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Remarks to the growth of the maximum modulus
of Dirichlet series

Mulyava O.M.}, Sheremeta M.M.2

For a Dirichlet series F(s) = Y. anexp{sA,}, s = o + it, with the abscissa of absolute conver-
n=0

gence 0; = A € (—oo, 40|, let M(0, F) = sup{|F(c +it)| : t € R} for o < A. By L we denote a
class of continuous non-negative on (—oo, 4+00) functions « such that a(x) = a(xg) > 0 for x < x
and a(x) T 400 as xg < x — +4o0. Itis proved, for example, thatif A = 40, p > 1,9 > 1, a € L,
BeL Inp(x+0(1) = (1+0(1)In B(x) as x — +oo and Iim LW) = * > 0, then

n=0 In 5(%” n L

T 0n M(B~1(gp(c))F))
A i Mo )

with zero abscissa absolute convergence.

= +oo for each ¢ > p'/7". Similar result is obtained for Dirichlet series
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1 Introduction

Let (A,) be an increasing to +oco sequence of positive numbers, Ao = 0, and

F(s) = )_ anexp{sA,}, s=o+it, (1)
n=0

be a Dirichlet series with the abscissa of absolute convergence 0, = A € (—oo, +o0]. We put
M(o,F) = sup{|F(c +it)|: t € R} foro < A.

By L we denote a class of continuous non-negative on (—oo, +00) functions « such that
a(x) = a(xg) > 0 for x < xp and a(x) T +o0as xg < x — 4oo. We say that a € Lo,
ifoe € Land a((1+4+0(1))x) = (14+o0(1))a(x) as x — +oo. Finally, « € Ly, if « € L and
a(cx) = (14+0(1))a(x) as x — +oo for each ¢ € (0, +00), i.e. a is a slowly increasing function.

We remark that for every slowly increasing function a there exists a function «; such that

xay (¥)

—0 as x — +oo.
o (x)

a1(x) = (1+o0(1))a(x) and
That is why we consider the function « € Lg; satisfying the condition % — 0asx — +oo.
We remark also that Ly; C L0.
Using the properties of positive continuous functions increasing on (—oo, +-00), the follow-
ing theorems are proved in [1].
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Theorem A. Let A= +oo,p >1and« € L. If
@ lnl?a()tq) _ >0,
n—oo
then
—— a(InM(qo, F))
im
o=+ P (In M(c, F))

for each q > p'/". If the function « is continuously differentiable,

:—|—00

Inla,| —In|a,.q]|
Ky 1= +o0,
" An+1 - )\n /l
(A1) = (1+0(1))a(Ay), Inn = O(A,41) asn — oo and

Inlna(A
L(")):q*<+ool

lim
n—o In <Ain In ﬁ

then
lim a(In M(qo, F))

=0
r—too &P (InM(0, F))

for each q < p!/7-.

Theorem B. Let A =0, p > 1,a(e") € L° and InIna(x) = o(Inx) as x — +oo. If

i D) _ ooy
n—o In n
In' |a,|

then
m a(InM(c/q,F))

10 a?(In M(c, F))
for each q > pl/ T, If the function « is continuously differentiable, Ina(x) € Ly, k, /0,
Inlna(Ay41) = (1+0(1))Inlna(A,) asn — oo, @ Inlnn 1 and
n oo n

:+OO

n—»00 1n1n+\a,1|
then . .

oo aP(InM(c, F))
for each q < p/7-.

Here we will study the behavior of

a(In M(B~'(qB(0)), F))
aP(InM(o, F))

provided A = +oco and
1 1
2P (InM(c, F)) " <1“M< B 1(aB(1/]0])) F))
provided A = 0, whereax € Land 8 € L.
Remark that for f(x) = x from here we obtain relations considered in Theorems A and B.
Choosing B(x) = e*, from the first relation we get
a(InM(o +h,F))
aP(InM(o, F))

withh =Ing.
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2 Entire Dirichlet series

Let us start with the following generalization of Theorem A.

Theorem 1. Let A =400, p>1,g>1,a € LandB € L. If InB(x+0O(1)) = (1+0(1)) In B(x)
as x — +o0 and

lim

e Inp( )

then for each q > p'/"" we get

i “(InM(B~1(qB(7)), F))
T—+oo aP(InM(c, F))

Inlna N
o 1) =1 >0, (2)

= +o0. (3)

If continuously ditferentiable functionsx € L and B € L satisfy the conditionsInlna € Ly,
Ing €L
dp'(In"a(x)) _
dlnx = o),
kn /400, Inlna(A, 1) = (1+0(1))Inlna(A,), Inn = o(A,exp{B~1(In“a(A,))}) asn — oo
for each c € (0, +o0) and

X — 400, 4)

lim Inlna(Ay)
n—>oolnﬁ</\ n—-L

)
then for each q < p/"* we obtain

o SOMMT @B )
Marers i aP (In M(o, F)) )

- 77* < —}—OO, (5)

(6)

Proof. Letq > 1,p > 1,a € L and ® be a positive continuous function on (—oo, +00) increasing
to +co. By [1, Theorem 1], if
— #(®(q0))

li AN Y LS4
e P (@(0)) ~

then n1 .
om0 na(d(0)) < np’
T—+o00 Inc Ing

L a(®(g0))
e 2 (@(0))

and if
>0,

then n1 ® .
i INE(E(0) _ Inp

o100 Inoc ~ Ing’

Now suppose that ®; is a positive continuous function on (—oo, +00) increasing to +o0, & € L,
B € Landg > 1. We put ®(x) = ®1(8!(x)), and let B(¢) = x. Then

— a(@ (B gh0) | — (@B B0) | a(@(qy)
AT @) e a0y (B (A(0) | re aP(@(x))’
m Inlna(®(r)) m Inlna (P (87 (0))) _ Tm Inlna(Pq(x))

o—+o0 Inc T oo Inoc x40 InB(x)
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and Inlna(d Inlna(d
lim nlna(®(0)) lim nlna( 1((7))_
T—+00 Ino T—+00 InB(0)
Therefore, the above result from [1] implies such statement: if
-1
im a(P1(B(qB(0))))
s aP (O1(0))

< 00,

then
m Inlna(Pq(0)) < Inp
rot0  InB(e)  ~ Ing’
i (@1(8~1(aB()))
. a(P(p "(gplo
AN @) Y
then

Inlna(Pq(0)) S Inp
coteo  Inp(o) T Ing
We choose @1 (0) = In M(c, F). Then from here it follows that if

—— Inlna(ln M(c, F)) - Inp

O'E)TOO In ﬁ(O') In q ’ (7)
then (3) holds, and if
. Inlna(InM(c,F)) Inp
1 , 8
AT nple)  Ing ®
then (6) holds.

In view of (2) for every 1 € (0,77") there exists an increasing sequence (1y) such that
In|ay| > —AnB ' (In'"a(Ay,)) for all k. Choosing o = B~1(In"/"7a(Ay)) + 1, in view
of Cauchy inequality we have

In M(oy, F) > In|ay, | + oxAy,
> A B (InYT a(A)) + An (B H(InY 7 2(Ay,)) +1)
= A = o (exp{B"(cx —1)}),
ie.
Inlna(In M(oy, F)) > nln (o — 1),
whence in view of condition In f(x + O(1)) = (14 0(1)) In B(x) as x — 400 and of the arbi-

trariness of 17, we get

m Inlna(ln M(c, F)) > Tm Inlna(ln M(oy, F)) >
T—+o0 InB(0) k—sco In B(oy)

)

lln 1 , then (9) implies (7) and, thus, implies (3). The first

Therefore, if g > p'/"", thatis y* > n—p

part of Theorem 1 is proved.
For the proof of second part we use a formula for finding the lower generalized order of
entire Dirichlet series. For this purpose choose

ap(x) = Inlna(x), Bo(x) =InB(x), x> xo.
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Then ag € Ly, Bo € L9, condition (4) is equivalent to the condition

465" (cao(x))
dlnx
for each ¢ € (0, +00), ag(Ayy1) = (14 0(1))ag(Ay) and Inn = o(A,By ' (cag(Ay))) asn — oo
for each ¢ € (0, +00).
In [2], it is proven that if these conditions hold and x,, ,* +o0 as n — oo, then for the lower
generalized order A, g, [F] we have

=0(1), X — +oo

)\ao,ﬁo [F] = lim %o(In M0, F)) = lim —[XO()\H) .
o—+00 ,30((7) n—00 :30<Aln In \al_n\>
Thus, equality (5) is equivalent to the equality
Inlna(In M(c, F))
=1, < ) 10
oo INP(0) e e 10
If now g < p!/"+, then (10) implies (8) and, thus, implies (6). O

From the proof of Theorem 1 it follows that if

- a(InM(B'(qB(0)), F)) _ 7 a(lnM(B~'(4B(0)),F))
0< i b nM(o, F) = oot a(InM(o, F))

then there exists

< +o00,

. Inlna(InM(c,F)) Inp
lim = .
T—+oo In B(0) Ing

For g = ¢", a(x) = x and B(x) = e*, Theorem 1 implies the following statement.

Corollary 1. Let A = +ocoand p > 1. If

oo —In |ay| /N
then M W F
o OMltrE)

oc—+oo  In” M(c, F)
Ifk, /400, InlnA, 1 = (140(1))InlnA,, Inn =o0(A,InlnA,) asn — oo,

h_mM:q*<+oo and h<lnp’
noeo —IN ‘an‘ /5
then InM(o + I, F)
nM(o +
lim ———F——==0.
e In? M(c, F)
The following statement complements Corollary 1.
Proposition 1. If A = +o0 and
e An 11’1 )\n o *
am, “Infan| ! >0,
then for every h > 0 we get
T:= lim In Mo + 1, F) > M (11)

o>+ InM(o,F) —
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Proof. For every 1 € (0,17*) there exists a sequence (1) such that In|a, | > —%Ank InAy,.
Choosing oy = %ln)\nk +1, we getInM(oy, F) > Inay, | + oxAy, = Ay, = (=1 je.

IHIM\;I'M > (140(1))y as k— oo,

k

whence nln Mo F
i IM(@F) (12)
T—+00 (%

It remains to prove that (12) implies (11). Suppose, on the contrary, that T < ¢"". Then
InM(c +h,F) < 1 In M(0o, F) for every 7y € (t,e"" ) and all ¢ > 0 = 0p(T1).
We put 0j = 0p + jh and suppose that 0j < ¢ < ;1. Then

In M(0, F) < InM(0j11,F) < InM(0j +h,F) < 1 lnM(0j, F) < --- < "' In M(eq, F).
Since

,_(7']‘—(7'0 o — 0y
]_ h = h 7

we have

Inln M(c, F) < <U_h(70 +1> InT + Inln M(oy, F),

i.e. in view of (12) and of the arbitrariness of 77, we obtain

< Tm lnlnM(cT,F)<lnr

T oo+ o - h’

what is impossible. 0

Remark that the estimate (11) is sharp. Indeed, for an entire Dirichlet series

F(s) = exp{e?} = ¥ L@

|
n=0 n:

we have 77" = o, In M(c, F) = €% and T = €@ = ¢"".

3 Dirichlet series with zero abscissa absolute convergence
The following analog of Theorem 1 is true.
Theorem 2. Let A=0,p > 1,9 > 1,a(e*) € L° InB € L,; and
Inp'(In“a(x)) = o(lnx) (x — +00)

foreachc € (0, +00). If

m Inlna(Ay)

n—oo An
|
np <anr |ay| >

then for each q > p'/"" we get

m“<lnM< ey t)

a0 rxp(lnM( ), F)

= 7" >0, (13)

= +o00. (14)
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If
X

B~ (In“a(x))

foreachc € (0,+00),x, /0, Inlna(A,41) = (14+0(1)) Inlna(A,), Inlna(A,) = o<lnﬁ(lﬁ’;)>
asn — oo and

T 400, lnlna<ﬁ_1( a

T@))) =(140(1))Inlna(x) as x — +oo (15)

lim Inlna(Ay) e < +o0, (16)
In" |a,|
then for each q < p'/* we have
o )
—— ,
lim p1(gp(1/e])) _ o 17)

o w7 (In M(0), F)

Proof. Let ®; be a positive continuous function on (—oo, 0) increasing to +oc0, « € Land § € L.

We put

and let B(1/|c|) = x. Then x T +coas o 1 0, ®(x) T o0 as x T o0 and

im 70)) -—"‘(q’l(_%)) — a(d(gx))
o ocPCDi((T;; . :léﬁ’é‘“p(q,l(_/a%)):xkffw%.

Similarly,
_ 1
hm“(‘Dl( ) _ im U®(gx))
710 aP (@q(0)) x=rtoo P (P(x))
Further,
— -1 .
. Inna(@(x)) g Inlna(®(-1/p7(x))) _ p—Inlna(Py(c))
X—+00 Inx X—+00 Inx c10 11’1[3(1/|(7|)

Therefore, as in the proof of Theorem 1, we get the following statement: if

ETo. 1/
BT w@me)
then
E11r111r10c(CI>1((7)) < lnp,
ot0  Inp(1/|o|) Ing
and if
-1
hm"‘<q’1< ) ~0
10 aP (@1(0))
then
I Inlna (P (0)) S Inp

o0 Inp(1/lo)) = Ing’
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We choose ®1(c) = In M(c, F). Then from here it follows that if
——In In a(In M(c, F)) - Inp

| 18

D n B(1/[0]) ng’ (18)
then (14) holds, and if

. Inlna(ln M(c,F)) Inp

lim < , 19

o Wmpa/le)  ng )
then (17) holds.

In view of (13) for every # € (0, *) there exists an increasing sequence (7;) such that

" - _ 1
In |a, | > WM for all k. Choosing 0 = =T alhng)

equality and of condition In B~!(In® a(x)) = o(In x) as x — +oo for each ¢ € (0, +00) we
have

, in view of Cauchy in-

! —|a|)—A o
B a(ry)) ) TR

- on g i on (o (5)}) - )
en{ussme (oo ()} 5o

Using that a(e*) € L and InB € Lg;, we get InIna(In M(oy, F)) > (14 0(1))yIn B(1/|0k]),
as k — oo, whence in view of the arbitrariness of 7 we obtain
——Inln a(In M(c,F)) _ —— Inln a(In M(0o, F)) o

m WMD) A In (/o)

In M(oy, F) > In |ay, | + oxAy, > Ank<

(20)

. 1
Therefore, if ¢ > p'/"", that is #* > %, then (20) implies (18) and, thus, implies (14). The

tirst part of Theorem 2 is proved.
For the proof of second part as above we choose wy(x) = In In a(x) and Bo(x) = In B(x)
for x > x¢. Then ay € L;, Bo € Lsj, conditions (15) are equivalent to the conditions

X X

follem() | “0<ﬁol<mo<x>>

foreach c € (0, +00), ag(Ay+1) = (1 +0(1))ao(An) and a(Ay,) = o<ﬁo( Ay )) asn — oo.

) =(140(1))ap(x) as x — +oo (21)

Inn
In [3], it is proven that if these conditions hold and x, ,* 0 as n — oo then for the lower

generalized order )»20, 8o [F] of a Dirichlet series (1) with null abscissa of absolute convergence

we have I Mo E N
)‘20 8o ] ::h_mao(n (0, F)) = lim _to(A) .
’ o10 50(1/’0—‘) n—oo 50 < Ay >

In* |ay]

Thus, equality (16) is equivalent to the equality
lim In In a(In M(c, F))
o0 Inp(1/]o])

If now g < pl/ T+, then (22) implies (19) and, thus, implies (17). The proof of Theorem 2 is
complete. O

= 1] < +oo0. (22)
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Choosing a(x) = B(x) = In x for x > x(, from Theorem 2 we get the following assertion.
Corollary 2. Let A=0andp > 1. If

m In In ln/\)\n — >0,
"I ()
then
o0 Inf(In M(c,F))
for each q > p'/"".
I, /0, In InIn A,47 = (1+0(1))In In In A, Tim % < 1and
o n
) Inlnln A,
h_m A - 7]* < —|—OO,
n—=e In In (lrﬁ TM>
then
—|o|q
1imln(ln M (—|c|,F)) _0

o0 In” (In M(c, F))
for each q < p/7-.

Remark. From the proofs of Theorems 1 and 2 it is clear that inequalities (9) and (20) play an
important role. They can also be obtained using the results of article [4].
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[}
Anst psiay Aipixae F(s) = ¥ apexp{sA,}, s = ¢ + it, 3 abcumcoro abcoAOTHOT 361KHOCTI 0, =

n
A € (—oo, 4o0] Hexalt M(c,F) = sup{|F(c +it)| : t € R} aast 0 < A. Yepes L mozHaummo

KAAC Takyx HellepepBHMX HEBiA'eMHMX Ha (—oo, +00) dpyHKuii «, mo a(x) = a(xg) > 0, x < xp

iw(x) T 4oo opu xp < x — +00. AOBeAeHO, HallpMKAaA, o SKmo A = +oo, p > 1,4 > 1,

x €L BelInplx+0(1) = (1+0(1)Inp(x) mpu x — +ooi fim —ninel) - — s 5 g
oo In B3k n L)

—  a(In M(B~"(4B(0)),F))
To Hm = H i Mo, )
psiaiB Aipixae 3 HyABOBOIO abCIICOIO aBCOAIOTHOTL 361KHOCTI.

= +00 AAST KOKHOTO § > p'/". TToai6HMIT pe3yAbTaT OTPUMAHO AAS

Kontouosi cnosa i ppasu: psia Aipixae, MaKCMyM MOAYASI, y3aTaAbHEHMI TOPSIAOK.



