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Some identities on degenerate trigonometric functions

Kim T.1, , Kim D.S.2

In this paper, we study several degenerate trigonometric functions, which are degenerate ver-

sions of the ordinary trigonometric functions, and derive some identities among such functions by

using elementary methods. Especially, we obtain multiple-angle formulas for the degenerate cotan-

gent and degenerate sine functions.
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1 Introduction

For any nonzero λ ∈ R, the degenerate exponentials are defined (see [2–6]) by

ex
λ
(t) =

∞

∑
n=0

(x)n,λ
tn

n!
,

where

(x)0,λ = 1, (x)n,λ = x(x − λ)(x − 2λ) · · ·
(

x − (n − 1)λ
)

, n ∈ N.

Note that lim
λ→0

ex
λ
(t) = ext and eλ(t) = e1

λ
(t). In [4], the degenerate hyperbolic functions are

introduced by

coshλ

(

x : a
)

=
ex

λ
(a) + e−x

λ
(a)

2
, sinhλ

(

x : a
)

=
ex

λ
(a)− e−x

λ
(a)

2
,

tanhλ

(

x : a
)

=
sinhλ(x : a)

coshλ(x : a)
, cothλ(x : a) =

coshλ(x : a)

sinhλ(x : a)
, x 6= 0, a 6= 0.

It is well known [1] that

cos a =
eia + e−ia

2
, sin a =

eia − e−ia

2i
, (1)

where i =
√
−1.

In light of (1), we consider the degenerate cosine and degenerate sine functions, which are

respectively given by

cosλ

(

x : a
)

=
exi

λ
(a) + e−xi

λ
(a)

2
, sinλ

(

x : a
)

=
exi

λ
(a)− e−xi

λ
(a)

2i
. (2)

УДК 511.176
2020 Mathematics Subject Classification: 11B83.

© Kim T., Kim D.S., 2025



370 Kim T., Kim D.S.

Note that

lim
λ→0

cosλ

(

x : a
)

= cos ax, lim
λ→0

sinλ

(

x : a
)

= sin ax.

In addition, we define the degenerate tangent and degenerate cotangent functions by

tanλ

(

x : a
)

=
sinλ(x : a)

cosλ(x : a)
, cotλ

(

x : a
)

=
cosλ(x : a)

sinλ(x : a)
,

where x 6= 0 and a 6= 0.

Recently, degenerate versions of many special numbers and polynomials and some tran-

scendental functions have been investigated. The aim of this paper is to study several de-

generate trigonometric functions, namely the degenerate sine, degenerate cosine, degenerate

tangent and degenerate cotangent functions. We derive some identities on those degenerate

trigonometric functions by using elementary methods. In particular, we show some multiple-

angle fomulas for the degenerate cotangent and degenerate sine functions (see formulas (10),

(14), (26) below).

2 Some identities on degenerate trigonometric functions

In Theorems 1 and 2 below, we show that exactly the same analogues of double-angle and

addition formulas for sine and cosine functions also hold for the degenerate sine and cosine

functions.

From (2), we note that

sin2
λ

(

x : a
)

+ cos2
λ

(

x : a
)

=

(

exi
λ
(a) + e−xi

λ
(a)

2

)2

+

(

exi
λ
(a)− e−xi

λ
(a)

2i

)2

= 1. (3)

We observe that

cosλ

(

2x : a
)

=
e2xi

λ
(a) + e−2xi

λ
(a)

2
= 1 +

e2xi
λ

(a) + e−2xi
λ

(a)− 2

2

= 1 − 2

(

exi
λ
(a)− e−xi

λ
(a)

2i

)2

= 1 − 2 sin2
λ

(

x : a
)

.

(4)

By (3) and (4), we get

cosλ

(

2x : a
)

= 1 − 2 sin2
λ
(x : a) = 2 cos2

λ
(x : a)− 1.

Moreover, by (2), we get

sinλ

(

2x : a
)

=
e2xi

λ
(a)− e−2xi

λ
(a)

2i
= 2

exi
λ
(a)− e−ix

λ
(a)

2i

exi
λ
(a) + e−xi

λ
(a)

2
= 2 sinλ

(

x : a
)

cosλ

(

x : a
)

.

So, we get the following theorem.

Theorem 1. For a ∈ R, we have

cosλ

(

2x : a
)

= 1 − 2 sin2
λ

(

x : a
)

= 2 cos2
λ

(

x : a
)

− 1,

and

sinλ

(

2x : a
)

= 2 sinλ

(

x : a
)

cosλ

(

x : a
)

.



Some identities on degenerate trigonometric functions 371

We observe that

sinλ

(

x + y : a
)

=
1

2i

(

e
(x+y)i
λ

− e
−(x+y)i
λ

(a)
)

=
exi

λ
(a)− e−xi

λ
(a)

2i

e
yi
λ
(a) + e

−yi
λ

(a)

2
+

exi
λ
(a) + e−xi

λ
(a)

2

e
yi
λ
(a)− e

−yi
λ

(a)

2i
= sinλ

(

x : a
)

cosλ

(

y : a
)

+ cosλ

(

x : a
)

sinλ

(

y : a
)

and

cosλ

(

x + y : a
)

=
e
(x+y)i
λ

(a) + e
−(x+y)i
λ

(a)

2

=
exi

λ
(a) + e−xi

λ
(a)

2

e
yi
λ
(a) + e

−yi
λ

(a)

2
−

exi
λ
(a)− e−xi

λ

2i

e
yi
λ
(a)− e

−yi
λ

(a)

2i
= cosλ

(

x : a
)

cosλ

(

y : a
)

− sinλ

(

x : a
)

sinλ

(

y : a
)

.

Therefore, we obtain the following theorem.

Theorem 2. For a ∈ R, we have

sinλ

(

x ± y : a
)

= sinλ

(

x : a
)

cosλ

(

y : a
)

± cosλ

(

x : a
)

sinλ

(

y : a
)

,

cosλ

(

x ± y : a
)

= cosλ

(

x : a
)

cosλ

(

y : a
)

∓ sinλ

(

x : a
)

sinλ

(

y : a
)

.

We observe that
d

dx
cosλ

(

x : a
)

= − log eλ(a) sinλ(x : a), (5)

d

dx
sinλ

(

x : a
)

= log eλ(a) cosλ(x : a). (6)

Next, in Theorems 3–5, we derive multiple-angle formulas for the degenerate cotangent

and degenerate sine functions.

From (2) and noting that
2m−1

∏
j=0

(x + e
2πij
2m ) = x2m − 1,

we get

2m−1

∏
j=0

cosλ

(

t +
jπ

2m log eλ(a)
: a

)

=
2m−1

∏
j=0

(

e
(t+

jπ
2m log e

λ
(a)

)i

λ
(a) + e

−(t+
jπ

2m log e
λ(a)

)i

λ
(a)

2

)

=
1

4m

2m−1

∏
j=0

(

eit
λ
(a)e

− jπ
2m log e

λ
(a)

i

λ
(a)

(

e
2jπ

2m log e
λ
(a)

i

λ
(a) + e−2it

λ
(a)

)

)

=
1

4m
e−

π

2m i
2m(2m−1)

2 e2mti
λ

(a)
2m−1

∏
j=0

(

e−2it
λ

(a) + e
2πij
2m

)

=
1

4m
e2mti

λ
(a)e−mπie

π

2 i
(

e−4mti
λ

(a)− 1
)

=
1

4m
e−mπie

π

2 i
(

e−2mti
λ

(a)− e2mti
λ

(a)
)

= − 1

4m
e−mπie

π

2 i2i

(

e2mti
λ

(a)− e−2mti
λ

(a)

2i

)

= − i

22m−1
e−mπie

π

2 i sinλ(2mt : a).

(7)
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Note that
∣

∣

∣

∣

− i

22m−1
e−mπie

π

2 i sinλ

(

2mt : a
)

∣

∣

∣

∣

=

∣

∣

∣

∣

1

22m−1
sinλ

(

2mt : a
)

∣

∣

∣

∣

.

Thus, by (7), we get

log

∣

∣

∣

∣

1

22m−1
sinλ

(

2mt : a
)

∣

∣

∣

∣

=
2m−1

∑
j=0

log

∣

∣

∣

∣

cosλ

(

t +
jπ

2m log eλ(a)
: a

)
∣

∣

∣

∣

. (8)

By using (5), we take the derivatives with respect to t on both sides of (8) and get the

following identity

2m log(eλ(a)) cosλ(2mt : a)

sinλ(2mt : a)
= −

2m−1

∑
j=0

log
(

eλ(a)
)

sinλ

(

t + jπ
2m log eλ(a)

: a
)

cosλ

(

t + jπ
2m log eλ(a)

: a
)

. (9)

Therefore, by (9), we obtain the following theorem.

Theorem 3. For m ∈ N, we have

−2m cotλ

(

2mt : a
)

=
2m−1

∑
j=0

tanλ

(

t +
jπ

2m log eλ(a)
: a

)

. (10)

We remark here that

tanλ

(

t +
jπ

2m log eλ(a)
: a

)

= tan
(

t log eλ(a) +
jπ

2m

)

.

Taking λ → 0 in (10), we obtain (see [1])

−2m cot
(

2mat
)

=
2m−1

∑
j=0

tan
(

at +
jπ

2m

)

.

Working with ∏
2m−1
j=0 sinλ

(

t + jπ
2m log eλ(a)

: a
)

and proceeding analogously to (7), we obtain

2m−1

∏
j=0

sinλ

(

t +
jπ

2m log eλ(a)
: a

)

= − i

22m−1
(−1)me−mπie

π

2 i sinλ(2mt : a). (11)

Thus, from (11), we have

log

∣

∣

∣

∣

1

22m−1
sinλ

(

2mt : a
)

∣

∣

∣

∣

=
2m−1

∑
j=0

log

∣

∣

∣

∣

sinλ

(

t +
jπ

2m log eλ(a)
: a

)

∣

∣

∣

∣

. (12)

Using (6), we take the derivatives with respect to t on both sides of (12) and get the identity

2m log(eλ(a)) cosλ(2mt : a)

sinλ(2mt : a)
=

2m−1

∑
j=0

log
(

eλ(a)
)

cosλ

(

t + jπ
2m log eλ(a)

: a
)

sinλ

(

t + jπ
2m log eλ(a)

: a
)

. (13)
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Therefore, by (13), we obtain the following theorem.

Theorem 4. For m ∈ N, we have

2m cotλ

(

2mt : a
)

=
2m−1

∑
j=0

cotλ

(

t +
jπ

2m log eλ(a)
: a

)

. (14)

Taking λ → 0 in (14), we obtain (see [1])

2m cot
(

2mat
)

=
2m−1

∑
j=0

cot
(

at +
jπ

2m

)

.

Now, we observe that

cosλ

(

(k + 1)x : a
)

+ cosλ

(

(k − 1)x : a
)

= 2 cosλ

(

kx : a
)

cosλ

(

x : a
)

. (15)

Thus, by (15), we get

cosλ

(

(k + 1)x : a
)

= 2 cosλ

(

kx : a
)

cosλ(x : a)− cosλ

(

(k − 1)x : a
)

= 22 cos2
λ

(

x : a
)

cosλ

(

(k − 1)x : a
)

− 2 cosλ

(

x : a
)

cosλ

(

(k − 2)x : a
)

− cosλ

(

(k − 1)x : a
)

· · ·
= 2k+1 cosk+1

λ

(

x : a
)

+ · · · .

(16)

From (16), we note that there is a polynomial Tn(x) with degree n such that

cosλ

(

nx : a
)

= Tn

(

cosλ

(

x : a
))

, n ∈ N. (17)

By using Theorem 2, we get

sinλ

(

(2k + 1)x : a
)

− sinλ

(

(2k − 1)x : a
)

= 2 cosλ

(

2kx : a
)

sinλ

(

x : a
)

. (18)

By (17) and Theorem 1, we get

cosλ

(

2kx : a
)

= Tk

(

cosλ

(

2x : a
))

= Tk

(

1 − 2 sin2
λ

(

x : a
))

. (19)

From (17), (18) and (19), we show that

sinλ

(

(2m + 1)x : a
)

= sinλ

(

x : a
)

(

1 + 2
m

∑
k=1

Tk

(

1 − 2 sin2
λ

(

x : a
))

)

,

and hence there exist polynomials Km(x) with degree m such that

sinλ

(

(2m + 1)x : a
)

= sinλ(x : a)Km
(

sin2
λ
(x : a)

)

. (20)
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Now, from (20) we note that

0 = sinλ

(

(2m + 1)
kπ

(2m + 1) log(eλ(a))
: a

)

= sinλ

(

kπ

(2m + 1) log(eλ(a))
: a

)

Km

(

sin2
λ

(

kπ

(2m + 1) log eλ(a)
: a

))

= sin
( kπ

2m + 1

)

Km

(

sin2
( kπ

2m + 1

))

,

(21)

which implies that Km

(

sin2
(

kπ

2m+1

))

= 0 for k = 1, 2, 3, . . . , m.

By (21), the polynomials Km(x) can be written as

Km(x) = C
m

∏
k=1

(

1 −
x

sin2
(

kπ

2m+1

)

)

. (22)

Note from (20) that

C = Km(0) = lim
x→0

Km

(

sin2
λ
(x : a)

)

= lim
x→0

sinλ

(

(2m + 1)x : a
)

sinλ(x : a)
=

(2m + 1) log(eλ(a))

log eλ(a)
= 2m + 1.

(23)

By (22) and (23), we get

Km(x) = (2m + 1)
m

∏
k=1

(

1 −
x

sin2
(

kπ

2m+1

)

)

. (24)

From (20) and (24), we have

sinλ

(

(2m + 1)x : a
)

= sinλ

(

x : a
)

Km

(

sin2
λ
(x : a)

)

= (2m + 1) sinλ

(

x : a
)

m

∏
k=1

(

1 −
sin2

λ
(x : a)

sin2
(

kπ

2m+1

)

)

.
(25)

Therefore, by (25), we obtain the following theorem.

Theorem 5. For m ∈ N, we have

sinλ

(

(2m + 1)x : a
)

= (2m + 1) sinλ

(

x : a
)

m

∏
k=1

(

1 −
sin2

λ
(x : a)

sin2
(

kπ

2m+1

)

)

. (26)

Taking λ → 0 in (26), we obtain

sin
(

(2m + 1)ax
)

= (2m + 1) sin ax
m

∏
k=1

(

1 −
sin2 ax

sin2
(

kπ

2m+1

)

)

.

3 Conclusion

The degenerate trigonometric and degenerate hyperbolic functions are obtained by replac-

ing the ordinary exponentials by the degenerate exponentials in the definitions of trigonometic

and hyperbolic functions. In this paper, we considered the degenerate sine, degenerate cosine,

degenerate tangent and degenerate cotangent functions and derived several identities among

them. Especially, we were able to show the degenerate versions of some multiple-angle formu-

las (see (10), (14), (26)).
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