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On the regular continued fractions of real algebraic irrational
numbers

Yoshida H.

It is well known that an irrational number is quadratic if and only if its regular continued frac-
tion expansion is ultimately periodic. However, no such characterization is known for other real
irrational numbers. In 1949, A.Ya. Khinchin conjectured that partial denominators of the regular
continued fractions of real algebraic numbers of degree higher than 2 are unbounded. In other
words, if partial denominators of the regular continued fractions is bounded, then it is a quadratic
number or a transcendental number.

In this paper, we observe the regular continued fractions of real algebraic numbers of degree
higher than 2. More precisely, we give the minimal polynomials of the real algebraic numbers
appearing in the regular continued fractions and establish their properties.

Key words and phrases: continued fraction, irrational number, transcendental number, diophan-
tine approximation.
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1 Introduction

Let « be a real irrational number. We denote the regular continued fraction of a by

1
ap + = [ag; a1,a2,4a3,...],

111+
a, +

1
where gy is an integer and ay,4a;,a3, ... are positive integers. If a is a quadratic number, its
regular continued fraction expansion a = [ap;a1,a2,a3,...] is ultimately periodic. Namely,
there exists an integer N greater than or equal to 0 and a positive integer T such thata, 1t = a,
for any integer n > N. Hence other cases are not ultimately periodic. As characterization of
the regular continued fraction of real algebraic numbers of degree higher than 2, it is widely
believed the following conjecture due to A.Ya. Khinchin.

Conjecture ([1]). If « is a real algebraic number of degree higher than 2 (denote by deg o > 2),
then partial denominators are unbounded. Namely,
dega >2 = supa, = .
n>1
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In other words, if partial denominators are bounded, then « is a quadratic number or a
transcendental number. This conjecture is called Khinchin’s conjecture. This conjecture is
partially solved. More precisely, B. Adamczewski and Y. Bugeaud showed that if ag, a4, - - - ,a,
are palindrome (i.e. a; = a,_; for every integer j with 0 < j < n), then a is transcendental
(see [2]).

Let « be a real algebraic number of degree n > 3, and let f(x) := )} _, bix* be the minimal
polynomial of «. We denote the ith convergent for regular continued fractions by p;/g;, that is

Pi .
; — [QOI ai,az,as, ... rai]/
1

where p; and g; are defined by
p-1=1po=a0, q-1=0,q0=1,
pi = aipi-1+pi-2, 121,
qi = aigi-1+qi—2, i>1
We put a = [ag; a3, ..., ;1] for any integer i > 0, namely a; 1 = [a;11;a;1 2,813, ... ].
Theorem 1. We have the following equality
_1)i-1 yn=ln—k N -
Kit1 = L( Z Z bl+k<&> o — bo) - M
piqif (%) k=11=1 9 i

From this theorem, we have that

=

lim f<‘75p)i = |f'(a)].

i—oo | — &£
qi

Alternatively, a relationship between |f(p;/g;)| and |« — p;/g;| is the following

£ (B)]~ 17— 2

x—"—| as i— oo.
i
Firstly, we prepare to prove Theorem 1. Let « be a real algebraic number of degree n > 3,
and let f(x) := Y, bix* be the minimal polynomial of a. If we put & = [ag; a1, ...,a;, &;1],
then we have

2 Preliminaries

y = Pitie1 T Pic1 )
giki+1 + gi—1
Then we see that
k
pikiy1 + Pz‘—1> 2 <Pz‘fxi+1 + pi—l)
X)) = —_— = b —_— = O
flo) =1 <qi“z‘+1 tqi1 kg{) “\ gittin + i1

Multiplying both sides of the last equality by (g1 + q;-1)", we get

Y- bi(piisa + pic1) (qiaiia +9i0)" =0,
k=0

Here, the coefficient of a7, is given by

Y kg =g Y br(pi/9i)* = P f(pi/ qi)-
k=0 k=0
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Since f(p;/qi) # 0, the minimal polynomial of «; 1 is given by

n
Y bi(pix + picy)* (qix + qi-1)" .
k=0

By equation (1), we obtain

giotipq +qi1e — piip1 — pi—1 = 0. (2)

1
By the above argument, since deg a;,1 = 1, we can write a; 11 = Y/, c,((z+ )rxk, where

lH ;é Oand ch) ng+1)’ it e Q. Substituting this into (2), we get

’nl

n—1 n—1
i+1 i+1
qi ) C;ﬁ J 1y Qi1 —pi Y C;((l+ ok — pi-1=0.
k=0 k=0

Comparing the coefficients of the left hand side and f(a) = Y_I_, bxa¥, we obtain
by = siy1qic ,(ﬁll)r _
by = sl+1(qlc](( 1) — pic]((lﬂ)), 2<k<n-1,
1)

by = Sz+1(qlc(() +qi-1— picﬁ”l))r

by = _Si+1(PiC(()+ ) +pi1),

. . i1
where s; 1 are non-zero rational numbers for i > 0. From these, the constants c,((z+ ) can be
expressed as follows

(i+1) _ bn

Cn—l -
s 1 I k I

; —1)1s ob

Cl({erl) _ ( ) 1+1qz k+12 1Piq , 1<k<n-1,
Sl+1p1

(D) Si1pio1 t bo

0 Si+1Pi

From these, we see that
i 1 -1
D) _ bn (1) tsiaq) 2 — Xy biplql
=l g Siv1P}

By simple observation, we obtain

_111n

. n . I . .
Sit1 = e prffﬁ = 1)11%‘1201’1 (%) = (=1)"'qif (%) 3)

3 Properties of s; 1

In this section, we introduce the properties regarding the sign and asymptotic behavior of
si+1. There is the following well known relationship between an irrational number a and an
ith convergents p;/q; of the regular continued fraction of , namely

__t ‘ A @
7i(qi+1 + q:) qi qiqi+1
Especially,
P _ o P21

q2k J2k—1
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for any integer k > 0.
We denote the derivative of f(x) by f’(x). Then if f'(x) > 0 (respectively, f'(a) < 0), we
have that
f <%> < 0 (respectively > 0), if i even,
f <%> > 0 (respectively > 0), if i odd.
Therefore, we can state the following theorem.

Theorem 2. For any integeri > 0, if f'(x) > 0, we obtain thats; 1 > 0 and if f'(a) < 0, we
also have that s; 1 < 0.

In order to investigate the asymptotic behavior of s; 1, we establish inequalities involving
f(pi/4i)-
Theorem 3. The sequence |f(p;/q;)| satisfies the following inequalities

S b (2) S bl ()

Pi) ‘

< — . (5)
(24 ai1)q? 'f (‘71‘ aii14°

Proof. We consider the absolute value of the difference between f(«) and f(p;/q;). Then we

obtain
()] = o ()] - (e (2)))

Since af — (p;i/q:)* = (a — pi/q;) Ei‘ Olrxl(pl/qi)k*lfl, the rightmost side equals to
N M k=1 A k=1-1 n k=1 A k=1-1
<a_ﬁ>2bk2al<ﬁ> _ Zbk2a1<&> .
17/ = =0 \1i k=1 =0 \1i

By inequalities (4), we have that

Zbk(x - Zbk (pl)

k= qi

k—1-1 k—1-1
Yk 1bk2§(}“l<ql) Z Vi 1bk2§3“l<ql)
< — .
qi(gi+1 + qi) 'f <f7i> ‘ Gifi+1
By recurrence relation of g;, since g;11 = a;+19; + q;—1, then we get

9i(qiv1 + 1) = (1 + aip1)qi + qi-1) < (24 a;41)q?
and

qifiv1 = aip1q; + Qi1 > aq;-
Therefore, we obtain the desired inequalities (5). O

By the equality (3) and this theorem, we have that

k—1—1 k—1—1
k=11 k=1 1
Yi—1 b sp @ <ql> ‘Zk 10k g & (q)
< sita] < .

(24 ait1)qi ai19i
Since lim p;/q; = a, we see that
1—00

nk—llpkll
yhye (%)

k=1 1=0 qi

= [f'(@)] < co.

lim
i—00
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Therefore, we obtain lim |s;;1| = 0. Furthermore, if partial denominators a; are bounded,
1—00

then there exists a positive integer N (= max;>1 ;) such that

k—1—-1
k
Vi1 bk ! <ql)
2+ N

0<

< qilsiy1| <

for any positive integer i. Hence, we see that

|/ (a)]
2+N

/

. 114 ..

< limsupgilsii1| < |f (a)] and g( ) < liminfq;lsii 1| < |f'(a)]-
i—o00 + N 1— 00

4 Proof of Theorem 1

In this section, we give a proof of our main theorem. By the argument in Section 2, since

1) .
Nip1 = Y Ockz+ ok with

i k— k I
() _ (CD gy = T o bipia; , 1<k<n—1,

B —
Sz+1pf+1
(1) sivapio1+ b
0 Si+1Pi ’
we obtain that
- E (= sivify t— Xi_obiplgh _ Sit1pi-1+bo
Qi1 =) k1 s
k=1 Si+1P; i+1Pi

From (3), we can transform the following

qu pz/‘h — G obipi/e) x pia b
)il f(pi/q:) Pt pi (1) gif(pi/qi)pi

—(z() ()L (2) ) ) -5

Since f(pi/qi) — Li—obi(pi/4:)' = L1 bi(pi/qi)', then we see that

(-t [ (ql)" z (m)l K pi1
o; = —— = b= ) a"=by | ——

i piqif (pi/q:) k;l pi l_;ﬂ "\ai 0 pi

( 1)1'71 n-1 n <pi>l_k . i1

_— b | = & —by | — —

piqif (pi/q:) ; Z : ' 0 j

(_1)i—1 n—1n—k <pi>l L i1
= —7t b — ) a"=by | — —.

piaif (pi/ai) ; ; "\ )

These complete the proof of Theorem 1.

Finally, we explain an asymptotic relation between |f(p;/g;)| and |« — p;/g;|. By Theorem 1,
we obtain that

Xip1 =

1

pinsf ()] 1i=

pPi—1

pi

I
sz+k< >f¥—bo- (6)

Kiy1+
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Since a; 1 = (g;_1& — pi—1)/(gie — p;), we see that

1
= [o]

pi(qie — pi)

Pi—1

i

Kiy1+

Then the equation (6) is transformed to

f & n—1n—k A
1« (_qg) =2 X b <%> = bo

&=y k=11=1

The limit of the right hand side is equal to

n—1n—k n n n
Yo N b by = | Y (k—1)a* —bo| = | Y ka* — Y bra®| = |af (a)].
k=1 I1=1 k=2 k=1 k=0
Therefore, we have that
r(x
lim (””p) =|f (a)].
i—oo | — q—ll

Alternatively, a relationship between |f(p;/g;)| and |« — p;/g;| is the following
£(5)]~ e
qi
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Aobpe Bia0MO, IO ippallioOHaABHEe YMCAO € KBaAPATUYHYIM TOAI i TIABKM TOAL, KOAM JIOTO PO3KAAA
V PeryAsIpHMIL AQHIIIOTOBUIA Apib € 3pemToro mepioanaanM. OAHAK TOAIGHOI XapaKTePUCTIKA AAST
IHITIX AiVICHMX ippallioHaAbHMX umceA He BiaoMo. Y 1949 pori A S, XiHumMH BMCAOBUB riloTesy mIpo
Te, II0 HEITOBHI YaCTKM PeTYASIPHMX AQHITFOTOBUX APOOiB AIJICHVX aATebpaldHIX YyCeA CTeIeHs], BU-
IIIOTO 3a 2, € HeoOMeXXeHMMIL. [HITIIMI CAOBaM, SIKITIO HETIOBHi UacTKY PETyAsIPHOTO AAaHIIFOTOBOTO
Apoby € 0OMeXXeHMMI, TO BiATIOBiAHE UMCAO € a60 KBaAPaTUUHMM, a60 TpaHCIIEHAEHTHIM.

Y it pobOTi MM AOCAIAXKYEMO PETYASIPHI AQHITIOTOBI APOOY AIVICHMX aATebpaiuHMX UMceA CTe-
TIeHsI, BUITIOTO 3a 2. 30KpeMa, My HaBOAVIMO MiHIMaAbHI MHOTOUAEHM AIVICHVX aATeOpaiuHMX UmceA,
III0 BUHMKAIOTh y PETYASPHMX AQHIIOTOBMX ApObaXx, Ta BUBUAE€MO iXHi BAACTUMBOCTI.

Kontouosi cnosa i ¢ppasi: AaHIOTOBUIT Apib, ippallioHaAbHe UMCAO, TpaHCIEHAEHTHEe YICAO, Alo-
draHTOBE HAOAVIKEHHSI.



