q), Fy,,, *) is a G,-complete FBMS, there exists o € () such that

lgn on = 0. To prove that o is a FP of T, we proceed as follows. If T is continuous, then
n o)

}—EJWI(TU/ v, l[)) > Fom <T0-/ TQn; 2_’*/2) * Fom <TQn/ ag, 2_1/]b>

> Fom <TU,T(T,21P—b>*Fbm <Qn+1,a,;’b—b>—>1*1:1 as n — oo.
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This implies that 7o = o, thus ¢ is a FP of 7. From (3), we get
Fom(0, 80, B(Fom (0,0, 9))§) = Fom (T, ST, p(Fom (0,0, 9))¢p) = A(o,0,9).  (11)

Consider,

e R

_ min{}"bm(a,Sa,tp) 1+ 1]’1}

r]:bm(o—’o—’lp)}

1+1
= min {}"bm((f, S(T,l[)),l} = Fym(o,Sc, ¢).

The equation (11) implies Fp,, (0, So, B(Fpm (0,0, 9))p) > Fpm(o, So, ). So by Lemma 1,
8o = 0. Thus, cisa FP of S. Similarly, if S is continuous, then one can show analogously that
7 and S have a common FP. O

The following are immediate consequences of Theorem 3.
Corollary 5. Let (Q), Fy,, ) be a G,-complete FMS. Let T, S: Q) — Q) be mappings satisfying
Fn(To, SC B(Fule, G, ¥))p) = AMe & ),

where

m rS ’ m\&, /
Mo &) = mm{JT € g_lf)gz;fg 1/(5 . ‘b)],fm(@érw)}

forallo, € O, B € F. If T or S is continuous, then T and S have a common FP.

Taking 7 = & in Theorem 3, we obtain the following result.

Corollary 6. Let (Q), Fy,,, *) be a G-complete FBMS withb > 1. Let T : 3 — Q) be a mapping
satisfying the condition

Fbm(TQI Tgr ﬁ(Fbm(Ql C/ IP))IP) > A(Q, C/ IP)/

where

. Fom & TS ) [+ Fomle, To, ¥)]
A p—
(Q, gl lp) min { 1+ ]:bm(Ql C/ IP)
forallo, ¢ € O, B € F,. If T is continuous, then T has a FP.

Finle 0 9)

The example given below illustrates Theorem 1.

Example 4. Let QO = [0,1]. Define F,,: Q3 x Q) x (0,00) — [0,1] by Fp(0,,¢) = m
It is easy to verify that (Q), Fy,,, *) is a G-complete FBMS. Define mappings 7,S: QQ — Q by

To=2¢§and ST = %, respectively. Taking B(¢) = % for all p > 0, we have

FinTe,SLBFon0 L 0)9) = Finm (&5 %) = ——gerr
1728
fbm(@f TQIIP) = Fom <Ql g' l/J) = %@2/
LT
fbm(CISQIIJ) = Fim (@, g/lp> = #9?

LR
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Case 1. For ¢ > {, we have 8¢ < \/—Q, which implies

4096 (80—90)%> 64 (80—90)%> 64
. . 2 Y2 O 75/ ux 2 O 75/ uE 2
80 9§<\/_Q = (80—90)" < 3¢ = & <3¢ = 8~ < ;<

From this, it follows that

(8¢ —92) 64 5 1 1 ¥ ’P
P < 0P = = -
1728 81 y+ Bes? e ¥ y+ Bl e 2!

and consequently Fp,,,(T 0, ST, B(Fom (0,8, ¥))¢) > Fpm(o, To, ¢). Thus,

Fom(T 0,88, B(Fom(0,, 1)) > min { Fy(e, Te, ), Fom(L, ST, ) }-
Case 2. For ¢ < {, we have 8¢ < 211/3{, which implies

_ o2 2 (80 —97)* 2 (80—90)* 49,,
80— 97 <21V3] = (80—90)% <1223> = T <P = e <
This leads to

(80 —92)? 49 , 1 1 Y Yy
P+ <P+ = — > = — > ,
1728 64 g+ B2 T B g+ B2 Ty B

1728 1728

which ngeS Fbm(TQI Sgr ﬁ(Fbm(Ql C/ IP))IP) > Fbm(gr SC/ IP) Thus/

Fbm(TQISgﬁ(Fbm(QI C/ IP))IP) > min{Fbm(Ql TQr¢)rfbm(C/3Cr¢)}

Therefore, all the conditions of Theorem 1 are fulfilled. Also note that 70 = 0 and S0 = 0,
so 0 is the unique common FP of S and T .

4 Applications

The theory of FPs is considered a strong method for studying the solution’s existence of
different forms of integral and differential equations, for instance see [4,13,20]. In this section,
the existence of the solution of a specific non-linear integral equation has been proved with
the help of the particular assumptions on the space as an application of FP results shown in
previous section.

Consider all the real valued continuous functions on O = C|0,I]. Define a function
Fom: Q x Q% (0,00) — [0,1] by

sup,cle(s) — ()P
]:bm(grgrlp) =e ll)

Then it is obvious that (Q, Fp,, *) is a G,-complete FBMS.
Consider the integral equation

o) = () + [ o) F(8,5,0(6)

where the functions ¢: [0,I] — R, v: [0,I] x [0,I] — Rand F: [0,I] x [0,I] x R — R are
continuous.



On common fixed points for Geraghty contraction mappings and an application to integral equations 275

Theorem 4. Suppose that for all ¢,s € [0,1], 0,{ € Q and B € F, the following conditions
hold:

@) 1F(.s,0(5) = F(9,5,8(5)| < /B(Fom (2,2, %)) lo(s) = ()l

I
(i) sup [ (v(y,s))2ds < =
seo,1]70 I

Then the integral equation (4) has a solution defined on ().

Proof. Define the integral operators 7,S : O — Q) by
I
To(¥) = o(9) + | v(¥s)F(p,50(s)ds, o€, and s € 0,1

I
SLW) = 9()+ | v F (5,8 ds, eeq, and s € [0,1]
Forall ¢, € ), we have
2
supc (0,1 Te(¥) - S2(y)|
Fon(To, ST B(Fmlo c ) =e  PFml@lw)y

I I
sup,cio | [ 0(p5)F (9, 0(5)ds = [0l 5)F(,5,5()ds
= gi :B(]:bm(gr Cr 17[)))170

b [ () IF(W5,0(5)) ~ F(p,,2(6))ds
. B (e L 0009

sup,cion] [ (000,5)7%ds| [ 7,5, 0(s)) — F(t,5,206)] s
>e B(Fom(0.C, )9

upeciony [ VB Fm @ T 9) lols) —2(s)1} as
>e B(Fom(0. 5, 0)¢

sup,cio B Fom(0. . ))lels) = 5P
>0 BP0, 3, 9))¥
sup,c o le(s) = Z6)
e ¢ ,

which imphes Fbm(TQr SC/ ,B(]:bm (Qr g ¢))¢) > Fim (QI y IP)
Hence, 7 and S have a common FP, and so the integral equation (4) has a solution. O

‘ 2

‘ 2

Conclusion

In this paper, we have established common FP results, analogue to [8, Theorem 4] for
Geraghty type contractions in G,-complete FBMS. An example was given to explain our main
result. Moreover, we have established an analogue of the FP theorems of V. Gupta et al. [12]
in the setting of G,-complete FBMS. Our results are of interest for the readers/researchers in
some specialized area of computer science.
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Y wmiji cTaTTi BCTAHOBAEGHO KiAbKa TeopeM IO CIIABHY HEPYXOMY TOUKY AASI CTMCKAIOUMX Bih-
obpaxens Tuny I'epaTi B G,-IIOBHMX HeUiTKMX b-MeTpudHux mpocropax. Kpim Toro, mobyaosano
MpUKAAA AASI MATBEPAKEHHSI OCHOBHOTO pe3yAbTaTy. 3pelITO, OTPMMaHO 3aCTOCYBaHHS Pe3yAb-
TaTiB IIASIXOM A@MOHCTpallii icHyBaHHS pO3B’SI3KY AASI iHTerpaAbHOIO PiBHSIHHSI.

Kntouosi cnosa i ¢ppasu: HepyxoMma TOUKa, CTMCHeHHs I'epaTi, HeuiTkmit b-MeTpUYHIII IIPOCTIp,
iHTerpaAbHe PiBHSIHHSL.



