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Titchmarsh-Weyl theory for impulsive Hahn-Dirac systems

Allahverdiev B.P.1,3, Tuna H.2,3, Isayev H.A.1

In this article, the Titchmarsh-Weyl theory of the impulsive Hahn-Dirac system is studied. The

limit-circle and limit-point classifications of the singular point ζ = ∞ of the impulsive Hahn-Dirac

system are obtained. Additionally, it will demonstrate that the limit-circle situation for the impulsive

Hahn-Dirac system does not exist.
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Introduction

Sturm-Liouville problems have a long history in the theory of differential equations. These

types of equations have been studied quite intensively under various conditions. One of

these conditions is impulsive boundary conditions. Impulsive equations serve as basic mod-

els to study the dynamics of processes that are subject to sudden changes in their states.

Hence there are many studies on this subject in the literature (for example, see [5–9, 14–16,

19–22, 26]).

In 1910, H. Weyl published his famous article [25]. In this article, he examined singular

Sturm-Liouville problems. He introduced the concepts of limit circle/limit point into the lit-

erature. Later, E.C. Titchmarsh [23] and R. McLeod [18] extended this theory to classical Dirac

systems.

In the 1940s, W. Hahn [11] made a derivative definition and gathered two important oper-

ators under a single structure. These operators are the q-difference operator and the forward

difference operator. Thus, it was possible to examine q-difference equations and advanced dif-

ference equations under Hahn difference equations. In 2018, M.H. Annaby et al. [4] studied the

classical Hahn-Sturm-Liouville problems using this definition. In 2020, F. Hira [13] discussed

the Hahn-Dirac system and examined the existence and uniqueness of solutions of such equa-

tions. B.P. Allahverdiev and H. Tuna [2] investigated the basic properties of the eigenvalue and

eigenvector by showing the self-adjointness of the operator corresponding to the Hahn-Dirac

system. For detailed information on Dirac systems, see [1, 2, 10, 13, 17, 24].

In this study, singular Hahn-Dirac systems will be examined under impulsive conditions.

For such systems, the Titchmarsh-Weyl theory will be established.
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1 Preliminaries

In this context, we provide a concise overview of the Hahn calculus [3, 4, 11, 12]. Let

q ∈ (0, 1) , σ0 := σ/ (1 − q) , σ > 0, and let Ψ : J ⊂ R → R be a function such that σ0 ∈ J.

Definition 1 ([11, 12]). The Hahn derivative Dσ,qΨ is defined by

Dσ,qΨ (ζ) =

{

Ψ(σ+qζ)−Ψ(ζ)
σ+(q−1)ζ

, ζ 6= σ0,

Ψ′ (σ0) , ζ = σ0.

Dσ,q unifies two well-known operators. When q → 1, we get the forward difference opera-

tor defined as

∆σ f (ζ) :=
f (σ + ζ)− f (ζ)

(σ + ζ)− ζ
, ζ ∈ R.

When σ → 0, we get the Jackson q-difference operator defined as

Dq f (ζ) :=
f (qζ)− f (ζ)

(qζ)− ζ
, ζ 6= 0.

Furthermore, under appropriate conditions, we obtain

lim
q→1

ω→0

Dω,q f (ζ) = f ′ (ζ) .

Definition 2 ([3]). Let a, b, σ0 ∈ J. The Hahn integral (σ, q-integral) is given by

∫ b

a
Ψ (ζ) dσ,qζ :=

∫ b

σ0

Ψ (ζ) dσ,qζ −
∫ a

σ0

Ψ (ζ) dσ,qζ,

where
∫ ζ

σ0

Ψ (γ) dσ,qγ := ((1 − q) ζ − σ)
∞

∑
n=0

qnΨ

(

σ
1 − qn

1 − q
+ ζqn

)

, ζ ∈ J,

provided that the series converges at ζ = a and ζ = b.

Definition 3 ([4]). The σ, q-trigonometric functions are defined by the formulas

Cσ,q (z; λ) =
∞

∑
n=0

(−1)n qn2
(λ (z (1 − q)− σ))2n

(q; q)2n

,

Sσ,q (z; λ) =
∞

∑
n=0

(−1)n qn(n+1) (λ (z (1 − q)− σ))2n+1

(q; q)2n+1

,

where

(a; q)0 = 1, (a; q)n =
n−1

∏
k=0

(

1 − aqk
)

.



280 Allahverdiev B.P., Tuna H., Isayev H.A.

2 Main Results

In this section, we introduce the limit-circle and limit-point classification of the singular

point ζ = ∞ of the impulsive Hahn-Dirac system.

Consider the impulsive boundary-value problem
{

−1
q D− σ

q , 1
q
u2 + p (ζ) u1 = λu1,

Dσ,qu1 + r (ζ) u2 = λu2,
ζ ∈ I, (1)

cos αu1 (σ0) + sin αu2 (σ0) = 0, (2)

u1 (d−)− k1u1 (d+) = 0, (3)

u2

(

̺−1 (d−)
)

− k2u2

(

̺−1 (d+)
)

= 0, (4)

cos βu1 (a) + sin βu2

(

̺−1 (a)
)

= 0, (5)

where I1 = [σ0, d), I2 = (d, a], σ0 < d < a < ∞, I = I1 ∪ I2,

u (ζ) =

(

u1 (ζ)

u2 (ζ)

)

, (6)

α, β ∈ R := (−∞, ∞), and λ ∈ C.

Our basic assumptions throughout the paper are the following:

(A1) Let q ∈ (0, 1) , σ0 := σ/ (1 − q) , σ > 0, and k1k2 = δ > 0.

(A2) p, r : I → R are continuous functions on [σ0, d)∪ (d, ̺−1 (a)], ̺ (ζ) = qζ + σ and have

finite limits p (d±), r (d±).

A similar problem has been investigated in [1] without impulsive conditions.

The space H := L2
σ,q(I; C2) (H1 := L2

σ,q(I1 ∪ (d, ∞); C2)) is a Hilbert space with the inner

product

〈u, v〉H :=
∫ d

σ0

(u, v)
C2 dσ,qζ + δ

∫ a

d
(u, v)

C2 dσ,qζ,

(

〈u, v〉H1
:=
∫ d

σ0

(u, v)C2 dσ,qζ + δ

∫ ∞

d
(u, v)C2 dσ,qζ

)

,

where

u =

(

u1

u2

)

and v =

(

v1

v2

)

, u, v ∈ H (H1).

Theorem 1. For λ ∈ C, the following problem
{

−1
q D− σ

q , 1
q
u2 + p (ζ) u1 = λu1,

Dσ,qu1 + r (ζ) u2 = λu2,

u1 (σ0) = c1, u2 (σ0) = c2, c1, c2 ∈ R,

u1 (d−)− k1u1 (d+) = 0,

u2

(

̺−1 (d−)
)

− k2u2

(

̺−1 (d+)
)

= 0,

has a unique solution ψ in H1.
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Proof. From [13], we infer that the following problem

{

−1
q D− σ

q , 1
q
u2 + p (ζ) u1 = λu1,

Dσ,qu1 + r (ζ) u2 = λu2,
ζ ∈ (σ0, d),

u1 (σ0) = c1, u2 (σ0) = c2,

has a unique solution

ψ1 =

(

ψ11

ψ12

)

.

Let us consider the following problem

{

−1
q D− σ

q , 1
q
u2 + p (ζ) u1 = λu1,

Dσ,qu1 + r (ζ) u2 = λu2,
ζ ∈ (d, ∞), (7)

u1 (d+) =
1

k1
ψ11 (d−) , (8)

u2

(

̺−1 (d+)
)

=
1

k2
ψ12

(

̺−1 (d−)
)

. (9)

Set

Un (ζ, λ) = U0 (ζ, λ) + q
∫ ζ

d





ϕ2 (ζ, λ) ϕT
1 (̺ (γ) , λ)

−ϕ1 (ζ, λ) ϕT
2 (̺ (γ) , λ)



M (̺ (γ))Un−1 (̺ (γ) , λ) dσ,qγ,

where

U0 (ζ, λ) =
1

k1
ψ11 (d−, λ) +

1

k2
(ζ − d) ψ12

(

̺−1 (d−) , λ
)

, ζ ∈ (d, ∞),

ϕ1 (ζ, λ) =

(

ϕ11 (ζ, λ)

ϕ12 (ζ, λ)

)

=

(

Cσ,q (ζ; λ)
Sσ,q(ζ;λ)

λ

)

,

ϕ2 (ζ, λ) =

(

ϕ21 (ζ, λ)

ϕ22 (ζ, λ)

)

=

(

−
Sσ,q(ζ;λ)

λ

Cσ,q (ζ; λ)

)

,

M =

(

p 0

0 r

)

,

and the notation T means the operation of matrix transpose.

Here ϕ1 and ϕ2 are the fundamental solutions of equation (7) for

M =

(

p 0

0 r

)

= 0.

Let λ ∈ C be fixed. There exist positive numbers N (λ) and A, such that

∣

∣ϕij (ζ, λ)
∣

∣ ≤

√

N (λ)

2
, i, j = 1, 2,

‖M (ζ, λ)‖ ≤ A, ‖U0 (ζ, λ)‖ ≤ Ñ (λ), ζ ∈ (d, ∞).
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Then, we see that

‖U1 (ζ, λ)− U0 (ζ, λ)‖ ≤

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

q
∫ ζ

d







Cσ,q (ζ; λ)
Sσ,q(̺(γ);λ)

λ

−
Sσ,q(ζ;λ)

λ Cσ,q (̺ (γ) ; λ)






p (̺ (γ))U01 (̺ (γ) , λ) dσ,qγ

−q
∫ ζ

d







Cσ,q (ζ; λ) Cσ,q (̺ (γ) ; λ)

+
Sσ,q(ζ;λ)

λ

Sσ,q(̺(γ);λ)
λ






r (̺ (γ))U02 (̺ (γ) , λ) dσ,qγ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ 2qN (λ) AÑ (λ)

∣

∣

∣

∣

∫ ζ

d
dσ,qγ

∣

∣

∣

∣

≤ 2qN (λ) AÑ (λ)
(ζ (1 − q)− σ)

(1 − q)
.

Likewise, we deduce that

‖U3 (ζ, λ)− U2 (ζ, λ)‖ ≤ 22q2Ñ (λ)
A2N2 (λ) (ζ (1 − q)− σ)2

(1 − q) (1 − q2)
.

Then we have

‖Un+1 (ζ, λ)− Un (ζ, λ)‖ ≤ 2nqnÑ (λ)
(AN (λ) (ζ (1 − q)− σ))n

(q; q)n

, n = 1, 2, 3, . . . . (10)

By Weierstrass’s test, we conclude that the series

∞

∑
n=1

2nq
n(n+1)

2 Ñ (λ)
(AN (λ) (ζ (1 − q)− σ))n

(q; q)n

is uniformly convergent. Consequently, the series

U1 (ζ, λ) +
∞

∑
n=1

{Un+1 (ζ, λ)− Un (ζ, λ)} (11)

is uniformly convergent with respect to ζ on (d, ∞). Hence lim
n→∞

Un (ζ, λ) = ψ2 (ζ, λ), i.e.

ψ2 (ζ, λ) = U1 (ζ, λ) +
∞

∑
n=1

{Un+1 (ζ, λ)− Un (ζ, λ)} .

Our next goal is to prove that ψ2 satisfies (7). We have

Dσ,qUn+1(ζ, λ)− Dσ,qUn(ζ, λ) = q
∫ ζ

d

[

Dσ,qϕ2(ζ, λ)ϕT
1 (̺(γ), λ) − Dσ,qϕ1(ζ, λ)ϕT

2 (̺(γ), λ)
]

× M(̺(γ))
[

Un(̺(γ), λ) − Un−1(̺(γ), λ)
]

dσ,qγ.

By assumption (10), we infer that the series

∞

∑
n=1

{

Dσ,qUn+1 (ζ, λ)− Dσ,qUn (ζ, λ)
}

is uniformly convergent with respect to ζ on (d, ∞). Due to

Dσ,qCσ,q (ζ; λ) = (−r (ζ) + λ)
Sσ,q (ζ; λ)

λ
, Dσ,q

Sσ,q (ζ; λ)

λ
= (−r (ζ) + λ) Cσ,q (ζ; λ) ,
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we find

Dσ,qψ21 (ζ, λ) =
∞

∑
n=1

{

Dσ,qUn+1,1 (ζ, λ)− Dσ,qUn,1 (ζ, λ)
}

= (−r (ζ) + λ)
∞

∑
n=1

{Un,1 (ζ, λ)− Un−1,1 (ζ, λ)}

= (−r (ζ) + λ) ψ22 (ζ, λ) .

The validity of the other equation in (7) is proved similarly. Moreover, ψ2 satisfies (8)–(9).

Consequently, we conclude that

ψ (ζ, λ) =

{

ψ1 (ζ, λ) , ζ ∈ I1,

ψ2 (ζ, λ) , ζ ∈ (d, ∞),
(12)

satisfies (2)–(4).

Likewise, we can obtain the following theorem.

Theorem 2. For any λ ∈ C, equation (1) has a solution

χ (ζ, λ) =

{

χ1 (ζ, λ) , ζ ∈ I1,

χ2 (ζ, λ) , ζ ∈ (d, ∞),
(13)

satisfying conditions (3)–(5).

Write

Dmax =



















u ∈ H :

u1 and u2 are continuous on [σ0, d) ∪ (d, ̺−1 (a)]

one-sided limits u1 (d±) and u2

(

̺−1 (d±)
)

exist and finite,

u1 (d−)− k1u1 (d+) = 0,

u2

(

̺−1 (d−)
)

− k2u2

(

̺−1 (d+)
)

= 0 and Γu ∈ H



















,

where

Γu :=

{

−1
q D− σ

q , 1
q
u2 + p (ζ) u1,

Dσ,qu1 + r (ζ) u2,
and u =

(

u1

u2

)

.

Then the maximal operator Lmax on is defined by Lmaxu = Γu, u ∈ Dmax.

Green’s formula is defined as
∫ a

σ0

[

(Γu, v)C2 − (u, Γv)C2

]

dσ,qζ

= Wσ,q (u, v) (a)− Wσ,q (u, v) (d+) + Wσ,q (u, v) (d−)− Wσ,q (u, v) (σ0) ,

(14)

where Wσ,q (u, v) (ζ) := u1(ζ)v2(̺−1 (ζ))− u2(̺
−1 (ζ))v1(ζ), and

u =

(

u1

u2

)

, v =

(

v1

v2

)

, u, v ∈ Dmax.

Let ψ and χ be the solutions of (1) satisfying

ψ1 (σ0, λ) = − sin α, ψ2 (σ0, λ) = cos α,

χ1 (σ0, λ) = cos α, χ2 (σ0, λ) = sin α,
(15)
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ψ1 (d−)− k1ψ1 (d+) = 0, ψ2

(

̺−1 (d−)
)

− k2ψ2

(

̺−1 (d+)
)

= 0,

χ1 (d−)− k1χ1 (d+) = 0, χ2

(

̺−1 (d−)
)

− k2χ2

(

̺−1 (d+)
)

= 0,
(16)

where α ∈ R. Then every solution Φ of equation (1) is of the form Φ = χ + mψ for some m,

which will depend on λ. Thus Φ satisfies the following condition
(

χ1(a, λ) + mψ1(a, λ)
)

cos β +
(

χ2

(

̺−1(a), λ
)

+ mψ2

(

̺−1(a), λ
))

sin β = 0. (17)

Clearly, m must satisfy

m = −
χ1 (a, λ) cot β + χ2

(

̺−1 (a) , λ
)

ψ1 (a, λ) cot β + ψ2 (̺−1 (a) , λ)
. (18)

As a, λ, β vary, m becomes a function of these arguments and due to χ and ψ are entire in λ,

m is meromorphic in λ. Writing z = cot β, yields

m = −
χ1 (a, λ) z + χ2

(

̺−1 (a) , λ
)

ψ1 (a, λ) z + ψ2 (̺−1 (a) , λ)
. (19)

On the other hand, we see that

χ1(a, λ)ψ2

(

̺−1(a), λ)− ψ1(a, λ)χ2

(

̺−1(a), λ
)

= Wσ,q (χ, ψ) , (a, λ) 6= 0.

From the properties of the mapping (19), we conclude that the real axis of the z-plane has as

its image a circle Λ (a) in the m-plane.

Theorem 3. i) The center of Λ (a) is

µa (λ) = −
Wσ,q

(

χ, ψ
)

(a, λ)

Wσ,q
(

ψ, ψ
)

(a, λ)
. (20)

ii) The radius of Λ (a) is

τa (λ) =
1

∣

∣Wσ,q
(

ψ, ψ)(a, λ
)∣

∣

. (21)

Proof. i) Since

m
(

λ, z′
)

= ∞ ⇐⇒ z′ = −
ψ2

(

̺−1 (a) , λ
)

ψ1 (a, λ)
,

we obtain

µa (λ) = m

(

λ,−
ψ2 (̺−1 (a) , λ)

ψ1 (a, λ)

)

= −

χ1 (a, λ)

(

−
ψ2(̺−1(a),λ)

ψ1(a,λ)

)

+ χ2

(

̺−1 (a) , λ
)

ψ1 (a, λ)

(

−
ψ2(̺−1(a),λ)

ψ1(a,λ)

)

+ ψ2 (̺−1 (a) , λ)

= −
χ1 (a, λ) ψ2(̺

−1 (a) , λ)− ψ1(a, λ)χ2

(

̺−1 (a) , λ
)

ψ1 (a, λ) ψ2(̺−1 (a) , λ)− ψ1(a, λ)ψ2 (̺−1 (a) , λ)
= −

Wσ,q(χ, ψ)(a, λ)

Wσ,q
(

ψ, ψ) (a, λ)
) .

ii) The radius of Λ (a) is

τa (λ) =

∣

∣

∣

∣

∣

χ2 (a, λ)

ψ2 (a, λ)
−

Wσ,q
(

χ, ψ)(a, λ
)

Wσ,q
(

ψ, ψ)(a, λ
)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

ψ2

(

a, λ
)

Wσ,q (χ, ψ)(a, λ)

ψ2 (a, λ)Wσ,q(ψ, ψ) (a, λ)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

Wσ,q (χ, ψ)(a, λ)

Wσ,q
(

ψ, ψ)(a, λ
)

∣

∣

∣

∣

∣

=
1

∣

∣Wσ,q
(

ψ, ψ)(a, λ
)
∣

∣

.
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Theorem 4. Let λ ∈ C. If Im λ > 0, then to the upper z-half-plane there corresponds the

exterior of the circle Λ (a).

Proof. By (14), we infer that

∫ x

σ0

(Γψ, χ)
C2 dσ,qζ −

∫ x

σ0

(ψ, Γχ)
C2 dσ,qζ =

(

λ − λ
)

∫ x

σ0

(ψ, χ)
C2 dσ,qζ

= Wσ,q (ψ, χ) (x, λ)− Wσ,q (ψ, χ) (σ0, λ),

since Γψ = λψ and Γχ = λχ. Writing χ = ψ gives

∫ x

σ0

‖ψ‖2
C2 dσ,qζ =

1

2i Im λ

(

Wσ,q
(

ψ, ψ
)

(x, λ)− Wσ,q
(

ψ, ψ
)

(σ0, λ)
)

, (22)

where x ∈ I1 and

∫ d

σ0

‖ψ‖2
C2 dσ,qζ + δ

∫ x

d
‖ψ‖2

C2 dσ,qζ =
1

2i Im λ

(

Wσ,q
(

ψ, ψ x ∈ I2

)

(x, λ)− Wσ,q
(

ψ, ψ
)

(σ0, λ)
)

,

where x ∈ I2. Therefore, (22) yields

Im

{

ψ2

(

̺−1 (a) , λ
)

ψ1 (a, λ)

}

=
1

2
i

{

−
ψ2

(

̺−1 (a) , λ
)

ψ1 (a, λ)
+

ψ2

(

̺−1 (a) , λ
)

ψ1

(

a, λ
)

}

=
1

2
i
Wσ,q

(

ψ, ψ
)

(a, λ)

|ψ1 (a, λ)|2
= −

1

2
i
Wσ,q

(

ψ, ψ
)

(a, λ)

|ψ1 (a, λ)|2

=
Im λ

|ψ1 (a, λ)|2

(

∫ d

σ0

‖ψ‖2
C2 dσ,qζ + δ

∫ a

d
‖ψ‖2

C2 dσ,qζ

)

> 0.

Theorem 5. Let λ ∈ C, where Im λ 6= 0. The function Φ = χ + mψ satisfies (17) if and only if

m lies on the circle Λ(a), whose equation is

lim
a→∞

Wσ,q
(

Φ, Φ
)

(a, λ) = 0. (23)

As a → ∞ either Λ(a) → Λ(∞), a limit circle, or Λ(a) → ς(∞), a limit point. Every solution

of equation (1) is in H1 in the former case, and only one linearly independent solution is in H1

in the latter case. A point is on Λ(∞) if and only if (23) holds.

Proof. We have the equalities

Wσ,q(χ + mψ, χ + mψ)(σ0, λ) =Wσ,q (χ, χ) (σ0, λ) + mWq (ψ, χ) (σ0, λ)

+ mWσ,q
(

χ, ψ
)

(σ0, λ) + |m|2 Wσ,q
(

ψ, ψ
)

(σ0, λ)

=− m + m = −2i Im m.

From (22), we conclude that

∫ d

σ0

‖χ + mψ‖2
C2 dσ,qζ + δ

∫ a

d
‖χ + mψ‖2

C2 dσ,qζ

=
1

2 Im λi

[

Wσ,q(χ + mψ, χ + mψ)(a, λ) + 2i Im m
]

.

(24)
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By Theorem 4, we see that if Im z < 0, then m is inside Λ (a) for Im λ > 0. It follows

from (19) that

z = −
χ2

(

̺−1 (a) , λ
)

+ mψ2

(

̺−1 (a) , λ
)

χ1 (a, λ) + mψ1 (a, λ)
.

Hence

i (z − z) = i



















−
χ2(̺−1(a),λ)+mψ2(̺−1(a),λ)

χ1(a,λ)+mψ1(a,λ)

+
χ2(̺−1(a),λ)+mψ2(̺−1(a),λ)

χ1(a,λ)+mψ1(a,λ)



















= i
Wσ,q

(

χ + mψ, χ + mψ
)

(a, λ)

|χ1 (a, λ) + mψ1 (a, λ)|2
.

Therefore, we get

Im z < 0 ⇐⇒ iWq
(

χ + mψ, χ + mψ
)

(a, λ) > 0. (25)

By virtue of (24) and (25), we arrive at

∫ d

σ0

‖Φ‖2
C2 dσ,qζ + δ

∫ a

d
‖Φ‖2

C2 dσ,qζ <
Im m

Im λ
. (26)

On the other hand, Im z = 0 is equivalent to that m is on the circle Λ(a). Hence, we find

Wσ,q
(

Φ, Φ
)

(a, λ) = 0, and therefore

∫ d

σ0

‖Φ‖2
C2 dσ,qζ + δ

∫ a

d
‖Φ‖2

C2 dσ,qζ =
Im m

Im λ
.

Moreover, if m is inside Λ (a) and σ0 < a′ < a, then

∫ d

σ0

‖Φ‖2
C2 dσ,qζ + δ

∫ a′

d
‖Φ‖2

C2 dσ,qζ <

∫ d

σ0

‖Φ‖2
C2 dσ,qζ + δ

∫ a

d
‖Φ‖2

C2 dσ,qζ <
Im m

Im λ
.

In other words, the circles Λ (a) are nested.

If Λ(a) → Λ(∞) as a → ∞, then τ∞ > 0, so ψ ∈ H1 by (21). Let η be a point lying on Λ(∞).

By (26), we see that

∫ d

σ0

‖χ + ηψ‖2
C2 dσ,qζ + δ

∫ a

d
‖χ + ηψ‖2

C2 dσ,qζ <
Im η

Im λ
,

and therefore χ + ηψ ∈ H1. If Λ (a) → Λ (∞) as a → ∞ and Im λ 6= 0, then all solutions of (1)

belong to H1 since ψ and χ + ηψ are in H1. If Λ (a) → ς (∞) as a → ∞, then lim
a→∞

τa (λ) = 0.

From (21), we deduce that ψ /∈ H1. Hence, there is exactly one linearly independent solution

from H1. Furthermore, m is on Λ (∞) if and only if

∫ d

σ0

‖Φ‖2
C2 dσ,qζ + δ

∫ ∞

d
‖Φ‖2

C2 dσ,qζ =
Im m

Im λ
. (27)

Using (24), (26), (27), we find that m is on Λ(∞) is equivalent to lim
a→∞

Wσ,q(Φ, Φ)(a, λ) = 0.

Now, let us investigate whether the limit-circle situation occurs in the impulsive Hahn-

Dirac system since the limit-circle situation does not occur in the classical Dirac system (see

[17, 24]).
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Theorem 6. For the impulsive Hahn-Dirac system (1), there is only one linearly independent

solution of space H1.

Proof. Let

Ω =

(

Ω1

Ω2

)

and Ψ =

(

Ψ1

Ψ2

)

be two solutions of Γu = 0, such that Wσ,q (Ω, Ψ) (ζ) = κ 6= 0, where ζ ∈ (d, ∞). Hence

|κ| =
∣

∣Wσ,q (Ω, Ψ) (ζ)
∣

∣ =
∣

∣

∣
Ω1(ζ)Ψ2

(

̺−1 (ζ)
)

− Ψ1(ζ)Ω2

(

̺−1 (ζ)
)∣

∣

∣

= |(Θ(ζ), Υ(ζ))C2 | ≤ ‖Θ(ζ)‖
C2 ‖Υ(ζ)‖

C2 ≤
1

2
(‖Θ(ζ)‖2

C2 + ‖Υ(ζ)‖2
C2),

where

Θ(ζ) =

(

Ω1(ζ)

Ω2(̺
−1 (ζ))

)

, Υ(ζ) =

(

Ψ2(̺
−1 (ζ))

−Ψ1(ζ)

)

.

From this, we infer that Θ and Υ (also Ω and Ψ) cannot both lie right in H1, which proves the

theorem.

Conclusion

In this paper, we have explored the impulsive Hahn-Dirac system. We began by examining

the uniqueness and existence of solutions relevant to the problem. Limit-point and limit-circle

singularities are defined. Finally, it is proved that the limit-circle situation occurs in the impul-

sive Hahn-Dirac system.
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Аллахвердiєв Б.П., Туна Г., Iсаєв Г.А. Теорiя Тiтчмарша-Вейля для iмпульсних систем Гана-

Дiрака // Карпатськi матем. публ. — 2026. — Т.18, №1. — C. 278–288.

У цiй статтi дослiджується теорiя Тiтчмарша-Вейля для iмпульсної системи Гана-Дiрака.

Отримано класифiкацiї типу граничного кола та граничної точки для особливої точки ζ = ∞

iмпульсної системи Гана-Дiрака. Крiм того, показано, що випадок граничного кола для iм-

пульсної системи Гана-Дiрака не реалiзується.

Ключовi слова i фрази: рiзницеве рiвняння, рiвняння з розривами, система Гана-Дiрака, те-

орiя Тiтчмарша-Вейля.


