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Epsilon-omega order on the set of natural numbers

Kamedulski B.!, Klinga P.2

The limit of the sequence w, w®, w®”, ..., denoted g0, is the smallest epsilon number, i.e. ordinal
number & such that w* = «. While all the epsilon numbers with countable indices are known to be
order types of countable sets, it is a highly counter-intuitive property. The goal of this paper is to
provide better insight into the structure of epsilon ordinals by constructing €o, €1, . . ., £ orders on
the set of natural numbers. The presented construction can be easily extended to even larger epsilon
numbers.
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Introduction

Ordinal numbers were constructed by Georg Cantor in 1883 [1]. They are used to describe
the order types of well-ordered sets. Every such set is order-isomorphic to exactly one ordinal
number. Each set consisting of ordinals is also well-ordered, in particular the set {B : p < «a}
has order type a.

Ordinal 0 is the order type of the empty set. Natural numbers 1,2,3,... describe order
types of finite well-ordered sets. The order type of natural numbers is denoted w. It is
the smallest countable ordinal. Examples of larger ordinals are w +1,w -2, w - 3, w2, wv,
w®" and ¢y, where ¢y = sup {w, w?,w?",...}. The gy is the smallest ordinal « such that
w® = . Ordinals satisfying this property are called epsilon numbers. The next such ordinal is

e1 = sup {&o, €, 8;00, ...}, followed by &, = sup {e1, €7}, 88111, ...} etc. The supremum of the set
{&n : n € N} is also an epsilon number, denoted ¢, .

All the ordinals mentioned above are countable, i.e. they describe order types of countable
sets. It follows from the fact that ordinal arithmetic (described in Section 1) differs from the
cardinal arithmetic.

In particular, &g can be described as a countable union of countable sets. Also, it is the
order type of the set of finite rooted trees (see [4]). Nonetheless, the most straightforward way
to visualise its countability would be to construct an example ¢y order on the set of positive
integers IN;. Such example is presented in Section 2.

In Section 3, we construct €1, €3, . .. orders on the set Ny, by generalizing the method from
Section 2. Finally, Section 4 describes an example ¢, order on the set of positive integers. We
stop there, pointing out that the construction can be continued for even larger epsilon ordinals.
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1 Basic definitions
In this section we recall basic notions and properties of ordinal numbers (see [2,5]).

1.1 Swuccessor and limit ordinals

If there exists B such that « is the smallest ordinal larger than 8, we say that « is a successor
ordinal and write &« = B+ 1. Otherwise « is a limit ordinal, equal to a supremum of all ordinals
smaller than itself. Zero is an exception, considered neither a successor nor a limit ordinal.

1.2 Ordinal arithmetic

Let (A, <4) and (B, <p) be sets of order types a« and S, respectively. We briefly recall the
notions of addition, multiplication and exponentiation of ordinal numbers.

Addition
We define an order on the disjoint union A LI B. For each x,y € A U B we write x < y if one
of the following conditions is met:

e x,yc Aandx <, y,
e x,yc€ Band x <py,
e xc Aandy € B.
Then the set (A U B, <) is well-ordered and has order type a + B.
Remark 1. The ordinal addition is left-cancellative. That is, for any ordinals a, B and vy, if

a+p=wa+y, thenp =1.

Multiplication
We define an order on A X B as follows. For any (x4,x5), (Ya,yB) € A X B we say that
(x4,xB) < (ya,yp) if either of the conditions is met:

® X <B YB,
e xpg =ypand x4 <4 Y3.
Then the set (A x B, <) is well-ordered and has order type « - B.
Remark 2. Ordinal multiplication is left-distributive over addition. That is, for any ordinals

«, B and y, we havea - (B+y) =a-B+ua-7.

Exponentiation

Let 04 be the smallest element of A. We denote AP as the set of all functions f : B — A with
finite support, i.e. there is only a finite number of x € B such that f(x) # 04. We order them
lexicographically, i.e. for f,g € AP we say that f < g if for the largest x such that f(x) # g(x),
we have f(x) < g(x). Then the set (AB, <) is well-ordered and has order type af.

For an ordinal number « > 0, exponentiation a7 can also be defined inductively (over ):

[ ] 0(021’

o 1l =7 . g,

e o7 =sup{a’:J < v} if 7 is a limit ordinal.
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1.3 Initial segment

Let A be a non-empty well-ordered set and leta € A. We say that the set {x € A : x < a}
is an initial segment of A corresponding to an element a. It has a smaller order type than A.

1.4 Induced order

Let A, B be non-empty sets. Additionally, we assume that B is a well-ordered set with order
type B. Given a bijection f : A — B, we can define a  order on A as follows

x<yinA < f(x) < f(y) in B.

We will say that such order is induced on A by f.

2 Construction of the epsilon-zero order

We are going to write IN for the set of natural numbers {0,1,2,...} and IN; for the set of
positive natural numbers. Both of these sets have a natural order type w.

Consider the set N™1 of all functions f : IN; — IN with finite support, ordered lexico-
graphically. By definition of ordinal exponentiation, NN has order type . Each function
f € N™N1 can be expressed as a sequence (f(1), f(2), f(3),...). Therefore N™1 consists of all
sequences of natural numbers with only a finite number of non-zero terms.

We say that (x1,x2,...) < (y1,y2,...) in N1 if and only if for the largest n such that
Xn 7 Yn, we have x, < y,, i.e.

(0,0,0,...) < (1,0,0,...) < (2,0,0,...) < ... < (0,1,0,...)
<(1,1,0,...) < (2,1,0,...) < (3,1,0,...)<...<(0,2,0,...)
<(1,20,...)<...<(0,3,0,...) <...<(0,0,1,0,...) < ....

Now let (p1, p2, p3,.--) = (2,3,5,...) be an increasing sequence of all prime numbers. Each
n € IN7 has unique prime factorization

n=[Tr"
i=1
where q(n) = (q1,92,...) is an element of N™N1. Conversely, each sequence in N™N! serves as

the sequence of exponents of prime factorization for a unique n € IN;.

Remark 3. The one-to-one correspondence between the set of natural numbers and a given
countable set of mathematical objects is called Godel numbering. The method was used by
K. Godel in [3].

The bijection g : N; — INN1 will be called the prime factorization function. The function g
induces w® ordering on IN;. We will denote the set IN; with such order as N>, namely

I<p<pPl<..<p<prp<ppP<..<pi<psp<..<pp<..<p3<....

Proposition 1. To compare two distinct numbers k,n € IN», first we identify the largest prime
pi that has different exponents in prime factorization of k and n. Then we compare these
exponents. The number with a larger exponent is larger in IN».
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Now let us consider the set N™N2 with lexicographic order. It has order type w“”. Since the
set N™N2 consists of exactly the same elements as the set NN the prime factorization function
g serves also as a bijection of N; and N2, Hence, it induces w®“ ordering on IN;. We denote
IN; with this ordering as IN3, i.e.

2 2
1<pr<pi<...<pp <Pp P1<Pp P1<---
2 2 3
<Py <Pp P1 <o <Pp <o <Pp2<...
We will use the notation "w = w®" , with n copies of w on the right side of the equation
(for example, 3w = w®"). Inductively, for each natural n > 3, we denote by IN,, | ; the set N}
with order type "*1w, induced by the prime factorization function g : Ny — INN»,

Proposition 2. The procedure of comparing two numbers k, m € IN,,;1 is as follows.

1. Find the largest index i (according to the order in IN,,) such that the exponents q;(k) and
gi(m) in prime factorization of k and n are different.

2. Compare these exponents (with natural order in N). The number with the larger expo-
nent is the larger number in IN,, 1.

Lemma 1. Let A be an initial segment of IN,, with order type «, corresponding to an element a.
We denote by P(A) the set of all positive integers m such that q;(m) = 0 for alli ¢ A. Then
P(A) is an initial segment of IN,,1 with order type w®, corresponding to an element p,.

Proof. The set P(A) C IN,,,1 corresponds to the set F4 C INN» of functions whose support is a
finite subset of A. Naturally, F4 is order-isomorphic to the set of finite-support functions from
A to IN, which has order type w®. Hence, it is also the order type of P(A).

The element p,, according to its prime factorization, corresponds to the function i — g;(a)

from INN», where
1, for i—=a,
qi(a) = .
0, for i # a.

Observe that F4 is the set of all functions smaller than the above function, hence it is an initial
segment of NN, Therefore P(A) is an initial segment of N, , 1, corresponding to p,. O

Lemma 2. Letn > 1 and A be an initial segment of IN,, and IN,,11. Then A is an initial segment
of N, for allm > n.

Proof. By Lemma 1, P(A) is an initial segment of N, ;1 and IN,,», with an order type w*. Since
the set {p; : i € A} is a subset of P(A) with « order, we obtain w* > a.

Both A and P(A) are initial in IN,, 1, hence A C P(A), which is initial in IN,,4,. Therefore
A is an initial segment of IN,,;». This allows us to repeat the same reasoning for n + 1 instead
of n and by induction, this finishes the proof. O

We denote P; := P({1}) and P, := P(P,_1) for n > 2. Note that {1} is an initial segment
of both IN; and IN», with order type 1. By Lemma 2, it appears as an initial segment in all IN;,,
n > 1. Hence, by Lemma 1, P; = {1, p1, p%, p?, ...} is an initial segment of all N, for n > 2. It
has order type w! = w. By induction, Py is an initial segment of all N, such that n > k + 1,
with order type Fw.
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21 Epsilon-zero order

Note that Pj, P, P3, . .. is a sequence of well-ordered sets such that Py is an initial segment
of Py, 1 for each k > 1. Hence, the set

No = |J P
k=1

is also well-ordered. Since each Pj has order type w, then IN,, has order type ¢, i.e. the
supremum of all *w.

To show that IN,, consists of all positive integers, we need to define recursive prime factor-
ization.

Definition 1. Let n > 1 be a natural number. Rewrite it using the prime factorization as
n=pal-pat-.... pZZ" with q,, > 0 foreach1 <i < k.

Now consider the indices n;. If some of them are greater than 1, rewrite them using prime
factorization again. Continue until all of the obtained subindices are equal to 1. This procedure
will be called recursive prime factorization.

Since for each prime number p; we have i < p;, the indices decrease in each step of the
above algorithm. It means that for any given n, the procedure eventually terminates.

Definition 2. Forn > 1, lets, denote the number of necessary steps of recursive prime factor-
ization for a given n. We also define s; = 1.

For example,

| 11 111
52=22-13=pi-p6 = P P23 =P Ppips = P1 " Ppipyys
hence s5, = 3.

Then, by definition of the sets Py, for each n > 1 we have n € P;, C IN,,, which was to be
shown. Moreover, k = s, is the smallest index such that n € P;.

Proposition 3. To compare two numbers m,n € IN,,, we start with comparing s,;, and s:
e ifs, < s, (in natural order), then m < n in N,

o ifs, =s, =k, comparem and n in Ny, 1.

Remark 4. To obtain the successor of a given n in any of the N»,IN3, ..., N, orders, we need
to replace the prime factorization exponent g1 (n) (corresponding to the smallest prime p; = 2)
with its successor in INg, which is q1(n) + 1. Hence the successor of n in any of these orders is
equal to 2n.

3 Between epsilon-zero and epsilon-omega

Using similar methods as in the previous section, we define ¢, order on the set of positive
natural numbers, for any given n € IN;. We will use the following notation:

En
2 En 35

o &n = ei’l 4 n = SZH 7 etC.,
e Ny — the set of natural numbers with order type ¢ and initial element 0,

o Ny ,, — the set of positive natural numbers with "¢, order and initial element 1.
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We are going to construct the sets Ny, for each k € IN and m € IN;. We start with:
e Ny = No,
e Nyo = {0} UN,, i.e. the set N, with 0 added as an initial element.

Proposition 4. Suppose that for a given k € IN and m € IN; we have constructed the sets Ny
and Ny ,,. Then the set (N o)Nen of functions f : Ny ,, — Ny o with finite support has order
type e,(cmg") = M+lg,. Moreover, the prime factorization functionq : N1 — INEO""" induces " le;
order on the set N. The resulting set will be denoted as Ny ,,, 1. Since 0 is initial element of
INy o, the initial element of INy 11 is equal to p(l) . pg o= 1

Having defined the sets INgg and Ny ; with order type ¢, by Proposition 4 we construct
the set N, with ef)o order. By induction, for each natural n > 2 we obtain the set IN ,,-1 with
order type "*leg.

Proposition 5. To compare two distinct numbersk,n € INg>, we find the largest index i in N
order, such that the prime factorization exponents g;(k) and q;(n) are different. If g;(k) > g;(n)
in No, then k > nin INp..

What distinguishes the order in INg, from INy, Ny, ..., IN,, orders, is that it uses recursive
prime factorization not only for the i indices of prime numbers, but also for the exponents. In
INo,» with m > 2 the order is similar, but with more layers of recursion. Namely, the i indices
are compared in N ,,1 instead of Ny ;.

As in the previous section, the initial segments play a key role in the next step the construc-
tion. Therefore, we need the following two lemmas.

Lemma 3. Foragivenk € IN and n € Ny, let A be an initial segment of INy ,, with order type «,
corresponding to the element a.

We denote by P%)(A) the set of all positive integers m such that g;(m) = 0 for all
i ¢ A. Then PY)(A) is an initial segment of Ny, 1 with order type (e;)*, corresponding
to the element p,.

Lemma 4. Letn > 1 and A be an initial segment of INy,, and INy ,;1. Then A is an initial
segment of INy ,,, for all m > n.

Proof. The proofs of Lemmas 3 and 4 are analogous to the proofs of Lemmas 1 and 2, respec-
tively. Only small and straightforward modifications are necessary, i.e. replacing w with ¢,
and each IN; with INy ;. O

Suppose that for a given k € IN we have constructed the sets IN;y and Ny ; (hence, by
Proposition 4, we obtain the sets Ny ,,, for all m € IN1). Under this assumption, let us introduce
the notation Pl(k) = PM({1}) and PP = P(k)(P,Ek_)l) for all n > 2. Since {1} has order type 1
and is an initial segment of INy ,,, for all m > 1, then, by Lemma 3, Pl(k) is initial in N} ,, for all
m > 2. By Lemma 4, it has order type ¢} = ¢. Inductively, Pr(,k) has order type "¢ and is an
initial segment of Ny , for all m > n + 1.

k) (k)

Hence Pl(k), Pz( ,...1s a sequence of well-ordered sets with each P, being the initial seg-

(k)
ment of Pn+1'



Epsilon-omega order on the set of natural numbers 385

Definition 3. We define the set -
k
Nk,w = U P,(l )
n=1

The order type of INy , is a supremum of order types of the sets Pr(,k). Each P,Sk) has "¢ order,
hence Ny, has order type gy 1.

Note that the beginning element of INj , is 1. More importantly, by definition, each set P,Sk)
consists of exactly the same elements as the set P, from the previous section. Hence, INj , (just
like IN,,) consists of all positive integers and its order is strongly related to recursive prime
factorization (see Definition 1).

Since we have already defined the sets Ny ,, for all m € IN;, we can construct the set Ny (,
with order type ¢;.

Proposition 6. Having constructed the set Ny, for a given k € IN, we define
® Niy1,1 = Ny,
® Nii10:= {0} U, i.e. the set Ny ,, with 0 added as an initial element.

Hence we obtain the sets INj g and N ;. Proposition 4 allows us to construct the sets Ny ,,
for all m > 2. Then, by Definition 3, we obtain the set IN; ,,, and by Proposition 6, we can
define N o and IN; ;. By repeating this procedure inductively, we obtain the sets INj ,, for all
k,m € IN.

3.1 Description of the orders

Recall that for each m > 1 and k > 0 the set Ny, has order type "¢,. In particular, note
that each INy 1 has order type ¢.

All of the defined orders are based on recursive prime factorization (see Definition 1) and
the number of needed steps of recursion s, (see Definition 2).

Let r, t be distinct positive natural numbers.

Proposition 7. Letk € IN and m > 2. To comparer and t in Ny ,,,:

1) find the largest index i € Ny ,,_1 such that the prime factorization exponents q;(r) and
qi(t) are different,

2) compare these exponents according to INy o order.

The number with the larger exponent is larger in Ny ,,.

Remark 5. Since Pl(k) C Pz(k) C...C P}Eﬁl are initial segments of INy ,, and each P,Sk) con-

sists exactly of the same elements as the set P, from the previous section, we can use another
criterion of comparison. Namely,

Sy <8t <m inINy = r <t in Ny .

Proposition 8. Letk € IN;. To comparer,t € Ny :
e if s, < s; (in natural order), thenr < t inINj 1,

o ifs, =s; =n,comparer and t in Nx_q ,,11.
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Remark 6. The order in Ny  is the same as in Ny ; with 0 added as the initial element.

Remark 7. Let k > 1. The successor of a given n in any of the Ny_1,,Nx_13,..., and Ny,
orders is obtained by replacing the prime factorization exponent q1(n) (corresponding to the
prime p; = 2) with its successor in N_1 .

Corollary 1. Since in each Ny the initial element 0 is followed by 1, then by Remark 7, the
successor of every odd number n > 1 is equal to 2n in Ny ,,, for allk,m > 0.

For even numbers, the successors vary between different INy ,,,. For example, the successor
of 256 = 28 = 22";

* in N1 is equal to 2 - 256 = 27,

* in Ny is equal to 228 — 916

e inNp1, Ny, ... isequal to 22" = 22° = 264,

4 Epsilon-omega order (and beyond)

In this section, we present the €., order on the set of positive integers. The construction is
based on Ny ,, orders from the previous section and once again focuses on their initial seg-
ments, but requires a slightly different approach.

(k)

Recall that for a given n > 1, the sets P, consist of exactly the same elements for all k > IN.

Definition 4. We define the following sets:
e By =P,

e By:= P\ P fork > 2.
Remark 8. Note that for each k € IN;, we have
By = {n € Ng1 |sn = k}.
Therefore each positive natural number n belongs to the set Bs, and is not included in By
for allk # s,,.

Let us calculate the order type B of the set By for each k € IN;. Obviously, f1 = &1. Now

let k > 2. Since P,Ek) = Pk(li)l L By with Plfli)l as the initial segment, we have
e+ Br = "er. 1)
Note that by left-distributivity of ordinal multiplication over addition (see Remark 2) and

the fact that 1 + w = w (adding a new initial element does not affect the w order type), the

following equality

k k

lepw (2)
holds. Since ¥~le; - w < *g, each set with ¥e; order has an initial segment with order type
k=1¢, . w. Hence, and by (2), we get

718]( + kil&’k ‘W = kilsk (14 w) =

e+ e = ey (3)
Similarly,
o1+ Kep = Fey. (4)
From equations (1) and (3) and by left-cancellativity of ordinal addition (see Remark 1), we
obtain By = ke,.



Epsilon-omega order on the set of natural numbers 387

41 The epsilon-omega order
We define the set
NWJ = |_| Bk-
k=1
In this set:

* B is an initial segment,
e for each k € INy, the segment By is followed by the segment By ;.

Remark 9. The order type of N, 1 is equal to the supremum of order types of the sets
Blu...UBijtthNl.

The set By has ¢ order, B; LU B, has €1 + 2¢, = 2¢, order, and inductively, for all k > 1
the set By U ... U By has order type ke,. Note that for each k € IN; we have g, < *gp < €k11-
Therefore

sup {81/2821383r~ . } = sup {81,82,83, .. } = £y.

Hence the order type of IN, 1 is €.

Proposition 9. By Remarks 8 and 9, the set N, 1 consists of all positive integers and has order
type €.,. To compare two numbers m,n in N, 1, we determine the values of s;; and s;,. Then:

e ifsy < s, (in natural Ny order), then we have m < ninINy, 1,

e if s, = sy = k, then we compare m and n in Ny 1. The larger number in Ny ; is the
larger number in Ny, ;.

Remark 10. The successor of a given n € IN, 1 is equal to its successor in IN; 111 (see Re-
mark 7).

We hope that all of the presented orders provide a good illustration not only of the count-
ability of the corresponding ordinals, but also of their complexity and recursivity. Moreover,
note that for any given countable set X, any bijection from X to the set of positive integers can
be used to induce ¢, order on X, where 0 < k < w, by having Ny ; as the codomain of that
bijection.

While we stop at the example of ¢, order, we would like to emphasise that using the pre-
sented methods it is possible to arrange the set of positive integers in a way isomorphic to even
larger epsilon ordinals.

4.2 Beyond epsilon-omega

Observe that starting with IN,,; and N, o = {0} LN, 1 and reapplying the ideas from
Section 3, one could easily obtain €,11,€.,+2, ... orders on the set IN; and then, by methods
from Section 4, construct the ¢,,., order on N1, and so on.

In general, Section 3 shows how to construct ¢,,1 order on IN; using the previously de-
fined e, order on this set. On the other hand, having defined ¢,,, €4,, ... orders on INy, with
oy <ap <...<pand B = sup{a,:n € Ny}, one can define g order on IN; by adjusting the
methods from Section 4.
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Tpanuis mocAir0BHOCTI W, w®, w®", ..., MO TIO3HAYAETHCS SK £), € HAVMEHIIM eTICUAOH-
UMCAOM, TOOTO TaKMM MOPSIAKOBMM UMCAOM &, IO w® = «. XO4a BiAOMO, IIIO BCi €TIICMAOH-UMCAQ 3i
3AiUeHHMMM iHAEKCAMM € IOPSIAKOBMMM TUTIAMM 3AIUeHHIMX MHOXMH, LISl BAACTUBIiCTD YacTO CIpuit
MA€ThCs SIK KOHTpiHTyiTMBHa. MeToro AaHOI po60TM € TAMOIIe PO3KPUTTSI CTPYKTYPU €ICHUAOH-
OpAVHAAIB IIIASIXOM TTO6YAOBM BiAIIOBIAHVX IIOPSIAKIB €0, €1, . . . , €, Ha MHOXUHI HaTyPaAbHUX UM-
cen. [IpeacTaBAeHMIT METOA MOXe 6yTI AETKO y3araAbHEHIMI AASI TIOOYAOBM ITie GiABITIIX eTICUAOH-
UmCeA.

Kniouosi croea i d)],’]ﬂﬂx[.’ TIOPSIAKOBE YNICAO, EIICMIAOH-OMETA, EIICMIAOH-UMCAO, IIIAKOM BIIOpsIAKOBa-
Ha MHOJXWMHa.



