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Problem with integral conditions for a partial differential
equation with Bessel operators

Kuz A.M.

In the rectangular domain we study a problem with integral conditions with respect to one of the
variables for a partial differential equation with singular Bessel operators. A criterion for the unique
solvability of this problem and sufficient conditions for the existence of its solution are established.
To solve the problem of small denominators arising in some cases of the considered problem, we
used the metric approach.
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Introduction

Classical boundary value problems for linear and some classes of quasi-linear partial dif-
ferential equations and their direct generalizations are quite well studied in the theory of par-
tial differential equations for the present. The studies of problems with nonlocal (including
integral) conditions on the time variable for hyperbolic, parabolic or typeless evolutionary
equations and systems of such equations are incomplete and insufficient.

Problems with integral conditions for the time variable for evolutionary equations are gen-
erally incorrect, their solvability in many cases is not stable with respect to small changes in
the coefficients of the problem and domain parameters and is often associated with the prob-
lem of small denominators. A metric approach to solving the problem of small denominators
turned out to be natural. In the works of B.Y. Ptashnyk [4] and his students, based on the
metric approach, it is investigated the correct solvability of problems with nonlocal conditions
in the time variable for linear and weakly nonlinear hyperbolic equations and for equations,
which are not solved with respect to the higher time derivative, as well as for some differential-
operator equations. Problems with integral conditions for linear partial differential equations
with continuous coefficients using a metric approach were studied in [5]. Some direct gener-
alizations of such problems were considered in [12].

Particularly relevant among problems with integral conditions are such problems for equa-
tions with degenerate or singular coefficients. An example of such equations are equations
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with singular Bessel operators, which appear in an investigation of various physical phenom-
ena in cylindrical domains or with radial symmetry. A Cauchy problem for equations with
singular Bessel operators (the Euler-Poisson-Darboux equation and its generalizations) was
considered [13] (see also the bibliography there). In particular, boundary value problems
involving integral conditions for equations with singular Bessel operators were investigated
in [6-9].

In this article, we establish conditions of correct solvability of the mixed boundary problem
with integral conditions in the form of arbitrary order moments of unknown function with
respect to a chosen variable for the generalized Euler-Poisson-Darboux equation.

1 Preliminary statements

Basic notations. We use the following notations: Z_ and Z . are sets of non-positive and non-
negative integer numbers correspondingly; I'(x) is Euler gamma function, (x), k € IN, is the
Pochhammer symbol of a real number x, i.e. (x)y = x(x+1)--- (x + (k —1)); dmn is Kroneker
delta of numbers 1 and m.

Bessel functions and Bessel differential operator. Bessel function of the first kind of index
a € R is denoted J,(x) and defined by power series of the form

0 _ 1)k x\ 2k+a x
M= s -6 Ly 3 0

The Bessel function (1) is non-periodic and has an infinite set of zeros. If &« > —1, then all zeros
of the function J,(x) are real and simple with the possible exception of x = 0. If x > —1 and
« ¢ Z, then all zeros are non-negative and in the case of an integer a zeros are symmetric with
respect to the point x = 0.

Further by j, » we denote the kth by number (in ascending order) the positive zero of the
function Jo(x), & > —3.

Bessel function J,(x) satisfies the following asymptotic equalities:

]2 X7 7T 1
Ju(x) = E(COS <x—7—z)+0(x )), X — 400, (2)
— 1 f a2
W) = 5 (5) +ow), x=o ©)
Alsoif o > —%, then for all x > 0 we have
(Ax)*
< ——.
A Y @
From (2) it follows the following asymptotic estimate
Juk = 7k + S5+ 240, k= e, (5)

for the zeros of the Bessel function.
Note that Bessel functions J,(j,xXx), k € IN, are orthogonal on the interval [0,1] with
weight x, i.e.

1 2 .IX n
/0 X o (jamX) Ja Ganx)dx = ]"‘Hzﬁémn. (6)
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The differential operator, given by

2
Ba <i> — 1 4 <x2"‘+1i> - +— 20t 1d (7)

dx x20+1 gy dx dx? x dx’

where & € R is numerical parameter, is called singular Bessel operator. The general solution
for the equation

d
B“(d >y( )+)\2y(x):0, A €R, (8)
in case of noninteger a, « ¢ Z,2a + 1 > 0, is given (see [1, §9.1.52]) by the formula
y(x) = Cra " a(Ax) + Cox™ " a(Ax), 9)

where J,(x) is a Bessel function of the first kind. In case 2« + 1 = 0, Bessel operator (7) turns
to ordinary second derivative and functions x %], (Ax), x *J_(Ax) turn into usual cosine and
1 :
sine functions, namely x] (Ax) \/ & cos(Ax), xZI% (Ax) = 4/ sin(Ax).
From (3), (6) and (9) it follows that the set of functions

yr(x) = fulhex)

xlX
coincides with the set of nontrivial solutions of the Sturm-Liouville problem for equation (8)
with boundary conditions

, Ak = joc,kr k e N, (10)

y'(0)=0, y(1)=0, (11)
and y;(x), k € N, are orthogonal on interval [0, 1] with weight x2**1.
For further information on Bessel functions, we refer the reader to [1,3].

Hypergeometric function 1F,. Hypergeometric function 1F,(a; b, c; z) is defined by power se-
ries

1B (a;b,¢;z) = i (a) . Z—k, bc¢Z_, ze€C, (12)
= (O)r(c)e k!

and is analytical function of z € C (see [2]). Some partial cases of function (12) is given below:
2
z

513 2 2 . 2
152 (2 2’2’ >—3251nh(2.z)+cosh(2.z), 1R <b,b,rx+1, 4>_

20T(b +1)
ZOL

Ja(2).

Hypergeometric function 1F(a; b, ¢; x), x € R, has the following asymptotic expansion [10],
which is written here in trigonometric form

oo R o (1o}

%(—x)'/cos(h/—_x—i—ﬂﬁ <1+o< )) (13)
L C)

where

n= <a—b—c+%>, K =4(3a> —b* —c®) +8(bc+ (1 —a)(b+c) —a) — 3.

N —
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2 Statement of the problem
In the domain D := {(t,x) : t € (0,T), x € (0, L)}, we consider the following problem:

) 0
B, <g> u(t,x) = QZBH <$> u(t,x), (t,x)€eD, (14)
T T
/0 tu(t, x)dt = ¢1(x), /0 t2u(t, x)dt = ¢a(x), x€(0,L), (15)
wMbX)| _o wtL) =0, te(0T), (16)
ox x=0

wherea > 0, v,y > —%, wv & Z,r,r € R, rp > r1; @1, ¢2 are given functions, operators
By, B, are Bessel operators defined by (7) for a € {p, v}.

The equation (14) is called a generalized Euler-Poisson-Darboux equation. Sometimes it is
called B-hyperbolic equation also. Forv = pu = —% the equation (14) turns to the usual wave
equation.

3 Construction of a solution to the problem

We will seek a solution to the problem (14)-(16) using the method of separation of vari-
ables. For the variable x, we obtain the following boundary value problem with respect to the
function w := w(x):

By (%) w+Aw=0 xc(0,L), (17)
w'(0) =0, w(L)=0. (18)

From (6), (8)—(11) we get that the functions

_ V2 ‘ ]y(Ay,kx) A= ];4_,k
L];H—l(jy,k) xto o L’
are nontrivial solutions of the problem (17), (18) and orthonormal on interval (0,L) with
weight x?# 1,
Solution of the original problem (14)—(16) we seek in the form of series

wy,k(x) k=1,2,..., (19)

u(t,x) = - ug()w,(x), (20)
k=1

where wylk(x) are functions defined by the formula (19). After substituting the series (20) in
(14), (15), we get the following problem for determining unknown functions u(t), k € IN:

B, (%) U + az)\i,kuk =0, te(0,T), (21)

T T
/ t”uk(t)dt = Q1ks / trzuk(t)dt = @, 11,72 € R, (22)
0 0

where @ are Fourier-Bessel coefficients of the functions ¢1(x), ¢2(x), namely
L
Pjk = /0 xZVH(pj(x)wylk(x)dx, j=12. (23)
Based on (8), (9) the general solution of the equation (21) is given by the formula

uk(t) = Clk tiva(ﬂ)\ylkﬂ + C2k tiV]_V(ﬂ)\H,kt), (24)
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where Cyy, Cy are arbitrary constants.
Let us denote

Li(r,v, T) = /

T
FV]_y(adit)dt, r€R. (25
0

T
FV (A t)dt,  Ly(r,v, T) = /
0

If r > max{—1,2v — 1}, then from (3) it follows that each of integrals (25) converge and can be
expressed in terms of a hypergeometric function 1 F; as follows:

a’ \v Tr+1 2
k r+1 r+3 aA, T
Ly(r,v, T) = e F U1, PR L , 26
(v, T) 2v(r+1)r(v+1)12< 2 Vb < 2 )) (26)

(r=2v+1)I(1—-v) 2 ’ 2 2
The formulas (26) and (27) can be easily verified by considering the series for the right and
the left sides of the corresponding equalities.
Under conditions

2Va VA VT oyl ) aA, T\ 2
I(r,v, T) = hx 1Fz<r L P "*3;—( Lok )) 27)

rjp>max{—1,2v -1}, j=1,2, (28)
by substituting (24) in the conditions (22), we obtain the following linear system of equations
for determining Cyy, Coy:

Ciehi(rj,v, T) + Coxloi (rj, v, T) = @jp,  j=1,2. (29)

By A(Au, T), k € N, we denote the determinant of the system (29), namely

T T
/ 1Ty (A i)t / V] (ad it )dt
0 0

A(A, g, T): =
( uk ) T T (30)
[ e e [ et (ady e
0 0
= Ii(ri, v, T) Ik (rj, v, T) — L (r2, v, T) Ik (r1,v, T).
If condition

Vke N A(Ax, T) #0 (31)

holds, then there exists only one solution of the system (29) given by the formulas

I T — I T I T —1 T

Cyp = 2k(r2, v, T) @1 — Ly (r1, v, T) ok Cot = 1611,V T) @or — T (r2, v, T) i (32)

A(Ay,k/ T) ’ 2 A(Ay,k/ T) '

and the problem (21)—-(22) has the unique solution (24), where Cyj, Cy are definded by (32).
Summing up, under the conditions (28), (31), the formal solution of the problem (14)—(16)
is represented as a series

o0 2 (_1)]’+q+11 (1, ,-,V,T) »
u(t,x) = k; ( Y. A(A:,I;, ;)] Pik t ](—1)qv(ﬂ)‘;¢,kt)> Wy (X)- (33)

Ja=1

The formula (33) along with (19), (26), (27), (30) represents the exact solution of the problem
(14)—(16) in the form of a series through Bessel functions of the first kind and a hypergeomet-
ric function 1F,. If v = 2’“2—“, n, r1, r» € IN, then under the condition (28) the determinant
A(Ayx, T) and the solution u(t, x) can be expressed in terms of elementary functions.
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4 Uniqueness and existence of a solution

To establish conditions of uniqueness and existence of a solution to the problem (14)—(16),
we describe corresponding functional spaces. Also further we suppose that condition (28) is
always true.

By Py, u > —1/2, we denote the space of finite sums p(x) = Yy prw, k(x), pr € R, k € N,
x € [0, L], where w,, x(x) are defined by (19). Sequence {p" };>_; we call convergent in P, to the
element v € P, if:

1)3ng, NeN, Vn>ng, p"(x)=Yren P} wui(x),

2)Vke N, k<N, p} — pr

n—o0

Let P, p > —1/2, be the space of formal series p(x) = Yxew Prw,k(x), which coincides

with the space of all linear functionals over PH The action of a functional p € P, on an element
v € Py, is given by the formula (p, v fo Va2 dx = Yy prog.

Let 737-[5[0, L, u > —-1/2,8 € ]R, be the Comple’uon of the space P, with respect to the
norm

- %
2
Iohongion = ( £ 1nPA%)

The space PHg [0, L] coincides with the x?*1-weighted L2[0, L] space of functions f(x)
defined on the interval [0, L] such that f(L) =

Let C/%([0,T];Pyu) (respectively CZ ([0, T] ;73,’4)), n € Zy, w,T € Ry, be the space of
functions u(t, x) = Y ux(t)w, x(x), where t“’*ful(j) € C[0,T], k € N, such that for all fixed
t € [0, T| derivatives t“’ﬂ'a{u =Y reN t“’*ful((j) ()wyr(x),j=0,1,...,n, belong to the space P,
(respectively (P;,)).

From definition of the spaces Cf}, ( [0, T]; Py) and C, ([0, T]; P;,) it follows that the embed-
dings C%, ([0, T]; Pu) < Ci, ([0, T]; Py), C&, (10, T]; P,) € CL, ([0, T]; Py,) hold, if wy > wy.

By CI([0, T],P’Hﬁ), n € Zy, T € Ry, we denote the space of functions of view
u(t,x) = Y2 ug(t)wy x(x), where t“’ﬂu,((j)(t) € C[0,T],j = 0,1,...,n, such that, for every
fixed t € [0, T], the derivatives t“’ﬂaiu(t,x) =Y t“’ﬂu,((j)(t)w%k(x), j=0,1,...,n, belong
to the space PHﬁ and are continuous on [0, T] with respect to ¢ in the norm

n

el ’ sup ||t *19ju(t, x) :
Cio((0.T],PHy) ]Z(:)te[OT]H H’PHﬁ
Let us denote
uig(v, t) =ty (ad i t), ugk (v, t) :=t""Jy(ar, kt). (34)

Lemma 1. For all n € Z, and all sufficiently large k functions uqk(v, t), v > —%, g =12,
satisfy estimates

w0 < PR [ 0] < Gl E20, (35)
2n+1 _ 1 1
)ugkn )(V’ t)) < C3MV'k’2n ¥ max { f2v+17 2v+2n+1 }’ t>0, (36)

2 1 1
)ugk”)(v, t)) < C4’}\H’k’2” Y max { v t2v+2n} t>0, (37)

where Cj,j=1,...,4, are constants depending only onn,«,a,v.
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Proof. Based on (1) and (8), by mathematical induction, it is easy to show the following formu-
las of differentiation (see also [11]):

d> (] (Ax) - k1 ok y2n—kt1 k Jutk+1(AX)
dx%ﬂ( - >:k§( 1T Ch AR (2 1) R 39)
n
d . (]0(( > Z nJrkck AZH k(206—|—1)k ]06+];Erk )’ (39)
X k=0 X
dZVH—l ]*IX()\X) - 1) - Ck AZn—k—O-l 2 1 k ]—zx—k—l()\x) 40
dx2n+1 X =(=1) k;) n (20 +1) otk (40)
" (J_u(Ax " " ak(Ax
g (’ “x(a )> = (—1)" Y ChAZiK (2 4 1)k Lokl A) xtxk+(k ), (41)
k=0

where CK are binomial coefficients, & > —%, n € Zy. From (4), (34) and (40) for the function
u(v, t), v > —%, we obtain that

k ]—v—k—l(aAy,kt)
vtk

(2n+1) v i’)‘ _

Uy n (a)‘y,k)znikJrl (2V + 1)

2V+k+1(a)\y k)—v—k—l (42)

1"(_1/ _ k) t2v+2k+1

n
< Z C;ﬁ a2nfk+1 (21/ + 1>kMH’k‘2nfk+1
k=0

By the statement of the problem (14)—(16), we have 4 > 0 and 2v +1 > 0. Since v ¢ Z, we
obtain I'(—v — k) # 0 for all integer k. Also taking into account that ¢ > 0 and Ak > 1 (which
follows from (5)), for sufficiently large k from (42) it follows the estimate

2n+1 _ 1 1
”gkn )(Vft)‘ < CSV‘M‘ZH " max { 2v+17 [2u2n } ’ (43)
where
c (n +1)22 e+ max {1, azn_’/} max{1, (2v+1)"}
5= ’
min T —v
ke{01,... { ( )}

which holds for all t > 0. Estimate (43) C01nc1des with (36), if we put C3 = Cs. In the same
way, based on formulas (4), (38), (39) and (41), we get that estimates (35) and (37) are true. [

Based on Lemma 1 and taking into account that

2 .
uip(—7,t) = sin(alit),  uxy(—3,t) = cos(aAy kt),

aTtAy, k aTtAy k

it is easy to prove following result.

Corollary 1. For any fixed v > —3, functions t‘”‘*”“ug{) (t), where ug(t), g = 1,2, are defined
by (34), belong to space C[0, T for arbitrary j € Z ..
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Proposition 1. The problem (14)~(16) has no more than one solution in the space C, ([0, T]; Py)
(C&([0,T;P},)), w > |v| + v, if and only if condition (31) holds.

Proof. Necessity. Assume the opposite. Let the condition (31) not be fulfilled, that is, there
exists kp € IN such that the determinant A(A,, x, T) is equal to zero. Then there exist nontrivial
solutions uy,(t) = Zé:l Cykotg ko (v, t) of the homogeneous problem (21), (22), given by (24),
where the constants Cyy,, 9 € 1,2, are determined from the system 25:1 Cako Lok (rj, v,T) =0,
j € 1,2, whose determinant coincides with A(Ay,kor T). Therefore, the homogeneous problem
(21), (22) has nontrivial solutions ug(t, x) = uy, (v, t)w,,(x). From Corollary 1 it follows that
ug(t, x) € C3([0,T]; Py) (uo(t,x) € Ci([0,T];P,)) and a solution of the problem (14)~(16), if
it exists, will not be unique.

Sufficiency. Let condition (31) holds. Assume that there are two solutions uj (t, x), ua(t, x)
of the problem (14)~(16) from the space Cf} ([0, T];Py) (Ci,([0,T];P;)). Then the function
i(t,x) = up(t,x) — u1(t,x) will be the solution of the problem (14)—(16) from the space
C, ([0, T]; Pyu) (CL([0,T];Py)), where ¢1(x) = @2(x) = 0. Note that each of the coefficient
ik (t), k € IN, of the function (¢, x) is the solution of the homogeneous problem (21), (22).
Since A(A,x, T) = 0 for all k € IN, the homogeneous problem (21), (22) has only trivial solu-
tions for all k € IN, and so 7, (t) = 0, k € IN. Hence, we conclude that ii(t, x) = 0 in the space
Cih ([0, T Py) (CL([0, T Pyy)), that s, uy (¢, x) = ua(t, x). O

Proposition 2. Let the condition (31) holds. If ¢1(x), p2(x) € P, (Py), then there exists
only one solution of the problem (14)<(16) from the space C},([0,T};Px) (Ci ([0, T];P},)),
w > |v| 4+ v. This solution is given by the formula (33).

Proof. The proof follows from the construction of formula (33) and the statements of Corol-
lary 1 and Propostion 1. ]

The issue of the existence of a solution to the problem (14)-(16) in the scale of spaces

CZ,([O, T],PHﬁ), B € R, is, in many cases, closely related to the small denominator prob-
lem (see [15, Example 1.4], where the case v = y = —%, r1 = 0, and r, = 0 is considered).
Indeed, although the quantities |A(Ay,k, T)|, k € IN, are nonzero, they may become arbitrarily
small for infinitely many values of A, ;. As a consequence, the series (33) may diverge in the
norm of the corresponding space.

Lemma 2. Let conditions (28) and (31) hold. Then, for every k € IN, the integrals qu(r]-, v,T),
j,q = 1,2, satisfy the inequalities

}qu(r]-,v, T)‘ S C6)\|HV’|; ],q = 1,2,
where Cg is a positive constant independent of k.

Proof. Based on the formula (4), we obtain the following inequalities:

T r—v T r—v
'/Ot Jo(Ay et )dt </Ot |[Ju(Auit)| dt

(Ai) /Ttr _ Tr+1 Ay (44)
S 2T(v+1) Jo 2(r+1)I(v+1) "
T .y N al < 21/Tr72v+1 N —1/ A
/0 # v (Ait) t‘ = (r—2v+1)r(1—v)( pk) 45
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Let us denote C(r,v) := max {ZV(r f{;rl(v Ty (ré?:lf;;alfv) } . Then from the formulas (44), (45)
it follows

Lk (rj, v, T)| < max {C(ra,v),C(r1,v) } max{()\%k)’/, ()‘ﬂ,k)_v} = C7(Ay,k)|v|f q,j=12,
where C; = max{C(rp,v),C(r1,v)}. The lemma is proved. O

Theorem 1. Let conditions (28) and (31) hold, and suppose that there exist real constantsn > 0
and Cg > 0 such that, for all but finitely many k € IN, the following inequality holds

[A(Ar, T)| > CsA [ (46)
If p1, 92 € PH'VHH“[H"H[O L], then there exists a unique solution u € Cljtv (o, T],P’Hﬁ)
to the problem (14)—(16), represented by the series (33). Moreover,
2
”””cn L(orput) S © ]:21 l@illpgpevinpensagg
Proof. First, for convenience, we introduce the notation
2 (=1 (3,0, T)
u(t) = Y T pjpug(v,), keN, (47)

= AN T)

where the functions uqk(v, t), g = 1,2, are given by formula (34). Now, we evaluate the norm
of the obtained solution (33) in the space Cj, ([0, T], PH&) , namely

t|v|+v+ju(j)(

k Vr t) H'P,HIE[O,L}’ (48)

n
[l BloL)) — 2 SUP
Chu (0 T], Py [0,L]) E)te[O,T] H

where 1y (t) is defined by the formula (47).
For the functions (47), based on the formulas (35)~(37), for all j = 0,1,...,n, we get the
following inequalities

sup ‘t|1/|+v+ju{§]l'() (1/, t)‘ < ClO(/\y,k)V+n+1/ ClO _ ] nllgx {C }max {1 Tn+|v|+v+1} (49)
te[0,T)

From the formula (47), taking into account the inequalities (46), (49) and Lemma 2, we
obtain

.t 4C¢C
sup (£ (v, )] < Cuu(lga] + [arl) ()T, o = =20 (50)
te[0,T] 8
Then, based on (48), (50), we get
1) 1/2
t|1/|+1/+] () t A 2B
||1/l|| ([OT} 'prIS \ Z Z Sup ‘ uq (V )‘ ( ]l,k)
j=0 \k=1t€[0,T]
1) 1/2
< (m+1)Cy < Y (lpul + WZsz()‘y,k)z(V+V+}7+ﬁ+n+l)>
k=1
2
= C12 ]; ” 90] H,PHLVHVJH]ﬂ@JrnJrl[O,L]r

where Cip = (1 + 1)Cy1. The resulting inequality proves the theorem. O
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5 Lower bounds for denominators and the problem of small denominators

Theorem 1 was established under the assumption that inequality (46) holds. In this section,
we derive sufficient conditions under which this inequality is satisfied.

5.1 Asymptotic behavior of A(A, k, T) atlarge k
First, let us introduce the following constants:
27’2—1/—0-% T <%) 27’1—1/4-% T <%>

Al = ry—v+3 2v—r+1Y)’ Az = r—v+3 2v—r1+1Y)’
Va2t VAa T T (2t
r—2v+1

27‘1—1/4-% F(%)

rp—2v+1

27’2—1/—0-% F(%)

o ry—v+3 1-r r—v+3 1-n
Vaae vt T (L) VmaiTvs T (1

oratr—2v T <r1;-1> T <72—é1/+1> r <r2;1> r <r1—§v+1>

F =
1 qr2tr—2v+2 T <2v—£1+1> T <1Er2> T (2v752+1> T (1—271>

2(r1 — 2v+1

F = % sin(ntv), ¢, = V: m, L(r) =4v* —8v+8r —5.
Note that, by the assumptions of problem (14)—-(16) and condition (28), we have
A2+ B}#£0, A3+B5#0, F#0, F#O.

From the formulas (13), (26), (27) we obtain the following asymptotic expansions:

v ()

Bll

B2 =

1
Lig(r,v, T) = (1—{—0( >>
r <2v—2r+1> (@A, p) =+ )\i,sz
V2 T 1 51
+ — sin (aA, T — <1—|—O< )) (51)
VT (ah, )3 (e 2 AuiT

V2L(r) T—V=3 < ( 1 ))
+ cos (aA, T —v,) |1+0O ,
Sﬁ (ll)L%k)% ( ok l/] ) )\y,kT

=T o 1)

r <%) (ady )7~V Ai,sz
Vo (o)

— —=————c0s (aA, T + 1+0 (52)
ﬁ (ll)L%k)% ( Hk lPV) )\y,kT

V2L(r)) T2 1
+ N (a)\y,k)% sin (ad, kT + ) <1 —l—O(m))

By substituting formulas (51), (52) in (30), after direct computation we get the following
asymptotic expansion

A()\y,k, T) = <A(A%k, T) cos (a)\y,kT + 1,01,) + B(A%k, T) sin (a)\y,kT — 47,/)

+ A(Ay, T) cos (A, T —py) + B(Ay g, T) sin (aA, 1 T + 9y (53)

) (10 ) )
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where
1 1 1 1
AT =27V AT 27V BiT"h 27V B,T2 277
A(Ay,k/ T) = — 5 — 5 7 B(Ay,k/ T) = — 5 — 5 7 (54)
)\1’2 v+5 )\1’1 v+5 A}’z v+5 Arl v+5
Wk Wk pk ok
Fl F2T72+r1—21/—2
F(A%k’ T) - Ar2+r1,2v+2 + 24 L ’ (55)
uk W,
A(Ayy, T) = AIL(r)T" 370 ApL(r) T3
;u/k’ o Ar27v+% Ar1*1/+% ’
pk pk
B(Ay, T) = BiL(r))T" 37" ByL(rp) T2 3~V
poks o r27v+% r17v+% )
)\y,k A%k
Obtained expansion (53) we rewrite in the form
1
A(Ay,k, T) = D()\y,k/ T) (1 +O<)\ kT>>, )\‘u,kT — 400, (56)
i

where
D(Ay,k, T) := A()\y,k, T) cos (a)\y,kT + l[)U) + B(Ay,k, T) sin (aAy,kT — l[)U)

~ _ ' (57)
+ A()\%k, T) cos (aAy,kT — l[)U) + B(Ay,k, T) sin (aAy,kT + l[)U) + F(Ay,k, T).

Note that, in the cases (v = %, r1=1,r =2)and (v = —%, r1 = 0, r; = 1) of problem
(14)—(16), formula (53) (or (56)) yields the exact expression for A(A,x, T), namely

4

414
Ta Ay,k

AM g, T) = D(Ayp, T) = —5——sin(ad,xT) +

————cos(aA, T) —
7m3)\ik (aAxT)

(58)
3
TatA ok

5.2 Lower bounds of [A(A,x, T)|

To establish estimates from below to [A(A, x, T)| the following lemma will be useful.

Lemma 3. For every T € [Ty, o), where Ty > 0, there exists a constant Ky = Ko(Tp) > 0 such
tljat, f(zr all A, x > Ko, the inequality [D(A, x, T)| > AZ,k implies [A(Ayx, T)| > M)‘Z,k’ where
M = M(Ky) > 0 is a constant independent of k.

Proof. Tt follows from (56) that there exists a constant K; > 0 such that, for all A, T > Kj, the
following inequalities

d1 DAy, T)| < |A(Aye, T)| < d2|D(Ayi, T (59)

hold, where d; and d, are some constants satisfying 0 < d; < d, independent of k.

Let us fix some Tp > 0. From (5) and (19), it follows that A, , > K;/Tj for all but finitely
many values of A, x. Consequently, inequality (59) holds for all T > Ty. This completes the
proof of the lemma with M = d; and Ko = K;/Tp. O

Further, without loss of generality, we assume that r, > r;. Taking into account that
Ak — +oo as k — oo and using formulas (54) and (55), we rewrite formula (57) in the fol-
lowing form

Tr2—v=3 _
D(A%k, T) = —s D(A%k, T), (60)
2

r—v+
A
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where

~ Al

By )
+ (W — B2> sin (aA, ;T — )

AlL(Tl) AzL(I’z)
+ <()\H kT)rzfrlJrl B A}l kT cos (ﬂ)\‘u,kT - l/JV) (61)

BlL(Tl) BzL(Tz) .
+ ((Ay,kT)}’z—T’l-i-l A}l,kT Sin (ﬂA#/kT + lIJV)

(o )
+ Tt )
(Aa D)4 () D

Using the so-called harmonic addition theorem, we rewrite formula (61) in the form

~ H; ) .
D(Ay,k, T) = W Sin (ﬂAy,kT — ’)/1) — H2 Sin (ﬂAy,kT — ’)/2)
Hy|L(r)| . Hp|L(r2)| _. . (62)
— AurT - AT F(A,, T
T QpaTyrt ST ) =5 P sin(edueT +92) + s T)
where

Ajsin(yy) + Bjcos(iy)
Ajcos(ypy) + Bjsin(yy)

H; = \/AJZ + BJZ —2A;Bjcos(vr), 7j = arctan ( > , j=12, (63)

i F F
F(Ap T) = — Ajrgyfgy (64)
(A7 72 0 (A T) "2

and by D;(A,,x, T) we denote “trigonometric” part of formula (62).

Theorem 2. If r, > r1 > v + 3, then for every T > Ty > 0 there exists a constant K1 := K (Tp)
such that inequality (46) holds for all A, > K1, where 1 > 4 and Cg = F2T1r2+71_2’/_2]\71 /4,
Ty € (0, Ty, and M is the constant from Lemma 3.

Proof. Fromry > 11 > v+%itfollowsthatr2—v—% >1,r—v— % >0andr,+r; —2v—2 > 0.
Thus from (64), for arbitrary fixed T > 0, we get that inequality

e
1
()‘y,kT)inii

_ X 3
[Fpi TN 2 || F2 (A T) 72| = >%MMWH@ (65)

holds for all A, x > K(T) := T-1(2F, /F)V/ (2tn=2v=2) " From (62), (63) we get that for any
fixed T > 0 and for all A, > K3(T), where K3(T) := T~! max{ (4Hs/(F,))/ (n-v=3/2) 1},
H3 = 2max{Hy, Hy} max{|L(r1)|, |L(r2)|}, the following inequality

~ b r—v— 3
}Dl ()‘y,k/ T) ‘ < Z (Ay,kT) 2 (66)
holds. From (65), (66) it follows that for an arbitrary fixed T > 0 the estimate

~ F 3
DAy T)| > (A T)1 772 (67)
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is valid for all A, > Ky(T) := max{Ky(T),K3(T)}. Let us fix some T; > 0. Thus from
Ak > Ky(Tr) we get A, > Ky(T) for all T > Ty. Therefore from (67) we obtain that for all
T > T the inequality
- F .3
DAk, T)| > ZZ()\y,le)rl 'T2 (68)
holds for all A, x > K4(T1). From (60), (68) it follows that for all T € [Ty, +oc0) the estimate

ry+r1—2v—2
BT}

DAy, T)| > Ay (69)

4 wk
holds forall A, ; > Ky(T7).

From (69), based on Lemma 3, we obtain that for any fixed Tp > T there exists such con-
stant K5(Tp) that for any T > Tj the inequality

PZ T{2+71*2V72M A_4
4 ok
holds for all A, x > Ks5(Tp). The theorem is proved. O

[A(Auk, T)| > MID (A, T)| >

Theorem 3. If r| < 1, < vV + %, then for every T > T, > 0 there exists a constant
K¢ = Ks(Tp) such that the inequality (46) holds for all A, > Ks, where j > r1 + 13 —2v +2
and Cg = F{M /4.

Proof. The proof is similar to the proof of Theorem 2, taking into account that under conditions
of the theorem the following inequalities

rz—v—%<0, rl—v—%<0, rn—+r—2v—-2<0,

- F F
‘F(/\%k’ T)‘ 2 ; |~ 2 3
(ApxT)27 02 (A T)~(n7v=2)
1
Fl 1 <2F2> 2UF2=ry—1q
> , A > = —= ,
2yt T TR
2
~ F 1 (4H;3\ zvHi-2;
}Dl()\%k’ T)‘ < : 1/ Ay,k > = <—3> ’ ’
4()\%1(’]“)72—1/—7 T Fl
hold for any fixed T > 0, where constant H3 is from estimate (66). O

From Theorems 2 and 3 it follows that there is no small denominator problem for (14)—(16)
if either ry < 1, < V+%orr2 >r; > 1/—1—%. Ifv> g, then2v —1 > V+%and taking into
account the condition (28), we get that the conditions of the Theorem 2 always hold. Moreover,
Theorem 3 applies only if —1 < v < 3, since in this case v + 1 > max{—1, 2v — 1}

5.3 Problem of small denominators

Inthecaser; < v+ %, o > v+ %, it is easy to see that A(Aylk, T) as a function of the variable
T has infinitely many zeros on (0, +-o0) for all (except perhaps a finite number) values of A, .
This obviously follows from (56), (60), (61) by taking into account that

min{r, —v— %, —r +v+3} >0.

In this case, generally speaking, the solvability of the original problem is related to the problem
of small denominators as a value of [A(A,, T)| may be extremely small for T, that is, close to
zeros of A(Ax, T) for infinitely many A, .
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In the case v = 2”2+ L where 1,71, € N, the determinant A(Ay,k, T) can be expressed in

terms of elementary functions and is, in general, a trigonometric quasipolynomial. Taking into
account condition (28) together with the inequality r; < v + %, we see that there are only two
possible values of r; and v, namely r; = 0, v = —% andr =1,v = %, for which A(Ay,k, T) is
a quasipolynomial in the small denominator case. The value of r, may, however, be arbitrarily
large. To establish estimate (46) in this case, we first need the following preliminary results.

Let {cx}, k € Z,, be a sequence in R” such that dq|k|” < |cx| < da]k|” and c_ = —cy for all
k € ZF, where ¢ > 0,d; > di > 0. Let us consider the following integral problem:

y () +ar(c)y™ V() + - +an(c)y(t) =0, o € R, (70)

/T tiy(H)dt =0, j=1,...,n, (71)
where a; € Z+, aj(n), 1 € RP ,Oare polynomials with complex coefficients of degree (n — )
with respect to the variable 7.

Let us suppose that the characteristic equation A" + ay(cx)A" 1 + -+ +a,(cx) = 0, cor-
responding to (70), has only nontrivial roots Ay of multiplicity n;, [ = 1,...,m, m < n,
n+---+ny,=mn.

The characteristic determinant of the problem (70), (71) is denoted by

T
| s

where functions fg(f), q = 1,2, are normal (at pomt t = 0) fundamental system of solutions

of equation (70), thus f] 0) =9djq.ja=1,.
The following result is a partial case of [12, Theorem 5].

n

Ad(Ck, T) := det ’ (72)

Jq=1

Theorem 4. For almost all (in the sense of Lebesgue measure on R) numbers T > 0 inequality
|Aaler, T)| = (1+ [ex]) "
holds for all except a finite number of ¢y, k € ZF, if
n
n>a+nn—1)/24+(p/c+1) <2”<1+0¢+ Yy —1)) —1), K=wu1+ -+ .
I=1

It is well-known that functions

sin(aA,, xt)
fl ()\y,k/ t) = cos(a}\%kt), fZ()\y,kl t) = T’;{r (73)

are the normal (at point t = 0) fundamental system of solutions of the equation
y'(8) +a*A5,(t) =0,
which is a partial case of equation (70), where a1(17) = 0, a2(y7) = 7,
ck=alyy, n=2, m=n=1 p=oc=1L (74)

In the case v = i%, the fundamental system of solutions (34) of equation (21) can be ex-
pressed in terms of functions (73), namely

1 2aA 1k
Uik <—§,t> B2 (A t), uzk f1 wkot), (75)
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Uk <%'t> B 2Nl >, Uk <l’t> B s P )' (76)

arhy t 2 T t
Taking into account (30), (72), (73), (75), (76), it is easy to show thatincaser; = v+1/2,1, € N,
rp >riand v = :l:%, we have

2
Ak, T = E’Ad(a)\%k, T)|, (77)
where
vy =1r—1,a=1ry—1, ifl/:l,
{ Lo (78)
Ay =11, 00 =12, 1f1/=—§
Sincea; +ay =1 +r2=r+v+y=r—v—jwhenv=—zanda;+a =1 +r—2=

ro+v— % =1 —V— %, when v = %, Theorem 4 together w1th (74), (77) and (78) yields the
following result.

Theorem 5. If v = j:%, rn =v+1/2,rp, € N, r, > r, then for almost all (in the sense of
Lebesgue measure on R) numbers T € (0, +c0), the estimate (46) holds for all (except possibly
a finite number of) values )\y,k/ wheren > 9(r, —v) + % +¢6e>0,and Cg = 1.

In the case rp = v + %, statement of Theorem 5 can be strengthened.

Theorem 6. If v = %, rmn=1landr, =2orv = —%, r1 = 0 and rp = 1, then for almost all (in
the sense of Lebesgue measure on R) numbers T > 0 the estimate (46) holds for all but finitely
many values Ay,k/ wheren > 13 4+¢,¢ > 0, and Cg = 1.

Proof. In the case v = %, rn=1r=2(rv= —%, r1 = 0, rp, = 1), the determinant A(Aylk, T)
is given by the formula (58), which we rewrite in following form

}4 k/ Z P U, k/ e jkT/ (79)
where 5 - ) -
i i

Pl (A}l,k/ T) = - 3/ PZ(Ay,k/ T) - + 3 7/ (80)

7'(:14;\‘;,,( adAs, 7m4)t;‘j/k TaPAS,
P3(Ayy, T) = —a o Tk= Ay, O = —idAyk, 03 =0. (81)

uk
From (79)—(81) we get the following Taylor expansion for A(A,, T) at point T = 0:
(T 6

A(Ay,kr T) = _6_7'L'T + 90—7'CT +O(T ) (82)

From (79) it follows that A(A, x, T) as a function of variable T is a quasi-polynomial. For the
quasi-polynomial (79), we denote

3
ZdegP wio T)+1) =5, (83)

Ba(Aux) =1 + o max {\ ik} Mp(Ayx) = m1§1 Re oy, (84)
]_

[AUTD (A, T)| }
(Ba(Api)V

Ya(Aur) = max e~ MaT, Ga(Ayux) == max { (85)

T<[0,To] ’ 1<j<Ny

T=0
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From (5), (19), (81), (84) and (85) we obtain that
BA(Ay,k) < Clg)ty,k, MA()\y,k) =0, ‘FA (Ay,k) =1, C13 = 2max{1,a}. (86)
Taking into account (82), (83) and (85) for GA(AH,k) we get the following estimate

A (A, T)]
(Ba(Api))
By EA([0, To], €) we denote the set of all T € [0, To], To > 0, such that |A(A,x, T)| <& > 0.

Let us also consider the intervals I, = [(g —1)To,qTo], g € IN. By [15, Theorem 2.1], for each
Ay x We obtain

> Cuh2,  Cu=(Ci3)7%/(6m). (87)

GA()\]J,k) = }l,k’
T=0

1/(Na—1)
4e¥ A (A
al y,k)) . Cis=Cis(To,Np).  (88)

mes EA ([0, To], &) < Ci5Ba(Ayk) (W
1,

From (5), (19), and estimate (88), it follows that the series } ;o mes Ex ([0, To], )\’;]1(3’8) con-
verges. Hence, by the Borel-Cantelli lemma, the set of all T € [0, Ty}, belonging to infinitely
many sets Ex ([0, TO],A;}(?”E), k € N, has Lebesgue measure zero. Similarly, taking into ac-
count the translation invariance of the Lebesgue measure and making the change of variables
T=T+(qg—1)Ty, T € I, in the expression for A(Ayk, T), we conclude that, for every g € IN,
the setof all T € I, belonging to infinitely many sets Ex (I, )\’;]1(3’8) also has Lebesgue measure
zero. Since interval [0, 00) is a union of a countable number of intervals I;, g € N, it follows that
the inequality |D(ug, 7)| > A;}f”g holds for almost every T > 0 (with respect to the Lebesgue
measure) and for all but finitely many values of A, . O

Theorem 6 is a sharpened version of [15, Theorem 4.2], including the case of the wave
equation (v = —1).

Conclusions

Theorems 1-6 establish the conditions for the well-posed solvability of problem (14)-(16)
in the scale of spaces Cﬁ/l Y ( [0, T], P’Hﬁ ), where these conditions depend on the relationship
between the exponents 71,7, € R in the integral condition (15) and the parameter v of the
Bessel operator in equation (14), withv > —% and v ¢ Z.

Ifry <v+4+3/2and rp, > v+ 1/2 or vice versa, then the solvability of the problem (14)-
(16) is related to the problem of small denominators for which, in particular cases, we obtain
estimates from below (see Theorems 5, 6) by using metric approach. From statements of The-
orems 5 and 6 it follows the correct solvability of the problem (14)—(16) in the corresponding
scale of functional spaces (Theorem 2) for almost all values of the upper limit of integration T
in the condition (15). In the case v = y = —%, r1 = 0, r = 1 of the problem (14)—(16), Theo-
rems 1-6 refine the results of [14, 15] for the case of wave equation. An estimate from below of
denominators in the general case remains an open problem.

In the case where ri, ] = 1,2, satisfy the inequalities rj > max {—1, 2v—1,v+ %} (or
max{—1,2v -1} < r, < v+ % ifv € [—%, %)), the solvability of problem (14)-(16) is not
affected by the small denominator problem (see Theorems 2 and 3).
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Y IpsIMOKYTHIM 06AaCTi AOCAIAXYEThCS 3apada 3 iHTETpaAbHMMM YMOBAMM 3a OAHI€O 3i 3MiH-
HUX AASI PiBHSIHHSI B YaCTMHHMX MOXIiAHMX 3 CMHTYASIpHMMMU orepaTopamm becceast. BeranoBaeno
KpUTepili OAHO3HAUHOI pO3B’SI3HOCTI 1Ii€i 3aAaui Ta AOCTaTHI yMOBM iCHYBaHHS ii pO3B'sI3Ky. AAs
BUpIIIIeHHsT IPOOAeMM MaAMX 3HAMEHHVIKIB, IIT0 BUHMKAE B AeSIKMX BUITaAKaX PO3TASIHYTOI 3apadi,
BUKOPMCTaHO METPUYHIIA MiAXiA.

Kontouosi cnosa i ¢ppasu: cuHTyAsipEMIT onlepaTop Becceast, psia @yp’e-beccens:, yaaraabHeHa Ti-
IlepreoMeTpuyHa (PYHKIIisI, iHTerpaAbHa yMOBa, YMOBHO KOPEKTHA 3aAada, MaAlii 3HAMEHHMK.



