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Normal curves using the Bishop frame in Minkowski 3-space

Elsharkawy A., Elsharkawy N.

The geometric characterization of curves with zero curvature points presents inherent limita-
tions when employing the classical Frenet frame. This research investigates the mathematical prop-
erties of normal curves in E3 (Minkowski 3-space) through the application of the Bishop frame.
The study systematically analyzes the geometric and topological properties of both spacelike and
timelike normal curves, establishing rigorous mathematical conditions necessary and sufficient for
their classification within the Bishop frame formalism. We derive fundamental theorems charac-
terizing these curves and examine their differential geometric invariants. The investigation extends
to the analysis of curvature relationships, parallel transport properties, and the behavior of normal
curves under the Bishop frame parametrization. Our findings contribute to the theoretical frame-
work of curve theory in pseudo-Riemannian geometry, particularly in spaces with indefinite met-
rics, demonstrating the robustness of the Bishop frame approach for characterizing curves where
traditional Frenet analysis becomes singular.
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Introduction

The geometric study of curves in Minkowski space has garnered significant attention due
to its fundamental role in differential geometry and mathematical physics, particularly in spe-
cial relativity theory. The classical approach to studying curves typically employs the Frenet
frame, which provides a moving reference frame along a curve. However, this framework en-
counters significant limitations when analyzing curves at points where the second derivative
approaches zero or becomes undefined.

The Bishop frame, alternatively known as the parallel transport frame, was first introduced
by R.L. Bishop [1] as an alternative approach to curve framing. This framework addresses
the limitations of the Frenet frame by maintaining well-defined behavior even at points where
traditional curvature becomes undefined. The fundamental principle behind the Bishop frame
lies in its parallel transport of frame vectors along the curve, providing a more robust geometric
description.

A.]. Hanson and H. Ma [14] further developed this concept by conducting a comparative
analysis between the Bishop and Frenet frames in Euclidean 3-space, establishing the advan-
tages of the Bishop frame in various geometric contexts. The extension of these ideas to higher
dimensions was subsequently explored by F. Gokgelik et al. [12] in their investigation of the
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Bishop frame in Euclidean 4-space.

Recent years have witnessed substantial advances in the application of the Bishop frame
to Minkowski space. Notable contributions include the works of B. Biikcii and M.K. Karacan
[2,3,17], who extensively investigated non-null curves using the Bishop frame in Minkowski
3-space. Their research has revealed intricate relationships between the geometric properties
of curves and their Bishop frame representations.

Additionally, numerous mathematicians have studied related curves in different spaces
and according to various frames such as [4-6,9].

Let us outline the structure of our investigation. First, we present a comprehensive analysis
of the prerequisites for spacelike curves to be normal in Minkowski three-space. Specifically,
we identify the necessary and sufficient conditions for this to occur and proceed to examine
various geometric characteristics of this space as it pertains to E3. Subsequently, we turn our
attention to studying timelike normal curves in Minkowski three-space with the Bishop frame.
Our investigation delves into the intricacies of these curves and aims to provide an insightful
analysis of their behavior.

1 Preliminaries

The mathematical entity referred to as Lorentz-Minkowski space Ej comprises a pair
(R3, ), in which R® denotes the Euclidean 3-dimensional space, while ¢ denotes the asso-
ciated metric

g = —dv? + dv} + dv3,

where (v1,02,03) is a coordinate system of ES. Assuming that y is a vector belonging to the
three-dimensional Euclidean space E3, it is considered spacelike if ¢(y, y) is greater than zero
or if y is the zero vector. On the other hand, if g(y,y) is less than zero, then y is referred to
as a timelike vector. A vector that satisfies g(y,y) = 0 and is not the zero vector is classified
as a null or lightlike vector. A vector in E? is considered non-null if it is either spacelike or
timelike. The value |ly|| = \/|¢(y,v)| determines the norm of the non-null vector y. If ||y|| = 1,
the vector y is called a unit. If g(y,z) = 0, we say that the vectors y and z are orthogonal. The
Lorentzian vector product of the vectors y and z is defined in [10, 13, 15,16] by

Yy Az = (Y322 — Y223, Y321 — Y123, Y122 — Y221),

where v = (y1,Y2,Y3),z = (21,22, 23).

A curve in E} can be mathematically represented as a mapping from an open interval [
to E3. The velocity vectors of the curve are calculated using the first derivative of each curve
component. The classification of a curve as either spacelike, timelike, or null (lightlike) is de-
termined by the nature of its velocity vectors: a spacelike curve has spacelike velocity vectors,
a timelike curve has timelike velocity vectors, and a null curve has null velocity vectors.

To fully describe the motion of a curve in E%, we use the Frenet frame, which is a set of
orthogonal vectors that move along the curve. This frame is described by three vectors: the
tangent vector T, the principal normal vector N, and the binormal vector B. The tangent vector
T points in the direction of the curve’s motion, the principal normal vector N points in the
direction of the curve’s curvature, and the binormal vector B completes the orthogonal set.
Consequently, concerning a specific point on a curve a(s) situated in E3, the vectors T, N,
and B correspondingly represent its tangential, principal normal, and binormal vectors, where
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s is the parameter used to trace the curve. These advancements in the use of the Frenet frame
have been widely discussed and developed in [7,8,11,22].

Additionally, in conformity with the discoveries from the publication referenced as [20], the
planes established by the vectors {T, N}, {T, B}, and {N, B} are known as the osculating plane,
the rectifying plane, and the normal plane, correspondingly. The characteristic term “normal
curve” is commonly employed to indicate a unit speed curve present in Minkowski 3-space E3,
whose position vector perpetually lies in the plane that it defines as normal. This definition of
the normal curve allows us to express «(s) as

a(s) = E(s)N(s) + D(s)B(s),

where E and D are differentiable functions of s € I C R.

Various descriptions of normal curves that are spacelike, timelike, or null are outlined
in [15,16]. These curves lie completely in the Minkowski three-dimensional space. The fol-
lowing Frenet formulae are introduced in [13, 15,19, 23] for a curve a(s) in the Minkowski
3-space.

If the curve « is spacelike and its principal normal N is either spacelike or timelike, the
Frenet formulas can be expressed as

T 0 x O T
N | =| —ex 0 T N |,
B’ 0O Tt 0 B

where ¢(T,T) =1,¢(N,N) =e ==+1,g(B,B) = —eand g(T,N) = g(T,B) = g(N, B) = 0.
Assuming « represents a timelike curve in ES, the Frenet formulae can be given as

T’ 0 x O T
N|=|x 0 7 N |,
B’ 0O -t 0 B

where ¢(T,T) = -1, g(N,N) =1, g(B,B) = 1 and g(T,N) = g(T,B) = g(N,B) = 0.
Assuming the curve « possesses a unitary velocity, then

K= ||a"(s)

, T=|[|b'(s)]|.

The following are the definitions of three pseudo-Riemannian objects of interest in this
paper. The pseudo-Riemannian sphere denoted as S?(x,r), the pseudo-Riemannian hyper-
bolic space denoted as H3(x, r) and the pseudo-Riemannian lightlike cone denoted as C(x) are
defined, respectively, by

S%(X,r) ={ye E{’ gly—xy—x) = 1,2},

Hi(x,r) ={y € B} : g(y — x,y — x) = =17},
Clx)={y € B} : g(y —x,y — x) =0},

where x denotes a point inside E and r indicates a positive constant value [15,16].
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The “Bishop frame”, or “parallel transport frame”, provides an alternative method for con-
structing a moving frame that remains well-defined even when the curve has a vanishing
second derivative. This is achieved by transporting each component of an orthonormal frame
in parallel along the curve to keep the frame aligned with the curve. Although each curve
model has a unique T(s) tangent vector, any arbitrary orthonormal basis (U(s), V(s)) can be
used for the rest of the frame as long as it lies in the normal plane perpendicular to T(s) at
each point and the derivatives of (U(s), V(s)) depend only on T(s) and not each other. This
ensures that U(s) and V(s) move smoothly along the path, independent of the curve’s curva-
ture. Assuming that the curve « is parameterized by arc length, we can derive that V =T AU
along « by using C! unit vector fields U and T, where U and V are orthogonal vectors.

As we move along the curve, the frames T, U, and V gradually transform into right-handed
orthonormal frames. However, to impose the additional requirement that the field is parallel
to the curve , it is necessary for g(U’, V) to hold. This indicates that the unit’s first normal
vector field, U, moves only in the direction of T, without any other movement. It should be
noted that the Frenet frame would be suitable for a curve C® with x # 0 up to this point.

Despite the presence of regions where x = 0, it is possible to establish a Bishop frame
that comprises the first B-normal U, followed by the second B-normal V. The complementary
frame equations are developed as a result [14, 18, 21].

When considering a spacelike curve with a B-normal vector field U that is either spacelike
or timelike with € values of 1 or —1 respectively, the Bishop formulas can be mathematically
expressed as

T! 0 K -Kp T
U | =] ek 0 0 u |, (1)
1% ek, 0 0 1%

where g(T,T) =1,8(U,U) =€ = +1,8(V,V) = —¢,x(s) = \/|K}—K2|,6(s) = argtanh (&),
T(s) = —e% (see [18]).
In the case of « is a timelike curve, the Bishop formulas are

T! 0 K K T
ul=|k 0 0 u |, )
1% K, 0 0 1%

where ¢(T,T) = —1,g(U,U) = 1,¢(V,V) = 1 and «(s) = {/K}+ K3, 6(s) = arctan (%),
T(s) = d—g (see [18]).

Timelike and null normal curves in Minkowski 3-space according to the Frenet frame were
introduced in [16]. Also, K. {larslan studied spacelike normal curves in Minkowski space EJ
according to the Frenet frame in [15].

2 Spacelike Bishop normal curves in E3

In this section, we present the definition and fundamental properties of spacelike Bishop
normal curves in the three-dimensional Minkowski space E3. Specifically, we establish several
theorems concerning the geometric characteristics of these curves, providing a deeper under-
standing of their behavior and structure.
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Definition 1. A spacelike curve a(s) can be considered a Bishop normal curve in Minkowski
3-space if and only if its position vector remains within the normal plane. This normal plane is
defined as the one that is spanned by vectors U and V. In the other words, a(s) can be written

a(s) = E(s)U(s) + D(s)V(s)

for some differentiable functions E(s) and D(s).

Theorem 1. If (s) is a spacelike Bishop normal curve that has either a spacelike or a timelike
B-normal vector U in E3, then the following assertions are valid.

i) The functions K; (s) and K;(s) satisfy
AK;(s) + CKy(s) = —¢,
where A and C are non-zero constants.

ii) The components of the first and the second B-normal components with the position vec-
tor are provided, respectively, by

g(a, U) = Ag,
g(a, V) = —Ce.

iii) If the curve’s position vector is null, then « lies on C(x), and the Bishop curvatures satisfy

KliKzz_Xe.

If a(s) is a spacelike curve, it can be deduced that « is a Bishop normal curve or has equiv-
alency to a Bishop normal curve if any of the conditions (i), (ii), or (iii) hold.

Proof. Assume that a(s) is a spacelike Bishop normal curve, then we can write
a(s) = E(s)U(s) + D(s)V(s). (3)
Differentiating with respect to s and using formulas (1), we deduce
E'=0, D'=0, —€EK;—eDK;=1. 4)

Therefore, we get
E(s)=A, D(s)=C, (5)

where A and C are constants.
Thus from the third relation of equation (4), we obtain

AKy 4 CKp = —e. (6)
By substituting (5) into (3), we get

a(s) = AU(s) + CV(s).
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Therefore, we obtain

gla,w) = e(A? = C%), 7)
g(a, U) = Ag,
g(a, V) = —Ce.

Let us continue and assume that « is a spacelike Bishop normal curve that has a null po-
sition vector. Therefore, we get that g(a, «) is equal to zero. Therefore, using equation (7), we
have

A= =+C.

Hence, from (6), we obtain
AKy + AKp = —e.

Thus,
—€
Ki+Ky = —.
1 2 )

Now, let x be a vector written as
x =a(s) — AU — CV(s).

After doing the differentiation with regard to s and using the related Bishop equation (1), we
obtain that x’ = 0, and therefore x = const.
Thus, we get

g(a —x,a —x) = A% — C%¢ = 0.

That is to say that « is located on C(x).
In the other direction, let us assume that statement (i) is correct. Then the curvatures satisfy

AKy + CKy = —e.

Using Bishop formulas (4), we get

T a(o) — AU~ CV] =0,

As a direct consequence, « is congruent to a Bishop normal curve.
Secondly, let (ii) be correct. Then

g(a,U) =€A, g(a, V)= —e€C.

By differentiating these equations with regard to s and using the Bishop formulas (1), we
obtain g(«, T) = 0, which implies that « is a Bishop normal curve.
Finally, let us suppose that (iii) is true. Therefore, a is located on C(x) with vertex at m,
m is constant and curvatures K;(s) and K;(s) satisfy
—€
Kl(S) + AK2(5> = —
A
As a result, we deduce
gl —x,a —x)=0.
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After differentiating three times with respect to s and using the Bishop formulas (1), we
arrive to the following
€x) €x}
k1Ko — Ky« K1 Ko — Ky«

a—x=0T+

This indicates that, up to a translation for the vector x, the curve a is congruent to a Bishop
normal curve. Let us assume that x = 0, and then by using the formula K; (s) & AK>(s) = =,
we can readily determine that g(a, «) = 0, which concludes the proof. O

Theorem 2. If a unit-speed spacelike Bishop normal curve denoted as « = «(s) in E3 and
accompanied by a non-null B-normal vector field U and non-null position vector, then
(i) the position vector can be regarded as spacelike if and only if the curve « is positioned

on S3(x,r) and satisfies
2
CKp £/ = +C2 = —¢;

(ii) the position vector can be regarded as timelike if and only if the curve a is positioned

on H3(x,r) and satisfies
2
CKp %= —C = —c.

Proof. Let the position vector a be spacelike. This means that g(a,a) = 72, where r € RT. In
equation (7), we get by substituting that

1/-2
A=+4/—+C2
€

By substituting in equation (6), we have

1,2
CKy% [ +C2 = —e. (8)

Next, assume that the vector x is given by
x =a(s) — AU(s) — CV(s).

We have obtained this result by applying formulas (1) and differentiating this with regard
to s, we can find that x’ = 0, and therefore x = const.
Then

g(a —x,a — x) = eA? —eC? =12,
This indicates that « is located on S?(x, ) with center x and of radius r € R™.

On the other hand, let us assume that equation (8) is true and that the value of a can be
found on S%(x, r). If this is the case, g(a — x,a — x) = r?, where r is contained inside R*. We
get this result by doing three separate differentiation with regard to s, i.e.

€xc) €K}

—x=0T u—
a-a + k1Ko — Ky k1Ko — Ky

This means that « is congruent to a normal curve up to a translation for a vector m. For con-
venience, let x = 0. As a result, we conclude that g(a, &) = r2, which provides indisputable
evidence for statement (i).

A similar argument may be made for (ii), as seen in the proof of statement (i). O
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3 Timelike Bishop normal curves E3

In this section, we present the concept of a timelike Bishop normal curve in E3 from the per-
spective of the Bishop frame and provide some characterization theorems for timelike normal
curves in E%.

Definition 2. The timelike curve a(s) is a Bishop normal curve in E? if and only if its position
vector is always contained inside the normal plane spanned by U, V, i.e. g(a, T) = 0.

Theorem 3. Let a = a(s) be a timelike curve in E3. Then « is a Bishop normal curve if and
only if the position vector « of U and V are given respectively by

glaU) =G,
g, V) =Gy,
where C; and C, are constants.

Proof. If we take it for granted that a(s) is a timelike Bishop normal curve, then we may write
a(s) as

a(s) = G(s)U(s) + F(s)V(s). ©)
When we differentiate with regard to s, we get the following
G =0, FF=0, EK1+FK,=1. (10)
Then, we obtain
G=(C, F=C0C. (11)

Thus from the third relation of equation (10) we obtain
C1Ky + GKy = 1. (12)
From (11) and (9) we obtain
a(s) = CiU(s) + GV (s).

Thus, we deduce
gla, ) = C} — G,

g(“/ U) =Cy, (13)
g(rx, V) = Cz. (14)

Conversely, suppose that equations (13), (14) are true. By differentiating equations (13), (14)
with respect to s and using (2), we get ¢(a, T) = 0, which implies that « is a normal curve. [

Theorem 4. Let & = a(s) be a timelike curve in E3. Then a is congruent to a normal Bishop
curve if and only if
C1K1 + CKy = 1.

Proof. First, assume that « is congruent to a normal Bishop curve, then equation (12) holds.
Conversely, suppose that C;K; + C2K, = 1. By applying (2), we can easily obtain

%[rx(a) _AU-CV] =0.

In this way, « is congruent to a Bishop normal curve. O
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Theorem 5. Leta = a(s) be a timelike curve in E3 according to Bishop frame. Then u is located
on S3(x,r) if and only if « is a Bishop normal curve.

Proof. If we assume that « is located on S?(x, r), we may deduce that g(a — x, & — x) = r? and
that r € RT. We discover this by doing three separate differentiations with regard to s and

using (2), so we get / /
K K
—x=0T U -

a-x + k1Ko — Ky + k1Ko — Ky

This indicates that a vector named x may be translated in such a way that it would provide the
same result as a Bishop normal curve, and that vector is a. Put x = 0 for convenience.
On the other hand, suppose that « is a Bishop normal curve, and let us put the vector x in
the form
x =u(s) — CrU(s) — CLV(s).

By differentiating this with respect to s and then applying equations (2), we get x’ = 0 and
therefore x = const. Then g(a — x,& — x) = C? + C3 = r2. This demonstrates that « is located
on S%(x, r), which has x as its center and r € R™ as its radius. O

4 Conclusion

This investigation has established several fundamental theorems characterizing the behav-
ior of normal curves in Minkowski 3-space E3 utilizing the Bishop frame formalism. Our
analysis yields the following several significant results.

1. For spacelike Bishop normal curves with non-null B-normal vector fields, we have de-
monstrated that the Bishop curvatures Ki(s) and K(s) satisfy the relationship

AKj(s) + CKa(s) = —¢,

where A and C are non-zero constants. This relationship provides a complete charac-
terization of such curves and establishes necessary and sufficient conditions for their
existence.

2. The study reveals that spacelike Bishop normal curves with non-null position vectors
exhibit distinct geometric properties depending on their causal character:

o for spacelike position vectors, the curves lie on S?(x, ) with the Bishop curvatures
satisfying CK; + vr2e + C2 = —¢;

e for timelike position vectors, the curves are confined to Hg(x, r) with the Bishop
curvatures satisfying CK, + v/r2¢ — C? = —e.

3. For timelike Bishop normal curves, we have established that their characterization is
completely determined by the inner products ¢(a,U) = C; and g(a, V) = C,, where
C; and C; are constants. This result provides a powerful geometric criterion for identify-
ing timelike normal curves in E3.

4. The investigation demonstrates that timelike curves in EJ are congruent to Bishop nor-
mal curves if and only if their Bishop curvatures satisfy C;1K; + C2K; = 1, establishing
a fundamental relationship between the curve’s geometry and its Bishop frame parame-
ters.
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These results significantly extend the existing theory of normal curves in Minkowski space
by providing a comprehensive framework using the Bishop frame approach. The advantages
of this approach become particularly evident when dealing with curves having vanishing cur-
vature points, where the traditional Frenet frame analysis becomes singular. Our findings con-
tribute to the broader understanding of curve theory in pseudo-Riemannian manifolds and
provide new tools for analyzing geometric properties of curves in Minkowski space.

Future research directions may include:

* extension of these results to higher-dimensional Minkowski spaces;

* investigation of Bishop normal curves with null position vectors;

* analysis of special classes of Bishop normal curves with prescribed curvature functions;

¢ applications to physical problems in special relativity, where timelike and spacelike
curves play significant roles.

The theoretical framework, developed in this study, provides a foundation for further in-
vestigations in differential geometry and its applications to mathematical physics, particularly
in contexts, where the causal character of curves plays a crucial role.
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I'eoMeTpraHa XxapaKTepUCTVMKa KPMBMX i3 TOUKaMM HyABOBOI KPMBMHM Mae€ NIpUTaMaHHI obMe-
>KeHHSI IPY BUKOPMCTaHHI KAaCHIHOTO peniepa Opere. VY 11iii pobOTi AOCAIAXYIOTBCST MaTeMaTHYIHI
BAACTMBOCTI HOPMAABHMX KPUBMX Y IIPOCTOpi E{’ (TpuBMMipHOMY IpOocTOpi MiHKOBCHKOrO) i3 3a-
cTocyBaHHSIM periepa bimona. CrcTreMaTiyHO IIpoaHaAi30BaHO ITeOMeTPUYHI Ta TOIOAOTIUHI BAa-
CTMBOCTI SIK IIPOCTOPOBOIOAIOHMX, TaK i YaCOMOAIOHIIX HOPMAABHMX KPUBMX, a TAKOX BCTAHOBAE-
HO CTpOri HeoOXiaAHI Ta AocTaTHI yMOBM ix Kaacudpikarii B Mexax dpopManrismy penepa biroma.
OTpumaHO OCHOBHI TeopeMy, IO XapaKTepU3yIOTh 1Ii KPMBi, Ta AOCAIAXEHO iX AMdpepeHITiaAbHO-
reoMeTpIyHi iHBapiaHTH. KpiM TOro, mpoBeAeHO aHaAi3 CHiBBiAHOIIIEHD MiXX KPUMBUHAMM, BAACTMBO-
CTeli MapaAeAbHOTO MTepeHeCceHHsI Ta MOBEAIHKI HOpMaAbHMX KPMBMX 3a MapaMeTpy3allii, OB’ 13aHoi
3 peniepom bimona. OTpumaHi pesyAbTaTit po3IIMPIOIOTH TEOPETHMYHI 3aCaAu TeOpil KpUBUX y TICeB-
AOpiMaHOBi reoMeTpii, 30KkpeMa B IPOCTOPaXx i3 HeBU3HAUEHOI METPMKOIO, i AeMOHCTPYIOTDH edpe-
KTMBHICTD IIIAXOAY, 3aCHOBAHOTO Ha pernepi bimrona, AAST AOCAIAXEHHsI KpUBMX Y BUIIaAKaX, KOAM
TPpaAULIVIHIIT aHaAi3 3a AOIIOMOroIo penepa OpeHe CTae CUHIYASPHUM.

Kntouosi cnoea i ¢ppasu: mpoctip AopeHua-MiHKOBCHKOro, perep HapaAeAbHOTO IepeHeceHHs,
piBHsHHS bimona, xpusuHa birrona, HopMaabHa KpuBa, AudpepeHIliaabHa reoMeTpisl.



