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Approximation of classes of periodic functions of several
variables with given majorant of mixed moduli of continuity

Fedunyk-Yaremchuk O.V., Hembars’ka S.B., Solich K.V.

We obtain the exact-order estimates of approximation of the Nikol’skii-Besov-type classes Bgﬂ
of periodic functions of several variables with a given function Q(t) of a special form by using
linear operators satisfying certain conditions. The approximation error is estimated in the metric
of the space L. The obtained estimates of the considered approximation characteristic, in addi-
tion to independent interest, can be used to establish the lower bounds of the orthowidths of the
corresponding functional classes.
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Introduction

The purpose of the work is to obtain the estimates of one approximation characteristic of
the Nikol’skii-Besov-type classes Bg,a of periodic functions of several variables with a given
function Q)(t) of a special form. Approximation of functions from corresponding classes is
carried out using linear operators that are subject to certain conditions, and at the same time
the approximation error is estimated in the space L. The obtained estimates complement and
generalize some of the results of the work [17], related to approximation of the Nikol’skii-type
classes HS.

The mentioned functional classes and the approximation characteristic are defined below.
First, let us present some necessary notation and definitions.

Let R9,d > 1, be a d-dimensional real space with elements x = (x1,...,x;) and

(x,y) = x1y1 + - - - + X4y4 be the scalar product of the elements x,y € R?. Let L, (T?), where
d

T¢ = T] [0,27), denote a space of functions f that are 27r-periodic in each of their variable
j=1

and satisfying
£l = Wl oy = (@070 [ F0) dx) <o, 1< p <o

flleo := [Ifll., (wey = esssup |f(x)| < oo

xeTd
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Further, we assume that for functions f € L, (Td) the following additional condition

27
f(x)dx; =0, j=1,...,4d,
0
holds. By LY, (T?) we denote the set of such functions.
For f € Lg ("Jl"d) ,(1<p<o,andt=(t,...,t3),ti >0,j=1,...,d, we consider the mixed
modulus of continuity of the order I, namely

Q(f, 1)y = sup 1ALF()]

pl

wherel € N, Al f(x) = A;ll e Aildf(x) = Aild (... (Aillf(x)) ) is a mixed difference of the order
I with a vector step i = (hy,...,hy). Here the difference of the Ith order with a step k; in the
variable x; is defined as follows

1

A;l],f(x) = Z (—1)l’”C?f(x1, cees Xjo1, X Tlh]‘, Xjt1s vy Xg)-
n=0

Let Q(t) = Q(#y, ..., tz) be a given function of the type of a mixed modulus of continuity
of the order /, which satisfies the following conditions:

d
1) OQ(t) >0fort; >0,j=1,...,d,and Q(t) =0 for [ t; = 0;

j=1

2) Q(t) is nondecreasing in each variable;

l
3) Q(mltl,...,mdtd) < <H;i:1 m]> Q(f), mj S N,] =1,...,d;

4) Q(t) is continuous fort; > 0,j =1,...,d.

We also assume that Q)(t) satisfies the conditions (S) and (S;), which are called the Bari-
Stechkin conditions (see [27]). This means the following.

A function of one variable ¢(7) > 0 is said to satisfy the condition (S) if ¢(7)/7* almost
increases for some a > 0, i.e. there exists a constant C; > 0 independent of 77 and 7, such that

<

90(11;1) <G (’22)1 0<nn<n<L
T T
1 2

A function ¢(t) > 0 is said to satisfy the condition (S;) if ¢(7)/7" almost decreases for
some 0 < v < [, i.e. there exists a constant C; > 0 independent of 71 and 7, such that

?0) 5 0, 2™ <<l

In the case of d > 1 we say that ()(¢) satisfies the conditions (S) and (S;) if () satisfies
these conditions in each variable ¢; for fixed t;, 7 # j.
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Let1 < p <o0,1<6 < oo, and let ()(t) be a given function of the type of a mixed modulus
of continuity of the order /. Then the classes ng are defined in the following way (see [29]):

By = {f € L(T%) : Ifllge, <1f,

where

”f”B;%:{/W< (]E’ti) )01"[?}1/9, 1<0<oo,

. O (f,t)p
Hf”Bf} E) Q(t) :

\

Here and subsequently, the expression t > 0 for t = (#1,...,t4) is equivalent to ¢; > 0 for
allj=1,...,d

We note that for § = oo the classes B;?e coincide with the classes HS}, which were considered
by N.N. Pustovoitov in [16].

In what follows, it will be convenient for us to use the equivalent (to within absolute con-
stants) definition of the classes B? For this purpose, we need more appropriate notations.

Let V, () be the Vallée Poussin kernel of the order 2n — 1, i.e.

2n—1 k—n
V()—l+22coskt+2 ) <1——>coskt.
k=1 k=n+1 n

To every vector s = (s1,...,54), si€N,j=1,...,d, we assign the polynomial
d
Adx) =T] (vzsj(x]-) - vzsrl(x]-))

in correspondence. For f € L,(T?), 1 < p < oo, by As(f) we denote the convolution

As(f) := As(f,x) = (f * As) (x).

Letl < p <oo,1<6 < ooand let )(f) be a given function of the type of a mixed modulus
of continuity of the order [ that satisfies the conditions 1) — 4), (S) and (S;). Then, to within
absolute constants, the classes ng can be defined as follows:

1/6
8= {F e () Il = (Lo @9a0l) <1} o

for1 <60 < oo and

Bgoo:{fel:g(ir"l):|yf|\B§3 supHQ( ‘)} _1}. 2)

Throughout the paper, O (27°) = Q (27%1,...,27%),5; e N,j =1,...,d.
We note that relations (1) and (2) were obtained in works [24] and [16], respectively.
We note also that for Q)(t) = H t; 7,0 < rj < I, the classes BQG coincide with the well-known

]_
Besov B;/e, 1 < 0 < o0, and Nikol’skii B;,oo = HIZ classes (see, e.g., [11]).
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In what follows, we study the classes ng that are defined by the function

d t
——, ift;>0,j=1,....4,
i logl/t-)]
) =Q(n,... 1 = { = 181/ 3)

j=1

Here and subsequently, we consider the logarithms to base 2, and

(log(1/t})), = max{1,log(1/t;)}.

In addition, we assume that bj €R,j=1,...,d,and 0 < r < I. Hence, properties 1) — 4)
and the conditions (S) and (S;) are satisfied for the function Q(t) of the form (3).

Let us define the approximation characteristic, introduced in [26].

For the functional class F C L, (T?) we denote

A8 (F,L,) = inf su — Gfl|., 4
m(F Lg) GeLM(B)quFNI;’(G)Hf fllg (4)

where Ly;(B); is the set of linear operators satisfying the following conditions:

a) the domain D(G) of these operators contains all trigonometric polynomials, and their
range of values is contained in an M-dimensional subspace of the space L, (T9);

b) there exists a number B > 1 such that for all vectors k = (k,...,kq), ki € Z,j=1,...,d,
the inequality HGei(k”) Hz < B holds.

We note that Lys(1), contains the operators of orthogonal projection onto the spaces of
dimension M and the operators that are set on an orthonormal system of functions with the
help of the multiplier defined by a sequence {A,, } such that |A,,| < 1 for all m.

There are a lot of papers where the quantity d%; (F, L;) was studied for various classes of
functions. We mention works [1,8,9,17-23, 25, 28], where the quantity (4) and similar to it
approximation characteristics were considered for the classes of functions of many variables
W;,{X, HIZ, B;/e, and H 19 (see also numerous references therein).

In what follows, we study the quantities d%, (B’%, Ly) for p = q = oo. Note that the obtained
estimates complement the results established in the works [2-7,10].

1 Auxiliary assertions

Now we give several known assertions, which are used in the subsequent considerations.
To every vector s = (s1,...,54), si€IN,j=1,...,d, we assign the set

o(s) = {k: (koo k) : 297 < ki < 2%, k€ Z, j = 1,...,d}

in correspondence. For natural N, we set

XNy ={s= (1,50 55 €N j=1,.,4,027%) > 5} Q)= U pls)
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The sets Q(N) are generated by the level surfaces of the function Q)(t). They are analogs of
step hyperbolic crosses, which were used in the study of approximation characteristics of the
Nikol’skii Hy, and Besov B;IG classes.

Using definition (3), we can define the set x(N) as follows

d .
xX(N) = {s = (s1,---,84): 5, €N, j=1,...,4, HZ“/‘S? < N},
j=1
Further, let
XH(N) = N\ x(N), O(N) = x(2'N)\x(N).
We note that, according to (3), the definition of the set ®(N) takes the form
. d . b; i
O(N) = {s =(s1,--,84): €N, j=1,...,d, N< 1—{2“15].] <2 N}.
]:

Let 91 be certain finite set. By |9t|, we denote the number of its elements. The following
proposition is true.

Lemma 1 ([17]). For the number of elements of the set Q(N), the following ordinal equalities
hold:

|Q(N)| < NV7 (log N)~0/r==ba/rHd=l e < <y <7
|Q(N)| = N7 (log N) 0/r==0/miv=l o gy < <by <7 < byyg < ... < by;
|Q(N)| = N7 (logN)0/", if r<b <..<bg by>r

Here and below, the notation y; < pp for positive functions y1(N) and pp(N) means that
there exists a constant C > 0 such that the inequality y1(N) < Cuy(N) holds for all N € IN.
The relation y1 =< wup holds if y; < p2 and p; > pp. We note also that all constants C;,
i =1,2,..., which are used in what follows, can depend only on parameters that are contained
in the definitions of a class of functions of a dimension d.

Lemma 2 ([13]). The number of elements of the set ©(N) satisfies the relation
|O(N)| < (log N)d-1
Lemma 3 ([13]). For a function Q)(t) defined by (3) with r > 0, the following relation

L (ae <<Z

s€x+(N) se®(N
holds for 0 < p < co.

Lemmad4 ([17]). If 1 < ... <77, <1 <7p41 < ... <7y, then

Z Hs i = (log N) M=l
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Next, for natural N, we set

XN ={s=(s1,-50): 5, €N, j=1,...,d, [12°% < N}, @(N) =¥ (2'N)\X (N),
]:

whereb;:bj<r,]':1,...,1/,andr<b;<bj,]':1/+1,...,d. In the case of
T<b1:...:bv<bv+1§...§bd,

weputb}:bl,jzl,...,v,andbl <b} <bj,j=v+1,..,4d
The sets

QIN)= {J pls)

s€x’(N)

are analogs of the so-called “improper” step hyperbolic crosses (see, e.g., [17]).
In [14], it was established that the number of elements of the set Q'(N) satisfies the order
relation

Q' (N)| < [Q(N)].

2 Main results

Passing to the statement of the propositions and their proof, we assume that M = |Q(N) }
First, we consider case by < ... < by < r. Then, according to Lemma 1, we have

M = Nl/r(log N)*bl/r—...fbd/r+d71, 10gM — 10g N, N=x Mr(log M)bl+"'+bd*(d*1)i’_

Theorem 1. Let 1 < 0 < oo and Q)(t) be a function of the form (3). Then forb; < ... <b; <r,
0 < r < I, the relation

dB(BL,, Loo) = M (log M) 11~ —bat(d=1)(r+1-1/6) )

00,07
holds.

Proof. First, we establish the upper bound in (5). For this purpose, we consider an approxima-
tion of the functions f € Bg,a by polynomials of the form

Vo (x) = Y As(f,x),

s€x(N)

where the number N is chosen for a given M from the relation M = |Q(N)|. The operator

G that associates the function f with the polynomial of the form V() (x) belongs to Ly(1)a.

Taking into account that f(x) = Y As(f, x) (see, e.g., [12, p. 304]), and using Minkowski’s
S

inequality, we obtain

If~Vowlo=| T 4| < T lasl.
sex-(N) o sex (N)
- ¥ oea).oen=h
sex*(N)

To estimate I, we consider two cases.
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First, let 1 < 6 < oco. Applying Holder’s inequality with exponent 6 to I; and using
Lemmas 2 and 3, we obtain

1/0 1-1/8
n<( T avenjanll) (T @en)”)

sexL(N) s€x(N)

1-1/6 1-1/6
< ”f”ng< Z (Q(25>)9/(9_1)> < ( Z (Q(zs))e/(9—1)>

sext(N) s€O(N)
1-1/6 e
<<N1< Y 1) — N o(N)|"? < N1 (log N) (-1 (1-1/8)
s€®(N)

— M—r(logM)—b1—~~—bd+(d—1)r(logM)(d—l)(l—l/@) _ M_r(logM)_bl_m_bd—i_(d_l)(r_’_l_l/g).
In the case 8 = 1 we have

I < N—l Z Q—l(z—S)HAS(f)HOO < N—l HfHBQl - M_r(logM)_bl_"‘_bd+(d_1)r.
seX+(N) ~

Thus, the upper bound in (5) is established. Let us find the corresponding lower bound.
Let N be a sufficiently large number. With the help of the reasoning analogous to that in [15],
we can prove the existence of a set @ (N) C ©(N) such that the following relations s; < log N,
j=1,...,d,and |®(N)| < (log N)?~! are satisfied for s = (sy,...,s4) € ©1(N).

Let K, be the Fejér kernel of the order 1, i.e.

Ka(t) = Y <1—n’fﬂ1>eﬂ<x.

k| <n

We denote by k° the vector k* = (k',.. ., kff ), where

—1 | nsi—2 .
i) T 52
T s=1j=1,...d

Consider the function

where

Suppose that the operator G belongs to Lys(B)«. In [10], it was established that there exists
avector y* = (y;,...,y}) such that the following relation

g1 (x—y") = Gg1 (x—y*) ||, > M (6)

holds.
Consider the function

-1
o(x) = N1 <N1/’(log N)_bl/r_“‘_bd”) (log N)~@=D/60 (x), C3> 0.
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Now, we show that at the corresponding choice of the constant C3 this function belongs to
the class B! ,,1 < 0 < 0.

00,07
Since ||Ky||e < 7 for the Fejér kernel, we have ||KCs||, < 2I°I1, where ||s|; = s1 +--- + 54,
s; € N. Using the relation || As(g1) ||, < [ Kslle < 211, s € ©1(N), we can write

1/6
lezllag, = (Z0-'@ )AL

- 1/0
< N1 (N7 (log N) 0/ =5/") ™ (1og N) dT( Z ar S)HAS(&)HZ‘)
S€®1 )

/0
< <N1/r(10gN)_bl/r_m_bd/r) (logN d9< Z 2|5|19> = D.
s€01(N)

Since the following relations
Ui b/ .
2”5H1XN/’HS]- / and si<logN, j=1,...,d,
j=1

hold fors € ®1(N) C ©(N), we get

-1
I = (Nl/r(logN)*bl/rf...fbd/r> (logN)f(dfl)/GNl/r(logN)*bl/rf-.-fbd/r}(al(z\m}1/9
= (log N)~@=D/0(1og N)@=1/0 — 1,

So, we conclude that g» € B?Q with the corresponding constant C3 > 0.
Now, using the relation (6), we obtain

g2 (x —y*) — Gga (x —y") ||,
> N—l <N1/7(10g N)_bl/r_"‘_bd/r—i_d_l)1(10gN)(d_1)(1_1/9)Hgl(x . y*)_Ggl (x _ y*)H

> Mfr(log M)ibli'”ibdﬁL(d?l)rMil(log M) (dfl)(lfl/e)M
~"(log M)~ by—=bg+(d=1)(r+1-1/6)

(e 9]

The lower bound in (5) is established. O

Further, we consider the case b1 < ... < b, < r < by41 < ... < by. Then, according to
Lemma 1, we have

M= N7 (logN) T/l o0 M < log N, N o< M’ (logM) bbby (v=1)r,
The following statement is valid.

Theorem 2. Let 1 < 6 < oo and Q)(t) be a function of the form (3). Then for 0 < r < I,
b]- >r+1,j=v+1,...,d, the relation

—by—--—by+(v-1)(r+1-1/6)

@41 (BSo Leo) = M (log M) 7)

holds.
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Proof. First, we obtain the upper bound in (7). We approximate the functions f € Bg/e by
polynomials of the form

VQ’(N)(X> = Z As(f/x>/

sex'(N)
which corresponds to the sets Q'(N), where 1 < b, 1 — b, | < ... < by — ).
Using Minkowski’s inequality, we have
IF-Vowle=| T As<f>\ < Tl

seN4\'(N) 0  seN\y/(N)

= Y, 027 [AN].027) = L
seNT\x'(N)

To estimate I3, we consider two cases.
Let 1 < 6 < co. Applying Holder’s inequality with exponent 6 to I3 and using Lemma 3,
we get

1-1/0

13§< D Q_G(Z_S)HAS(f)Hi)w( y (0(2—5))9”9—1))

seN“\x'(N) seN?\x'(N)

1-1/6 1-1/6
< ”fHBQ,9< Z (Q(Z—s))é‘/(é‘—l)> < ( Z (Q(Z_s))e/(9—1)> — 1.

s€eIN9\x'(N) s€@'(N)
Taking into account that
[]2s/ <N
j=1

fors € ©(N), we obtain

b —b’
Q2 = N1 H 5; ).
j=v+1
We use Lemma 4, which is valid for the set ®(N). Putting inity; = ... = 7, = 0, we write

6(v-b)/(6-1)\ /0
LN (Z HS ) ))

s€@'(N) j=v+1
- N_l(log N)(V—l)(l—l/@) - M_r(log M)—b1—~~—bv+(v—1)r(log M) (v=1)(1-1/6)

_ M—r(logM)—bl—w—bﬁ-(v—l)(r+1—1/6‘)‘

Let 6 = 1. Then we have

<N Z Q_l(Z_S)HAS(f)Hoo <N ”fHBgIl = M_r(logM) “hi—=bt (=1

seIN9\x'(N)

Thus, the upper bound in (7) is established.
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Let us find the lower bound. Similarly, as in the proof of Theorem 1, we can assert that
there exists a set

@gv)(N) = {s €O(N):sjxlogN,j=1,...,v,5 =1, j:v—{—l,...,d}

such that
‘@gv)(N)} = (logN)V_l.
We set
s =Y £ [T
SE(’D(V)(N) ]—V+1
where
v L ’ks x
i )(x) =]1e" K s2(x)),
j=1

Consider the function
-1
au(x) = CN~1 <N1/’(log N)_bl/r_“‘_bv/r) (log N)~(""D/00s(x), Cy> 0.

Now, we show that, at a certain choice of the constant Cy, this function belongs to the class
Bg o- Indeed, since

Asso) ] < K <210, s c @)

we have

1/0
lsslag, = ( £O°)|4s(s0)]})

1/6
< N7 (NY"(1og N)/7=2/) ™ (1og N) Tl( S>HAS(&)H§>
5€0, V)

) . 1/6
< <N1/r(log N)—bl/r—w—bv/r) (log N)—Tl ( Z 2|5|19> =Is.
se@l(N)

Taking into account that for s € @51/) (N) C O(N) the following relations

v
b,
2lisllt Nl/rnsj ]/r, six<logN, j=1,...,v,si=1,j=v+1,...d,
=1

O (N)] = (log )
hold, we get

—1 1/6
Is = <N1/’(log N)—bl/r—m—bv/r) (log N)—(V—l)/é‘Nl/r(lOg N)—bl/r—m—bv/r

= (log N)~(=D/8(1og N)(v=1/0 — 1,

o} (N)|
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Therefore, g4 € B;?e with some constant C4 > 0.
In [17], it was established that there exists a vector y* = (y3, ..., y}) such that the following
relation

lga(x = y*) = Gga(x —y")|, > M 8)
holds for G € Lyi(B)e. Thus, using estimate (8), we obtain

18a(x —y*) — Gga(x —v") |
> N7H(NY" (log N) /= =be/rev=1) T log N) (=D A=1/0) g (x — y*) — Gga (x — )|,
5 M7 (log M) ™" A log ) 1010
_ M—r(logM)—bl—‘~—bv+(1/—1)(r+1—1/9).

The lower bound in (7) is established. O
In the following proposition, we consider other relations for the numbers 7, by, ..., b;. Let
r<by <...<by by >r. Inthis case, by Lemma 1, we obtain

*bl/r

M = NY"(logN) , logM < logN, NxMr(logM)bl.

Theorem 3. Let 1 < 6 < oo and Q)(t) be a function of the form (3). Then for0 < r < I,
by > by + 1 the following relation

A1 (BSo Leo) = M (log M) ™" 9)
holds.

Proof. For 1 < 6 < oo, the embedding Bg,(, C HY is valid. Therefore, the upper bound in (9)
follows from the corresponding estimate of d¥; (HS, L), proved in [17].

Let us prove the corresponding lower bound. We choose a vector § = (51,...,5;) € O(N)
such that

§1X10gN, 52:...:§d:1,

and set o
g5(x) = Ks(x) = ez(k"x)Kzgrz(xl),

where k¥ = (251714251721, .. 1).
Consider the function

g6(x) = C5N*12*H§H1g5(x), Cs > 0.

It is easy to see that, at the corresponding choice of the constant C5 > 0, the function gg
belongs to the class Bo%,e'
Indeed, by the property
145(85)]| o < I1Kslloo = 21

of the Fejér kernel, we have

1/6
lsslbe, = ( ZO )4G0

< N-12- Il (0—9(2—5)”145@5)”1)”9 < 2718 | Ag(gs) | < 27 P2l = 1,
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Hence, g belongs to Bg/e with the corresponding constant Cs > 0.
In [17], it was shown that there exists a vector y* = (y;,...,y}) such that the following

relation

|g5(x —y*) — Ggs(x —y*)||, > M (10)

holds for G € L(B)c.

Taking into account that
2l < N7 (log N) 01/,

and using estimate (10), we get

Ig6(x —y*) — Ggo(x — y*) ||, > N7'27 || g5(x — y*) — Ggs(x — v")| .,
> M (logM) "M~ 'M = M~ (log M) ™.

The lower bound in (9) is established. O

At the end of the work, we make two important remarks.

Remark 1. In Theorem 1, the order of djy; (B o, L) is realized by using trigonometric poly-
nomials with “number” harmonics from Q(N), while in Theorems 2 and 3, from Q'(N).

Remark 2. The analogues of Theorems 1 -3 for the classes HY are obtained in [17]. Moreover,
if the conditions of Theorem 3 are fulfilled, the following relation

dB, <Bg,9, Loo> = dB, (HQ, Loo)

Q

holds. In other words, estimate of the quantity df/l (Boo,B’ Loo) does not depend on parameter 0.
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BcTaHOBAEHO TOUHI 3a MOPSIAKOM OIHKM HabAvKeHHsI KAaciB Tmry Hikoabcbkoro-becosa Bg,@
nepioAMYHNX PYHKLIM 6araTbox 3MIHHNX 13 3aAaHOI0 (pyHKIL€eo ()(t) CHeIiaAbHOTO BUTASIAY 3a AO-
IIOMOTOIO AIHIHMX OIlepaTopiB, SIKi T ATIOPSIAKOBaHi IeBHMM yMoBaM. IToxmbka HabAVKeHHS Olli-
HIOETBCSI B MeTpHIL ITPOCTOPY Leo. OAepXKaHi OLIHKM PO3rASHYTOI allpOKCHMMAUINHOI XapakTepu-
CTUKM, OKPiM CaMOCTiIfHOTO iHTepecy, MOXYTb OYTI BUKOPMCTAHI AASI BCTAHOBAEHHST OIIHOK 3HM3Y
OPTOIIOIEePEYHNKIB BiATIOBiAHMX (PYHKITIOHAABHMX KAACIB.

Kntouosi cnosa i ¢ppasu: MilaHMI MOAYAb HerepepBHOCTi, ymoBa bapi-CTeuxiHa, kxaac Tury
Hixoabcpkoro-becosa, AiHilmEmiz onepaTop, sApo Baaae ITyccena, sapo ®eviepa.



