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Titchmarsh-Weyl theory for impulsive Hahn-Dirac systems

Allahverdiev B.P.3, Tuna H.%3, Isayev H.Al

In this article, the Titchmarsh-Weyl theory of the impulsive Hahn-Dirac system is studied. The
limit-circle and limit-point classifications of the singular point { = co of the impulsive Hahn-Dirac
system are obtained. Additionally, it will demonstrate that the limit-circle situation for the impulsive
Hahn-Dirac system does not exist.
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Introduction

Sturm-Liouville problems have a long history in the theory of differential equations. These
types of equations have been studied quite intensively under various conditions. One of
these conditions is impulsive boundary conditions. Impulsive equations serve as basic mod-
els to study the dynamics of processes that are subject to sudden changes in their states.
Hence there are many studies on this subject in the literature (for example, see [5-9, 14-16,
19-22,26]).

In 1910, H. Weyl published his famous article [25]. In this article, he examined singular
Sturm-Liouville problems. He introduced the concepts of limit circle/limit point into the lit-
erature. Later, E.C. Titchmarsh [23] and R. McLeod [18] extended this theory to classical Dirac
systems.

In the 1940s, W. Hahn [11] made a derivative definition and gathered two important oper-
ators under a single structure. These operators are the g-difference operator and the forward
difference operator. Thus, it was possible to examine g-difference equations and advanced dif-
ference equations under Hahn difference equations. In 2018, M.H. Annaby et al. [4] studied the
classical Hahn-Sturm-Liouville problems using this definition. In 2020, F. Hira [13] discussed
the Hahn-Dirac system and examined the existence and uniqueness of solutions of such equa-
tions. B.P. Allahverdiev and H. Tuna [2] investigated the basic properties of the eigenvalue and
eigenvector by showing the self-adjointness of the operator corresponding to the Hahn-Dirac
system. For detailed information on Dirac systems, see [1,2,10,13,17,24].

In this study, singular Hahn-Dirac systems will be examined under impulsive conditions.
For such systems, the Titchmarsh-Weyl theory will be established.
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1 Preliminaries

In this context, we provide a concise overview of the Hahn calculus [3, 4, 11, 12]. Let
q€(0,1),00:=0/(1—¢q), c>0,andlet¥ : ] C R — R be a function such that oy € J.

Definition 1 ([11,12]). The Hahn derivative D, ;Y is defined by

F(o+90)—¥(0)
0op), = 0yp.

Dy 4 unifies two well-known operators. When q — 1, we get the forward difference opera-
tor defined as

FOtd-f@ ,.p

MO =050 =7
When o — 0, we get the Jackson g-difference operator defined as
_ fad) = f(©)

Furthermore, under appropriate conditions, we obtain
lim Do qof () = f'(2)-
qg—1
w—0

Definition 2 ([3]). Leta, b, 0y € |]. The Hahn integral (v, g-integral) is given by

/ub‘I’ (§) dog == /U:‘I’ (Q) do gl — /U: ¥ (0) dogl,

where
n

4 00 _
[ ¥ @ degr = (@ =0-0) Lo (=0 +0"), e,
v n=0

0

provided that the series converges at { = a and { = b.

Definition 3 ([4]). The o, g-trigonometric functions are defined by the formulas

e g -
Coyq ( /?\)—H;O( 1 (4:9)2,

4

Soq(z;A) = i (—1)" qn(n—i—l) A(z(1—gq) — 0.))211+1

=0 (q; q)2n+1

4

where
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2 Main Results

In this section, we introduce the limit-circle and limit-point classification of the singular
point { = oo of the impulsive Hahn-Dirac system.
Consider the impulsive boundary-value problem

{ —%D_%,%MQ—FP(C) U1 = Auq, el )
Dy qu1 +1(C) up = Aua,
cosaug (0p) + sinauy (0p) =0, (2)
u (d—) — k1u1 (d+> = 0, (3)
—1 -1 _
w2 (071 (d=)) —kaa (071 (d+) ) =0, @)
cos Buy (a) + sin Buy <Q’1 (a)) =0, 5)
where I} = [09,d), I, = (d,a], ocp <d <a<oo, [=LUI,
_ (W () )
0= (@ ) ©

a,B €R:=(—00,00),and A € C.

Our basic assumptions throughout the paper are the following:

(A1) Letge (0,1), 0p:=0/(1—gq), c >0,and kik, = 6 > 0.

(A2) p,r: I — Rare continuous functions on [0y, d) U (d, 07! (a)], 0 ({) = g + o and have
finite limits p (d+), r (d+).

A similar problem has been investigated in [1] without impulsive conditions.
The space H := L(ZW(I; C?) (Hy = L(ZW(Il U (d,00); C?)) is a Hilbert space with the inner
product

d a
(u,v)y ::/ (u,v)czdglq§~|—5/d (u,v)c2do 40,

40

<<u,v>Hl = /Ud(u,’())czdglqg—}—5/5100(1/[,’())@2010,,1@),

0

u:<u1> and v:<vl>, u,ve M (H).
Uz 02

Theorem 1. For A € C, the following problem

—¢D_c 1o+ p (Q)ur = Aug,
7’9
Dy qu1 + 7 () uz = Aua,

where

uy (09) =c1, uz (0p) =2, c1,02 €R,

uy (d—) —kyup (d+) =0,
Up <Q_1 (d—)) — kouy <Q_1 (d+)) =0,

has a unique solution ¢ in H;.
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Proof. From [13], we infer that the following problem
—1p w4+ u; = Auq,
Doy pOn =t g
Dy qu1 +1(3) up = Aua,
uy (0p) = c1, uz (0p) = c2,
has a unique solution
_( ¥n )
1’[)1 < Y12 )
Let us consider the following problem
—1p L iuy+ u; = Auq,
D-petp@Om=in o), )
Dy qu1 +1(3) uz = Aua,
1
up (d+) = gt (d—), (8)
1
-1 -1
u d+)) = — d—) ). 9
2 (07 (@h) = yn (o7 (@) ©)

Set

([ 920G M) ef (e(v), M)
U (§,2) = Uo (GA) +9 |
—91(5,A) 93 (2 (7). A)

where
1

Uy (€,1) = - (= A) + - (@~ ) 2 (07 (=), A

Cog (T A
men= (N ) - ()

o @A) [ =Sl
men= (e ) - ( &

_(pr O
m=(457)

and the notation * means the operation of matrix transpose.
Here ¢; and ¢, are the fundamental solutions of equation (7) for

_(p 0 _
u-(1 %) -0

Let A € C be fixed. There exist positive numbers N (1) and A, such that

T

A
@) < YA o1

—_——

IM (G <A (U (EM < N(A), e (doo).

N—
o~
m
—
&
3
—

] Mo (7)) Up—1(0(7),A) da,q')’/
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Then, we see that

U1 (8, A) = Uo (G, M) <

< 20N (A) AN (1) & (1( - _‘727)_ 7).

—— | rC
< 29N ()‘) AN (/\> ‘/d da,q')’

Likewise, we deduce that

TN (V) (1) — o)
IUs (&) = U € A)]| < 2N () === Siq— T

Then we have

1Uar (3,A) = Up (3, N)]] < 2nqnm(AN (A) ((@q(;)— q) —0))

, n=1,23,.... (10)

By Weierstrass’s test, we conclude that the series

© s (AN (A) ( (1= ) —0))"
};24 N (A)

(:9),
is uniformly convergent. Consequently, the series
U (GA) + ) AU (G A) = Un (GA)} (1)
n=1

is uniformly convergent with respect to ¢ on (d, o). Hence 1i_r>n U, (g, ) =92 (L, A), e
n—oo

o0

() (C/ A) = (C/ A) + Z {un+1 (C/ A) — Uy (gr )\)}

n=1

Our next goal is to prove that i, satisfies (7). We have

Do gUn11(G,A) = DogUn(G,A) = g /d g Dog92(6,M)9] (0(7),A) = Dog@r(2,A) 03 (a(1), A)
x M(e(7) [Un(e(7),A) = Un-1(e(7), A)] dog-

By assumption (10), we infer that the series

(o]

{Da,qun+1 (gr )\) - D‘UIUH (C/A)}

n=1

is uniformly convergent with respect to { on (d, o). Due to

S0, (GA) S0, (GiA)

DU,qCU,q (C,'/\) = (—r (g) + )‘) 2 ’ Da,qf = (—7’ (é) + /\> Cmq (g?)\) P
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we find

(e 9]

Da,q¢21 (C, A) = Z {Da,qun+1,1 (é/ A) - Do,qun,l (@,A)}

n=1
= (~r () + ) il{un,l (G A) = Un11 (LA}

=(=r(Q)+A) P (T A).

The validity of the other equation in (7) is proved similarly. Moreover, 1, satisfies (8)—(9).
Consequently, we conclude that

_ ll)l (gl)\)/ ge Il/
e = { 02(CA), e (d o), (12

satisfies (2)—(4). O
Likewise, we can obtain the following theorem.

Theorem 2. For any A € C, equation (1) has a solution

[ x1(GA), Ceq,
X (“)‘{m (L A), T (dw), (12)

satisfying conditions (3)—(5).
Write

u1 and u, are continuous on [0g,d) U (d, 07! (a)]
one-sided limits 1 (d+) and up (0! (d+)) exist and finite,
u, (d—) — k1u1 (d+> = 0, !
up (071 (d=)) —koup (071 (d+)) =0andTu € H

1
—=D s1upr+ Uy,
Tu:= q _ﬁ’% 2 p(E)m and u:<u1>-
Dy qu1 +7(Q) ua, Uz

Then the maximal operator Lmax on is defined by Lmaxtt = T'u, 4 € Dpax.
Green’s formula is defined as

/UO [(Tu,v)c2 — (u,Tv)c2]doqC (1)

= Woq (1,0) (a) = Woq (u,0) (d+) + Wy g (1,0) (d—) — We 4 (1,7) (00),

where Wo 4 (,9) (£) := u1(0)v2(07* (2)) — u2(e™" (£))01(¢), and

u v
uz( 1),02( 1), U,V € Dmax-
Us (%)

Let ¢ and ) be the solutions of (1) satisfying

where

Y1 (0p,A) = —sina, Py (0p,A) = cosu,

1
x1(00,A) =coswa, x2(0p,A) =sinu, (15)
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P1(d=) kg1 (d+) =0, 92 (7" (d=)) —kaypa (¢ (d+)) =0, (16)
xi(d=) —kixi(d+) =0, x2(e~'(d-)) —kaxa (07! (d+)) =0,
where o € IR. Then every solution @ of equation (1) is of the form ® = x + m for some m,
which will depend on A. Thus @ satisfies the following condition

(x1(a,A) +myp1(a, ) cos B+ (x2(0 ™" (a), A) + myp2 (¢ (a),A) ) sinp=0.  (17)
Clearly, m must satisfy
! (a,A) cot B+ x2 (Q_l (a),A)
(@A) cotBtya (et (a),A)
As a, A, B vary, m becomes a function of these arguments and due to x and ¢ are entire in A,
m is meromorphic in A. Writing z = cot 3, yields

m = _Xl (ll, A) z +X2 (Qil (El) /A) . (19)

Y1 (a,A)z+¢2 (07" (a),A)

(18)

On the other hand, we see that
xi1(a, M)pa(e (@), A) = pr(a, Mxa(e (@), A) = Wog (X, 9),  (a,A) #0.

From the properties of the mapping (19), we conclude that the real axis of the z-plane has as
its image a circle A (a) in the m-plane.

Theorem 3. i) The center of A (a) is
Wy (X ¥) (@A)

") T (09) (@A) 0
ii) The radius of A (a) is
1
a )\ - — 21
" W 9| @

Proof. i) Since

P (a,A)
we obtain
o (A) = (A RS <a>,A>> L G A
1 (o 4) i1 (a) () g 0 ), )
_ x@M (et (@),A) — i@ Mxa (71 (a),A) _ Woulx #)(a,A
P1(a, M) P20 (a),A) — 1(a, A2 (@71 (a) , A)  Woq (9, 9) (a, 1))

ii) The radius of A (a) is

T (A) _ X2 (ll, A) o Wo’,q (X’ E) (El, )\) _ IPZ (ll, X) W‘Tr‘] (X’ ¢)(ﬂr)\
! V2 (a,A) Wog (0, 9)(a,A) | |[$2(a,A) Weg(ip, ) (a,A)
_ Weoq (X, 9)(a,A) _ 1
Woq (9, 9) (@A) | [Woq (9, 9)(a,A)]
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Theorem 4. Let A € C. If ImA > 0, then to the upper z-half-plane there corresponds the
exterior of the circle A (a).

Proof. By (14), we infer that

/U:(FII)/X)CZdU,qg - /U: (l/)/ FX)@ dv,qg = (A - X) /U:(IPIX)CZdo,qg
= Wo,q (¥, %) (x,A) = Woq (¥, X) (00, ),

since 'y = Ay and I'y = Ax. Writing x = ¢ gives
2 1 _ _
/Uo 1¥llcadogl = 57— (Wog (9, 9) (x,A) = Woq (,9) (00, 1)), (22)
where x € [; and

d X 1 —
. 91132 dogl + 5/11 []|¢2 do g = T (Woq (0,9 x € 1) (x,A) = Woq (¥, 9) (00, A)),

where x € I,. Therefore, (22) yields

Im{lngpl(ai\, } %{ )ﬂzfpl(a(i))ﬁ)}
1
2

w)( >_ 1 Wog (%) (a,1)

|1/J1 (a, ) 2’ 1 (a,A)]?

Im A
ﬁU ||¢|yczdgq§+5/ Hl/JIIczdwC>

O

Theorem 5. Let A € C, whereIm A # 0. The function ® = x + my satisties (17) if and only if
m lies on the circle A(a), whose equation is

lim W4 (®,®) (a,A) = 0. (23)

a—o0

Asa — oo either A(a) — A(o0), a limit circle, or A(a) — ¢(o0), a limit point. Every solution
of equation (1) is in ‘H; in the former case, and only one linearly independent solution is in H1
in the latter case. A point is on A(o0) if and only if (23) holds.

Proof. We have the equalities

Waq(x +mp, x +mp) (00, A) =Woq (X, X) (00, A) +mWy (,X) (00, A)

+ MWy g (X/@) (00, A) + ’m‘z Woq (l/’f @) (00, A)
=—m-+m= —2ilmm.

From (22), we conclude that

d a
|+ mplEa dogs + [+ mpls dogg
" : (24)

T 2ImAi [(Woq(x +mp, x + mp)(a,A) +2iImm] .
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By Theorem 4, we see that if Inz < 0, then m is inside A (a) for ImA > 0. It follows
from (19) that

x2 (0" (a),A) +mypy (0" (a),A)
x1(a,A) 4+ myy (a,A) '

Z = —

Hence

x2(07 (@) A)+mypz (e (a)A)

i (z B E) _, x1(a,A)+myy(a,)) _ qu ()( +myp, x + m¢) ( )
L (e @A) (e @A) X1 (a,A) + mipy (a,A)]
x1(aA)+mipy(a,))
Therefore, we get
Imz <0 <= W, (x+myp, x +my) (a,A) > 0. (25)

By virtue of (24) and (25), we arrive at

Imm

[ 101 o+ [ 012 st < (26)

On the other hand, Imz = 0 is equivalent to that m is on the circle A(a). Hence, we find
Wo g (®,®@) (a,A) = 0, and therefore

Imm

@l ot +0 [ 01 ot = .

Moreover, if m is inside A (a) and 0y < a’ < a, then

Imm
[ 101 dog+ [ 1022 dogt < [ 101 o+ 0 [ 01 do < Tt

In other words, the circles A (a) are nested.
If A(a) = A(o0) asa — oo, then T, > 0, s0 ¢ € H1 by (21). Let 57 be a point lying on A (o).
By (26), we see that

Im
/ |\X+’7¢|’C2dvq§+5/ ”X+’71/’”C2 0q§< 17

and therefore x + ¢ € Hq. If A (a) — A (o0) asa — co and Im A # 0, then all solutions of (1)
belong to H1 since ¢ and x + ¢ are in Hy. If A (a) — ¢ (c0) as a — oo, then 41151010 T (A) =0.
From (21), we deduce that ¢ ¢ H;. Hence, there is exactly one linearly independent solution
from #;. Furthermore, m is on A (o) if and only if

Imm

[ 101 o6 [ 01 gt = T2 @7)

Using (24), (26), (27), we find that m is on A(c0) is equivalent to lim Wy 4(®,®)(a,A) =0. O

a— oo

Now, let us investigate whether the limit-circle situation occurs in the impulsive Hahn-
Dirac system since the limit-circle situation does not occur in the classical Dirac system (see
[17,24]).
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Theorem 6. For the impulsive Hahn-Dirac system (1), there is only one linearly independent
solution of space H.

Proof. Let

() (Y1
Q—<02> and T_<‘I’2>

be two solutions of T'u = 0, such that W4, (Q), ¥) ({) = x # 0, where { € (d, o). Hence

K] = [Weg (%) (D) = [1(0)¥2 (071(@)) ~¥1(0)2 (071 ()]
= 1(©), YD) | < 10Dz YD)l 2 < 5 (10122 + 1Y) 1),

N =

where

Y (e @)
w*(m@l(a»)' w‘( () )

From this, we infer that ® and Y (also (2 and ¥) cannot both lie right in H;, which proves the
theorem. ]

Conclusion

In this paper, we have explored the impulsive Hahn-Dirac system. We began by examining

the uniqueness and existence of solutions relevant to the problem. Limit-point and limit-circle
singularities are defined. Finally, it is proved that the limit-circle situation occurs in the impul-
sive Hahn-Dirac system.
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Y Wik cTaTTi AOCAIAXY€EThCS Teopist TiTumapia-Beiiast aast iMmyabcHOI cuctemu I'ana-Aipaxa.
Otrpumano KAacudikalii TUITy TPaHIYIHOTO KOAA Ta TPAHIYHOI TOUKM AAS OCOOAMBOI TOUKM { = ©0
immyabcHOI cuctemn I'aHa-Aipaka. Kpim Toro, moxasaHo, o BUIaAOK I'PaHMUIHOTO KOAA AASL iM-
My AbcHOI cuctemu I'ana-Ajpaka He peanizyeThesl.

Kntouosi ciosa i ppasu: pisHMIIeBe piBHSHHS, piBHSHHS 3 po3pmBamy, cucreMa I'ana-Aipaxa, Te-
opist TiTumapiia-Berias.



