ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp
Carpathian Math. Publ. 2025, 17 (2), 406415 KapmaTcbki MmaTem. my6a. 2025, T.17, N2, C.406-415
doi:10.15330/cmp.17.2.406-415

[\

On the Horadam sequence of order three

Amrouche S.}, Belbachir H.!, Cesarano C.%%4, Ricci P.E.2

In this paper, we define a generalized Horadam triangle in which the sum of elements located
along the diagonal lines corresponds to the terms of generalized Horadam sequence of order three.
We establish a relation between generalized Horadam triangle and the generalized Delannoy trian-
gle. Additionally, we define the g-analogue of the generalized Tribonacci sequence and generalized
Horadam sequence of order three.
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Introduction

The Fibonacci sequence (F,),>¢ is a well-known as a mathematical sequence that satisfies
the recurrence relation F,, = F,,_1 + F,_», n > 2, with the initial conditions Fy = 0, F; = 1. The
terms of the Fibonacci sequence can be obtained by summing the elements located along the
diagonal lines of Pascal’s triangle. Consequently, the precise representation of this relationship

/2l gk
Fip1= ), ( ) > n > 0.

k=0

1S

Numerous generalizations of the Fibonacci sequence have been explored, one well-known
is the Horadam sequence (H,),>o, which satisfies the following recurrence relation
H, = «1H,,_1+arH,,_», n > 2, where a1, a, € Z, with the initial conditions Hy = a, H; = b,
where a,b € Z within b # 0. The Horadam sequence is widely used and has applications in
various fields of mathematical sciences (see [9, 10] for more details). Another extension of the
Fibonacci sequence is the generalized Tribonacci sequence (7;),>0, which satisfies the recur-
rence relation 7,11 = a1T, + aTy—1 + a37T,—2, n > 2, where a1, ap, 03 € Z, with the initial
conditions 7y = 0, 71 = 1, T = «1. The generalized Tribonacci numbers can be obtained by
summing the elements located along the diagonal lines of the generalized Delannoy triangle,

namely
[n/2]
Tos1= ). Dn—kk), n>0. (1)
k=0
YAK 511.176
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For a1, a5, a3 € Z the coefficients of the generalized Delannoy triangle {D(n,k)}, x>0 satisfy
the following recurrence relation (see [8])

D(n,k) =a;D(n—1,k) +aD(n—1,k—1) +asD(n—2,k—1)

with D(0,0) = 1. Forn < 0, k < 0 or k > n, we use the convention that D(n, k) = 0.
The explicit formula of the Delannoy numbers D(n, k) is given by

k _ ) .

D(nk) =) <k> (n r ]> txiffkf]rx];]océ. ()
=0 \J

The generating function of the generalized Delannoy numbers is gx(x) = }_,,>0 D (1, k)x", then

2\k
ail) = I ®

In a recent proposal, S. Amrouche et. al. [3] have extended the relation (1) by considering
the sum of elements located along the finite direction (r, q) of the generalized Delannoy trian-
gle, wherer +g9 > 0,9 € N,0 < p < gand r € Z. This extension resulted in the establishment
of the next theorem.

Theorem 1 ([3]). For ay, ap, a3 € Z, the sequence
(aa205) (n—p)/(q+7)
Tagrg o = kZ%) D(n — gk, p + rk)

satisfies the following linear recurrence relation
a r (aq,00,83) 4 r (aq,00,03)
S 1,42,43) r—s .S 1,42,43
Z (_“2) <S> Efs,q,r,p - Z &y g <S> Efrqus,q,r,p'
s=0

1 The g-binomial coefficient

The g-binomial coefficient or the gaussian binomial number is a polynomial in g with inte-
ger coefficient defined by

mq:% 1<k<n,

where [n],! = [1]4[2];...[n]gand [n]; = 1+ g+ 4% +...+¢" 1. In [7], ].A. Cigler considered
the g-binomial coefficient

n)* [n &)

Ko7 k,T

which satisfies the following recurrence relations

n}*_[n—l]* n_l{n—l]* [n]*_ k[n—l]* e [n—11"
= +q and =q +q .
[kq ko, k-1, K, ko, k-1,
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i,

for the cases n < 0, k < 0 or k > n. Expanding on this, the generating functions of the
g-binomial coefficients are given by

Here we use the convention that

nl* . xkq(é)
— 4
EOHJ I—90—g) 0—7%) @
and
3 m*"k = (1+0)(1+gx)(1+q%) - (144" ). (5)
k=0 q

This work is organized as follows. In Section 2, we introduced generalized Horadam tri-
angle and provided an explicit formula for its coefficients. We demonstrated how the sums of
the elements crossing the diagonal rays produced the terms of generalized Horadam sequence
of order three. Additionally, we explored the relation between generalized Horadam triangle
and the generalized Delannoy triangle. In Section 3, we discussed the recurrence relations
obtained by summing the elements lying over all finite rays of generalized Horadam triangle.
Finally, we introduced the g-analogues of generalized Horadam and Tribonacci sequences in
Section 4.

2 Generalized Horadam trianle

Definition 1. For «ay,a3,43,a,b,c € Z, the generalized Horadam triangle is defined by the
following recurrence relation

A(n,k) = A(n—1,k) + a0 A(n —1L,k—1)+azAn—2,k—1), n>2,k>1, (6)
with initial conditions A(0,0) = a, A(1,0) = b, A(1,1) = ¢ — a1D.

Here we use the convention that A(n,k) = 0,if k < n,k < 0 or n < 0. The main advantage
of such convention of the generalized Horadam coefficient A(n, k) is, for example, that one
can omit the use of exact limits in sums like Yy}, A(#n, k) by simply writing Y A(n, k). In the
sequel, for the sake of convenience, we exploit this kind of allowance. One can see [4] for more
details and the usefulness of such convention.

Theorem 2. Let Fi(x) := Y >0 A(n,k)x", k > 0, be the generating function of generalized
Horadam coefficient. Then

_a+x(b—an)

Folx) 1—ax

and

k x(c —bay —any)(1 — aqx)

(a2x + a3x?)

(apx + oc3x2)
(1 — (xlx)k+1

F(x) = [a +x(b—any)+ ], k> 1. (7)
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Proof. Let k be an arbitrary natural number. From relation (6) it follows that
Fi(x) = xa1 Fy(x) + apxFe_1(x) + a3x” Fe_q(x),

the repeated applications of this recurrence gives

Fe(x) = <
Let us calculate F; (x). We have

Fi(x) = A0, 1)x° + A(1,1)x + Y A(n, 1)x"

nyx + a3x2
1—aqx

)R, ®

n>2
=(c—mb)x+a; ) An—1,1)x"+a ) A(n—1,0)x" +a3 ) _ A(n—2,0)x"
n>2 n>2 n>2
= (c—ab)x +arx Y A, )" +aox Y A(n',0)x" +asx? Y A(n',0)x"
n'>1 n'>1 n'>0
= (c—mb)x +arx Y A(r, 1)x" — apxA(0,0)
n’>0
+aox Y A(n, 0)x" + azx? Y A, 0)x"
n'>0 n’'>0
= (c — a1b)x + a1xF; (x) + (apx + a3x?)Fy(x) — aapx
_ dox+ “3szo(x) n (c —a1b— arxz)x.
1—ax 1—ax

Similarly, we calculate Fy(x),

Fo(x) = A(0,0)x° + A(1,0)x + a3 y_ A(n —1,0)x"

n>2
=a+ bx + axFy(x) —an;x = M.
1—aqx
Thus,
~ (aox+azx?)(a+x(b—aay))  (c—ah—any)x
) = (1—apx)? (1—ax) ®)
Finally, we replace the relation (9) with the relation (8), and we get (7). O

Theorem 3. Forn > 0 and k > 0 the relation between generalized Horadam coefficient A(n, k)
and the generalized Delannoy coefficient D(n, k) is given by

A(n, k) =aD(n, k) + (b —any)D(n — 1,k) + (¢ — bay —anp)D(n — 1,k —1). (10)
Proof. For k = 0 the relation (10) is obvious. By Theorem 2, for any k > 1 we have

apx 4 azx?)k
Fx) = Y A(n, Ryt = L2X £ 80

B x(c —bay —any)(1 — ayx)
[a +x(b—any) + ]

n>0 (1 —agx)k+t (apx + az3x?)
(wpx + zx?)k (wpx + azx?)k (apx + azx?)k=1
= MY TUSN) (b — )22 A ~ bay —
(=)l + x(b —anq) [ — ay)F + x(c — bay — any) = 2)F

and by relation (3), we obtain

Fe(x) = Y (aD(n,k) 4+ (b — an)D(n — 1,k) + (c — bay — anz)D(n — 1,k —1))x".

n>0

Therefore, (10) follows. O
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Theorem 4. Forn > 0 and k > 0 the explicit formula of generalized Horadam coefficient is
given by

k n—j —any)(n—j— c—bay —an — DT ke ki
o= B () (Yl S = G e

Proof. One can deduce this result by Theorem 3 and relation (2). O

3 Recurrence relations

The purpose of this section is to develop a recurrence relation associated with the sum
of elements along lines in generalized Horadam triangle of direction («,7) in generalized
Horadam trinagle. For further details concerning the concept of direction see [1,5].

We begin by considering the principal direction (1,1). Let (H,),>0 be the sequence ob-
tained by summing the elements lying along the principal diagonal rays in generalized
Horadam triangle. Then

Hyy1 = ) A(n—kk). (11)

k>0

The following result shows that the sequence (H,),>0 is the generalized Horadam se-
quence of order three.

Theorem 5. Forn > 0, H,, satisfies the recurrence relation
Hysr =1 Hy +0oHy 1 +azHy 2
withHo=a, H_1=b,H_»=c.
Proof. Using the recurrence relation (6), from (11) we obtain
Hop1=m ) An—k—1k) +a) An—k—1,k—1)+az) An—k—2,k—1)
= Xk:A(n —k—1,k) +rszk:A(n — kK —2,K) + a3 Zjl(n — k' —3,K)
k K’ K’

= a1 Hn +aHy 1+ a3t
which had to be proven. O

The following result establishes the link between generalized Horadam sequence #, and
the generalized Tribonacci sequence 7.

Theorem 6. Forn > 2, the relation between H,, and 7T, is given by
Hyp1 = aTyy1+ (b —aay)Tn + (¢ — bag —aaz) Ty 1. (12)
Proof. By Theorem 3, from (11) we obtain

Hyy1=a) Dn—kk)+{b—any)) Dn—k—1k) + (c—ba; —any)y D(n—k—1k—1)
k k k

=a) Dn—kk)+(b—aay)) D(n—k—1,k)+ (c—bay —any)y)_ D(n—k' —2,k).
k k K

Then, by relation (1), it follows (12). O
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Now, let us consider

L(n=p)/(r+a)]

H,Sﬁ’r) = ) A(n —rk, B + ak).
k=0
Theorem 7. Forn > a + r, the sequence (H,Sﬁ/i’r))nzo satisfies the following linear recurrence
relation
o . @ ..
<—«xz>l<‘f) H = Y o (‘f) HyED, (13)
i=0 i=0

Proof. We have
;O(—(xz)f <‘j> HE = Y (—a0) (‘f) Y A(n —rk — i, B+ ak).
Then, by Theorem 3, we get
Y (—ar) (‘f) HYR = a ) (—ag) <‘j> ;D(n —rk—i, B+ ak)
+ (b —anq) Xa:(—az)i<?> Y D(n—rk—i—1,p+ ak)
‘ k

+ (c — bay — aay) i(—az)l((f) Y D(n—rk—i—1,p+ak—1).

i=0 k

By Theorem 1, we obtain
(—ap)' (f) WD _ 30 i (j‘) aY D(n—rk—i,p+ak)
=0 ]

k
o <‘j> (b—arxl)zk:D(n —rk—i—1,B+ak)
(0)

1

—+
M -

»jéw

\

N
Il
=

+
I
=
T
]
5

(c—bay—any) )y Dn—rk—i—1,p+ak—1).
k

-~

Finally, again by Theorem 3, we get (13). U

4 g-Horadam sequence

In this section, we describe a g-analogue of the generalized Delannoy triangle using the
same approach as in [1]. We then use this definition to suggest a g-deformation for the gener-
alized Tribonacci and Horadam sequences.

Definition 2. According to relation (6), for n > 2 and k > 1 we define the coefficient of
g-generalized Delannoy triangle as

Dy(n, k) = [1]Dg(n — 1, k) + [a2]gq" 'Dy(n — 1,k — 1) + [az]oq" *Dy(n — 2,k — 1), (14)
or equivalently

Dy(n,k) = [01]04"Dg(n — 1, k) + [a2] g 1 Dg(n — 1,k — 1) + [a3]gg**VDy(n — 2,k — 1) (15)
with D;(0,0) = 1.
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Also, we use the convention that Dq(n, k) =0fork <n,k <0orn <0.

Theorem 8. Let F(x) := Y,,~0Dy(n,k)x", k > 0, be the generating function of the g-genera-
lized Delannoy triangle coefficient. Then

ko) TT°-1 j
Fy(x) = X q I}_o([“ﬂq + [é‘3]q‘1 x)’ k> 0. (16)
szo(l — [m]qq/x)

Proof. Using relation (14), we have

Fi(x) = Y Dy(n,k)x"

n>0
=[]y Y Dy(n —1L,k)x" + [ao]y Y q" 'Dy(n — 1,k —1)x"
n>0 n>0
+[wzlg Y 4" 2Dy (n — 2,k — 1)x"
n>0
= x[m1]y Y Dy(n, k)x" + ([az]gx + [a3]gx%) Y Dy(n,k—1)(gx)".
n>0 n>0
Then
1 — [a1]5x)Fi(x)
( [ ]q (2 = IFk—l(qx)/
(laz]gx + [az]4x?)
and, by repeating applications of this process, we get (16). O

Remark 1. Following the same approach, one can similarly demonstrate Theorem 8, using
relation (15). Since the relations (14) and (15) give the same generating function, then these
two relations are equivalent.

The following result establishes the explicit formula for the coefficients of g-generalized
Delannoy triangle.

Theorem 9. The coefficient Dy(n, k), n > 0, k > 0, satisfies
n—il*[kl™ kit ak—ir i
Dy(n, k) :Z[ L J] H 1]y azlg M[walh, n >0, k>o0.
] q q
Proof. We have

L Dol R = CW)k; 1 Gy g ]

n>0 [“1]‘1 J q [“2]‘7 n>0 q

_ xkq(lé) H;(;(}([“Z]q + [a3]qux)
ITo(1 — [1]gq7%)

The last equality comes from relations (4) and (5). O

L. Carlitz [6] and J.A. Cigler [7] proposed the g-analogue of the Fibonacci sequence. The
following result establishes the recurrence relation for the g-analogue of the generalized
Tribonacci sequence.
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Theorem 10. Let

Tus1,4(x) ZD (n—kk)x*, n>o.
k>0

Then forn > 0 we have
Tos1,q(0) = []g T (x) + 20" 2 [l T4 (x/9) + 20" [3]g a2, (x/9),
or equivalently
Tus1,9(x) = (21l Tuq (xq) + x[a2l Ta1,9(x) + x[3]g Ta2,9 (xg°)- (17)
Proof. Using relation (14), we get

7;14-1,!7(35) = [al]q Z Dq(i’l —k— 1,k)xk + [“2]17 Z Dq(i’l —k—1,k— 1)xkqn—k—1

k20 k>0
+lasly Y Dy(n —k — 2,k — 1)xkg" =2
k>0
= [m]q Z Dy(n —k — 1,k)x* + x[a), Z Dy(n— K — 2,k/)xk’qn—k’—2
k=0 k>0
+x[az)y Y Dy(n —K -3, k/)xk’qnfk’73
K'>0

= [1]g T g (%) + %" [02)g Tu1,4(x/q) + 24" (3] Ta—2(x/9),

which had to be proven.
The proof is the same for the relation (17), we use relation (15). O

Definition 3. Forn > 0 we define g-generalized Horadam sequence by
—j— k]*< [b —ana]4[n —j — 2k,
alg + ;
oo =EE [} [0 (1 B

[c — bay — ans]g[k — jlg n—2k—jr  1k—jr. 1j /o \k
- [2]q[n —j —Klg )Ml]q o]y [aslf ()"

Theorem 11. The relation between q-generalized Horadam sequence and q-generalized Tri-
bonacci sequence is given by

Hii1,9(x) = [a]gTug1,9(x) + [0 — an1]g T g(x) + x[c — bay — aa]gTy—1,4(qx), n>0.

Proof. By the Definition 3, we have

BT v
‘Xqu q kgo; m * {” o k] ! T;__]]__zkﬁ] [wa )~ ) a2

[c — bay

—ﬂlXZq k n—j—k|* [k—jl w12 1 1T 141 ok
o g i

k>0 j
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S L o
=ty T[] [T et el
k>0 Lg q
TR [n—j— k", jn2k—jr ki i
+[b—aa1]qZZH [ Ii ] lan )y~ [aa) s o
K j g q
[c — bay — any]y & {k—l]*[n—j—k—l] n—2k—jr  tk—jr 1j k
. 14 © X
[0‘2]17 Xk:X]: j ] k—1 q[ ]q [2]17 [3]17
Then
kK k1 n—i—k1* ki » .
Huna) = laly 3 5] "1 iyl el
k>0 g q
kK k1 Tn—i—k—11" ki . .
+[b—aa1]q22{, [n ]k ] [oél]q 2 1[062]5 ][0‘3]{73(](
k=0 Ulg q
K1"mn—j—kK —=21" o i /
+ x[c — bay — any)y ZZ[] {n ]k’ } 1], 2 2[062]5 ][063]{7(‘”)’(
K¥>0j L/ 1g q
= [algTns1,9(x) + [b — aa]qTnq(x) + x[c — bay — aaa]gTn—1,4(q%),
which had to be proven. O

Theorem 12. The g-generalized Horadam sequence satisties the following recurrence relation
Hur1,9(x) = [o1]gHng(92) + [02]gxHn1,4(92) + [a3]gxHn24(q°%), n>0.  (18)
Proof. By Theorem 11, we have
Hug1,4(x) = [algTnir,q(x) + [b — an1]gTng(x) + x[c — bay — anz]Ty—1,4(gx).
Then, by relation (17), we get

Hovir,9(x) = [aq([a1]g Tong (xq) + x[a2]g To1,9(x4) + x[a3]g Tu—2,4(xq%))
16— a ]y (ar)y o1 (x9) + X[l Ta2q(30) + ¥laaly Tros(x)
+x[e — by — awa]g+ ([a1]g Tu2q(x4%) + x[02]g T g (xq°) + x[a3]g Tu—a,4(x4°)),

and again, by Theorem 11, we obtain (18). O

5 Conclusion

The generalization presented in this paper for the Horadam sequence of order three can be
extended for orders greater than three. Recently, in [2], S. Amrouche and H. Belbachir have
defined the quasi s-Pascal triangle which is an extension of Pascal and Delannoy triangles.
They have established that the sum of elements lying on the diagonal rays of the quasi s-Pascal
triangle gives the terms of s-Fibonacci sequence. We think that the approach outlined in this
paper works for generalized Horadam sequence of order s > 3.
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Y Wi cTaTTi MM BU3HAYAaEMO Y3araAbHEeHMI TPUKYTHMK ['oparaMa, B SIKOMY CyMa eAeMeHTiB, Po3-
TaIlIOBaHMX Y3AOBX AlarOHAABHMX AiHil, BiAIIOBiAa€e YAeHaM y3araabHeHoI mocaiaoBHOCTI 'opasama
TPeTLOro MOPSIAKY. BcTaHOBAEHO 3B'S130K MiX y3araAbHeHMM TPUKYTHMKOM I'opasama Ta ys3araab-
HeHMM TPUKYTHMKOM Aeranya. Kpim Toro, Mu BIM3HaYaeMO g-aHAAOT y3araAbHEHOI IOCAIAOBHOCTI
TpiboHauyi Ta y3araabHeHOI mocAiaoBHOCTI [OpasaMa TpeThOro MOPSIAKY.

Kntouosi crosa i ppasu: mocairosHicTh [opasaMa, g-aHAAOT, peKypeHTHe CITiBBiAHOIIIEHHSI.



