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Nonlocal boundary value problem for the inhomogeneous

equation with the differentiation operator Zg?_z and
homogeneous boundary conditions

II’kiv V.S., Strap N.I., Volianska L.I.

The paper investigates a nonlocal problem with homogeneous boundary conditions for a non-
homogeneous partial differential equation involving the generalized differentiation operator z%,
acting on a function of the complex variable z with scalar coefficients. The uniqueness and existence
theorems for the solution of the problem in the space Hfj(D) are proved. The Hadamard well-
posedness of the problem is established. This distinguishes the problem from Hadamard ill-posed
nonlocal problems with a vector complex variable z.
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Introduction

One of the central problems in the general theory of partial differential equations is the
formulation of conditions ensuring the well-posedness of boundary value problems. This
challenge arises from the impossibility of establishing correctness using only local boundary
conditions. Moreover, such problems often serve as mathematical models for numerous real-
world processes.

In general, nonlocal problems for partial differential equations are ill-posed, and their solv-
ability within bounded domains is closely related to the small denominator problem. Using
the metric approach, some studies [2-6,11,12] have established conditions for the existence and
uniqueness of solutions to nonlocal problems in various functional spaces. The well-posedness
of nonlocal boundary value problems for partial differential equations has also been examined
by numerous authors (see, e.g., [8,10]) under the assumption of additional restrictions imposed
on the equations, boundary conditions and domains.

Nonlocal boundary value problems for partial differential equations with both constant
and variable coefficients have also been studied in domains that are unbounded with respect
to spatial variables [1,9,13].

The article investigates a semi-homogeneous nonlocal boundary value problem for a non-
homogeneous partial differential equation involving the generalized differentiation operator
B = za%, considered in the case of a single complex spatial variable z. The criteria for the
unique solvability of the problem in the space Hj (D) have been established. In the case of
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one spatial variable the corresponding denominators are not very small and are estimated
from below by some constants. Previously, in the work [7], the authors investigated a semi-
homogeneous problem in the refined Sobolev scale, namely, a nonlocal boundary value prob-
lem for a homogeneous partial differential equation with nonhomogeneous initial conditions,
in which the absence of the small denominator problem was also established.

1 Introduction of spaces and basic notations

Denote by S a spatial domain in C \ {0}. Define the cylinder D = [0, T] x S, where T > 0
is its height.

Let W be the linear space of finite sums (basic functions) of the form P(z) = Y Piz*,
where z€S, Py are complex coefficients, k€Z. Each basic function P(z) can be represented
as P(z) = Pi(z) + P»(1/z), where P(z) = Y Piz¥, P(w) = Y P_jw" are polynomials and
P>(0) =0.

Let W’/ denote the dual space of W. This is the space of generalized functions, i.e. linear
continuous functionals Q : W — C, represented by formal Laurent series Q(z) = Y ez Qizk,
which act on a basic function P € W as follows (Q,P) = Y; QxPr, where P, denotes the
complex conjugate of P.

Let us introduce two scales of spaces {H,(S )}q g and {H{ (D)}q g Here Hy(S) is the

Hilbert space of functions ¢ = Y ¥xz" with scalar product (¢, ¥2)u,(s) = Lkez K11 Pox

and k = V1+k2 The space H{ (D) with an integer n > 0 is the Banach space con-

sisting of functions u = u(t,z), whose partial derivatives with respect to t are given by

o"u(t, I

% =Y u](:)(t)zk forr = 0,1,...,n, and, for each t € [0, T], these derivatives belong
kez

to the corresponding spaces H; ,(S) and depend continuously on ¢ with respect to the topol-

ogy of these spaces.

The norms in these spaces are defined as follows

|

Hy—r(S)"

16113, ) = (& Wrys) = L Rl Jully o) Zmax)

kez [0,T]

ot’

2 The problem formulation and construction of solution. Correctness con-
ditions of the problem

In the scales of spaces {H,(S )}q g and {Hg(D)}q g We consider the nonhomogeneous
problem with two-point nonlocal conditions for the differential operator equation with con-

stant coefficients

0 d0%u
Lu=L(—,B) = sy5; B —— = f(t,2), (1)
(at ) N +§Sn T 9o
m m
M, o"u o"u m=0,1,...,n—1, ?)

Hat’” =0 otMli=7
where a5,s, € C, p € C\ {0}, a,0 = 1, u = u(t, z) is the required function, f = f(t,z) is the
given function.

For any g € R the operators B, L, M, define mappings between the following functional
spaces

(B,L, My,) : H} (D) — (H}_1(D),H)_,,(D),Hy-(S)), m=0,1,...,n—1.
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In particular, for u = Yo ur(t)z € H{ (D), we have Bu = }Y;cz kug(t)z* € Hg_l(D),
Lt = ez L (d/dt,K) up(t)2* € H)_, (D), Myt = Liez (15" (0) = 1" (1)) 2 € Hyn(S).

Definition. By a solution of the problem (1), (2) we mean a functionu = u(t, z), that belongs to
the space HZ(D), where q is a fixed real number, and satisfies equation (1) and conditions (2),
ie. (Lu(t,-),P)=(f(t,-),P), (Myu, P)=0 forevery P€ W, wheret € [0,T],m =0,1,...,n—1.

Hence, we obtain the necessary condition f € H? g—n (D) for the solvability of the problem.
According to the definition, the solution of the problem (1), (2) can be represented by the

series
z) = Y u(t)z", (3)
kez

where the coefficients uy(t) are unknown functions. The function uy = u(t) for any k € Z is
the solution of the corresponding problem for the ordinary differential equation

a Y (n—J)
L<%,k> ur(t) = Z{)b]-(k)uk = fi(b), )
]:
(m) _(m) —0 01 T -
puy, ‘to U }tT , m ,1,...,n , )
where b; ( ) = Z ay— ]S1k are no higher than j degree polynomials, fi(t) are Fourier coeffi-

51—
cients of the function f, i.e. f = Yyey fi(t)Z"
The solution of the problem (4), (5) can be represented by the formula

wlt) = [ Gult, 0, ®

where Gy (t, T) is the corresponding Green'’s function, provided that it exists.

Let us normalize the coefficients by (k), ..., b, (k) of equation (4) and represent them by the
product b;(k) = ki E]- (k). The functions E]- (k), like the coefficients b;(k), depend linearly on the
parameters a,_jo,an—j1,-- -, n—j,-

If the coefficients a5, € C of the equation (1) are considered in a circle of a certain radius
A with the center at the origin of the complex plane, then the functions Ej (k) are uniformly
bounded by k and parameters 4 s,. Since the inequality

0] < 3 ol 5 < s ol X

=0,1,.. a0

Ikls1

holds, we obtain the following estimates

N . , _ 3
[Bi(0)| = [an—jol <4, [Bi(£D)] < (+1)272A < 34,
B < AT A
! Kkl -1 k-1
ie. \Ej (k)| < 2A for all k € Z. The characteristic polynomial of the equation (4) satisfies the
relation L(A, k) = k" Pc()\), where

k¢ {-1,01},

:m+i@@mﬁ:ﬁm—M®»
=

j=1
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For all roots (counting multiplicities) A1 (k), ..., An (k) of the polynomial, the inequalities
IAj(k)] < 1+ max (|by],...,[ba]) <1424 (7)

hold (see [14]).

Let us denote by K the set of those integers k for which the polynomial Px(A) has a mul-
tiple root. From formulas (3) and (6) we derive a formal representation of the solution of the
problem (1), (2), namely

T
u(t,z) =Yy zk/ Gi(t, ) fx(T)dT. (8)
kez. 70

The functions Gi(t, T), defined on the square Kt = [0, T]?, for k € Z \ K, are determined

by the formulas

1 & RNy 4 FABT
Gilt, 1) = &kt 0) + S 1 - kAj(k)T )’
2k 3 PLAj(K)) (e — €T

©)

n

where P(Ai(k)) = TI (Aj(k) — Aq(k)) #0and

9=1,q9#j

t S n ]})\](k)(t*”f)
st =By
21 & B (k)

The functions Gi(t, T) exist if and only if the inequality y — MOT £ 0 holds for all
k € Zand! = 1,...,n. From this condition it follows that Inu # kA;(k)T + i27tm or

Inu —i2mm
Ay # —E T

In the opposite case, when y = e

for arbitrary m € Zand 1 =1,...,n.

Mu0T for some I, there exists an integer m € Z such that

the root A (k) is given by the formula A;(k) = lnpt;# Therefore, the following equality
(In p — i27rm)"~J
Tr=ikn=i

(Inp — i27rm)"
T k"

+ f‘, bj(k) = 0 or equivalent equality
=1

n

(Inp —i2em)" + Y b; (k)T (Inp — i27tm)" 7/ = 0 (10)
j=1

hold.

Theorem 1. For the uniqueness of the solution of the problem (1), (2) in the space Hg(D) it is
necessary and sufficient that the equation (10) has no solutions in the integers m and k.

Proof. Necessity. Assume that the homogeneous problem (1), (2) admits at most one solution
in the space HZ(D). If a solution of the problem (1), (2) exists, then all functions uy(t) are
uniquely determined. That is, the homogeneous problem (4), (5) has a unique (trivial) so-
lution in the space C"[0,T] for all k € Z . The corresponding system of linear algebraic

n -
equations for k € Z \ K is nondegenerate and its determinant A(k) - TT (u — (0T) £ 0,

where A(k) = [T (A4(k) — A,(k)) is the Vandermonde determinant constructed from
1<r<q<n

A(k), ..., Au(k), ie. u # KMT for | — 1,...,n. Similar inequalities were obtained for k € K.
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Sufficiency. Let us proceed by contradiction. Suppose that equation (10) admits a solution

Inp —i27tm*
for some k*, m*. Then we may assume that A1 (k*) = %, and thus the homogeneous

KMt = (np—2mm)t/T Tt follows that the homogeneous

problem (4), (5) admits a solution e
[

problem (1), (2) has many nonzero solutions in the space Hg (D).

It will be shown that the set K is finite for almost all coefficients a5, s, belonging to the circle
of radius A. Therefore, we shall evaluate the functions Gy fork € Z \ K.

Let us rewrite formula (9) in the following form

n kA(k)(t—1) kA ()T
1 i (sgn(t —1)(u — FNOT) gy 4 RN T )eEAi(k)(t_T)
A= P{(Aj (k) (e = &)
_ 1 i Aj(k)(sgn(t—r)(y _eEAj(k)T) +y+ekAj(k)T)elej(k)(H)
2jn—1 ot Ak) (1 — ei?Aj(k)T)

Since the determinants Aj(k) = [I (A4(k) — Ar(k)) are of the order n — 1, with bounded
1<r<q<n
91 #]

elements that are powers of the values Ay, ..., A;, the following estimate

Aj(k) < (n— 1)1 +24)Dn=2)/2 (11)

holds.
Let us compute the derivative of order r with respect to ¢ of the Green’s function, where

r=20,1,...,n—1. We obtain

A;(k)A () Aj(k)(t=7)

]/l n
= t>T,
IGr(t,T) |kl El A(k) (n — oy (k) )
o - 0 A (k) ( ) k)(t++T—7)
1 j
= , t<T.
Jen—1-r ]gl A(k)( (k)T) T

Now we consider the denominator A?(k), which represents the discriminant D(k) of the
polynomial P (A) and for which the following two representations hold:
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1 El(k) Z~7n—1(k) En(k) 0 0
1 bus(k)  Bu_1(k) by (k) 0
) o s e S e i
P =%\ = 1)y (k) ok 0 o 0
0 20, 2(k)  bu_1(k) 0 0
R s T i

The sign preceding the determinant is determined by the formula (—1)"*—1n/2,
Let us express the discriminant D (k) as a polynomial

o) = )"+ BH(E) T B () R e
- <%)n(n—1) <D0+ % N % - i:((:_ll)))’

where Dy, D1, Dy, ..., Dy ,_1) are complex coefficients that depend polynomially on the quan-

n .
tities ass,. In particular, Dy is the discriminant of the polynomial A" 4 ) a,,_ j,]-)\”*f , which is
j=1
constructed from the leading-order terms of equation (1):

1 an—11 N A1 n—1 ao,n 0 N 0
0 1 N azn—2 A1 n—1 ao,n N 0
Dy = (— (=i 10 0 Ap-11 An-22 an-33 fon |
n (n—1)a,_11 aj -1 0 0 0
0 n 2112 n—2 a1n—1 0 0
0 0 n (n=1)ay_11 (n—2)an—22 a1,n-1

n .
D,,(y—1) is the discriminant of a polynomial A" + Y- a, ;A" /:

j=1
1 Ap—1,0 cee a1,0 ap,0 0 N 0
0 1 a0 ai1,0 ao,0 0
(n-Dn 10 0 An—1,0 An—2,0 An—3,0 a0,0
D g —1 2 n
nn-1) = (=1) n (n—1)a,_ 10 ai,0 0 0 0
0 n 2612,() aio 0 0
0 0 . n (n—1)ay,_10 (n—2)ay—20 ... aip

Assuming Dy # 0, we factorize the discriminant D (k) for k # 0 as follows

SO o B (D Ry ),
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(n=1)
The inequality |D (k)| > @ <%>n L K>

follows directly from the preceding formula.

Let us apply the inequality ‘- K> \1[, k € ZP \ {0}, to estimate the modulus of D(k) from

‘D|,whereD0—2(|D1|+ 4+ Dy 1)|)

below, namely

n(n—1) —n(n—1)—
p) > - () :(\fz) "D 2Dy, > 20 (12)

This estimate is sharp with respect to k for |k| > since the upper bound, which follows

\D "
from the image of the discriminant D(k), takes the form [D(k)| < 3|Dy|.
Estimate (12) also implies the finiteness of the set K. Specifically, only those k € Z satisfying

the condition |k| < |D  can belong to this set.

ekAi(k)t
Now, we proceed to estimate the fractions — T from above. To do this, we apply the
; K
estimate }ek)‘l f| = efReli (Kt < max {1, ekRe Ak T} and prove the asymptotics k|Re A;| — oo

as |k| — oo.
Using the identity 2Re Aj(k)=A;(k) + A;(k)= )\](k)—( Aj(k)), we note that the values
(A) =

—A1(k),...,—Au(k) are the roots of Pji = H()\ +Ai(k) = A"+ i(—l)_]@j(k))\”_j.
j=1 j=1
Therefore, we can conclude that the quantities 2Re A;(k) appear as pairwise differences in

R(k) = H H (Aj(k) = (=Ay(k))), which is the resultant of the polynomials Py and Pyj. It can
]: :
be expressed as the following determinant

1 by(k) ... b,_1(k) b (k) 0 . 0
o 1 ... b,_2(k) by_1(k) by (k) . 0
e - (k) ............. bz(k) ........... b3(k) ............. bn( k) .
RO= fy o (c) ha®) (1)) 0
(=1)"2by—a(k) (=1)""'bu_1(k) (—=1)"bu(k) 0
(.) ..... (.) ..... ....... _bl(k) ........... '—'E'z'('k') ......... _bg(k) o : (—1)”bn(k)

Let us estimate the modulus of this resultant from above. As the result, we obtain
IR(K)| < 27 (1+2A)" "1 |Re Aj| for an arbitrary j = 1,...,n

2
K\" Ry | R
We represent the resultant in the form R(k) = <E> (RO +— p + k_22 +...+ pre ) k #0,

where Ry is equal to the determinant

1 a,_q4, a1,n-1 ao,n 0 0
0 1 az,n—2 a1,n—1 ao,n 0
Ro — 0 0 ap—11 an—272 ay—33 0
1 —d,-11 (-1 a1 (=1)"ay, 0 0 ’
0 1 (—1)" 24,2 (—1)"'aj,_1 (—=1)"ag, 0
0 0 —lp-11 —dy—22 —dp_33 (—=1)"aon
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and in the case Ry # 0, the resultant can be expressed as

R =2 (g (e P )

If k € Z and |k| > ﬁ— where Ry = 2(|R1| 4+ |Rz| + ... + |R,2|), then the following inequality

|
2
RG] > ()" > (v2) 7 2|Ro| holds.

The formula k|Re A;(k)| — oo follows from the above inequality, since k — oo as k| — co.
Indeed, k|[Re A;(k)| > k-2 (1 +24) "R (k)| > k- (v2) 7" ~2(1 +2A)'"|Ro| — co.

We take into account the sign of ReA;(k). If ReA;(k) > 0, then the following uniform
estimate holds on the interval [0, T]|

e]})tl (k)t

okRe A (k)T 1
‘ y — ek/\l(k)T

‘ = }y — ekM(k)T ‘ ’]/le_k)‘l _ 1‘ =2

- Ry In(2
provided that k > ’]1\24 ‘ and |k| > Rl where M; = M(ﬁ)?’"zﬂ(l +2A)”271-

Similarly, if Re A;(k) < 0, then the following uniform estimate holds

‘ el})xl(k)t ‘ 1 2
— < — < —
u — ek ()T | — }P‘ _ek)\l(k)T‘ ~ ul
rovided that k > Mj and |k| > Ro where M, = (Z/WD V2)3PH2(1 424 -
F Rol R
0
_ 3n2+2 n?—1 5
Therefore, for k > max (M‘llé]\y/lz) = (v2) T%T 24)" In2|y| and [k| > ‘I;—O’, the
0 0 0
following estimate holds
E/\l(k)f
)67) < 2 max (1, i). (13)
u — ekh()T |ul

In the case of a vector-valued variable z the left side of inequality (13) cannot be bounded from
above by a constant. This phenomenon arises due to the occurrence of small denominators in
the expression.

From inequalities (7), (11), (12), (13) it follows that for almost all vectors composed of the
coefficients a5, s, of the equation and the parameter y the following estimate holds

‘M‘ <Ckt,  o>1-un, (14)

V2T 1)1 (142A) (D 02250y max (1,1 []), £ >

V2T (14 24) DD 2 e (1,1/|n]),  t<
From the formula (6) and the inequality (14) we obtain the estimate

where C =

e T
W0l <G [N keZ\K r=01..m

where K consists of all integers k, for which at least one of the following inequalities holds:

- My, M D R,
kgmaxwor]k\ < max (—0 0

, — |. The set Ky is finite, and it contains K as a subset.
| Ro | Do |R0|>



476 II'kiv V.S., Strap N.I., Volianska LI.

By squaring both sides of the above inequality, we obtain the following estimate
L T
u () < R [ () P, (15)
0

where the positive constant C; depends on the parameter u and the quantities A and 7.
Now we can formulate the next theorem.

Theorem 2. Let the condition DyRy # 0 holds and for any k € K the equation (10) has no
integer solutions for m. Then, for an arbitrary function f € Hg +U(D), where o > 1 — n, the
problem (1), (2) admits a unique solution belonging to the space Hy (D).

Proof. Let us write the estimate for the nth derivative of the function uy(t) for k € Z \ Ko, i.e.
noo_ . . T
" (OF < O F + L 150" (0O < )P +222CR72 [ (0)Par a6)
j=1

Then, by formulas (8), (15) and (16), we obtain the following inequality
JlBig o) < CIf e

where C > 0 is a constant depending only on the parameters of the problem. This completes
the proof of the theorem. O

The set of vectors composed of the coefficients a5, s, of equation (1), for which the conditions
of Theorem 2 are not satisfied, has measure zero. This exceptional set can be represented as a
finite union of portions of algebraic surfaces defined by the equations (10), Dy = 0 and Ry = 0.

Conclusions

In the paper, we considered a nonlocal two-point boundary value problem for a nonhomo-
geneous equation with partial derivatives with constant coefficients. The differential equation
involved the generalized differentiation operator B = z% instead of the standard operator %.

A scale of functional spaces {H} (D) }4er is introduced, and sufficient conditions for the
existence and necessary and sufficient conditions for the uniqueness of the solution of the
problem in the space Hy (D) are established.

The well-posedness of the nonlocal boundary value problem is demonstrated for a broad
class of linear nonhomogeneous partial differential equations in one complex spatial variable.
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AOCAIAXEHO HEAOKAABHY 3aAady 3 OAHOPIAHMMU KPafOBUMI YMOBaMU AASI HEOAHOPIAHOTO AM-
depeHIIiaABHOTO PiBHSIHHS 3 YaCTVHHVIMY IOXiAHMMI, IIIO MiCTUTD y3araAbHEHMIT oriepaTop Andpe-
PeHLIIIOBaHHS za%, SIKMIT Ale Ha pYHKIIiI0 KOMITA@KCHOI 3MIiHHOI z 31 CKaASpHMMM KoedpillieHTaMI.
AOBeAeHO TeOpeMM €AMHOCTI Ta iCHyBaHHS PO3B’SI3KY 3apadi y IpOCTOpi HZ(D). Bcranosaeno ko-
PeKTHICTb 3apaui 32 ApamapoM. Lle BiapisHsie AaHy 3aAauy Bip HEKOPEKTHMX 3a AAraMapoM 3apad
3 baraTbMa IPOCTOPOBMMI KOMITA€KCHMMI 3MiHHMMM, pO3B’SI3HICTD SIKMX TIOB'sI3aHa 3 IPOHAEMOIO
MaAVX 3HAMEHHMKIB.

Kntouosi cnosa i ppasu: Kpayiosa 3apava, HEOAHOPiAHe PiBHSIHHS 3 YaCTMHHMMI TTOXiAHVMYL, He-
AOKaAbHa KpalioBa yMOBa, (pYHKITisI KOMITA€KCHOI 3MiHHOI.



