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Some identities on degenerate trigonometric functions
Kim T.™ Kim D.S.2

In this paper, we study several degenerate trigonometric functions, which are degenerate ver-
sions of the ordinary trigonometric functions, and derive some identities among such functions by
using elementary methods. Especially, we obtain multiple-angle formulas for the degenerate cotan-
gent and degenerate sine functions.
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1 Introduction

For any nonzero A € R, the degenerate exponentials are defined (see [2-6]) by
o0 tn
ei(t) = Z(’Qn,)xmr
n=0
where
(or =1, ()pr =x(x—A)(x—=2A)--- (x—(n—1)A), neN.
Note that )1\156 ex(t) = e and ey (t) = el(t). In [4], the degenerate hyperbolic functions are
introduced by

ex(a) +e,*(a) ex(a) —e, *(a)

coshy (x:a) = > , sinhy (x:a) = 5 ,
~ _ sinhj(x:a) . coshy(x:a)
tanhA (x . ﬂ) = m, COthA(x . ﬂ) = m, X 7é O, a 7é 0.
It is well known [1] that
eiu + efia ) eia _ efiu
cosa = —/r—, sina = ——-—, (1)

wherei = /—1.

In light of (1), we consider the degenerate cosine and degenerate sine functions, which are
respectively given by
ef(a) + e;xi(a) ef(a) — eXxi(a)

cosy (x:a) = 5 , siny (x:a) = > . (2)
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Note that
lim cos) (x :a) = cosax, lim sin) (x :a) = sinax.
A—0 A—0

In addition, we define the degenerate tangent and degenerate cotangent functions by

siny (x : a)
4
cosy(x :a)

cos)(x : a)

tany (x:a) = sin (x )’

coty (x:a) =
where x # 0 and a # 0.

Recently, degenerate versions of many special numbers and polynomials and some tran-
scendental functions have been investigated. The aim of this paper is to study several de-
generate trigonometric functions, namely the degenerate sine, degenerate cosine, degenerate
tangent and degenerate cotangent functions. We derive some identities on those degenerate
trigonometric functions by using elementary methods. In particular, we show some multiple-
angle fomulas for the degenerate cotangent and degenerate sine functions (see formulas (10),
(14), (26) below).

2 Some identities on degenerate trigonometric functions

In Theorems 1 and 2 below, we show that exactly the same analogues of double-angle and
addition formulas for sine and cosine functions also hold for the degenerate sine and cosine
functions.

From (2), we note that

sind (x:a) +cosi (x:a) = <e§i(ﬂ) 4—2eAXi(a)>2 + (eii(ﬂ) ;?‘xi(ﬂ)>2 =1. 3)

We observe that

e2Xi (g +e—2xia e2Xi(g +e—2xia _9
COS/\(Zx:a):)‘()z/\ ():1+A() Q (a)
: i 4)
eXi(a) — eT¥ (g 2

By (3) and (4), we get
cos) (2x:a) =1 —2sinf(x:a) =2cosi(x:a) — 1.

Moreover, by (2), we get

e%fi(a) — e)fzxi(a) _ zef‘(a) — e):ix(a) eﬁi(a) + e;xi(a)
2i 2i 2
=2siny (x:a)cosy (x:a).

siny (2x:a) =

So, we get the following theorem.
Theorem 1. Fora € R, we have
cos) (2x:a) =1—2sin} (x:a) =2cos3 (x:a) — 1,

and
siny (2x : a) = 2siny (x :a) cosy (x: a).
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We observe that
siny (x+y:a) = %(e&”y)i — e;(xﬂ)i(a))

e¥i(a) — e (a) el (a) + ¢, (a)  €¥i(a) +e;%(a) el (a) —e, " (a)
2i 2 2 2i
=siny (x:a)cosy (y:a) +cosy (x:a)siny (y:a)

and
egxﬂ/)z(a) _{_e):(xﬂ/)z(a)

2 . . . .
ex'(a) +e,*(a) eKZ(a) + e;yl(a) B ex'(a) —e ™ eKl(a) - e;yl(a)
2 2 2i 2i

= cosy (x :a) cosy (y:a) —siny (x:a)siny (y:a).

Therefore, we obtain the following theorem.

cosy (x+y:a) =

Theorem 2. Fora € R, we have
siny (x£y:a) =siny (x:a)cosy (y:a) tcosy (x:a)siny (y:a),
cos) (x £y :a) =cosy (x:a)cos, (y:a) Fsiny (x:a)siny (y:a).
We observe that

% cosy (x:a) = —loge,(a)siny(x : a), 5)

diic siny (x :a) = loge,(a) cosy(x : a). (6)

Next, in Theorems 3-5, we derive multiple-angle formulas for the degenerate cotangent
and degenerate sine functions.

From (2) and noting that

we get

jn . C(pa T s
(t+2n110geA(a))l (t+2m108"/\(g))1

, — i LS ,
<e}f(a)e/\ 2mloge, (a) (ll) <e/2\m108m(ﬂ) (a) + e;Zzt(a)>>

1 2m(2m—1) . 2m—1 . i
= Ee‘ﬁlfeﬁmh(a) H <6X21t(11) +e%>
= ?)
— A @)e meH (e mia) 1)
1 e , ‘
— 4_me—mme%z<e/;2mt1(a) _ eg\mtz(a))

2mti —2mti
= iemme%iZi(e)\m "(a) — €x " 1(‘1)>

4m 2i

! —mrti

=~ 5am=1° e?isiny (2mt : a).
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Note that
‘ - 22,:; e Mg siny (2mt : a) | = 21 S (2mt : a)|.
Thus, by (7), we get
2m—1 i
log 7 siny (2mt :a)| = ];:) log | cos) (t—{— W . a) ) )

By using (5), we take the derivatives with respect to ¢ on both sides of (8) and get the
following identity

. 2m—1 sm)L (H—jin:a)
2mlog(ex(a)) cos(2mt : a) 2mloge)L( )
siny (2mt : a) T Z log (ex(a ' ®)
A : cos)L (t+ W 1)
Therefore, by (9), we obtain the following theorem.
Theorem 3. For m € IN, we have
2m—1 ]7.[
—2m COt)\ 2mt ﬂ Z tanA < W :ﬂ). (10)
We remark here that
Ty jn
tan, (t + 2mloge,(a) - a) = tan <tlogeA(a) + Zm)'
Taking A — 0 in (10), we obtain (see [1])
2m—1 j
—2m cot (2mat) = E) tan <at + 2—)
Working with H2 0 Lsin, (t + m : a) and proceeding analogously to (7), we obtain
2m—1 : ;
' J7t Ca) — ! —mmi ,Fi o :
13 siny (H— mlogen(a) a) = —W(—l)me Mteatsiny (2mt : a). (11)
Thus, from (11), we have
2m—1 ;
| — : J7C :
log Tsiny (2mt :a)| = Jg log | siny <t +o oger(a) | a) ' (12)

Using (6), we take the derivatives with respect to t on both sides of (12) and get the identity

2m—1 cos (t+ e a)
2mlog(ey(a)) cosy(2mt : a) log (¢ A 2mloge,(a) * (13)
- § , )\ i
: (LS
Sln)\(zmt ‘1) Sll’l)\ (t + 2mlogen(a) * a
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Therefore, by (13), we obtain the following theorem.
Theorem 4. For m € IN, we have
2mcoty (2mt : a) = 2;1;1 coty <t +o l()JgeA(a) a) (14)
Taking A — 0 in (14), we obtain (see [1])
2m—1 ;
2m cot (2mat) = E) cot (at + %)
Now, we observe that
cosy ((k+1)x :a) +cosy ((k—1)x:a) =2cos, (kx:a)cosy (x:a). (15)
Thus, by (15), we get
cosy ((k4+1)x :a) =2cos) (kx :a)cosy(x:a) —cosy ((k—1)x:a)
= 22cos? (x:a) cosy ((k—1)x :a)
—2cos) (x:a)cosy ((k—2)x:a) —cosy ((k—1)x:a) (16)
= 28 cosh™ (x:a) + -
From (16), we note that there is a polynomial T, (x) with degree n such that
cos) (nx:a) = Ty(cosy (x:a)), nelN. (17)
By using Theorem 2, we get
siny ((2k +1)x :a) —siny ((2k —1)x : a) = 2cosy (2kx : a) siny (x : a). (18)
By (17) and Theorem 1, we get
cos) (2kx :a) = Ty(cosy (2x: a)) = T (1 — 2sin3 (x : a)). (19)
From (17), (18) and (19), we show that
m
siny ((2m +1)x :a) = siny (x : a) (1 +21;1 Ty (1 — 2sing (x : a))),
and hence there exist polynomials K, (x) with degree m such that
siny ((2m +1)x : a) = siny (x : @)Ky (sinf (x : a)). (20)



374 Kim T., Kim D.S.

Now, from (20) we note that

0= simn (20 +1) G oger@) )
=sm (@ ige@r )< (% (@rngam ) @

= sin (2;:11)K’”<Sin2 <2nl1<7:—1)>

which implies that K, < sin® <2£7frl>) =0fork=1,2,3,...,m

By (21), the polynomials K, (x) can be written as

CH <1 — W> (22)

2m+1
Note from (20) that
C = Ku(0) = th (smA(x a))
i S (@4 DY 0)  @mgDloglea(@) _, ) (23)
x—0 siny (x : a) logey(a)

By (22) and (23), we get

Kn(x) = 2m+1) 1‘[1< ﬁ) (24)

k= 2m+1

From (20) and (24), we have

siny ((2m + 1)x : a) = siny (x : a) Ky (sind (x : a))
m < smA( 2 a) ) (25)
=1

sin? (3,77)

= (2m +1)sin, (x : a)
k

Therefore, by (25), we obtain the following theorem.

Theorem 5. For m € IN, we have

m 2
siny ((2m+1)x :a) = (2m +1)sin, (x: a H( M) (26)
k=1 sin’ (2m+1)

Taking A — 0 in (26), we obtain

sin ((2m + 1)ax) = (2m + 1) sinax ﬁ (1 — LMQ

s 2 kmt
k=1 Sin <2m+1

3 Conclusion

The degenerate trigonometric and degenerate hyperbolic functions are obtained by replac-
ing the ordinary exponentials by the degenerate exponentials in the definitions of trigonometic
and hyperbolic functions. In this paper, we considered the degenerate sine, degenerate cosine,
degenerate tangent and degenerate cotangent functions and derived several identities among
them. Especially, we were able to show the degenerate versions of some multiple-angle formu-
las (see (10), (14), (26)).
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Y 11il1 cTaTTi MM BUBYaEMO KiAbKa BUPOAKEHIMX TPUTOHOMETPUYUHMX (PYHKIIIMN, SIKi € BUPOAKEHN-
MM BepCisiMy 3BMYAHIX TPUTOHOMETPUYHIMX (PYHKIIN, Ta BUBOAMMO AESIKi TOTOXXHOCTI AASI TaKIMX
dyHKIII 32 AOIIOMOTOI0 eAeMeHTapHMX METOAIB. 30KpeMa, MU OTPUMYEMO POPMYAM KPaTHIX KY-
TiB AASI BUPOAKEHOIO KOTaHTeHCa Ta BUPOAKEHOTO CHHYCa.

Kontouosi crnosa i ppasu: BUPOAKEHMIA TaHTEHC, BUPOAXKEHIM KOTaHTeHC, BUPOAXEHMIA CUHYC, BU-
POAXKEHMIT KOCUHYC.



