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Uniqueness of meromorphic functions and their difference or
shift operators in several complex variables

Maity S.->, Biswas T.?

In this paper, we have studied the uniqueness problems of meromorphic functions with their
difference or generalized linear shift operators in the light of partial sharing in several complex
variables. By relaxing one sharing condition from CM (counting multiplicities) to IM (ignoring
multiplicities), one of the results of our paper improved a result of W. Wu and T.-B. Cao [Comput.
Methods Funct. Theory 2022, 22 (2), 379-399]. Our other results also extend and improve some
results of the same paper.
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1 Introduction

First, we recall some basic notions in several complex variables (see [15,17]). For a point
zp € C™, the entire function f(z) on C™ can be written as f(z) = Y72, Qi(z — z0), where
the term Q;(z — z) is either identically zero or a homogeneous polynomial of degree i. For a
divisor v on C™, we denote the zero-multiplicity of f at zg by v¢(zp) = min {i : Qi(z — zo) # 0}.
Therefore, we can define a divisor vy such that vf(zp) equals the zero multiplicity of vy
at zp in the sense of [7, Definition 2.1] whenever z; is a regular point of an analytic set
lvel = {z € C" : v¢(z) # 0}. Let f(z) be a non-zero meromorphic function on C". For each
zop € C", we can choose two non-zero relatively prime holomorphic functions f; and f»

(i.e. there is no common factor of f; and f;) on a neighborhood U of zy such that f = %
on U and dim{z € C" : f1(z) = fa(z) = 0} < m — 2 (see [18, p. 165]). Define v = vy, and

v } vy, for any two non-zero relatively prime holomorphic functions f; and f5.

Letz = (z1,...,zm) € C"and r > 0. We set ||z|| = /|z1]2+ -+ - + |zm[? and
Sm(r) ={zeC":|z|| =7}, Bu(r) ={zeC":|z| <r}.

Define the differential operators

m
a
= ; 8_z]dz and ; E
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Wesetdza—i—g,dczgﬁ—a) and

Mn(2) = (dd|2I2)", ow(z) == dlog [l2] A (ddlog |z|P)" ",z € €™\{0}.

Set
Z vf(z), if m=1,
n(t,ve) = |z|<t
, if m>2.
/|V|mBm(t) v Ema), i m 2

The counting functions of vy and the proximity function of f can be defined by

N [l vf) B N
() = [ Tt 1<r<e, minf)= [ log*|f@lon(2)

respectively.
The Nevanlinna characteristic function of f is defined as T(r, f) = m(r, f) + N(r, f). Then
the first main theorem states (see [15, Chapter 4, A5.1]) that

T <r, %) — T(r, f) + O(1)

—a
forany a € C U {oo}.
Definition 1. The defect é(a, f) of zeros of f — a is defined as

6f) = N(r, L)
0 1—limsu
" P T )

A meromorphic function a(z) is said to be a small function of a meromorphic function f if it
satisfies T(r,a) = o(T(r, f)) as r — oo outside of a possible exceptional set of finite logarithmic
measure.

The collection of all small functions of f is denoted by S¢. Let S F=S5fU{oo}.

Definition 2. For a constant value a, we denote the set of all a-points (counting multiplicities or
CM) of f by E(a, f), and all distinct a-points (ignoring multiplicities or IM) of f by E(a, f). For
any two non-constant meromorphic functions f and g, we say that f and g share the value a
counting multiplicities, if E(a, f) = E(a,g). On the other hand, if E(a, f) = E(a,§) we say
that f and g share the value a ignoring multiplicities. Similarly we can also define CM and IM
sharing of a small function.

We are now going to define some relaxed sharing notions, namely partial sharing, defined
as follows.

Definition 3. We say that a meromorphic function f sharesa € S 7 partially CM with a mero-
morphic function g if E(a, f) € E(a, g).

Definition 4. The order and hyper-order of a meromorphic function f are denoted by p(f) and
p2(f), respectively, and are defined by

L log T(r, f) L loglog T(r, f)
p(f) =limsup =927 p2(f) =limsup === 77—
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Definition 5. Let ¢ € C"\ {0}, n > 2 be a natural number and f(z) be a meromorphic function
in C™. The shift operator of f(z) is denoted by f(z + c). The difference and nth difference
operators are denoted by A.f(z) and A" f(z), respectively, and are defined by

Acf(z) = f(z+¢) = f(z)  and  Alf(z) = AL (Acf(2)).

Now let us define LY f(z) = j—ojf (z 4 jc), where bj’s are constants such that } ;i b; = b.
In particular, if b = 1, then we get L!f(z), which generalizes f(z + c). It is easy to see that
A2f(z) = f(z +2c) — 2f(z +¢) + f(z). By induction we can get

n

8t(e) = -0 () e+ o)

j=0

Now from the binomial formula (x +y)" = (§)x" + ({)x" "1y +--- + (!)y", substituting

x =—landy = 1, we get Z};O(—l)”_j(@ = 0. Thus sum of all coefficients of f(z + jc) in
A'f(z) is 0. Therefore Lf(z) is a generalization of A" f(z).

2 Backgrounds and main results

The uniqueness problem of meromorphic functions plays an important role in the value
distribution theory of complex analysis. In 1929, R. Nevanlinna [14] proved the famous five-
value theorem that if two non-constant meromorphic functions f and g in C share five distinct
values IM, then f(z) = g(z). In 1977, L.A. Rubel and C.-C. Yang [16] showed that if a non-
constant entire function f and its first derivative f’ share two distinct values CM, then they are
identical. Later the question comes: instead of f’ if one considers the difference operator A.f or
the shift operator f(z + c), then what is the least number of values sharing are required? This
uniqueness problem is very much interesting as it is very useful to study finite-order mero-
morphic solutions of various kind of difference equations, delay difference equations. Basics
of Nevanlinna’s uniqueness theory for difference operator can be found in [6,8,9]. Readers can
also see [1,2,13] for most recent results related to uniqueness of meromorphic functions and
its generalized shift and difference operators.

Now, it is interesting to study the uniqueness problem for a meromorphic function in
several complex variables with its difference or some shift operators. Recently, in [3-5],
authors established the difference analogues of second main theorem and logarithmic lemma
for several complex variables. Two more important theoremes, i.e. difference Picard’s theorem
and difference Cartan’s theorem for several complex variables were proved in [10,11]. In 2018,
Z.-X. Liu and Q.-C. Zhang [12] obtained a difference uniqueness result for meromorphic func-
tion f of finite order in several variables sharing a small function with A” f and A’*!f. Very
recently, in 2022, W. Wu and T.-B. Cao [19] considered one CM and two partial CM sharing of
values between f and A} f and obtained the following uniqueness result.

Theorem A ([19]). Let f be a transcendental meromorphic function on C". Suppose that

limsupw = 0 and c € C™\{0} is such that Al'f # 0. If f and A'f share 1 CM
r—00

and 0, c0 partially CM, i.e. E(1,f) = E(1,A!f), E(0,f) C E(0,Alf), E(co,f) D E(oo,ALf),
then Al f = f.
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. . ) log T(r,
Note that in Theorem A the condition lim sup M
r—00

p2(f) < 1. Now, for n = 1 in Theorem A, W. Wu and T.-B. Cao [19] obtained the following
result.

= 0 is stronger than the condition

Theorem B ([19]). Let f be a transcendental meromorphic function on C". Suppose that

limsupw = 0 and ¢ € C"™\{0} is such that A.f # 0. If f and A.f share 1 CM

r—00

and 0,00 partially CM, i.e. E(1,f) = E(1,Acf), E(0,f) C E(0,Acf), E(oo, f) D E(oo,Acf),
then A.f = f.

From Theorem B the following question comes naturally.

Question 1. Instead of one CM and two partial CM sharing, if we consider at least one IM
sharing, can we get the same result as in Theorem B?

In our first result, by considering one IM and two partial CM sharing, we answer
Question 1 affirmatively as follows.

Theorem 1. Let f be a transcendental meromorphic function on C™. Let us suppose that

lim supM = 0 and ¢ € C"\{0} is such that A.f # 0. Fora # 0, if f and A.f share

r—00 r
0, 0 partially CM and a IM, i.e. E(0, f) C E(0,Acf), E(c0, f) D E(co,Acf), E(a, f) = E(a, Acf),
then A.f = f.

From the definition of sharing, we know that IM sharing is weaker than CM sharing. In
Theorem 1, we have considered “a IM sharing” in the place of “1 CM sharing” in Theorem B.
So we relaxed the sharing condition. Thus, Theorem 1 represents a significant improvement
over Theorem B.

The following example is corresponding to Theorem 1.

Example 1. Let f(z) = f(z1,2z2) = e®"2 and ¢ = (c1,¢2) = (log2,0). Then
f(zl +c1,20 + CZ) _ ezl+10g2+zz+0 — ezl+zzelog2 — Zf(ZLZZ)-
This implies A.f(z) = f(z).

Next, we focus on uniqueness of meromorphic function f and the shift operator f(z + ¢)
over C". In this perspective, W. Wu and T.-B. Cao [19] proved the following result.

Theorem C ([19]). Let f be a transcendental meromorphic function on C". Suppose that

lim supM = 0 and c € C™"\{0}. If f and f(z + c¢) share 1 CM and 0, co partially

r—00 r

CM, ie. E(1,f) = E(1,f(z+¢)), E(0,f) C E(0,f(z+¢)), E(oo,f) D E(oo, f(z +c)), then
flz+¢) = f(2).

In our next theorem, we consider the generalized shift operator L!f in place of f(z + c).
Also, instead of three value sharing, we take one small function and co partial CM sharing.
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Theorem 2. Let f be a transcendental meromorphic function on C™ such that the condition

lim su M = 0 holds. Forc € C"™\ {0}, leta;(z) € S¢ be any periodic function of pe-
p f Y p p

r—00 r
riodcand Ll f(z) # 0. If f and L. f share a,(z), oo partially CM, i.e. E(ay(z), f) C E(ay(z), LLf),
E(oo,LLf) C E(oo,f) and 6(a, f) > 0 for some ¢ periodic small function a(z)(Z a1(z)),

then L1 f(z) = f(z).

Now;, in Theorem 2, if we try to remove the condition é(«, f) > 0, then we need one extra
small function sharing.

Theorem 3. Let f be a transcendental meromorphic function on C" such that the condi-

tion lim supw = 0 holds. For c € C™\ {0}, let ai(z), a2(z) € Sy be any two
r—00

periodic functions of period ¢ and Ll f(z) # 0. If f and LLf share a1(z),a2(z),c0 partially
CM, ie. E(m(2), f) C E(ai(z),Lf), E(ax(2), f) € E(az(2), L¢f), E(e0, Lif) € E(eo, f), then
Lef(2) = f(2).

Note that, in Theorem C, the authors considered CM sharing of 1, and partial CM sharing
of 0 and oo, but in Theorem 3, we have considered partial CM sharing of two small functions
of a1(z), a2(z) and oo for the generalized operator L f(z). As we know any constant is a small
function, and L!f is a generalization of f(z + c), so Theorem 3 is an improved and extended
version of Theorem C.

The next example is corresponding to Theorem 3.

Example 2. Let f(z) = f(z1,22) = sin(z; + 2z2) and ¢ = (c1,¢2) = (5,0). Consider

Lif(z) = %f(z—i—Sc)—ij(z+5c)+%f(z+4c)+if(z+c)

2 i ( 871) 1 ; ( 571)
- 351[21 Z2 2 lsnzl Z2 2
—|——sin(z +z +—)—i——sin(z +z —|——)
3 ! 2 2 4 ! 2 2

2 . 1 1 . 1
= 3 sin(z1 + z2) — i cos(z1 + z2) + 3 sin(z1 + z2) + 1 cos(z1 + zp)

= sin(z1 + 2p).
Thus, L f(z) = f(z).

3 Lemmas

Lemma 1 ([5, Theorem 2.1]). Let f be a non-constant meromorphic function on C" and

c € C"\ {0}. If lim sup M =0, then

m(rFErN (@) N g,
(F) ety oo
for allr ¢ E with

M!Ezlimsup1 dt = 0.

r—oo I JEN [1,1’]



Uniqueness of meromorphic functions and their difference or shift operators ... 477

Lemma 2 ([5, Theorem 2.2]). Let f be a non-constant meromorphic function on C" and

c € C"\ {0}. If lim sup M =0, then

T(r,f(z+¢)) =T(r, f) +o(T(r,f)),  N(r,f(z+¢)) = N(r, f) +o(N(r, f))
forallr ¢ E with dens E = 0.

Lemma 3. Let f be a non-constant meromorphic function on C" and ¢ € C" \ {0}. If the

condition lim sup log T(r, f) = 0 holds, then

r—00 r

o) - M) s

forallr ¢ E with dens E = 0.

Proof. By the First Fundamental Theorem and Lemmas 1, 2 we get

" G}ﬁ) N Qﬁ) =T <fﬁ) =T(r,f(z +c)) + S(r, f)
=T(rf)+Srf)=T <r,1> +5(r, f)

f
Sl enfsen
= < f(zf C>> o (r’f(zlﬂ))
N <r%> +S(r, f)
=n(r7rg) #N (rg) 500
Hence,
o) ¥ (s
Proceeding similarly as in (1), we can obtain
N(ng) = N(rarg) FSn ©

Combining (2) and (3), we obtain

(o) () 5o

From Lemma 3, we get the following remark.
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Remark 1. Let us denote f. = f(z +¢) and f_. = f(z — c). Then under the same conditions of

Lemma 3 we get
(o) = u(od) s =n(o ) s

Lemma 4 ([19]). Let f be a non-constant meromorphic function on C" and ¢ € C™ \ {0}. If

log T(r, f)

the condition lim sup = 0 holds, then for any periodic small function a(z) of f with

r—00
period ¢ we have

for allr ¢ E with dens E = 0.

Lemma 5 ([19]). Let f be a non-constant meromorphic function on C" and aq, az, - - -, a5 be q
distinct small functions of f. If g > 3, then we have

gT(r,f) < quﬁ (r, 1
j=1 g

= ]) +0o(T(r, f))

for allr ¢ F, where F is a Borel subset of the interval [0, 4-00) with [, dr < 4oo.

The difference polynomialin f is a polynomial in f(z +¢;), where ¢; € C™, with coefficients
a;(z) such that T(r,a;) = S(r, f).
Lemma 6. Let f be a non-constant meromorphic on C™ such that

lim sup log T(r, f) Tr(r,f ) _ 0,

r—o0

and f is a solution of P(z, f) = 0, where P(z, f) is difference polynomial in f. If P(z,a) # 0
for a small function a, then
1

m (r,m> = S(r,f)
for all r ¢ E with dens E = 0.
Proof. By substituting f = ¢ +a into P(z, f) = 0 we obtain

Q(z,8) + D(2) =0, 4)
where Q(z,8) = ¥, b,(2)Gy(z, f) is a difference polynomial in g such that all of its terms are
at least of degree one, and T(r, D) = S(r, f). Also D # 0, since P(z,a) # 0.

Next we compute m(r,1/g). Note that the integral to be evaluated vanishes, when |g| > 1.
For |g| <1, we have

’Q(Z’g) | - |;f_|’ ;bv(Z)g(Z)ZOg(Z +e)te gz )
I Ly
. g(z+c1) 18z +cy)
= LI g

since ZJVZO l; > 1 for all y. Therefore by equation (4) and Lemma 1 we get

(1) £m(e) en()n(28) (e sropr s s

Since ¢ = f — a, therefore m (r, ﬁ) = S(r, f). O
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4 Proofs of the theorems

Proof of Theorem 1. Let us assume A.f # f. The given sharing conditions E(0, f) C E(0, Acf),
E(OO,f) 2 E(OO, ACf)/ E(ﬂ,f) — E(ﬂ, Acf) lmply

N Q%) <N (mﬁ) . N(r,Af) <N, f)

") =N (aga)

By first fundamental theorem and Lemma 4 we get

T(r,f) =T <r%> +0(1) = m (r%) N <r%> +0(1)
<m (r, Ajf) +m (r, Ai},) +N (r, Ai},) +0(1) = T(r, Acf) + S(r, f).

and

(5)

On the other hand, by Lemma 4 we obtain
T(r,Acf) =m(r,Acf) + N(r,Acf) +O(1)

<m <r, A;f) +m(r, f)+N(r, f) +01) =T(r, f) + S(r, f)

From (5) and (6), we have T(r, f) = T(r, Acf) + S(r, f). Hence,

(6)

S(r,f) =S(r,Acf) := S(r).

Let us consider
o= S

7
Now, by Lemma 4, we get m(r, ®) = S(r). From the sharing conditions, it is clear that ® is
an entire function. Hence, N(r, ®) = S(r) and then

(7)

T(r,®) = S(r). 8)

Let us assume @ # 1. From the sharing conditions and from (8) we obtain

“(rra) =N raga) <V ()

©)

By using (8), (9), we get

N<r'f—1%> :N<r'm> SN(r'CDHN(r' Acfl—ﬂ> (10)
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Note that, (f;)—. = f. With the help of equation (9) and applying Remark 1 for the function
fc — a, we obtain

N <rﬁ> =N <rﬁ> +S(r) =N <rj%a> +5(r) < 5(r). (11)

Now, from (7) we can write f. = (® + 1) f. Using this fact and (11), we get

N<r'f—1¢%1> :N<r'%> SN(r,<D+1)+N<r,ﬁ> (12)
< T(r,®) +5(r) = S(r).

Next we claim that 4, § and g% are distinct. First suppose that a = g, which implies

& = 1, a contradiction. Now we assume that a = CIDL—H’ which implies® +1 =1, ie. & = 0.
This implies A.f = 0, a contradiction. Next we suppose that § = g%+, which implies 1 = 0,
a contradiction.

Now applying Lemma 5 for g = 3 and using equations (9), (10) and (12), we get

— 1 — 1 — 1
T(r,f) < N|r, +N<r,—>+N<r, >+Sr = S(r),
0.5 <W(rrg) + 8 (72 ) T =0
a contradiction. So, ® = 1. Therefore A.f = f. O

Proof of Theorem 2. Consider
1 —
1{;(2) — LCf(Z) al(Z) . (13)
f(z) —m(2)
If ¥(z) = 1, then we are done. So, let us assume ¥(z) # 1. Now E(a;(z), f) C E(a1(z), LLf)
and E(oo,LLf) C E(oo, f) implies that ¥(z) is an entire function. Thus using Lemma 1 and
n

bj =1, we get
j=0

T(r,¥(z)) =m(r,¥(z))
(r}a@vw+ﬁwwwM)+m<rzawm@—m@»
' f(z) —a(z) T f(z) —a(2)

B o 0 () s s

Consider P(z, f) = (Llf(z) —a1(z)) — ¥(z) (f(z) —a1(z)). As ¥(z) is a small function

of f(z), thus P(z, f) is polynomial in f(z) and its shifts with small functions as coefficient.
n

So, from (13) we obtain P(z,f) = 0. Since ) b; = 1, for some periodic small function
j=0
a(z)(# a1(z)) weget P(z,a) = (« —ay) — ¥(a — aq).

Let us assume P(z, &) = 0, which implies ¥(z) = 1, a contradiction. Hence P(z,a) # 0.
Thus by Lemma 6 we have m (r, J%) = S(r, f), which implies T(r, f) = N (r, J%lx) + S(r, f).
So we obtain é(«, f) = 0, which contradicts our assumption é(«, f) > 0. Therefore, proof of
Theorem 2 follows. O

IN
3

IN
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Proof of Theorem 3. Consider

_ Lif(z) —m(z) _ Lif(z) —m(2)
By e Bt R Ry [ P e (9

Now discuss the following three cases.

Case 1. If ¥1(z) = 1 or Y2(z) = 1, then Ll f(z) = f(z).

Case 2. If ¥1(z) # 1 and ¥»(z) # 1 but ¥1(z) = ¥2(z), then by simple calculations we get
LIf(z) = f2).

Case 3. Let Y1(z) # 1and ¥»(z) # 1 and ¥1(z) # ¥2(z). Then eliminating L} f(z) from
(14) we deduce

flz) = az(z) —a1(z) + a1(2)¥1(z) — ax(2)¥2(2)
Y1(z) — ¥a(z) :

Now E(a1(z), f) € E(a1(2), L¢f), E(a2(z), f) € E(a2(z), L¢f) and E(eo, L f) C E(oo, f) imply

that both ¥1(z) and ¥,(z) are entire functions. Similarly as in the proof of Theorem 2, using
n

Lemma 1 and Z b]- =1, we obtain

(15)

j=0
T(n%1(2) =S f), T (r¥a(z) = S(r,f). (16)
From (15) and (16) we obtain T(r, f) = S(r, f), which is a contradiction. Therefore, from
Cases 1,2 and 3, we conclude L} f(z) = f(z). O
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Y mit cTaTTi AOCAIAXEHO 3apaui eAMHOCTI MepoMOpdpHIX PYHKIIIMN i3 iX pisHMIIEBUME 260 y3a-
TaAbHEHVMM AiHIVHMMM OIlepaTOpaMM 3CyBY B KOHTEKCTi UaCTKOBOI'O CHiBIAAIHHS y KiABKOX KOM-
IAeKCHMX 3MiHHEMX. [TocrabMBII OAHY YMOBY CHiBIIAAIHHS 3 ypaxXyBaHHSI KPaTHOCTE AO YMOBM
criBIaAiHHs 6e3 ypaxXyBaHHs KpaTHOCTel, OAMH i3 pe3yAbTaTiB HaIlloi po6OTH IOKpaIIly€e pe3yAbTaT
B. By Ta T.-b. Llao [Comput. Methods Funct. Theory 2022, 22 (2), 379-399]. Iami Hamti pe3yabTaTi
TaKOX PO3LIMPIOIOTH i BAOCKOHAAIOIOTh AeSIKi pe3yAbTaTH IIi€i XK CTaTTi.
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