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Simulation of solution of hyperbolic equation
with Orlicz right side

Dovhai B.V.

The paper is devoted to the construction of a model of a hyperbolic equation solution with a
strictly Orlicz random right side and zero initial and boundary conditions. The model approximates
the solution with a given level of reliability and accuracy in the uniform norm.
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Introduction

The methods of computer simulation of random processes and fields are widely used in
various scientific fields, such as physics, radiophysics, in testing various mechanisms, etc. In
this paper, a model is built that can be implemented on a computer, which approximates the
solution of the boundary value problem (1)—(3) for a hyperbolic equation with a random right
side with given reliability and accuracy in the uniform norm.

A centered strictly Orlicz random field [1,2] is considered as the right side {(x,t) of equa-
tion (1) (see below). It is known that under certain conditions the solution of the boundary
value problem can be represented as a series

) 1 t '
u(x,t) = ,;X”(x)ﬁ /0 it g (t — 1) Co () dut,

where X, (x) are known functions, {,(t) = [;" &(x, )X, (x) dx.
It is clear that it is possible to consider such model

N
ulN(x,t) = ) Xn(x)i /t sin pp (t — u)Cn(u)du
n=1 Hn JO
of the problem solution. But the random field &(x,t) may not be exactly known. Therefore,
initially, the right side &(x,t) of the equation is modeled with a certain accuracy, and then
approximate values {,(t) are found, namely {,(t) = [,* &(x, t)X,(x)dx. The solution model is
then considered as the sum

Nt = 3 X)L / sin o (F — 1) (1),
n=1 Hn JO
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The problems of mathematical physics with random factors have been considered in pa-
pers [2-8]. In [2], the boundary-value problems for the hyperbolic equations with Orlicz initial
conditions are considered. In the article [3], models for solutions of boundary problems for
hyperbolic equations with sub-Gaussian random initial conditions are constructed. In [4], a
model of solutions to the heat equation with initial conditions from the Orlicz space of random
variables is built. The paper [8] is devoted to simulation of solution of hyperbolic equations
with @-sub-Gaussian right side. In papers [6,7], the suficient conditions for the existance of
the solution for hyperbolic equations with homogeneous initial and boundary conditions and
with Orlicz right side in form of uniformly convergent in probability series are found. In the
paper [5], an estimate of supremum distribution of the problem solution is obtained. In this
paper, we use these results for simulation of the solution.

1 Simulation of solution

Consider the following first boundary-value problem for nonhomogeneuos hyperbolic
equation with zero initial and boundary conditions

%u o%u
S5 x-Sy =—Ext), xelon], teoT @)
ou
uli=0 =0, ol 0, (2)
u|X=O =0, u|x:7‘[ =0, (3)

where T > 0 is some constant, 4(x),x € [0, 7], is continuously differentiable function such that
g(x) > 0and ¢(x,t) for x € [0, 7t], t € [0, T] is sample continuous with probability one random
field.

The coresponding Sturm-Liouville problem is written as follows
#x
dx?

X(0) = X(r) = 0.

—gX +AX =0,

Let X, (x) be the ortonormal eigenfunctions and A, be the corresponding eigenvalues for
this problem. We assume that A, are ordered in the ascending order. In view of the restrictions
imposed on the function g, all eigenvalues are positive and zero is not an eigenvalue (see [9]).

Put u, = Ay, B(x,y,t,8) = EC€(x,1)E(y,9), (x,y,t,5) € [0, 71]2 x [0, T]?. Assume that

B(0,y,t,s) = B(m,y,t,s) =0 and B(x,0,t,5) = B(x,m,t,s) =0

forx € [0, 7],y € [0, 7], t€0,T], s €[0,T].

For every fixed pair (t,s) € [0, T]?, let us continue the function B(x,y,t,s), considered as
a function of the variables x, y, onto whole plane R? in such a way that it becomes a periodic
function with period 27t by variables x, y and that B(—x,y,t,s) = —B(x,y,t,s) = B(x, —y,t,s).
As a consequence of our assumptions such the continuation is possible.
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Denote
oiti .
Bij(x,y,t,5) = o3y B(x,y,t,s), 0<1i,j<2,
Azol 5,B(x,y,t,5) = B(x + 61,y + 2,t,5) — B(x + 61,y,t,5) — B(x,y + 02, t,5) + B(x,y,t,5),
Ay sB(x,y,t,s) = B(x+6,y,t,s) —B(x,y,t,5),
Ay sB(x,y,t,s) = B(x,y +6,t,5) — B(x,y,t,3),

(x,y,t,s) B(x,y,t,t) — B(x,y,t,5) — B(x,y,s,t) + B(x,y,s,s).

Theorem 1 ([6]). Let in the equation (1) {(x,t) be a centered strong Orlicz sample continuous
with probability one random field from the space Li;(Q)), where U satisfies the g-condition
(thatis, 3zp > 03K > 03A > 0Vx > zg Vy > zp: U(x)U(y) < AU(Kxy)). For A > 0,
let (M) be a continuous increasing function, such that ¢(A) > 0 forall A > 0, ¢(A) — o0 as
A — o0 and ﬁ is increasing for A > vy for some constant vy > 0.

Assume that for all x € [0,7], y € [0,7t], t € [0,T], s € [0,T] the continuous deriva-
tive %;yZB(x, y,t,s) exsists and for some continuous functions t(61,6,), 61 > 0, 6, > 0, and
7(8), 6 > 0, such that T(6,,0;) > 0 foré; > 0,6, > 0, 7(0,62) = 7(61,0) = 0, T(61,62) is
monotonously increasing by 61 and by ,, T(6) > 0 foré > 0, 7(0) = 0, () is monotonously
increasing, the next conditions hold true:

— the following series converge, i.e.

E
k

i i T(,f,;q’” p(k*)p(m?*) < oo, f} i - )p(m?) < oo,
k=1m=1 k=1m=1
> Tkgz) p(K*)p(m?) < oo, Z Z ki p(m?) < oo;
k=1m=1 k=1 m=1

— foralle > 0 we have

/OE ) <<¢(—1><%)>2> dv < oo; @)

— forall 0 <i,j <1 there exist constants Cy;; > 0, Cp;; > 0, C3;; > 0 such that

7T 7T
sup /n/_n | A25,,6,B2ipj(x, ¥, 1,8) | dx dy < Cy;7(81,62),

0<t<T Y~
0<s<T

7T T
sup (/ [A25B2i2j (%9, 1,5 dx) dy < Cp,i,jT(6),
0<t<T /0 i
0<s<T

7T 7T
sup (/ |Ay,5Baini(x,y,t,5)] dy) dx < C3,i7(5);
o<t<T /0 -
0<s<T

— forall 0 <i,j <1 there exist constants M;; >0 such that

MZ,]

: .
s+ %)

A dxd
BZ I/t/ S
" [ Baayn o) dray ¢2<
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Then the series

w(x, £) = ix”(x)u_ln /0 sin o (£ — 10)0 (u) i, 5)

where

&) = [ 800X () dx,

uniformly converges in probability in the region [0, 7t] x [0, T], where T > 0 is some constant.
Moreover, the series, obtained by diferentiation of (5) with respect to x one time and two
times and with respect to t one time and two times, uniformly converge in probability and the
problem (1)—3) has a solution with probability one which is representable in the form (5).

Under the conditions of Theorem 1 we construct a model of solution of the prob-
lem (1)—(3), which approximate this solution with given reliability and accuracy in norm of
the space C([0, 7] x [0, T]).

Let (x, t) be a model of random field &(x, t). Denote

A

L= [ " E (1) X (x) .

The sum

N 1t .
V() = Y0 Xa(x)om [ sin (= )u(u) du ©
n=1 Hn JO
will be called the model of the process u(x, t).

Definition 1. The model @™ (x,t) approximate the solution of the problem (1)—3), which is
representable in the form (5) with given reliability 1 — w, where w € |0, 1], and accuracy s > 0
in norm of the space C([0, rr] x [0, T]) if

P{ sup ‘ﬁN(x,t) —u(x,t)‘ > s} <w.
x€[0,7]
te[0,T]

Denote An(x,t) = u(x,t) — aN(x,t) = un(x,t) + Vi(x,t), where

i) = Y Xa(x) - /Otsin]/tn(t—u)gn(u)du,

n=N-+1 Hn
1

N t A
Va(x, 1) = ;Xn(x)ﬁ/o sin i (t — 1) (L (1) — (1))

Theorem 2. Let ¢(x,t) be centered strong Orlicz sample continuous with probability one ran-
dom field from the space Li;(Q}). Let for the problem (1)—(3) the conditions of Theorem 1 hold
true. We assume that the model &(x, t) is such that

/On /OT \/E (g(x,u) - f(x,u))zdu dx < A.
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), determined in (6), is the model which approximate the random
% [0,T0), if

Then random field 4N (x,
field u(x,t) with reliability 1 — w and accuracy s in norm of the space C(|0, 77|
w, s and N are such that for some 6 € (0,1) the following condition

Bwo(N) T -
_ Z (oD (4 _
wl (59(1 9) (/O Xu( (2 <q) <u CA(DN—|—ABN)> vo) +1)

-1
X (g <(P<71) (ufch(f)N +ABN)> - vo) + 1) >d ) > >1

holds, where
Ca(Dn + ABy)

? sty + )

4

wo(N) =

1/2
Dy = Tmax{L, 2CX}< Z Z Clm® (17 + v0) (13, + UO))
k=N+1m=N+1 HkHm

( Z Z Ckmyky (4T% @ (. + v0) @ (4m + v0)

k=N-+1m=N+1
+ 2T max{1,2T }¢(px + vo) (1 + vo)

1/2
+ 2T max{1,2T}¢(pim + v0) (1 + vg) + (max{1,2T})?p*(1 + vo))) ,

By = Cxmax{L,2Cx} }_ ¥ ””; %)
n=1 n
(49 (pn + v0)@(px + v0) +2max{1, 2T }(1 + v0) (pn + Vo)t

+Cx iﬁ
—1—1 UnMk

1/2
+2max{1, 2T} (1 + vo) un@(pix + vo) + (max{1,2T})* 2(1+vo)unuk)> ,

Cya is constant from the definition of strong Orlicz family of random variables (see [6])
CG,i,j>

2
Lo Clz]T(%I%)JF /Ech,i,jT(%)+\/che»,z‘,]T(%)
81 T 4m 7T 4k km
Cx = sup |Xx(x)l,

C\k,m = Z
i,j=0 Mk,

Cy = sup |q(x)], CGz] = L*7* max ‘B212](x v, t,9)|,
0<x<m x,y€[0,7] x€[0,7]
t,s€[0,T] k>1
Xi(xp)| < Ly%]xl — X2, x1, %2 € [0, 7]

L is constant from the paper [7], i.e. such that | X (x1)
Proof. Since An(x,t) is a centered strong Orlicz random field from the space Li;(Q)), according

to [5, Theorem 1] we get that if there exists a continuous monotonously increasing function

(h), h > 0, such that ¢(0) = 0 and
1/2 olh
sup <E\AN(x,t) —AN(y,S)lz) < —é )
|x—y|<h A

[t—s|<h
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and for some ¢ > 0 the following condition

/Oqu)((Tf)(u)H) <ﬁ+1))du<oo 7)

holds, then for alls > 0 for all 0 < 8 < 1 we have

oz vt} (1 (557))

t€[0,T]

wo = o (max{m, T}), xu(t) = { tcluu(l)(t), ; ; Zgg;,

where

Cu = K(1+ U(zp))max{1, A}, zo,K, A are constants from definition of g-condition, and
(=1 (u) is the inverse function of ¢ ().
It is easy to see that

1/2
sup <E]AN(x,t) — AN(y,s)\z)

|x—y|<h
[t—s|<h
N\ 1/2
= sup <E\uN(x,t) + Vn(x,t) —un(y,s) — Vn(y,s)| )
|x—y|<h
[t—s|<h
1/2 1/2
< sup <E\uN(x,t) - uN(y,s)\z) + sup <E\VN(x,t) - VN(y,s)]2>
|x—y|<h |x—y|<h
|t—s|<h [t—s|<h
According to [5, Lemma 1 and Remark 1], we get
D
sup (Eluy(x,£) — uy(y,9)2)2 < — DN,
— g o (f+)

[t—s|<h
(E[Viy(x, ) = Vi (y,5) )2

N 1 t ) N
= (E EXH(X)EA Sll’llxln(t—u)(én(u) _gn(u))du
N 1 5 N
—nZ_:an(y)E/O sinpy (s — u)(Cn (1) — Cn(u)) du

:(E

N 4 ; A |
+1§1ﬁxn(]/)</o (Cn(u) — Cn(u)) sinpy, (t —u)du

N1

Y- (X () = X)) [ (@) = G () sin ot — )

n=1 Hn

o 1/2
= [ = Gatw)sin (s — ) ) < Av+ Ay

s
0
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where
N t N 1/2
A= (E 2 (6u(3) = Xalw) [ (@) — () it — ) ) ,
N 1 t . '
Ay = (E ’gﬁxn(]/)</0 (Cn(u) — Cu(u)) sin gy (t —u) du

[ @) = uta)) simpnls — ) du)

2) 1/2
Denote

Quilts) = [ / i o (£ = ) sin (s — 0)E(Za () — £ (1)) (G4 (2) — (o) do

Then A2 < Z Z

— Xn (W1 Xi(x) = Xk (W) [|Qui (£, )]
n=1k— 1V”

According to [7, Lemmas 2, 3], we obtain

| X, (x) — Xu(y)| < max{L,2Cx} Q(l/‘ln )
¢ (\x g+ UO)

Moreover

T 5 A
Qe < [ [ [E@a) ~ &) (6(0) — Gulo))] dudo
< [ (Bt ~au?) " [ (E@lo) - G@))?) o

We have

Quttnl < (e [ [ Ve~ éwn) dx>2 < A2,

Therefore

A% < A2C§<(max{L,2Cx} Z Z
n=1k= 1V”V

9 (i +00) (1 +vo)< (, iy‘ + UO)) B

Namely

N 2 1
qv(uﬁvo)( 1 )
A1 < ACxymax{L,2C + v .
1S ACxmax{l,2Cx} ), =0 “”<|x—y| 0)



166 Dovhai B.V.

Further, we have

\Xn X ()]

: ( [ @) = Gutu))sin (s — ) = [ (@) = () sim s — ) du)

< ([ o) ~ & sinute = o) do — [[(@o) ~ (o) sinpus — ) do) |

Let for certainty s < t. Then

[ @)~ &t >>sinun<t—u>du—/s<¢n< )~ n(u)) sin (s — )

—/ Cn(u) — ) (sin py (t — 1) — sin py (s — u)) du—l—/ Tn(u) — Cn(u)) sin py (t — u)du.

Therefore A2 < C2 Z Z 1

«(t,s), where
Lol Ank(t,s)

) = [E( () = Eulw)sin 0 = ) — sin o5 = )

[0 =~ G sinon (s — )
([ @lo) = &uo))sinnle —o) = sin (s — o) do

+ /:(Ck(v) — (i (v)) sin g (t — 0) dv)

< /0 s /0 B () — En()) (T (0) — &(0))]

X | sin pn (t — u) — sin],tn(s —u)||sin pg(t —v) — sinpg(s — v)| dodu

[ @0 ~ ) @le) - Gu(o))
rsmun<t—u>—smyn<s )| |sin ue(t — ©) dodu
+ [ 1B ) = £a(u)) @i(0) — Eeto))
x [ sin o (£~ 1) |smuk<t 0) = sin iy (s — )| do du

b [ [ 1B () = Eal0)(@(0) ~ G(@))] Isin pn(t )| sin ¢ — ) do

According to [7, Lemma 3 [ with Z; (1) = u,u € [0,T],A=1,C=1,B=Tforu € [s, t] we
have
¢(1+v9)

| sin py (t — u)| < pnlt — s| < max{1,2T}u, : .
o (1t + )
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Moreover with Z, (t) = sinp,(t —u), B=1,A = p,, C = 1 we get

)’ <2 (P(,un+7)0)

| sin py (t — 1) — sin py (s — u . .
o (7 + )

Then

Qni(t,s) < A2C% (49 (pn + v0) @(px + o) +2max{1, 2T} (pn + vo) (1 + vo)
+ 2max{1,2T }pn(pr + vo) (1 + vp)

+ (max{1,2T})*unpir¢* (1 + vp)) L

‘/’Z(ﬁﬂ “’0).

It is clear that this inequality also holds for t <'s. So,

N
Ap SAC@(Z X
n=1k=1

it (49 (pn + v0) @ (i +v0)

+ 2max{1, 2T }¢(pn + vo) urp(1 + vo)
+ 2max{1, 2T }pn o (pr + vo) (1 + vp)

1/2
1
+ (max{1,21) g1+ ) ) ————
? (7 + o)

Therefore, we get

1/2 AB
sup (E[Vi(xt) — Va(y,9)?) < — s
|x—y|<h (2 <y + Uo)
[t—s|<h

7

where

N
BN = CX max{L, 2CX Z

n:

1
1 Hnlk

]/ln—FU()

(49 (pn +00) 9 (i +vo) + 2max{1, 2T } ¢ (pn + v0) (1 + vo)

1/2
44mwﬂaﬂwwm+mmu+m»umuﬂaﬂfwm¢u+w»).

Finally,
1/2 _ Dy+AB
sup (E[An(x,t) = An(y,s)?) < ==,
|x—y|<h @ (z + Uo)
[t—s|<h
or
1/2
sup <E\AN(x,t) - AN(y,s)\z) < @, where o(h) = Ca(Dy +ABN), h > 0.
[x—y|<h A o (4 +0)
[t—s|<h
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Then

1
p(-1) <CA(f)N+ABN)) _vg

u

0.(—1)(”) = u> 0/

wo = o (max{r, T}) = CA(DT +ABN) wo(N),
4 <max{7‘c,T} + U())

50 = gii=gy (50 (1 CuBu s AB) — ) +1)

x (g (go(*l) (ufch(f)N + ABN)) - vo> + 1) ) du.

So, inequality (7) holds because the condition (4) is fulfilled.
Therefore, in order to obtain a solution model with 1 — w reliability at s accuracy, it is
necessary that for some 6 € (0,1) the condition

(LI <59(1 —0) ( /OewO(N) Xu( g <q)(_1) <u_1CA(13N + ABN)> — vo) + 1)

X (g (91 (u7"CalDn + ABy)) — 20 ) + 1) )du) 1>>1 <w

is fulfilled. O
2 Example
Let us consider the following problem of the vibrations of a homogeneous string
%u  d%*u
w—mz—g(x,t% XG[O,TC], tE[O,T],
ou
u’t:() — Or 5 o — Or
u|x:O:0, u|x:7'[:0.

The solution to this problem is expressed in the next form

u(x, t) = \/% i %sinnx /Ot Cn(u)sinn(t —u)du,
n=1

Cn(t) = \/%/On &(x,t) sinnxdx,

namely p, = n, Xu(x) = \/%sin nx.

= 1
Let &(x,t) = Z Wkﬁ sinkx coskt, where 0 < x < 71, 0 < t < T, 55 € L5(Q), be such inde-
k=1
pendent identically distributed strictly Orlicz random variables, for which E? = 1, Ex = 0,
thatis U(x) = |x|°.

where
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Let us assume @(A) = A7, T(61,02) = 6162, T(6) = J. Then, from the example provided
in [5], it follows that the conditions of Theorem 1 are satisfied.

Let
R R M 1
C(xr t) = gM(xr t) = kglﬂkﬁ sin kx cos kt.
Then
A 2 0 1 . 00 1
E(G(x,t) —Cm(x, 1) = ) k—zsmzkxcoszktg ) 7

k=M+1 k=M+1
So, for a given A, the number M is chosen in such a way that the condition

7'CT< ) k—2> <A

k=M+1

holds true.
In this case,

2 o [e¢] [e¢] 1
Cx=L=1/=, C=0, CLin=41") -, Co11=Cs11=21") -, Cc11=27)
& sk sk sk
and
- 1 (/15 . ,\ &1 © ]

1/2
+ 2max{1,2T}nk>7 + (max{1, 2T})2nk)> ,

. 2 00 00 C\k, 1/2 2 00 00 C\k, 2137 37
m:qﬁ( >y 7,(1/7”;/7) + ;< Y,y k(e

k=N+1m=N+1 k=N+1m=N+1

1/2
+ 2T max{1,2T}k*/7 + 2T max{1,2T}m>7 4+ (max{1, 2T})2)> ,

wo(N) = Ca(Dy + ABy)(max{m,T})?7, o(-D(A) = A3, xu(t) = t5. Thus, the desired
model is the one in which N and A are chosen such that for some 6 € (0,1) we have

w <59(1 —9) (/OGWO(N) <§ (u"Ca(Dy + ABN)>7/3 + 1) -

. 7/3 =5 —1\°
x(% (u—ch(DN—|—ABN)) +1> du) >21.
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Pob6oTa npucsstaeHa 0Oy AOBi MOAEAI pO3B’SI3KY Tillep60AIIHOTO PiBHSHHS 3 BUITAAKOBOO CTPO-
IO OpAideBOIO MPaBOIO YaCTHMHOIO Ta HYABOBVMMM IOYATKOBMMM i KpallOBUMM yMOBaMM, siKa HaOAM-
Xae 11elt po3B’sI30K B PiBHOMIipHIl HOpMi i3 3aAaHOI0 TOUHICTIO Ta HaAiHICTIO.

Kontouosi cnosa i ¢ppasu: rimepboaiuHe piBHIHHS, MOAEAIOBaHHS, OpAiueBe BUIIaAKOBE TIOAE.



