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Majorization result for a certain class
of meromorphic functions

Mohammed N.H.!, Adegani E.A.2, Bulboaci T.3

In this article, we investigate majorization results for a class of meromorphic univalent functions
of complex order. By utilizing differential operators, various subclasses of analytic and meromor-
phic functions have been previously defined and studied. Our research focuses on majorization
properties within this specific class. Because the g-calculus (quantum calculus) has applications in
many mathematical fields, the present study aims to improve and generalize majorization results
for the class of meromorphic functions combined by g-differential operator while presenting a valid
form of previously reported results. Additionally, advances in the area under study were achieved,
and various novel implications of the main conclusion presented as corollaries were provided. We
also highlight some new or known consequences of our results in the form of corollaries. In partic-
ular, some of early known results are improved and refined.

Key words and phrases: univalent function, majorization, g-derivative operator, starlike and con-
vex function, g-starlike function, subordination.
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1 Introduction and Preliminaries

Because the g-calculus (quantum calculus) has applications in many mathematical fields, its
study has inspired and intrigued many researchers. The results of quantum calculus combined
with the methods of the complex analysis are often used to investigate many structures of the
function theory, while the g-calculus was utilized in many other areas of mathematics. Thus,
new families of analytic functions have been recently defined and studied by a number of
researchers, using the g-calculus operators (for example, see [18,19] and the references therein).

Definition 1 ([13]). Let the functions f and g be analytic in an open subset G of the open unit
disk D := {z € C:|z| < 1}. We say that f is majorized by g in G and write f(z) < g(z),
z € G, if there exists a function ¢ analytic in D, such that |¢(z)| <1 forallz € D and

f(z) = 9(2)8(2), z€G.

If the functions f and g are analytic in ID, the function f is called to be subordinate to the
function g, written f(z) < g(z), if there exists a function w analytic in ID with |w(z)| < 1,
z € D,and w(0) = 0, such that f = g ow. According to the Schwarz lemma (see [2, Theorem 13]
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and [9, Lemma 1; Theorem 1]) it follows that f(z) < g(z) implies f(ID) C g(DD), and if g is
univalent in ID, then the following equivalence relationship
f(z) < g(z) <= f(0) =g(0) and f(ID) C g(ID)

holds (see [16, Lemma 2.2]).
Let M denote the class of all functions of the form

fle) =1+ Y ak 0
k=0

that are analytic in the punctured open unit disk D* := {z€ C:0< |z| <1} = D\ {0},
hence all the functions of the class M are meromorphic in ID with the simple pole zy = 0.

In a subset E C C, for a function k and q € (0,1) the g-derivative operator is expressed
(see [10,11]) by

k(gz) —k(z) .
—~ 7 if z#£0,
Dgk(z) := (g—1)z 7
K (0), if z=0,
and if k is differentiable in [E, then lir? Dyk(z) = K (z), z € E. From the above definition, if
qg—1-

k € M has the form (1), then it is easy to check that

where the g-integer [n]q defined by (see, for details, [10,11] and also [4])

n

-1

Y gk, if neN:={12,...},
k=0

_4n

1-4 , if neC.

1—-9q

The class S* («) C M is called the subclass meromorphic starlike functions of order a in ID* if

Re(—z}f;g)>>(x, zelD, 0<a<],

and we denote by S* the class which consists of all meromorphic starlike functions of order « = 0.
C. Pommerenke [15], J. Clunie [7], W.C. Royster [17], and others have thoroughly studied this
class and other related subclasses.

The families of meromorphic functions of complex order was introduced in [12] by using
the g-derivative of a function k € A. For ¢y = 1 in [12, Definition 1] we get the following.

Definition 2. Let x be an analytic function in ID with positive real part in D, and x(0) = 1.
A function k € M is said to be in the subclass MS(x) of meromorphic functions if

MS(x) = {k eEM: —Z”’f("% < X(z)}.
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T.H. MacGregor [13] has studied interesting problems connecting the normalized families
of starlike functions and the majorization notion. Furthermore, majorization results for mul-
tivalent or univalent functions have been recently explored by many authors (see, for exam-
ple, [3,6]).

In this paper, we will study majorization issue for the family MS7(x) of meromorphic
functions combined with g-differential operator. We also discuss new implications and corol-
laries arising from our results. In particular, the reported results in [12] are improved and
refined.

2 Main results

The next lemma will be used in the proof of our first main result and then we will inves-
tigate majorization problem for the category MS7(x) and represents the g-analogue form of
Z. Nehari’s result (see [14, p. 168]).

Lemma 1 ([1, Lemma 2.1]). Let w be analytic in D, such that |w(z)| < 1,z € D. Then

‘Dwm@wg}ya_ﬁé()h zeD, 0<g<1.

Taking ¢ — 1~ in Lemma 1 we obtain the next well-known result of Z. Nehari.
Corollary 1 ([14, p. 168]). If w is analytic in D, such that |w(z)| < 1,z € D, then

w' < D.
W) < €

Now, we investigate majorization problem for the subclass MS9(x).

Theorem 1. Let! be analytic in D* with ] # 0, and leth € MS7(x). If | is majorized by h in

D* such thatl # ch with |c| =1, and g € (%,1), then

|qzDyl(z)| < |gzDgh(z)|, 0<|z]=r <75,

where r* is the positive root of the equation

(1=mpqr* + (1 +m)gr — (1= y)p =0 )
withn = 5(r,q) = |rr|1ax lu(Q)| and p := |n‘11n |x(z)|. The function u is that realize the ma-
i -
jorization I(z) < h(z) inID* according to the Definition 1.

Proof. From the Definition 2, assuming that h € MSY(x), it follows that there exists a function

% — x(A2)), z €D,

O
Di(z) ~ x(Az) P )
|

< |z
y4

A analytic in D with [A(z)| < 1,z € D and A(0) = 0, such that —
or

Using the Schwarz lemma, we get |A(z)|
positive real part in ID we obtain x(z) # 0,
(see [2, Theorem 12]) leads to the inequality

=r < 1,z € D, and because ) has
€ D. Hence the minimum modulus principle

mmM(N—m§M(N<dﬂnkd()ﬂ=dgﬁ}wM@N
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Consequently, from (3) and using the above inequality, we obtain

' h(z)

alzl o __ar
Dgh(z)

" x(A®@)] ~ min[x()[’

|z|=r

0<|z]| <r<1 4)

From the assumption that / is majorized by h in ID*, there exists an analytic function y in ID
with |p(z)| <1,z € D, satisfying I(z) = u(z)h(z) for all z € D*.
Using the g-derivative product rule for the previous relation (see [4]), we get

zqDgl(z) = zqDgp(z)h(z) + zqu(qz) Dgh(z)

B h(z) . 5)
= zqDgh(z) (pt(qz) + Dgu(z) th(z)>’ z € D"
From another side, using Lemma 1 for the function p, we have
1—
‘qu(z)‘g} 1) (2] zeD, 0<q<1. (©)

1—|zl7g 7

According to the inequalities (4) and (6), from (5) we get

o ] rg 1—pERE)
|29D41(z)| < |2qDgh(z)] <’”(‘7 I+ min[x(z)]  1-IzPg >

rg 1+ [u(zq)| |u(2)]
< aaDh(2)| (Inta2)] + s TR, o<y <<

|z|=r

Let us denote

n=mn(rq):= ﬁlp n(qz)| = max m(0)|, ()
T="1(r) = ‘81|1p u(z)] —1|m|a><\u( ¢l
z|<r -

We will prove that under the assumptions of the theorem, y is a nonconstant function,
hence 1, T € (0,1) because of the following reasons.

(i) If nT = 0, then by using the principle of the continuation of holomorphic functions (see [5,
Theorem 4.5.4]), we get u = 0, that implies the trivial case | = 0 excluded by the assumption
of the theorem.

(i) If y = 1or T = 1, since |u(z)| < 1,z € D, it follows that |p| attained its maximum
in a point of ID hence it is a constant of the form p(z) = ¢, |c|] = 1. Consequently, we have
I(z) = ch(z), z € D*, with |c| = 1, and this case was also excluded in our assumption.

From the above inequality we deduce

rq 147yt
<
}quql(z)‘ < ‘quqh(z)‘ (17—1- |m1n|}(( | 1—qr

), 0<|z| <r<1,
where 17, T € (0,1). If we define
rq 1+nt

min [x(z)| 1 —gr*’

|z[=r

m(r,n,T) =1+
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for determining r* we must choose
r* =max{re (0,1) : m(r,n,7) <1,7,7€ (0,1)}.
Since m(r,n,t) < 1if and only if

0< —(1+97)rg+ (1 —n)min|x(z)| (1 —gr?) = n(r,9,7),

|z|=r
it follows that

n(r,n,7) > min{n(r,n,7): 5,7 € [0,1]}
= lim n(r,,7) = n(r,n) = —(1+)rg + (1 — ) min|x(2)| (1 - gr°).

T—=1- |z|=r
Denoting p = p(r) := min|x(z)|,0 < r < 1, we have that 0 < p < 1 because x has positive
=r

2|
real part in D and x(0) = 1. Since the value of # given by (7) is an arbitrary number with

n € (0,1), we obtain
n(r) = —(1+n)gr+ (1 —n)p(l—gr*), re(0,1),

that is equivalent to the quadratic form

n(r) = —(1—n)pgr* — (L +n)gr + (1 —n)p, e (0,1), 8)

where the parameters are 7 € (0,1), p € (0,1), g € (0,1). Therefore, the discriminant of this
quadratic form is

A= 1+’ +401 -1 >0
for all the values of the above parameters, hence n(r) = 0 has two real and distinct zeroes r;
and r;. Using the Viete's relations we have

1
rirnp=—<0,
q

hence r; < 0and r, > 0. Since 7 € (0,1),9 € <%,1> and p € (0,1), we have

lim n(r)=(1-n)p >0, n(l)=0-y)1—q)p—(1+n)q<0.

r—0t

It follows that n(r) = 0 has only one positive root r, € (0,1). Therefore, r* := rp and n(r) > 0
for all r € [0, r*], where r* is the positive zero of (8). O
Remark 1. For the casel = 0, the above theorem is trivial, and r* = 1, i.e. the conclusion holds
in ID*.

The other excepted case of Theorem 1, thatis] = ch with |c| = 1, it is obtained for u(z) = ¢,
z € D. Since Dyu(z) = 0, z € ID*, from (5) we get

zqDgyl(z) = zqDgpu(z)h(z) + zqu(qz) Dgh(z) = zqcDgh(z), z € D%,
hence
|zqDyl(z)| = |zqDgh(z)|, z € D™

Concluding, if h is analytic in D* and q € (0,1), thenl(z) = ch(z) < h(z), |c| = 1, it implies

|zqDyl(z)| = |zqDgh(z)|, z € D"
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In the following corollaries we obtain a modified version of majorization problem for the
different categories of MS7()x) connected with the function x of [12].

Corollary 2 ([12, Theorem 3]). Let! be analytic in D* withl # 0, and leth & MSZL(fy), where
MSZL('Y) = MST(1+v(V1+z—-1))and 0 <y < 1.

If | is majorized by h in ID* such that! # ch with |c| =1, and q € (%, 1), then

|qzDyl(z)| < |gzDgh(z)

, 0<|z|=r<7,

where 7 is the positive root of the equation (2) with 1 = n(r,q) = max|z—, [#()| and
p :=1+v (v/1—r—1). Here the function y is the one mentioned in Theorem 1.

Proof. Let M(z) := +/1+ z, where M(0) = 1, that is the square root function considered to the
main branch. A simple computation shows that
zM”(Z)> _R z+2 3

ErL o2 D
M (z) St s el

Re <1+

hence M is a convex (univalent) function in D. It follows that x(z) := 1+ (V1+z—1) is
also a convex (univalent) function in ID, and because it has real positive part in ID we could set
this function in Theorem 1. Since x(z) = x (), z € D, the domain x(ID) is symmetric with
respect to the real axis, hence any disk {z € C : |z| < r < 1} will be mapped by the function x
onto a convex domain symmetric with respect to the real axis. Therefore,

p:=min|x(z)| = x(-r) =1+9(V1-r—1)

|z|=r
and our result follows from Theorem 1. O

1
Setting x(z) := 1+ <1 i_ .

get the following special case.

— 1) ,0 < v <1, from similar reasons as the above ones we

Corollary 3 ([12, Theorem 4]). Let [ be analytic in ID* with! # 0, and leth € ./\/lsg(’)/), where
MSY(y) = MS? (147 (E2-1)) with0 < y < 1.

If I is majorized by h inID* such thatl # ch with |c| =1, and q € (%, 1), then

|qzDyl(z)| < |gzDgh(z)

, 0<|z| =r<7,

where 7 is the positive root of the equation (2) with 1 = n(r,q) = max|;—, ()| and

p:i=1+7 <%—:L: — 1). Here the function y is the one mentioned in Theorem 1.

Corollary 4 ([12, Theorem 2]). Let! be analytic inID* with[ # 0, and leth € MS{.s(y), where
MSELos() == MST(1+ y(cosz — 1)) with0 < ¢ < 1.

If 1 is majorized by h inID* such that! # ch with |c| =1,and g € <%, 1), then

|qzDyl(z)| < |gzDgh(z)

,0<|z| =7 < 7eos

where rcos is the positive root of the equation (2) with 1 = #(r,q) := maxz—, |1(0)| and
p := 1+ y(cosr —1). Here the function y is the one mentioned in Theorem 1.
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Proof. Denote N(z) := cosz and set x(z) := 1+ 9 (N(z) —1) in Theorem 1. If z = x + iy € D
is such that x,y € IR, then we obtain x2 4+ y2 < 1. This implies x,y € [—1,1], hence
ReN(z) = cosxcoshy > 0, z € ID. Therefore, the function x has real positive part in ID
forall 0 < ¢ < 1, and because it is easy to check that x(z) = x (Z), z € DD, then the domain
x(ID) is symmetric with respect to the real axis.

On the other hand, the inequality (3.1) from [8, Theorem 3.1] shows that
| cos (reie) | > |cosr|, 6¢€0,2n),

and the equality holds if and only if 6 € {0, 7r}, that implies min |[N(z)| = cosr, 0 < r < 1.
=r

2

Therefore, we conclude that p = rr‘lin Ix(z)| = x(r) =1+ y(cosr — 1), and our result follows
z|=r

from Theorem 1. O

3 Conclusion

In the final section, we emphasize that we have presented a modified version of the ma-
jorization problem for the different categories of MSY(x) connected with the function x. Our
study strength also lies in the originality of the results for this topic, which we provide through
new approach. Furthermore, new developments in the field were made, and several innovative
corollaries to the main conclusion were added. Additionally, the outcome provided in certain
theorems can be applied in addition for the previously examined subclasses of meromorphic
functions in the open unit disk.
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Y 11iif cTaTTi AOCAIAXYIOTBCSI Pe3yAbTATH PO MakOPYBaHHS AAS KAACy MepOMOpPdHMX OAHO-
AVICTVIX (PYHKIIi KOMIIAEKCHOTO TIOPSIAKY. BuKopucToByRoun andpepeHIiaAbHI ommepaTopy, paHi-
mre 6yAO BM3HAUEHO Ta BMBUYEHO Pi3HI MiAKAACK aHaAITMUHMX i MepoMopdHmx dpynkuin. Hare
AOCAIAKEHHSI 30cepeAXeHe Ha BAACTUBOCTSIX MaKOPYBaHHSI B MeXaX LIbOrO KOHKPETHOIO KAacy.
OcKiAbKM g-uMcAeHHS (KBaHTOBE UMCAEHHsI) Ma€ 3aCTOCYBaHHSI B 6araTboX raAy3sx MaTeMaTUKIH,
MeTOIO Hi€l pobOTH € MOKpaIIleHHsI Ta y3araAbHeHHS pe3yAbTaTiB IPO Ma’kOPYBaHHSI AASI KAACY Me-
poMopdHMX PYHKIIIN, TOEAHAHOTO 3 §-AMdpepeHIliaAbHM ONlepPaTOPOM, a TaKOX MOAAHHS Kope-
KTHOI popMu paHillre ommyb6AikoBaHNMX pe3yAbTaTiB. Kpim TOro, 6yA0 AOCSTHYTO HOBMX pe3yABbTaTiB
Y AOCAiAXYBaHIli raAy3i Ta HaBeACHO Pi3HOMAaHITHI HOBi HACAIAKM OCHOBHOIO Pe3YABTaTY Y BUIASIAL
HacAiAKiB. M1 TakoX IOAa€MO AesiKi HOBi Ta BiAOMi HaCAIAKM HallIMX pe3yAbTaTiB. 30KpeMa, AesiKi
3 paHillle BiAOMMX pe3yAbTaTiB OyAM OKpallleHi Ta yTOYHEH.

Kntouosi croea i ppasu: oAHOAMCTa PYHKIIiST, Ma>KOPYBaHHSsI, OIIepaTop §-IIOXiAHOI, 3ipKOMoAi6Ha
Ta OIyKAa PYHKIIiS, §-3ipKOMOAi6Ha PYHKIIISI, T ATTOPSIAKYBaHHSI.



