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2-Lipschitz Pietsch-g-integral and 2-Lipschitz g-nuclear
operators

Khaled Hamidi

In this paper, we extend the concept of g-nuclear to 2-Lipschitz mappings. We provide a factor-
ization theorem and establish that a 2-Lipschitz operator is g-nuclear if and only if its transpose is
well-defined and g-nuclear. Additionally, we introduce the concept of 2-Lipschitz Pietsch-g-integral
operators, present a factorization theorem, and demonstrate that this class of operators is generated
by the composition method. Conclusively, we demonstrate that every 2-Lipschitz g-nuclear operator
is a 2-Lipschitz Pietsch-g-integral operator.

Key words and phrases: 2-Lipschitz operator ideal, linear g-nuclear operator, linear Pitsch-g-
integral operator, factorization theorem.
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1 Introduction and preliminaries

A. Grothendieck extensively explored the concept of nuclear operators between Banach
spaces. In [20], A. Pietsch extended this concept to p-nuclear operators and investigated their
properties for 1 < p < co. More recently, several authors have delved into various aspects of
p-nuclear operators, as evidenced in [11, 14,15, 17,20]. In the work [5], D. Chen and B. Zheng
introduced the notion of strongly Lipschitz g-nuclear operators between pointed metric and
Banach spaces, exploring their properties. They demonstrated that every strongly Lipschitz
g-nuclear operator aligns with factorization theory, particularly through the classical Banach
spaces (o and 4.

The concept of Pietsch-g-integral, also known as strictly p-integral operators, for linear op-
erators was introduced by A. Persson and A. Pietsch [18] to establish many of its fundamental
properties. In [4], M.G. Cabrera-Padilla et. al. illustrated the role of Pietsch-g-integral opera-
tors in characterizing properties such as the factorization theorem. Recently, in [6], R. Cilia
and J.M. Gutiérrez characterized the ideal of Pietsch-g-integral polynomials on Banach spaces
for g = 1, and in [7] for g > 1, as a natural polynomial extension of Pietsch-g-integral opera-
tors. In [9], E. Dahia and K. Hamidi applied the theory of Pietsch-g-integral operators to the
Lipschitz case, investigating this theory and studying its basic properties.

In this paper, following the introduction, Section 2 extends the concept of g-nuclear linear
operators in [20] and strongly Lipschitz g-nuclear linear operators in [5] to 2-Lipschitz map-
pings. We present a factorization theorem that extends a result obtained in [5]. Additionally,
we prove that a 2-Lipschitz operator is g-nuclear if and only if its transpose is well-defined
and g-nuclear, specifically when E is a reflexive Banach space. We also provide similar results
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for well-known operator ideals. Finally, in Section 3, we introduce the concept of 2-Lipschitz
Pietsch-g-integral operators, extending the notion of Pietsch-g-integral in [3] and Lipschitz
Pietsch-g-integral operators in [9]. We establish a factorization theorem and demonstrate that
this operator ideal is generated by the composition method from the operator ideal of Pietsch-
g-nuclear linear operators. Conclusively, we conclude the paper by demonstrating that every
2-Lipschitz g-nuclear operator is also a 2-Lipschitz Pietsch-g-integral operator.

The notation used in this paper is generally standard. Let X and Y be pointed metric spaces
with a base point denoted by 0, and the metric denoted by 4. Additionally, let E and F be
Banach spaces over the field K (K = R or C) with dual spaces E* and F*, respectively. The
Banach space E is considered as a pointed metric space with the distinguished point 0 and
distance d(x,y) = ||x — y||. The closed unit ball of E is denoted by Bg, and it is endowed with
the pointwise topology.

Let L(E,F) and Lipy(X, E) denote the Banach spaces of all bounded linear operators and
Lipschitz operators, respectively, with the usual operator norm and the Lipschitz norm. We
use the notation Lipg(X,K) = X*, where X* is the Lipschitz dual of X. It is evident that
L(E,F) is a subspace of Lipy(E, F), and specifically, E* is a subspace of E*. We reserve the
symbol E ® F for the 2-fold tensor product of E and F, and E ®, F for the completed pro-
jective tensor product of E and F (see [10, 22]) under the injective tensor norm 7t defined by
mw(u) =inf Y1 4 ||xi]| ||yi||, where the infimum is taken over all representations of u € E ®, F
in the forminf) ! ; x; ® y; forall x; € Eand y; € F.

A molecule on X is a real-valued function m with a finite support that satisfies the condition
Y rexm(x) = 0. We denote by M(X) the real linear space of all molecules on X. For each
m=y", a1, we define the norm | pqexy = iInf iy ;| d (xi, x}), where a; € R for all
i € N, and the infimum is taken over all representations of the molecule m. The space £ (X) is
the completion of the normed space (M (X), || - | v(x))- Tt is well known that the space £ (X)
is the predual of X*, i.e. Z(X)* and X* are isometrically isomorphic (see [1]). Moreover, for
T € Lipo(X,E), there exists a unique continuous linear map T : &£ (X) — E such that
T = Trodx and ||Tr|| = Lip (T), where 6x : X — & (X) is an isometric embedding from X
into & (X) defined by dx (x) = myg (see [24, Theorem 2.2.4 (b)]).

We use the symbol BLipy(X,Y;E) for the set of all two-Lipschitz (2-Lipschitz for short)
operators T from X x Y to E with T (0,y) = T (x,0) = 0, such that for all constants C > 0 we
have

IT(x,y) = T(x,y") = T(x',y) + T(x,y/)|| < Cd(x,x")d(y,y).

The set BLipo(X, Y; E) is a Banach space under the 2-Lipschitz operator norm BLip defined by

. T(x,y) —T(x,y)—T(x,y) + T(x,y)
BLZP(T) = Sup H d(x x’)d( / H
x#x!, y#y' ’ vy )

forall x,x" € X, y,y’ € Y. For more details, we refer to [12,13,23].

The notion of 2-Lipschitz operator ideals can be found in [13, Definition 3.1]. An ideal of
2-Lipschitz mappings, denoted by Zpyy, is a subclass of the class BLipg such that for every
pair of pointed metric spaces X and Y, and every Banach space E, the components

Tprip(X,Y;E) := BLipo(X,Y;E)NT

satisfy the following conditions:
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(i) Zprip(X,Y;E) is a vector subspace of BLipy(X,Y; E),
(ii) forany h € x* g€ Y# and v € E, the map /- g - v belongs to IBUP(X, Y;E),

(iii) if h € Lipo(W, X), g € Lipo(Z,Y), T € Zprip(X,Y;E) and U € L(E, H), then the compo-
sition U o T o (h, g) is in Zpy;,(W, Z; H) (the ideal property).

A 2-Lipschitz operator ideal Zpy;, is a normed (Banach) 2-Lipschitz operator ideal if there
is || - |25y, : ZLip — [0, +oo] that satisfies the following conditions:

(i) the pair (ZpLiy(X, Y5 E), || - [Iz;,,,) is @ normed (Banach) space and BLip(T) < ||T||z,,,
for all T € Zpr;p(X,Y; E) and for every pointed metric spaces X,Y and every Banach
space E,

ii') Hld]KzHIBUP =1, where Idy» : K x K — K is defined by Idy2(«, B) = ap,

(iii") if h € Lipo(W, X), g € Lipo(Z,Y), T € TpLip(X,Y;E) and U € L(E, H), then the inequa-
lity |[U o T o (h,)llz,,,, < ull|Tllzy,,, Lip(h)Lip(g) holds.

Proposition 1 ([13]). A 2-Lipschitz mapping T € BLipy(X,Y; E) belongs to the composition
2-Lipschitz operator ideal A o BLipy if its linearization Ty, belongs to A (&E(X)®Z£(Y),E).
Furthermore, we have || T|| 4op1ip, = [ITL 4-

Letn € N"and 1 < g < co. We write g* for the extended real number that satisfies
% + ql* = 1. We denote by £} (E) the Banach space of all sequences (v;)_; in the Banach space
E with the norm

J@Dall, = (zwwﬂ

and by ¢} ,(E) the Banach space of all sequences (v;)’_; in E with the norm

=

1
0l = 0 (X @el")
@EBpx \ j=1

Now, we recall our definition for many concept used in this paper. The notion of g-nuclear
linear operators was introduced by A. Persson in [17]. Given 1 < g < oo, a linear operator
U : E — Fis g-nuclear [11,17] if and only if U can be written in the form U = X x;-‘ ® v;,
where (v;); in F and ( #)j in E* satisfy ||( $illg < ooand ||(v))lw,g+ < oo.

Set

Na () (03)j) = 11(x7)jllg 1107 llag-

We denote by N, (E, F) the collection of all g-nuclear operators endowed with the norm, de-
fined by v,(U) = inf ./\/q(( “)j» (vj);), where the infimum is taken over all representations
of U. A linear operator U : E — F is g-nuclear with 1 < g < oo, if there are two operators
a¢c L(E ls),bec L({;F)and asequence a € £, such that it admits a factorization

U:E -5l 250, 25 F,

where Dy € L (leo, lg) is the diagonal operator defined by Dy ({n) = (2nln),, (Cn), € ¢
Moreover, v;(U) = inf||a|| | Ds|| ||b]|, where the infimum being extended over all factoriza-
tions as above.



2-Lipschitz Pietsch-g-integral and 2-Lipschitz g-nuclear operators 419

For 1 < g < o0, amapping T € Lipg(X, E) is called strongly Lipschitz g-nuclear (see [5])
if it can be written in the form T = Y f; ® vj, where (v;); in E and (f}); in X* satisfy
H(Lip(fj))qu < oo and [|(vj);llw,gr < oo

Set

Ny (Ui (v));) = ILip(£)ilg 1(0)); -

The Banach space of such operators is denoted by SA g (X, E) under the norm, defined by

L

Sl/q

(T) = inf NV, qL ((fi)j, (vj)j), where the infimum is taken over all representations of T.

A Lipschitz operator T : X — E is strongly Lipschitz g-nuclear with 1 < g < oo

(see [5, Theorem 2.2]), if there are a Lipschitzmap A € Lipg (X, ¢~ ), alinearmap B € L ({,, E
P p p P q

and a sequence « € £, such that the following factorization
T:X 2 b 25 0, 25 E

holds. We set quL(T) = inf ||B|| || Ds|| Lip(A), where the infimum being extended over all
factorizations as above.

A linear operator U : E — F is Pietsch-g-integral with 1 < g < oo, if there are a regu-
lar Borel probability measure space ((2,%,v), and two linear operators a € L(E,Le(v)),
b € L(Ly(v), F) such that the following factorization

U:E - Lo(v) =5 Ly(v) - F

holds, where i, is the canonical mapping. We denoted by PZ, (E, F) the collection of all
Pietsch-g-integral operators endowed with the norm [|U||pz,, defined by

IUllpz, = inf |[al [|b]],

where the infimum is taken over all factorizations of U. If we consider a finite regular Borel
measure space ((2,%,v), then for U € PZ, (E, F) we infer that

==

[Ul[pz, = inf [[al |b]| v(€2)7.

A Lipschitz operator T : X — E is Pietsch-g-integral with 1 < g < oo (see [9, Defini-
tion 2.1]), if there are a regular Borel probability measure space ((2,%,v), a Lipschitz map
A € Lipy (X, Leo(v)) and a linear map B € L(L4(v), E) such that the following factorization

holds. The Banach space of such operators is denoted by PZ, g (X, E) under the norm, defined
by
Tl g = int Lip(A)]|B],

where the infimum is taken over all factorizations of T. If we consider a finite regular Borel
measure space (2,%,v), thenfor T € PI,? (X, E) we infer that

. 1
ITlpgs = inf Lip(A) 1Bl v()7.
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2 2-Lipschitz g-nuclear operators

The objective of this section is to introduce the concept of strongly 2-Lipschitz g-nuclear
mappings. This introduction is essential for our investigation into the factorization theorem
and its applications. We establish a proof demonstrating that the transpose of a strongly
Lipschitz g-nuclear operator is itself g-nuclear, and we explore its relationships with other
operator ideals.

2.1 Definition and basic properties

Definition 1. Let 1 < g < ocand T : X x Y — E be a 2-Lipschitz operator. We say that T is
a 2-Lipschitz g-nuclear operator if it can be written in the form

T(x,y) =)_fi(2)3j(y) @v (1)
J

forallx € X,y € Y, where (f;); € X*, (gj); € Y and (v}); € E satisfy the following conditions
I(Lip(f;)Lip(g))jllq < co and [|(0))jl|wgq: < oo

Set

NPE(()js (875 (v7);) = I(Lip(£) Lip(8))illg 110 |-
We will denote this set of mappings as S./\/EL (X,Y; E) and equip it with the norm
sup™(T) = inf NP ((£)5, (87), (v))7),

where the infimum is taken over all possible representations of T as described in (1).

The next remark collects some elementary facts about 2-Lipschitz g-nuclear operators.
Remark 1. Every Lipschitz map T from X to E is Lipschitz strongly g-nuclear mapping.

Remark 2. As an easy consequence of the Definition 1 we infer that

BLip (T) < svp™(T)

foreach T € S/\/’?L(X, Y;E).
Theorem 1. SN ,1; L(X,Y;E) is a normed space of 2-Lipschitz q-nuclear operators.

Proof. 1tis clear that for any operator T € BLipy(X,Y; E) and any scalar A we have sv,?L (T)>0
and svffL(AT) = |A] sva(T).

Let Ty, T, € SN?L(X, Y;E) and € > 0. We can write T; = Zj fj,igj,i ® V), foreachi = 1,2.
By homogeneity, it is possible to choose representations of T; and T; such that fori = 1,2 we
have
L*

[(Lip(fi)Lip(g))),]l, < (svg" (Ti) +e)

Consequently,

1
and  [|v;jllwg < (sujfL(Tl-) +e)i.

I (Lip(F)Lip(gi)) , < (UFH(TL) + 508 (Ty) + &),

1
”Ui,j”w,q* < <5V$L(T1) +SV$L(T2) —I—S) 7,
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Then
I(Lip (£ Lip(810) 111031l q < 95T (T1) + 515" (Ta) + 2¢,

which means that
sva(Tl +T) < sva(Tl) + sva(Tz) + 2e.

0

The next theorem establishes an interesting relationship between a 2-Lipschitz g-nuclear
map and its linearization.

Theorem 2. Let X, Y be pointed metric spaces and E be a Banach space. Let T € BLipy(X,Y; E).
Then T is 2-Lipschitz g-nuclear if and only if its linearization Ty : A(X)®,/A(Y) — E is
g-nuclear.

Moreover, we have SVqBL(T) =1, (T1).

Proof. Since N (Z&(X)& A& (Y), E) is anormed operator ideal (see [17]) and T € BLipy (X, Y; E),
by utilizing [13, Theorem 3.5], we can establish the equivalence mentioned above with the
necessary norm. 0

As a consequence, we obtain the following corollary, which is a straightforward result of
the preceding theorem and [13, Proposition 3.6].

Corollary 1. (SN gL, svffL(-)) is a 2-Lipschitz operator ideal, generated by the composition
method from the Banach operator ideal N, i.e.

SNE"(X,Y;E) = Ny o BLipy (X, Y;E)
for all pointed metric spaces X,Y and a Banach space E.

2.2 Factorization theorem and applications

Using some standard techniques from [5, Theorem 2.2.] (see also [2, Theorem 5.1]), we can
establish that any 2-Lipschitz g-nuclear operator satisfying the factorization theorem. For the
convenience of the reader, we present the proof below.

Theorem 3. For 1 < g < oo, a2-Lipschitz mapping T € BLipy (X, Y; E) is 2-Lipschitz g-nuclear
if there are 2-Lipschitz operator A € BLipy (X,Y; ) and a linear operator B € L (¢,,E) such
that the following diagram

XxY—71 E
TB @

is commutative. Moreover, in this case

suPL(T) = inf [ B|| | Dl BLip (A),

where the infimum is taken over all factorizations as in (2).
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Proof. Let us first prove the easier sufficient part. Suppose that T € SN qB L(X,Y;E). Then
it follows from Theorem 2 that T € N, (Z&(X)®7&(Y),E). Consider the canonical bilinear
mapping o, from &(X) x Z£(Y) into & (X)®Z&(Y) defined by 0, (m1, my) = my ® my, where
my € Z(X) and my € Z(Y). ltis clear that 0o € BLipy (& (X), £(Y); £(X)®-Z(Y)) with the
norm BLip(02) < 1. Moreover, using (1), the following diagram

XxY u E
Um ~ /
A A(X)R7AE(Y) B
/
loo D l,

can be deduced.

Hence, we can see that T = BD,A, where A = a o030 (dx,dy) € BLipy(X,Y; ) with
BLip(A) < ||al| and |[B|| |Dq|| BLip (A) < ||B]| [ Dall lla]l < vq (T1) + & = s17(T) + .

Let us now prove the more involved necessary part. Assume that T € SN g L(X,Y;E).

Then there exist a 2-Lipschitz operator A € BLipg(X, Y; l), and linear operators B € L(¢,,E),
Dy € L(eo, £y) such that T = ADyB and sv;™(T) < ||B|| || Du|| BLip (A).
Consider the bilinear symmetric mapping D : £ X oo — {o defined by

D(vir&) = (1i6))izar (1)) €l (§)) € Lo,
with the norm equal to one. Define A : X x Y — {« by

A(x,y) = D((A1(x));, (A2(y));) = ((A1(x));(A2(1)))) 2y

where Ay € Lipo(X, le) and Ay € Lipg(Y, le). Clearly, A is a 2-Lipschitz mapping from X x Y
to fo with A(x,0) = A(0,y) = 0and BLip (T) = Lip (A1) Lip (A3).

If Dy = };6;Bjvj ® vj such that a = ((5jﬁj)]. € {, withp < coand a = ((5jﬁj)]. € ¢o with
p = oo, thenforall x € X,y € Y we get

T(x,y) = BD.A(x,y) = Z‘Sjﬁj (A(x,y),v;) B(vj)
j

=) 0iBj (D(A1(x), A2(y)), vj) B(v) =} 0; (A1(x),vj) Bj (A2(y), vj) B(v)).
j j

Letf]- = 5] <A1('),U]'>, 8ji = 13] <A2(),U]> Thenf]- € X#,g]‘ ceYfand T = Z]f]g] X B(U])
For g = 1, we have

Y Lip(f;)Lip(g;) < Lip(A1)Lip(A2) || Da|| = BLip(A) [|Da]| and  sup ||B(v))|| < ||B].
] J

For 1 < g < o0, we have

(S Lip(Lip(s;)?) " < Lip (41) Lip (42) |Ds]| = BLip (4)1D4]
]
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and

1 1
q* q*

sup (LI 8w I”)" = sup (S o)l”)" = sup 150 = 3.

U*EBE* U*EBE* v*EB £*

For g = oo, we have

IDa|| = sup |6;B;|,
j

sup sz(f])sz(g]) < BLip(A sup ‘(5 [3]‘

and
li;n Lip(f;)Lip(gj) =0

Moreover,

sup ) |[(v", B (v))| = sup } |[(B"v",v;)| = sup [|B"0"| = ||B].

UGBE*] UGE*] UEE*

Thus, for 1 < g < oo, we have

NZH(7js (871 (v);) < [IBIIDal| BLip (A).

This implies that
sup™(T) <inf ||B|| || Da|| BLip (A) .

The following result can be easily derived from Theorem 3.

Proposition 2. Let 1 < g < r < co. Then the inclusion SN?L(X, Y;E) ¢ SNBL(X,Y;E) holds
with svBL(T) < sv}fL(T) foreach T € SNZ;L(X, Y;E).

Proof. The proof may be achieved in the same way as in the proof of [2, Proposition 51]. [

A definition of the adjoint of an m-linear operator has been proposed in [19,21]. According
to [19, Definition 2.5], we define the adjoint of a 2-Lipschitz map as follows. Let X and Y be
pointed metric spaces, E be a Banach space. Consider a 2-Lipschitzmap T : X x Y — E. We
define the adjoint of T by

T': E* — BLipg(X,Y), v*+— T (v*):XxY — K

with T* (v*) (x,y) = v*T (x,y). Then again ||T*|| = BLip (T).

We define the operator K : X x Y — BLipg (X,Y)" by K (x,y) (f) = f(x,y) for all
f € BLipy (X, Y). Itis clear that K is a 2-Lipschitz operator with the 2-Lipschitz norm < 1. On
the other hand, consider the canonical injection kg : E — E**. Then, if T € BLipy (X,Y;E),
the following diagram

BLipy (X, Y)*

commutes, i.e. kg o T = (T")" o K.
The following theorem relates 2-Lipschitz g-nuclear with its adjoint.
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Theorem 4. Let 1 < g <o andT € BLipy (X,Y;E). IfE is a reflexive Banach space, then T is
2-Lipschitz g-nuclear if and only if T* is g-nuclear and

sva(T) =, (T").

Proof. Assume that T € SNBL(X Y; E). Then, from Theorem 2, T} € N( (X)®-Z&(Y),E).

7T
Thus, using [16, Proposition 1], we conclude that (T;)* € N,,(E* ([E )® ~ZE(Y )*) where
Vg((T1)") = v4(Tr). Therefore, we can easily factor T*. The following diagram

E* r BLipo(X x Y)
%\ A m»f
(E(X)©rAE(Y))

shows this factorization. Thus, we deduce that T* € N (E*, BLip(X,Y)) and
I/q (Tt) = Vq ((0’2 o ((Sx, (Sy))t ] (TL)*) < Vq((TL)*) < SI/BL(T). (3)

Conversely, assume that T* € N (E*, BLipp(X,Y)). Then (T*)" € N (BLipo (X, Y)",E**).
Thus, the following diagram

\/

a0 BLipy(X x Y)*

/
Dy

commutes, where a € L(BLipg(X x Y)*, ) and b € L(ly, E*).
Let A=aoK. Then A € BLipg(X X Y;{s) and BLip(A) < ||a||. Then from Theorem 3, we
deduce that T € S./\/,I;L(X, Y; E) and

svg(T) < [b]| [|Dall BLip (A) < [[b]| | Dall [lall < vq (T7)- (4)
Hence, one finds out from (3) and (4), that sv,?L (T) = vy (T"). O

Corollary 2. Let 1 < g < coand T € BLipy(X,Y;E). Then we have the following statements.
1) keT € NSJ* (X, Y; E**) if and only if (T*)* € Ny(BLipo (X,Y)", E**).
2) If T € NSJM(X,Y;E), then (T')* € Ny(BLipo (X,Y)", E™).

Following [13], a 2-Lipschitz map T € BLipy (X, Y; E) is 2-Lipschitz weakly compact if the

set
Ty =Txy) —T(xy) +T(x,y) / /
{ 03, w,) SRS
is weakly compact in E. We use BLipg)y (X, Y; E) to denote the set of 2-Lipschitz weakly com-
pact operators from X x Y to E.
J.S. Cohen [8, Corollary 2.2.5] has shown that g-nuclear operators are weakly compact. The
next corollary follows immediately from Theorem 2 and [13, Theorem 4.3, Remark 4.5].
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Corollary 3. Every 2-Lipschitz q-nuclear operator is 2-Lipschitz weakly compact.

Proposition 3. Let 1 < g < oo and T € BLipy(X,Y;E). If T € SN?L(X,Y;E), then
T! € 1, (E*, BLipo(X, Y)) with ry (T') < svg™(T).

Proof. LetT € SN?L(X, Y; E). Then it follows from Theorem 4, that T* € N (E*, BLipy(X,Y)).
Thus, using [11, Proposition 5.5, Corollary 5.24], we deduce that T* € I, (E*, BLipo(X,Y)) and
1y (T) < vy (T) < suP™(T). O

K. Hamidi et. al. in [13] introduced the concept of strongly two-Lipschitz g-summing. For
1 < g < 00, amapping T € BLipy(X,Y;E) is strongly 2-Lipschitz g-summing if there exist a
Banach space F and a g*-summing linear operator R : E* — F such that for all x,x" € X,
v,y € Yand v* € E* we have

(T(xy) = TG y) = T 9) + Ty, 07| < e ¥)d () IR 6

The Banach space of all such mappings is denoted by D,?L (X,Y; E) and is endowed with the
norm ||| pp. = inf {m4+(R)}, where infimum is taken over all Banach spaces F and operators
R, such that (5) holds.

Proposition 4. Let 1 < g < oo and let T € BLipy(X,Y;E). If T € S/\/’?L(X,Y;E), then
T € DFM(X, Y;E) with || T|| pee < svf(T).
q

Proof. LetT € S/\/’?L(X, Y; E). Then from Theorem 2 we get T, € Ny (ZE(X)®7Z(Y), E). Thus,
using [8, Theorem 2.2.1], we infer that T, € D (&£ (X)®&(Y),E) with ITLllp, < vq(TL).
By [13, Corollary 4.12], we deduce that T € DL?L(X, Y;E) and

ITllpe = 1 Tellp, < vg(Te) = svf(T)

3 2-Lipschitz Pietsch g-integral operators

In this section, we extend the definition of the class of Pietsch-g-integral operators (see [9])
to the 2-Lipschitz case, thereby establishing a new 2-Lipschitz operator ideal.

Definition 2. Let X, Y be pointed metric spaces, and E be a Banach space. Let 1 < g < c0. A
2-Lipschitz operator T € BLipy (X, Y; E) is called Pietsch-q-integral if there exist regular Borel
probability measure space ((2, X, v), 2-Lipschitz operator A € BLipy(X,Y; Lo (v)) and a linear
mapping B € L (Ly(v), E), such that the following diagram

XxY—71 E
Al B (6)

commutes. We denote by PI}; L(X,Y;E) the collection of all 2-Lipschitz Pietsch-q-integral
operators from X x Y into E, and we set

ITllpga: = inf ||| BLip(4),

where the infimum is taken over all factorizations (6).
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Notice, that the definition remains the same, if we consider a finite regular Borel measure
space (2, Z,v). In this case, for T € PIqBL(X, Y; E), we have
1 .
ITllpzp = inf[|Bllv(€2)7BLip(A),

where the infimum is taken over all A and B as in (6).
Now, let us study the inclusion theorem. To establish this, it suffices to recall that for
1 < g <r < o, a canonical mapping i, can be factored as

. iy ir,
ig: Loo(v) == Ly(v) -2 Ly(v),

where i, 5 : L,(v) — Ly(v) is the canonical inclusion map. The combination of this fact with
Definition 2 immediately yields the inclusion theorem as stated below.

Corollary 4. Let 1 < g <r < co. Then we have
PI;" (X,Y;E) C PI}M (X, VGE).
Moreover, ||T||pzs < HTH,PI[?L forall T € PIqBL (X,Y;E).
The following auxiliary lemma is needed for next results.

Lemmal. Let | : M(X)®;M(Y) — C (Bys x Bys) be the operator defined by
J(m' ©m?)(f,g) = Z Z —8(v}))

forallm' = Y, LSS M(X), m?* = i ﬁjmyjy; € M(Y), f € Byt and § € Bys. Then | is
an isometric embedding.

Proof. Since the isometric isomorphism between &(Z)* and Z* (Z = XorY) holds true
through linearization there exist h E Z* and m* € A(Z)* such that hy = m*. Consequently,
for all m' = Y1 ajm,, x € M(X), m* = Y5 4 ,Bjmyjy; € M(Y), f € By# and ¢ € By, we can
infer that

]m1®m2 = su ]m1®m2 ,
17( )HC(BX#XBY#) feBX#,gPeBY#‘ ( )(f.8)]

i 0 fr (M)

i=1

= sup sup Zﬁ g1 (m y]y]
IfLll<1 lgLll<11]
1 2

= sup |(m',m})| sup [(m* my)]
|m <1 [[m3[]<1

= [l | &) 112 vy = 1 aa o 12 gy
1 o 2
= [[m" @ m”|| py(x)8 M ()-

The proof is finished. O

We now establish one of our main results. In fact, in what follows, we provide a charac-
terization of 2-Lipschitz integral operators through a factorization scheme that emphasizes the
significance of the spaces C(By# X By+) and Ly ().
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Theorem 5. Let T : X x Y — E be a 2-Lipschitz operator. Then T is a 2-Lipschitz Pietsch-q-
integral if and only if there exist a regular Borel probability product measure y on By# X By
and a linear operator B € L(Ly(u), E), such that the following diagram

X xY T E
sl ‘ TB’ (7)
C (Bys X Bys) — Ly (1)

commutes, where j, is the natural inclusion and S is a 2-Lipschitz mapping defined by
S(x,y)(f,g) = f(x)g(y) with BLip(S) < 1. Moreover,

”T”fngL = mf{HEH :T=Boj,0S}.

Proof. We use the symbol © for the proposed infimum. Let us assume that T admits a factori-
zation (7). Then there exist regular Borel probability measure y on By# x By# and a linear map
B € L(L4(p), E), such that

T:X XY =5 C(Bys x Bys) =5 Ly(4) — E.

Note that if j is the canonical inclusion map from C (By# X By#) to Lo (1), then we infer the
following factorization

) . ) oo i
ja = ig©jeo - C (Byw X By#) == Loo(pt) — Lo(p).

On the other hand, we set A = jo 0 S. In addition, it follows that A € BLipy (X,Y; Leo(V))
and BLip(A) < 1, The factorization T = Bo iz o A shows that T is a 2-Lipschitz Pietsch-g-

integral operator and
ITllpzpe < [[BIIBLip(A) < [|B].

Passing to the infimum, we get ||T|| ,75. < ©.
q

Next, we prove the sufficient part. If T € PZ, 313 L (X,Y; E), then the factorization

T:X %Y 2 Loo(u) 5 Ly(p) =2 E

holds for A € BLipy(X,Y;Leo(p)), B € L(Ly(n),E) and ||B|BLip(A) < HT”’PIf;L + ¢ for
alle > 0.

Since A is a 2-Lipschitz, its linearization A : ZE(X)®&E(Y) — Leo(p) is a well-defined
operator with norm ||Ar|| = BLip(A) (see [13, Theorem 2.6, Remark 2.7]) and | is an
isometric embedding defined in Lemma 1. The natural extension to Z(X)®,Z&E(Y) we
denote also by J. The injectivity of Le(pt) assures the existence of a linear operator
Ap € L(C(By# x Bys),Loo(p)) that extends Ay with ||AL| = ||AL|, thatis AL = Apo].
By using the fact that i, is g-summing operator with g-summing norm equal to one, we infer
that iy o Ay is the same with 714(ig 0 Ar) < || AL||-

Again, from [11, Corollary 2.15], we conclude that there is a regular Borel probability mea-
sure y on Bys X Bys. Also, there exists a linear operator R € £(L4(pt), Ly(v)), such that

igo AL = Rojy: C(Bys x Bys) =5 Ly(p) — Ly(v),
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where 71, (i; o Ar) = ||R||. This implies the following diagram

X

X
020(8x,0y)
/ A‘/

AL

Therefore,
T=BoijoA=BoRoj;o]omo(dx,Jdy).

Now, take B = BoRand S = J 003 o (dx, dy). Itis clear that S € BLipg (X, Y, C(Bx+ x By#))
with the norm BLip (S) < 1. As the result, T admits a factorization of the form (7). Then we

get N s s
6 < |[BI| < |[Bl|7q(ig o AL) < [|BI[ ALl = ||B[BLip(A) < | Tllpze + &

Letting e — 0, we get © < ||T|| L. O
q
From Theorem 5 and [11, Corollary 2.15], we easily obtain the following corollary.

Corollary 5. Let 1 < p < +oo. A 2-Lipschitz T € BLip (X,Y;E) is Pietsch-p-integral if
and only if there is an operator S € Z,(C (Bx# X By#),E), such that T = Ro S, where S is
2-Lipschitz with the natural inclusion of X x Y into C (By# X By#). Moreover,

ITllpgs: = inf IR,

where the infimum is taken over all possible S € Z;(C(Bx# X By), E).

The next theorem gives an interesting relationship between the Pietsch integrability of a
2-Lipschitz operator and the Pietsch integrability of its linearization.

Theorem 6. Let X and Y be pointed metric spaces, E be a Banach space. Let T € BLipy(X,Y;E)
be such that the following conditions are equivalent:

(1) T is a 2-Lipschitz Pietsch-q-integral,
2) Ty : A(X)®,&(Y) — E is a Pietsch-q-integral.

Then
HTHPI};L = HTL”PL,-

Proof. (2)==(1) Suppose that T € PZ,(Z£(X)®ZE(Y),E). Then, by applying [18, Theo-
rem 18], we already have a typical factorization of Ty, namely

T, = BoigoR : E(X)BEY) 2 L () 5 Ly(w) 5 E,

such that B € £(L, (), E) and R € L(E(X)®&(Y), Lo (1)) with [|A[| [|R]| < HTLHPI,, +e
for every € > 0. Consider the mapping A := Rooy 0 (dx,0y) : X X Y —> Lo (i) . It is easy
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to verify that A is a 2-Lipschitz operator and Lip(A) < ||R||. And so, by the factorization
T =T,o0p0 (6x,6y) = Boizo A, we conclude that T € PIZ;L(X, Y;E) and

ITllpzze < [|BI| BLip (A) < [|Tillpz, + e

(1)=(2) Assume that T € PI}; L(X,Y;E). Then for ¢ > 0 choose the following factoriza-
tionof T

such that B € £ (Ly(u),E) and A € BLipy(X,Y; Leo(pt)) with ||B|| BLip(A) < ||T||pzse + €.
q
Then we can apply the uniqueness of liearization to infer that

T, = (Boiqu)L = BoijoAL.
This shows that T;, € PZ, (/E(X)@n/E,E) and
ITillpz, < IBIl |Acll = [[BI| BLip(A) < [|Tllpgs: +e.

This completes the proof. O
The following result is a direct consequence of Theorem 6 and Proposition 1.

Corollary 6. The 2-Lipschitz operator ideal PI,I; L(X,Y;E) is generated by the composition
method from the operator ideal PZ,, i.e.

PI."(X,Y;E) = PZ,o0BLipy (X, Y;E)
for all pointed metric spaces X,Y and Banach space E.

We now give a slightly different factorization for Pietsch-p-integral 2-Lipschitz operators.
The proof of the following is inspired by [7, Theorem 2.11].

Theorem 7. Let1 < g < co. Let T : X X Y — E be a 2-Lipschitz mapping. Then the following
assertions are equivalent:

(1) T e PLM(X,Y;E),

(2) there exist a finite nonnegative regular countably additive Borel measures v, on Ky, v, on
K; and v on K; x Ky, and a linear map B : L,(v) — E, such that the following diagram

X xY T E

lxlel TB

C (K1) % C (Ka) —5~ C (Ky x K2) 2~ Ly(v)

commutes, where S is the 2-Lipschitz given by

5(f,8) = fg
forall (f,g) € C(Ky) x C(Ky),



430 Khaled Hamidi

(3) there are a finite measure spaces (21, X1,11), (22, X, 17) and (02, X, v), a linear mapping
B: L;(u) — E, and two Lipschitzmappings A1 : X — Leo(v1) and Ay : X — Leo (12),
such that the following diagram

XxY E
AlXAzl TB

Leo(11) X Lo (v2) ~ Leo(v) = Lo (v)

commutes, where A is the 2-Lipschitz, given by

A(f,8) = f&
forall (f,g) € Lo (V1) X Leo (12).

In addition, we can choose B in (3) such that

==

Tl = inf Lip (A1) Lip (A2) v(02)¥,
where the infimum is taken over all factorizations as in (3) and
1
ITllpgoe = infv (Ky x Kp)7,
where the infimum is taken over all factorizations as in (2).

Proof. (1)==>(2) By Theorem 5, there exist a regular Borel probability product measure i on
By# x Bys and a linear operator B € £ (L4 (i), E) such that

T:X x Y -2 C(Bys X Bys) = Ly(n) = E,

where j; is the natural inclusion. Consider the 2-Lipschitz S of the statement. Obviously,
S(x,y) = Ro (i1x(x),1y(y)) forall x € X,y € Y and we obtain a factorization as in (2).

(2)==(3) Let T factors as in (2). Since j; = iy © joo, Where joo : C(Ky X K2) — Leo(v) and
i : Leo(v) — Ly4(v) are the natural inclusions. Letting A be as in the statement, and setting
01 := Ky, := Ky, Ay := jl, 01x,and A; := j% o1y, we obtain the factorization required
in (3).

(3)==(1) Since A can obviously be seen as the natural 2-Lipschitz associated with the
identity on Leo(v), the 2-Lipschitz B o i; o A satisfies Definition 2, so it is 2-Lipschitz Pietsch-g-
integral. By the ideal property, T is 2-Lipschitz Pietsch-g-integral too. O

Proposition 5. Let X,Y, W and Z be Banach spaces with X C W and Y C Z. Each 2-Lipschitz
Pietsch-g-integral operator admits a 2-Lipschitz Pietsch g-integral extension T : W x Z — E
with HTHPIEL = HTHPIEL'

One can easily check the relation between 2-Lipschitz Pietsch-g-integral operators and
another Banach 2-Lipschitz operator ideal.
As an application of Theorem 6 and [13, Remark 4.5], we infer the following corollary.
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Corollary 7. Every 2-Lipschitz Pietsch-q-integral operator is 2-Lipschitz weakly compact.

Proof. Let T € PZ, 313 L(X,Y;E). Then we get from Theorem 6, that T} is Pietsch-g-integral. Since
PLy(E(X)R7Z(Y),E) C W(E(X)®-ZE(Y),E) (see [3]), then by virtue of [13, Theorem 4.4
and Remark 4.5], we conclude that the T is weakly compact. O

Proposition 6. Let 1 < q < co. Every 2-Lipschitz g-nuclear is Pietsch-q-integral and
”THPIEL < HTHSJ\/qBL-
Proof. Let T € SN g L(X,Y; E) with the factorization as in Theorem 3, such that

B 1Dall < [ITll pgt + e

where BLip(A) < 1. In this case, {e and /; are the spaces Lo (p) and Ly(p) with u being the
counting measure on IN, respectively, and Dy : Leo(p#) — Lg(p) is the multiplication operator
induced by « € Ly(u), i.e. Do(f) = a - f. We use [11, Page 111] to see that D, is a p-integral
linear operator and HDt’é”Iq < ||D«|| and by the ideal property of B o Dy © jeo € Zg(Loo(tt), E),
where j is the canonical inclusion map from C (By# X By#) to Loo(1).

Thus, using Corollary 5, we conclude that T € PZ, g (X,Y;E) and

ITllpzsr < 1B o D0 jeollz, < [IBI| [|Dall < [|T| 5pror +e-

If ¢ — 0, we are done. UJ

Open problem. Under which condition every 2-Lipschitz Pietsch-q-integral is g-nuclear and
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Xamiai X. 2-ninwuyesi I[Timu-g-inmeepanvni ma 2-ninuiuyesi q-90epHi onepamopu // KapmaTcbki ma-
TeM. y6A. — 2025. — T.17, N22. — C. 416-432.

Y Wit cTaTTi MM PO3MMPIOEMO TIOHSITTSI §-SIA€PHOCTI Ha 2-Ainmmmmiesi BiaobpaxenHs. Mu HaBo-
AVIMO TeopeMy ¢paKTOpm3allil Ta BCTAHOBAIOEMO, IO 2-AiMIIIMIEBIIA OIIEPaTop € §-SIACPHUM TOAI i
TLIABKM TOAL, KOAM JIOTO TPaHCIIOHOBaHIIA OIlepaTop icHye Ta € g-saepHUM. AOAATKOBO M BBOAVMO
TIOHSITTS 2-Ainmmmesnx [1iTd-g-iHTerparbHNX OllepaTOpiB, TOAAEMO TeopeMy dpaKTOpM3allii Ta Io-
Ka3yeMo, IO Lel KAAC OrepaTopiB MOPOAXYEThCSI METOAOM KOMMO3MITL. Y MACYMKY AOBOAUTHCS,
IO KOXeH 2-AINIeBmii §-siAepHIIA onlepaTop € 2-AimmmmeBuMm IliTu-g-iHTerpasbHMM oneparto-
poMm.

Kontouosi cnoea i ¢ppasu: 2-AIMIIImMIIeBMI OIIepaTOPHWIL iaean, AHIVHWIT g-siAepHIIT OIlepaTop, Ai-
HivtEW [TiTu-g-iHTerparpEMIT onlepaTop, TeopeMa dpaKTopm3aliii.



