
ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp

Carpathian Math. Publ. 2025, 17 (1), 159–170 Карпатськi матем. публ. 2025, Т.17, №1, С.159–170

doi:10.15330/cmp.17.1.159-170

Simulation of solution of hyperbolic equation
with Orlicz right side
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The paper is devoted to the construction of a model of a hyperbolic equation solution with a

strictly Orlicz random right side and zero initial and boundary conditions. The model approximates

the solution with a given level of reliability and accuracy in the uniform norm.
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Introduction

The methods of computer simulation of random processes and fields are widely used in

various scientific fields, such as physics, radiophysics, in testing various mechanisms, etc. In

this paper, a model is built that can be implemented on a computer, which approximates the

solution of the boundary value problem (1)–(3) for a hyperbolic equation with a random right

side with given reliability and accuracy in the uniform norm.

A centered strictly Orlicz random field [1, 2] is considered as the right side ξ(x, t) of equa-

tion (1) (see below). It is known that under certain conditions the solution of the boundary

value problem can be represented as a series

u(x, t) =
∞

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζn(u) du,

where Xn(x) are known functions, ζn(t) =
∫ π

0 ξ(x, t)Xn(x) dx.

It is clear that it is possible to consider such model

uN(x, t) =
N

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζn(u)du

of the problem solution. But the random field ξ(x, t) may not be exactly known. Therefore,

initially, the right side ξ̂(x, t) of the equation is modeled with a certain accuracy, and then

approximate values ζn(t) are found, namely ζ̂n(t) =
∫ π

0 ξ̂(x, t)Xn(x)dx. The solution model is

then considered as the sum

ûN(x, t) =
N

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζ̂n(u)du.
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The problems of mathematical physics with random factors have been considered in pa-

pers [2–8]. In [2], the boundary-value problems for the hyperbolic equations with Orlicz initial

conditions are considered. In the article [3], models for solutions of boundary problems for

hyperbolic equations with sub-Gaussian random initial conditions are constructed. In [4], a

model of solutions to the heat equation with initial conditions from the Orlicz space of random

variables is built. The paper [8] is devoted to simulation of solution of hyperbolic equations

with ϕ-sub-Gaussian right side. In papers [6, 7], the suficient conditions for the existance of

the solution for hyperbolic equations with homogeneous initial and boundary conditions and

with Orlicz right side in form of uniformly convergent in probability series are found. In the

paper [5], an estimate of supremum distribution of the problem solution is obtained. In this

paper, we use these results for simulation of the solution.

1 Simulation of solution

Consider the following first boundary-value problem for nonhomogeneuos hyperbolic

equation with zero initial and boundary conditions

∂2u

∂x2
− q(x)u − ∂2u

∂t2
= −ξ(x, t), x ∈ [0, π], t ∈ [0, T] (1)

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, (2)

u|x=0 = 0, u|x=π = 0, (3)

where T > 0 is some constant, q(x),x ∈ [0, π], is continuously differentiable function such that

q(x) ≥ 0 and ξ(x, t) for x ∈ [0, π], t ∈ [0, T] is sample continuous with probability one random

field.

The coresponding Sturm-Liouville problem is written as follows

d2X

dx2
− qX + λX = 0,

X(0) = X(π) = 0.

Let Xn(x) be the ortonormal eigenfunctions and λn be the corresponding eigenvalues for

this problem. We assume that λn are ordered in the ascending order. In view of the restrictions

imposed on the function q, all eigenvalues are positive and zero is not an eigenvalue (see [9]).

Put µn =
√

λn, B(x, y, t, s) = Eξ(x, t)ξ(y, s), (x, y, t, s) ∈ [0, π]2 × [0, T]2. Assume that

B(0, y, t, s) = B(π, y, t, s) = 0 and B(x, 0, t, s) = B(x, π, t, s) = 0

for x ∈ [0, π], y ∈ [0, π], t ∈ [0, T], s ∈ [0, T].

For every fixed pair (t, s) ∈ [0, T]2, let us continue the function B(x, y, t, s), considered as

a function of the variables x, y, onto whole plane R
2 in such a way that it becomes a periodic

function with period 2π by variables x, y and that B(−x, y, t, s) = −B(x, y, t, s) = B(x,−y, t, s).

As a consequence of our assumptions such the continuation is possible.
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Denote

Bi,j(x, y, t, s) =
∂i+j

∂xi∂yj
B(x, y, t, s), 0 ≤ i, j ≤ 2,

∆2,δ1,δ2
B(x, y, t, s) = B(x + δ1, y + δ2, t, s)− B(x + δ1, y, t, s)− B(x, y + δ2, t, s) + B(x, y, t, s),

∆x,δB(x, y, t, s) = B(x + δ, y, t, s)− B(x, y, t, s),

∆y,δB(x, y, t, s) = B(x, y + δ, t, s)− B(x, y, t, s),

B̃(x, y, t, s) = B(x, y, t, t)− B(x, y, t, s)− B(x, y, s, t) + B(x, y, s, s).

Theorem 1 ([6]). Let in the equation (1) ξ(x, t) be a centered strong Orlicz sample continuous

with probability one random field from the space LU(Ω), where U satisfies the g-condition

(that is, ∃ z0 ≥ 0 ∃ K > 0 ∃ A > 0 ∀x ≥ z0 ∀y ≥ z0 : U(x)U(y) ≤ AU(Kxy)). For λ > 0,

let ϕ(λ) be a continuous increasing function, such that ϕ(λ) > 0 for all λ > 0, ϕ(λ) → ∞ as

λ → ∞ and λ
ϕ(λ)

is increasing for λ > v0 for some constant v0 ≥ 0.

Assume that for all x ∈ [0, π], y ∈ [0, π], t ∈ [0, T], s ∈ [0, T] the continuous deriva-

tive ∂4

∂x2∂y2 B(x, y, t, s) exsists and for some continuous functions τ(δ1, δ2), δ1 ≥ 0, δ2 ≥ 0, and

τ(δ), δ ≥ 0, such that τ(δ1, δ2) > 0 for δ1 > 0, δ2 > 0, τ(0, δ2) = τ(δ1, 0) = 0, τ(δ1, δ2) is

monotonously increasing by δ1 and by δ2, τ(δ) > 0 for δ > 0, τ(0) = 0, τ(δ) is monotonously

increasing, the next conditions hold true:

– the following series converge, i.e.

∞

∑
k=1

∞

∑
m=1

τ
(

π
k , π

m

)

km
ϕ(k2)ϕ(m2) < ∞,

∞

∑
k=1

∞

∑
m=1

τ
(

π
k

)

km2
ϕ(k2)ϕ(m2) < ∞,

∞

∑
k=1

∞

∑
m=1

τ
(

π
m

)

k2m
ϕ(k2)ϕ(m2) < ∞,

∞

∑
k=1

∞

∑
m=1

1

k2m2
ϕ(k2)ϕ(m2) < ∞;

– for all ε > 0 we have

∫ ε

0
U(−1)

((
ϕ(−1)

( 1

v

))2 )
dv < ∞; (4)

– for all 0 ≤ i, j ≤ 1 there exist constants C1,i,j > 0, C2,i,j > 0, C3,i,j > 0 such that

sup
0≤t≤T
0≤s≤T

∫ π

−π

∫ π

−π

∣∣∆2,δ1,δ2
B2i,2j(x, y, t, s)

∣∣ dx dy ≤ C1,i,jτ(δ1, δ2),

sup
0≤t≤T
0≤s≤T

∫ π

0

(∫ π

−π

∣∣∆x,δB2i,2j(x, y, t, s)
∣∣ dx

)
dy ≤ C2,i,jτ(δ),

sup
0≤t≤T
0≤s≤T

∫ π

0

(∫ π

−π

∣∣∆y,δB2i,2j(x, y, t, s)
∣∣ dy

)
dx ≤ C3,i,jτ(δ);

– for all 0 ≤ i, j ≤ 1 there exist constants Mi,j > 0 such that

∣∣∣∣
∫ π

0

∫ π

0
B̃2i,2j(x, y, t, s) dx dy

∣∣∣∣ ≤
Mi,j

ϕ2
(

1
|t−s| + v0

) .
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Then the series

u(x, t) =
∞

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζn(u) du, (5)

where

ζn(t) =
∫ π

0
ξ(x, t)Xn(x) dx,

uniformly converges in probability in the region [0, π]× [0, T], where T > 0 is some constant.

Moreover, the series, obtained by diferentiation of (5) with respect to x one time and two

times and with respect to t one time and two times, uniformly converge in probability and the

problem (1)–(3) has a solution with probability one which is representable in the form (5).

Under the conditions of Theorem 1 we construct a model of solution of the prob-

lem (1)–(3), which approximate this solution with given reliability and accuracy in norm of

the space C([0, π]× [0, T]).

Let ξ̂(x, t) be a model of random field ξ(x, t). Denote

ζ̂n(t) =
∫ π

0
ξ̂(x, t)Xn(x) dx.

The sum

ûN(x, t) =
N

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζ̂n(u) du (6)

will be called the model of the process u(x, t).

Definition 1. The model ûN(x, t) approximate the solution of the problem (1)–(3), which is

representable in the form (5) with given reliability 1 − ω, where ω ∈ [0, 1], and accuracy s ≥ 0

in norm of the space C([0, π]× [0, T]) if

P

{
sup

x∈[0,π]
t∈[0,T]

∣∣∣ûN(x, t)− u(x, t)
∣∣∣ > s

}
≤ ω.

Denote ∆N(x, t) = u(x, t)− ûN(x, t) = uN(x, t) + VN(x, t), where

uN(x, t) =
∞

∑
n=N+1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)ζn(u) du,

VN(x, t) =
N

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)

(
ζn(u)− ζ̂n(u)

)
du.

Theorem 2. Let ξ(x, t) be centered strong Orlicz sample continuous with probability one ran-

dom field from the space LU(Ω). Let for the problem (1)–(3) the conditions of Theorem 1 hold

true. We assume that the model ξ̂(x, t) is such that

∫ π

0

∫ T

0

√
E
(
ξ(x, u)− ξ̂(x, u)

)2
du dx < Λ.
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Then random field ûN(x, t), determined in (6), is the model which approximate the random

field u(x, t) with reliability 1 − ω and accuracy s in norm of the space C([0, π] × [0, T]), if

ω, s and N are such that for some θ ∈ (0, 1) the following condition

ωU

(
sθ(1 − θ)

( ∫ θw0(N)

0
χU

((π

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1
)

×
(

T

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1

))
du

)−1)
≥ 1

holds, where

w0(N) =
C∆(D̂N + ΛBN)

ϕ
(

1
max{π,T} + v0

) ,

D̂N = T max{L, 2CX}
(

∞

∑
k=N+1

∞

∑
m=N+1

1

µkµm
Ĉk,mϕ(µ2

k + v0)ϕ(µ2
m + v0)

)1/2

+ CX

(
∞

∑
k=N+1

∞

∑
m=N+1

Ĉk,m
1

µkµm

(
4T2 ϕ(µk + v0)ϕ(µm + v0)

+ 2T max{1, 2T}ϕ(µk + v0)ϕ(1 + v0)

+ 2T max{1, 2T}ϕ(µm + v0)ϕ(1 + v0) + (max{1, 2T})2 ϕ2(1 + v0)
)
)1/2

,

BN = CX max{L, 2CX}
N

∑
n=1

ϕ(µ2
n + v0)

µn

+ C2
X

(
N

∑
n=1

N

∑
k=1

1

µnµk

(
4ϕ(µn + v0)ϕ(µk + v0) + 2 max{1, 2T}ϕ(1 + v0)ϕ(µn + v0)µk

+ 2 max{1, 2T}ϕ(1 + v0)µn ϕ(µk + v0) + (max{1, 2T})2 ϕ2(1 + v0)µnµk

)
)1/2

,

C∆ is constant from the definition of strong Orlicz family of random variables (see [6]),

Ĉk,m =
1

∑
i,j=0

C
2−i−j
q

µ2
kµ2

m

(
C1,i,jτ(

π
k , π

m )

8π
+

√
2

π

LC2,i,jτ(
π
k )

4m
+

√
2

π

LC3,i,jτ(
π
m )

4k
+

CG,i,j

km

)
,

Cq = sup
0≤x≤π

|q(x)|, CG,i,j = L2π2 max
x,y∈[0,π]
t,s∈[0,T]

|B2i,2j(x, y, t, s)|, CX = sup
x∈[0,π]

k≥1

|Xk(x)|,

L is constant from the paper [7], i.e. such that |Xk(x1)− Xk(x2)| ≤ Lµ2
k |x1 − x2|, x1, x2 ∈ [0, π].

Proof. Since ∆N(x, t) is a centered strong Orlicz random field from the space LU(Ω), according

to [5, Theorem 1] we get that if there exists a continuous monotonously increasing function

σ(h), h ≥ 0, such that σ(0) = 0 and

sup
|x−y|≤h
|t−s|≤h

(
E|∆N(x, t)− ∆N(y, s)|2

)1/2
≤ σ(h)

C∆

,



164 Dovhai B.V.

and for some ε > 0 the following condition
∫ ε

0
U(−1)

((
π

2σ(−1)(u)
+ 1

)(
T

2σ(−1)(u)
+ 1

))
du < ∞ (7)

holds, then for all s > 0 for all 0 < θ < 1 we have

P

{
sup

x∈[0,π]
t∈[0,T]

|∆N(x, t)| > s

}
≤
(

U

(
s

B(θ)

))−1

,

where

B(θ) =
1

θ(1 − θ)

∫ θw0

0
χU

((
π

2σ(−1)(u)
+ 1

)(
T

2σ(−1)(u)
+ 1

))
du,

w0 = σ (max{π, T}) , χU(t) =

{
t, t < U(z0)

CUU(−1)(t), t ≥ U(z0),

CU = K(1 + U(z0))max{1, A}, z0, K, A are constants from definition of g-condition, and

σ(−1)(u) is the inverse function of σ(h).

It is easy to see that

sup
|x−y|≤h
|t−s|≤h

(
E|∆N(x, t)− ∆N(y, s)|2

)1/2

= sup
|x−y|≤h
|t−s|≤h

(
E|uN(x, t) + VN(x, t)− uN(y, s)− VN(y, s)|2

)1/2

≤ sup
|x−y|≤h
|t−s|≤h

(
E|uN(x, t)− uN(y, s)|2

)1/2
+ sup

|x−y|≤h
|t−s|≤h

(
E|VN(x, t)− VN(y, s)|2

)1/2
.

According to [5, Lemma 1 and Remark 1], we get

sup
|x−y|≤h
|t−s|≤h

(E|uN(x, t)− uN(y, s)|2)1/2 ≤ D̂N

ϕ
(

1
h + v0

) ,

(E|VN(x, t)− VN(y, s)|2)1/2

=

(
E

∣∣∣∣
N

∑
n=1

Xn(x)
1

µn

∫ t

0
sin µn(t − u)(ζn(u)− ζ̂n(u)) du

−
N

∑
n=1

Xn(y)
1

µn

∫ s

0
sin µn(s − u)(ζn(u)− ζ̂n(u)) du

∣∣∣∣
2
)1/2

=

(
E

∣∣∣∣
N

∑
n=1

1

µn
(Xn(x)− Xn(y))

∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du

+
N

∑
n=1

1

µn
Xn(y)

( ∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du

−
∫ s

0
(ζn(u)− ζ̂n(u)) sin µn(s − u) du

)∣∣∣∣
2
)1/2

≤ A1 + A2,
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where

A1 =


E

∣∣∣∣∣
N

∑
n=1

1

µn
(Xn(x)− Xn(y))

∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du

∣∣∣∣∣

2



1/2

,

A2 =

(
E

∣∣∣∣
N

∑
n=1

1

µn
Xn(y)

( ∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du

−
∫ s

0
(ζn(u)− ζ̂n(u)) sin µn(s − u) du

)∣∣∣∣
2
)1/2

.

Denote

Qn,k(t, s) =
∫ t

0

∫ s

0
sin µn(t − u) sin µk(s − v)E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v)) dv du.

Then A2
1 ≤

N

∑
n=1

N

∑
k=1

1

µnµk
|Xn(x)− Xn(y)||Xk(x)− Xk(y)||Qn,k(t, t)|.

According to [7, Lemmas 2, 3], we obtain

|Xn(x)− Xn(y)| ≤ max{L, 2CX}
ϕ(µ2

n + v0)

ϕ
(

1
|x−y| + v0

) .

Moreover

|Qn,k(t, t)| ≤
∫ T

0

∫ T

0

∣∣E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v))
∣∣ du dv

≤
∫ T

0

(
E(ζn(u)− ζ̂n(u))

2
)1/2

du
∫ T

0

(
E(ζk(v)− ζ̂k(v))

2
)1/2

dv.

Then

E(ζn(u)− ζ̂n(u))
2 = E

(∫ π

0
Xn(x)(ξ(x, u) − ξ̂(x, u)) dx

)2

=
∫ π

0

∫ π

0
Xn(x)Xn(y)E(ξ(x, u) − ξ̂(x, u))(ξ(y, u) − ξ̂(y, u)) dx dy

≤ C2
X

(∫ π

0

(
E(ξ(x, u)− ξ̂(x, u))2

)1/2
dx

)2

.

We have

|Qn,k(t, t)| ≤
(

CX

∫ π

0

∫ T

0

√
E
(
ξ(x, u)− ξ̂(x, u)

)2
du dx

)2

≤ Λ2C2
X.

Therefore

A2
1 ≤ Λ2C2

X

(
max{L, 2CX}

)2
N

∑
n=1

N

∑
k=1

1

µnµk
ϕ(µ2

n + v0)ϕ(µ2
k + v0)

(
ϕ
( 1

|x − y| + v0

))−2

.

Namely

A1 ≤ ΛCX max{L, 2CX}
N

∑
n=1

ϕ(µ2
n + v0)

µn

(
ϕ
( 1

|x − y| + v0

))−1

.
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Further, we have

A2
2 ≤

N

∑
n=1

N

∑
k=1

1

µnµk
|Xn(y)Xk(y)|

×
∣∣∣∣∣E
(∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du −

∫ s

0
(ζn(u)− ζ̂n(u)) sin µn(s − u) du

)

×
(∫ t

0
(ζk(v)− ζ̂k(v)) sin µk(t − v) dv −

∫ s

0
(ζk(v)− ζ̂k(v)) sin µk(s − v) dv

) ∣∣∣∣∣.

Let for certainty s ≤ t. Then

∫ t

0
(ζn(u)− ζ̂n(u)) sin µn(t − u) du −

∫ s

0
(ζn(u)− ζ̂n(u)) sin µn(s − u) du

=
∫ s

0
(ζn(u)− ζ̂n(u)) (sin µn(t − u)− sin µn(s − u)) du +

∫ t

s
(ζn(u)− ζ̂n(u)) sin µn(t − u)du.

Therefore A2
2 ≤ C2

X

N

∑
n=1

N

∑
k=1

1

µnµk
qn,k(t, s), where

qn,k(t, s) =

∣∣∣∣∣E
( ∫ s

0
(ζn(u)− ζ̂n(u))(sin µn(t − u)− sin µn(s − u)) du

+
∫ t

s
(ζn(u)− ζ̂n(u)) sin µn(t − u) du

)

×
( ∫ s

0
(ζk(v)− ζ̂k(v))(sin µk(t − v)− sin µk(s − v)) dv

+
∫ t

s
(ζk(v)− ζ̂k(v)) sin µk(t − v) dv

)∣∣∣∣∣

≤
∫ s

0

∫ s

0
|E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v))|

× | sin µn(t − u)− sin µn(s − u)| | sin µk(t − v)− sin µk(s − v)| dv du

+
∫ s

0

∫ t

s
|E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v))|

× | sin µn(t − u)− sin µn(s − u)| | sin µk(t − v)| dv du

+
∫ t

s

∫ s

0
|E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v))|

× | sin µn(t − u)| | sin µk(t − v)− sin µk(s − v)| dv du

+
∫ t

s

∫ t

s
|E(ζn(u)− ζ̂n(u))(ζk(v)− ζ̂k(v))| | sin µn(t − u)| | sin µk(t − v)| dv du.

According to [7, Lemma 3 ] with Z1(u) = u, u ∈ [0, T], λ = 1, C = 1, B = T for u ∈ [s, t] we

have

| sin µn(t − u)| ≤ µn|t − s| ≤ max{1, 2T}µn
ϕ(1 + v0)

ϕ
(

1
|t−s| + v0

) .
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Moreover with Zµn(t) = sin µn(t − u), B = 1, λ = µn, C = 1 we get

| sin µn(t − u)− sin µn(s − u)| ≤ 2
ϕ(µn + v0)

ϕ
(

1
|t−s| + v0

) .

Then

qn,k(t, s) ≤ Λ2C2
X

(
4ϕ(µn + v0)ϕ(µk + v0) + 2 max{1, 2T}ϕ(µn + v0)µk ϕ(1 + v0)

+ 2 max{1, 2T}µn ϕ(µk + v0)ϕ(1 + v0)

+ (max{1, 2T})2µnµk ϕ2(1 + v0)
) 1

ϕ2
(

1
|t−s| + v0

) .

It is clear that this inequality also holds for t ≤ s. So,

A2 ≤ ΛC2
X

( N

∑
n=1

N

∑
k=1

1

µnµk

(
4ϕ(µn + v0)ϕ(µk + v0)

+ 2 max{1, 2T}ϕ(µn + v0)µk ϕ(1 + v0)

+ 2 max{1, 2T}µn ϕ(µk + v0)ϕ(1 + v0)

+ (max{1, 2T})2µnµk ϕ2(1 + v0)
))1/2

1

ϕ
(

1
|t−s| + v0

) .

Therefore, we get

sup
|x−y|≤h
|t−s|≤h

(
E|VN(x, t)− VN(y, s)|2

)1/2
≤ ΛBN

ϕ
(

1
h + v0

) ,

where

BN = CX max{L, 2CX}
N

∑
n=1

ϕ(µ2
n + v0)

µn

+ C2
X

( N

∑
n=1

N

∑
k=1

1

µnµk

(
4ϕ(µn + v0)ϕ(µk + v0) + 2 max{1, 2T}ϕ(µn + v0)µk ϕ(1 + v0)

+ 2 max{1, 2T}µn ϕ(µk + v0)ϕ(1 + v0) + (max{1, 2T})2µnµk ϕ2(1 + v0)
))1/2

.

Finally,

sup
|x−y|≤h
|t−s|≤h

(
E|∆N(x, t)− ∆N(y, s)|2

)1/2
≤ D̂N + ΛBN

ϕ
(

1
h + v0

) ,

or

sup
|x−y|≤h
|t−s|≤h

(
E|∆N(x, t)− ∆N(y, s)|2

)1/2
≤ σ(h)

C∆

, where σ(h) =
C∆(D̂N + ΛBN)

ϕ
(

1
h + v0

) , h > 0.
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Then

σ(−1)(u) =
1

ϕ(−1)
(

C∆(D̂N+ΛBN)
u

)
− v0

, u > 0,

w0 = σ (max{π, T}) = C∆(D̂N + ΛBN)

ϕ
(

1
max{π,T} + v0

) = w0(N),

B(θ) =
1

θ(1 − θ)

∫ θw0(N)

0
χU

((π

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1
)

×
(

T

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1

))
du.

So, inequality (7) holds because the condition (4) is fulfilled.

Therefore, in order to obtain a solution model with 1 − ω reliability at s accuracy, it is

necessary that for some θ ∈ (0, 1) the condition

(
U

(
sθ(1 − θ)

( ∫ θw0(N)

0
χU

((π

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1
)

×
(

T

2

(
ϕ(−1)

(
u−1C∆(D̂N + ΛBN)

)
− v0

)
+ 1

))
du

)−1))−1

≤ ω

is fulfilled.

2 Example

Let us consider the following problem of the vibrations of a homogeneous string

∂2u

∂x2
− ∂2u

∂t2
= −ξ(x, t), x ∈ [0, π], t ∈ [0, T],

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0,

u|x=0 = 0, u|x=π = 0.

The solution to this problem is expressed in the next form

u(x, t) =

√
2

π

∞

∑
n=1

1

n
sin nx

∫ t

0
ζn(u) sin n(t − u) du,

where

ζn(t) =

√
2

π

∫ π

0
ξ(x, t) sin nx dx,

namely µn = n, Xn(x) =
√

2
π sin nx.

Let ξ(x, t)=
∞

∑
k=1

ηk
1

k4
sin kx cos kt, where 0 ≤ x ≤ π, 0 ≤ t ≤ T, ηk ∈ L5(Ω), be such inde-

pendent identically distributed strictly Orlicz random variables, for which Eη2
k = 1, Eηk = 0,

that is U(x) = |x|5.
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Let us assume ϕ(λ) = λ
3
7 , τ(δ1, δ2) = δ1δ2, τ(δ) = δ. Then, from the example provided

in [5], it follows that the conditions of Theorem 1 are satisfied.

Let

ξ̂(x, t) = ξ̂M(x, t) =
M

∑
k=1

ηk
1

k4
sin kx cos kt.

Then

E
(
ξ(x, t)− ξ̂M(x, t)

)2
=

∞

∑
k=M+1

1

k2
sin2 kx cos2 kt ≤

∞

∑
k=M+1

1

k2
.

So, for a given Λ, the number M is chosen in such a way that the condition

πT

( ∞

∑
k=M+1

1

k2

)1/2

< Λ

holds true.

In this case,

CX = L =

√
2

π
, Cq = 0, C1,1,1 = 4π2

∞

∑
k=1

1

k2
, C2,1,1 = C3,1,1 = 2π2

∞

∑
k=1

1

k2
, CG,1,1 = 2π

∞

∑
k=1

1

k4

and

Ĉk,m =
1

k3m3

((
1

2
π3 + 2π2

)
∞

∑
k=1

1

k2
+ 2π

∞

∑
k=1

1

k4

)
,

BN =
4

π

N

∑
n=1

1

n1/7
+

2

π

( N

∑
n=1

N

∑
k=1

1

nk

(
4n3/7k3/7 + 2 max{1, 2T}n3/7k

+ 2 max{1, 2T}nk3/7 + (max{1, 2T})2nk
))1/2

,

D̂N = T

√
2

π

( ∞

∑
k=N+1

∞

∑
m=N+1

Ĉk,m

k1/7m1/7

)1/2

+

√
2

π

( ∞

∑
k=N+1

∞

∑
m=N+1

Ĉk,m

km

(
4T2k3/7m3/7

+ 2T max{1, 2T}k3/7 + 2T max{1, 2T}m3/7 + (max{1, 2T})2
))1/2

,

w0(N) = C∆(D̂N + ΛBN)(max{π, T})3/7 , ϕ(−1)(λ) = λ
7
3 , χU(t) = t−5. Thus, the desired

model is the one in which N and Λ are chosen such that for some θ ∈ (0, 1) we have

ω

(
sθ(1 − θ)

( ∫ θw0(N)

0

(
π

2

(
u−1C∆(D̂N + ΛBN)

)7/3
+ 1

)−5

×
(

T

2

(
u−1C∆(D̂N + ΛBN)

)7/3
+ 1

)−5

du

)−1)5

≥ 1.
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Довгай Б.В. Моделювання розв’язку гiперболiчного рiвняння з орлiчевою правою частиною // Кар-

патськi матем. публ. — 2025. — Т.17, №1. — C. 159–170.

Робота присвячена побудовi моделi розв’язку гiперболiчного рiвняння з випадковою стро-

го орлiчевою правою частиною та нульовими початковими i крайовими умовами, яка набли-

жає цей розв’язок в рiвномiрнiй нормi iз заданою точнiстю та надiйнiстю.

Ключовi слова i фрази: гiперболiчне рiвняння, моделювання, орлiчеве випадкове поле.


