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Epsilon-omega order on the set of natural numbers

Kamedulski B.1, Klinga P.2

The limit of the sequence ω, ωω, ωωω
, . . ., denoted ε0, is the smallest epsilon number, i.e. ordinal

number α such that ωα = α. While all the epsilon numbers with countable indices are known to be

order types of countable sets, it is a highly counter-intuitive property. The goal of this paper is to

provide better insight into the structure of epsilon ordinals by constructing ε0, ε1, . . . , εω orders on

the set of natural numbers. The presented construction can be easily extended to even larger epsilon

numbers.

Key words and phrases: ordinal number, epsilon-omega, epsilon number, well-ordered set.

1 Gdynia Maritime University, 81-87 Morska str., 81-225, Gdynia, Poland
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Introduction

Ordinal numbers were constructed by Georg Cantor in 1883 [1]. They are used to describe

the order types of well-ordered sets. Every such set is order-isomorphic to exactly one ordinal

number. Each set consisting of ordinals is also well-ordered, in particular the set {β : β < α}

has order type α.

Ordinal 0 is the order type of the empty set. Natural numbers 1, 2, 3, . . . describe order

types of finite well-ordered sets. The order type of natural numbers is denoted ω. It is

the smallest countable ordinal. Examples of larger ordinals are ω + 1, ω · 2, ω · 3, ω2, ωω,

ωωω
and ε0, where ε0 = sup {ω, ωω , ωωω

, . . .}. The ε0 is the smallest ordinal α such that

ωα = α. Ordinals satisfying this property are called epsilon numbers. The next such ordinal is

ε1 = sup {ε0, ε
ε0
0 , ε

ε
ε0
0

0 , . . .}, followed by ε2 = sup {ε1, ε
ε1
1 , ε

ε
ε1
1

1 , . . .} etc. The supremum of the set

{εn : n ∈ N} is also an epsilon number, denoted εω.

All the ordinals mentioned above are countable, i.e. they describe order types of countable

sets. It follows from the fact that ordinal arithmetic (described in Section 1) differs from the

cardinal arithmetic.

In particular, ε0 can be described as a countable union of countable sets. Also, it is the

order type of the set of finite rooted trees (see [4]). Nonetheless, the most straightforward way

to visualise its countability would be to construct an example ε0 order on the set of positive

integers N1. Such example is presented in Section 2.

In Section 3, we construct ε1, ε2, . . . orders on the set N1, by generalizing the method from

Section 2. Finally, Section 4 describes an example εω order on the set of positive integers. We

stop there, pointing out that the construction can be continued for even larger epsilon ordinals.
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1 Basic definitions

In this section we recall basic notions and properties of ordinal numbers (see [2, 5]).

1.1 Successor and limit ordinals

If there exists β such that α is the smallest ordinal larger than β, we say that α is a successor

ordinal and write α = β+ 1. Otherwise α is a limit ordinal, equal to a supremum of all ordinals

smaller than itself. Zero is an exception, considered neither a successor nor a limit ordinal.

1.2 Ordinal arithmetic

Let (A,<A) and (B,<B) be sets of order types α and β, respectively. We briefly recall the

notions of addition, multiplication and exponentiation of ordinal numbers.

Addition

We define an order on the disjoint union A ⊔ B. For each x, y ∈ A ⊔ B we write x < y if one

of the following conditions is met:

• x, y ∈ A and x <A y,

• x, y ∈ B and x <B y,

• x ∈ A and y ∈ B.

Then the set (A ⊔ B,<) is well-ordered and has order type α + β.

Remark 1. The ordinal addition is left-cancellative. That is, for any ordinals α, β and γ, if

α + β = α + γ, then β = γ.

Multiplication

We define an order on A × B as follows. For any (xA, xB), (yA, yB) ∈ A × B we say that

(xA, xB) < (yA, yB) if either of the conditions is met:

• xB <B yB,

• xB = yB and xA <A yB.

Then the set (A × B,<) is well-ordered and has order type α · β.

Remark 2. Ordinal multiplication is left-distributive over addition. That is, for any ordinals

α, β and γ, we have α · (β + γ) = α · β + α · γ.

Exponentiation

Let 0A be the smallest element of A. We denote AB as the set of all functions f : B → A with

finite support, i.e. there is only a finite number of x ∈ B such that f (x) 6= 0A. We order them

lexicographically, i.e. for f , g ∈ AB we say that f < g if for the largest x such that f (x) 6= g(x),

we have f (x) < g(x). Then the set (AB,<) is well-ordered and has order type αβ.

For an ordinal number α > 0, exponentiation αγ can also be defined inductively (over γ):

• α0 = 1,

• αγ+1 = αγ · α,

• αγ = sup {αδ : δ < γ} if γ is a limit ordinal.
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1.3 Initial segment

Let A be a non-empty well-ordered set and let a ∈ A. We say that the set {x ∈ A : x < a}

is an initial segment of A corresponding to an element a. It has a smaller order type than A.

1.4 Induced order

Let A, B be non-empty sets. Additionally, we assume that B is a well-ordered set with order

type β. Given a bijection f : A → B, we can define a β order on A as follows

x < y in A ⇐⇒ f (x) < f (y) in B.

We will say that such order is induced on A by f .

2 Construction of the epsilon-zero order

We are going to write N for the set of natural numbers {0, 1, 2, . . .} and N1 for the set of

positive natural numbers. Both of these sets have a natural order type ω.

Consider the set N
N1 of all functions f : N1 → N with finite support, ordered lexico-

graphically. By definition of ordinal exponentiation, N
N1 has order type ωω. Each function

f ∈ N
N1 can be expressed as a sequence ( f (1), f (2), f (3), . . .). Therefore N

N1 consists of all

sequences of natural numbers with only a finite number of non-zero terms.

We say that (x1, x2, . . .) < (y1, y2, . . .) in N
N1 if and only if for the largest n such that

xn 6= yn, we have xn < yn, i.e.

(0, 0, 0, . . .) < (1, 0, 0, . . .) < (2, 0, 0, . . .) < . . . < (0, 1, 0, . . .)

< (1, 1, 0, . . .) < (2, 1, 0, . . .) < (3, 1, 0, . . .) < . . . < (0, 2, 0, . . .)

< (1, 2, 0, . . .) < . . . < (0, 3, 0, . . .) < . . . < (0, 0, 1, 0, . . .) < . . . .

Now let (p1, p2, p3, . . .) = (2, 3, 5, . . .) be an increasing sequence of all prime numbers. Each

n ∈ N1 has unique prime factorization

n =
∞

∏
i=1

p
qi
i ,

where q(n) = (q1, q2, . . .) is an element of N
N1 . Conversely, each sequence in N

N1 serves as

the sequence of exponents of prime factorization for a unique n ∈ N1.

Remark 3. The one-to-one correspondence between the set of natural numbers and a given

countable set of mathematical objects is called Gödel numbering. The method was used by

K. Gödel in [3].

The bijection q : N1 → N
N1 will be called the prime factorization function. The function q

induces ωω ordering on N1. We will denote the set N1 with such order as N2, namely

1 < p1 <p2
1 < . . . < p2 < p2 · p1 < p2 · p2

1 < . . . < p2
2 < p2

2 · p1 < . . . < p3
2 < . . . < p3 < . . . .

Proposition 1. To compare two distinct numbers k, n ∈ N2, first we identify the largest prime

pi that has different exponents in prime factorization of k and n. Then we compare these

exponents. The number with a larger exponent is larger in N2.
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Now let us consider the set N
N2 with lexicographic order. It has order type ωωω

. Since the

set N
N2 consists of exactly the same elements as the set N

N1 , the prime factorization function

q serves also as a bijection of N1 and N
N2 . Hence, it induces ωωω

ordering on N1. We denote

N1 with this ordering as N3, i.e.

1 < p1 < p2
1 < . . . < pp1 < pp1 · p1 < pp1 · p2

1 < . . .

< p2
p1

< p2
p1
· p1 < . . . < p3

p1
< . . . < pp1

2 < . . .

We will use the notation nω := ωω..
ω

, with n copies of ω on the right side of the equation

(for example, 3ω = ωωω
). Inductively, for each natural n ≥ 3, we denote by Nn+1 the set N1

with order type n+1ω, induced by the prime factorization function q : N1 → N
Nn .

Proposition 2. The procedure of comparing two numbers k, m ∈ Nn+1 is as follows.

1. Find the largest index i (according to the order in Nn) such that the exponents qi(k) and

qi(m) in prime factorization of k and n are different.

2. Compare these exponents (with natural order in N). The number with the larger expo-

nent is the larger number in Nn+1.

Lemma 1. Let A be an initial segment of Nn with order type α, corresponding to an element a.

We denote by P(A) the set of all positive integers m such that qi(m) = 0 for all i 6∈ A. Then

P(A) is an initial segment of Nn+1 with order type ωα, corresponding to an element pa.

Proof. The set P(A) ⊂ Nn+1 corresponds to the set FA ⊂ N
Nn of functions whose support is a

finite subset of A. Naturally, FA is order-isomorphic to the set of finite-support functions from

A to N, which has order type ωα. Hence, it is also the order type of P(A).

The element pa, according to its prime factorization, corresponds to the function i 7→ qi(a)

from N
Nn , where

qi(a) =

{

1, for i = a,

0, for i 6= a.

Observe that FA is the set of all functions smaller than the above function, hence it is an initial

segment of N
Nn . Therefore P(A) is an initial segment of Nn+1, corresponding to pa.

Lemma 2. Let n ≥ 1 and A be an initial segment of Nn and Nn+1. Then A is an initial segment

of Nm for all m ≥ n.

Proof. By Lemma 1, P(A) is an initial segment of Nn+1 and Nn+2, with an order type ωα. Since

the set {pi : i ∈ A} is a subset of P(A) with α order, we obtain ωα ≥ α.

Both A and P(A) are initial in Nn+1, hence A ⊂ P(A), which is initial in Nn+2. Therefore

A is an initial segment of Nn+2. This allows us to repeat the same reasoning for n + 1 instead

of n and by induction, this finishes the proof.

We denote P1 := P({1}) and Pn := P(Pn−1) for n ≥ 2. Note that {1} is an initial segment

of both N1 and N2, with order type 1. By Lemma 2, it appears as an initial segment in all Nn,

n ≥ 1. Hence, by Lemma 1, P1 = {1, p1, p2
1, p3

1, . . .} is an initial segment of all Nn for n ≥ 2. It

has order type ω1 = ω. By induction, Pk is an initial segment of all Nn such that n ≥ k + 1,

with order type kω.
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2.1 Epsilon-zero order

Note that P1, P2, P3, . . . is a sequence of well-ordered sets such that Pk is an initial segment

of Pk+1 for each k ≥ 1. Hence, the set

Nω :=
∞
⋃

k=1

Pk

is also well-ordered. Since each Pk has order type kω, then Nω has order type ε0, i.e. the

supremum of all kω.

To show that Nω consists of all positive integers, we need to define recursive prime factor-

ization.

Definition 1. Let n > 1 be a natural number. Rewrite it using the prime factorization as

n = p
qn1
n1

· p
qn2
n2

· . . . · p
qnk
nk

with qni
> 0 for each 1 ≤ i ≤ k.

Now consider the indices ni. If some of them are greater than 1, rewrite them using prime

factorization again. Continue until all of the obtained subindices are equal to 1. This procedure

will be called recursive prime factorization.

Since for each prime number pi we have i < pi, the indices decrease in each step of the

above algorithm. It means that for any given n, the procedure eventually terminates.

Definition 2. For n > 1, let sn denote the number of necessary steps of recursive prime factor-

ization for a given n. We also define s1 := 1.

For example,

52
I
= 22 · 13 = p2

1 · p6
I I
= p2

1 · p2·3 = p2
1 · pp1 ·p2

I I I
= p2

1 · pp1 ·pp1
,

hence s52 = 3.

Then, by definition of the sets Pk, for each n ≥ 1 we have n ∈ Psn ⊂ Nω , which was to be

shown. Moreover, k = sn is the smallest index such that n ∈ Pk.

Proposition 3. To compare two numbers m, n ∈ Nω , we start with comparing sm and sn:

• if sm < sn (in natural order), then m < n in Nω;

• if sm = sn = k, compare m and n in Nk+1.

Remark 4. To obtain the successor of a given n in any of the N2, N3, . . . , Nω orders, we need

to replace the prime factorization exponent q1(n) (corresponding to the smallest prime p1 = 2)

with its successor in N0, which is q1(n) + 1. Hence the successor of n in any of these orders is

equal to 2n.

3 Between epsilon-zero and epsilon-omega

Using similar methods as in the previous section, we define εn order on the set of positive

natural numbers, for any given n ∈ N1. We will use the following notation:

• 2εn = εεn
n , 3εn = ε

εεn
n

n , etc.,

• Nk,0 − the set of natural numbers with order type εk and initial element 0,

• Nk,m − the set of positive natural numbers with mεk order and initial element 1.
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We are going to construct the sets Nk,m for each k ∈ N and m ∈ N1. We start with:

• N0,1 := Nω,

• N0,0 := {0} ⊔ Nω , i.e. the set Nω with 0 added as an initial element.

Proposition 4. Suppose that for a given k ∈ N and m ∈ N1 we have constructed the sets Nk,0

and Nk,m. Then the set (Nk,0)
Nk,m of functions f : Nk,m → Nk,0 with finite support has order

type ε
(mεk)
k = m+1εk. Moreover, the prime factorization function q : N1 → N

Nk,m

k,0 induces m+1εk

order on the set N1. The resulting set will be denoted as Nk,m+1. Since 0 is initial element of

Nk,0, the initial element of Nk,m+1 is equal to p0
1 · p0

2 · . . . = 1.

Having defined the sets N0,0 and N0,1 with order type ε0, by Proposition 4 we construct

the set N0,2 with ε
ε0
0 order. By induction, for each natural n ≥ 2 we obtain the set N0,n+1 with

order type n+1ε0.

Proposition 5. To compare two distinct numbers k, n ∈ N0,2, we find the largest index i in N0,1

order, such that the prime factorization exponents qi(k) and qi(n) are different. If qi(k) > qi(n)

in N0,0, then k > n in N0,2.

What distinguishes the order in N0,2 from N1, N2, . . . , Nω orders, is that it uses recursive

prime factorization not only for the i indices of prime numbers, but also for the exponents. In

N0,m with m > 2 the order is similar, but with more layers of recursion. Namely, the i indices

are compared in N0,m−1 instead of N0,1.

As in the previous section, the initial segments play a key role in the next step the construc-

tion. Therefore, we need the following two lemmas.

Lemma 3. For a given k ∈ N and n ∈ N1, let A be an initial segment of Nk,n with order type α,

corresponding to the element a.

We denote by P(k)(A) the set of all positive integers m such that qi(m) = 0 for all

i 6∈ A. Then P(k)(A) is an initial segment of Nk,n+1 with order type (εk)
α, corresponding

to the element pa.

Lemma 4. Let n ≥ 1 and A be an initial segment of Nk,n and Nk,n+1. Then A is an initial

segment of Nk,m for all m ≥ n.

Proof. The proofs of Lemmas 3 and 4 are analogous to the proofs of Lemmas 1 and 2, respec-

tively. Only small and straightforward modifications are necessary, i.e. replacing ω with εk,

and each Ni with Nk,i.

Suppose that for a given k ∈ N we have constructed the sets Nk,0 and Nk,1 (hence, by

Proposition 4, we obtain the sets Nk,m for all m ∈ N1). Under this assumption, let us introduce

the notation P
(k)
1 := P(k)({1}) and P

(k)
n := P(k)(P

(k)
n−1) for all n ≥ 2. Since {1} has order type 1

and is an initial segment of Nk,m for all m ≥ 1, then, by Lemma 3, P
(k)
1 is initial in Nk,m for all

m ≥ 2. By Lemma 4, it has order type ε1
k = εk. Inductively, P

(k)
n has order type nεk and is an

initial segment of Nk,m for all m ≥ n + 1.

Hence P
(k)
1 , P

(k)
2 , . . . is a sequence of well-ordered sets with each P

(k)
n being the initial seg-

ment of P
(k)
n+1.
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Definition 3. We define the set

Nk,ω :=
∞
⋃

n=1

P
(k)
n .

The order type of Nk,ω is a supremum of order types of the sets P
(k)
n . Each P

(k)
n has nεk order,

hence Nk,ω has order type εk+1.

Note that the beginning element of Nk,ω is 1. More importantly, by definition, each set P
(k)
n

consists of exactly the same elements as the set Pn from the previous section. Hence, Nk,ω (just

like Nω) consists of all positive integers and its order is strongly related to recursive prime

factorization (see Definition 1).

Since we have already defined the sets N0,m for all m ∈ N1, we can construct the set N0,ω

with order type ε1.

Proposition 6. Having constructed the set Nk,ω for a given k ∈ N, we define

• Nk+1,1 := Nk,ω,

• Nk+1,0 := {0} ⊔ Nk,ω, i.e. the set Nk,ω with 0 added as an initial element.

Hence we obtain the sets N1,0 and N1,1. Proposition 4 allows us to construct the sets N1,m

for all m ≥ 2. Then, by Definition 3, we obtain the set N1,ω, and by Proposition 6, we can

define N2,0 and N2,1. By repeating this procedure inductively, we obtain the sets Nk,m for all

k, m ∈ N.

3.1 Description of the orders

Recall that for each m ≥ 1 and k ≥ 0 the set Nk,m has order type mεk. In particular, note

that each Nk,1 has order type εk.

All of the defined orders are based on recursive prime factorization (see Definition 1) and

the number of needed steps of recursion sn (see Definition 2).

Let r, t be distinct positive natural numbers.

Proposition 7. Let k ∈ N and m ≥ 2. To compare r and t in Nk,m:

1) find the largest index i ∈ Nk,m−1 such that the prime factorization exponents qi(r) and

qi(t) are different,

2) compare these exponents according to Nk,0 order.

The number with the larger exponent is larger in Nk,m.

Remark 5. Since P
(k)
1 ⊂ P

(k)
2 ⊂ . . . ⊂ P

(k)
m−1 are initial segments of Nk,m and each P

(k)
n con-

sists exactly of the same elements as the set Pn from the previous section, we can use another

criterion of comparison. Namely,

sr < st < m in N1 =⇒ r < t in Nk,m.

Proposition 8. Let k ∈ N1. To compare r, t ∈ Nk,1 :

• if sr < st (in natural order), then r < t in Nk,1;

• if sr = st = n, compare r and t in Nk−1,n+1.
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Remark 6. The order in Nk,0 is the same as in Nk,1 with 0 added as the initial element.

Remark 7. Let k ≥ 1. The successor of a given n in any of the Nk−1,2, Nk−1,3, . . . , and Nk,1

orders is obtained by replacing the prime factorization exponent q1(n) (corresponding to the

prime p1 = 2) with its successor in Nk−1,0.

Corollary 1. Since in each Nk,0 the initial element 0 is followed by 1, then by Remark 7, the

successor of every odd number n ≥ 1 is equal to 2n in Nk,m for all k, m ≥ 0.

For even numbers, the successors vary between different Nk,m. For example, the successor

of 256 = 28 = 223
:

• in N0,1 is equal to 2 · 256 = 29,

• in N1,1 is equal to 22·8 = 216,

• in N2,1, N3,1, . . . is equal to 222·3
= 226

= 264.

4 Epsilon-omega order (and beyond)

In this section, we present the εω order on the set of positive integers. The construction is

based on Nk,m orders from the previous section and once again focuses on their initial seg-

ments, but requires a slightly different approach.

Recall that for a given n ≥ 1, the sets P
(k)
n consist of exactly the same elements for all k ≥ N.

Definition 4. We define the following sets:

• B1 := P
(1)
1 ,

• Bk := P
(k)
k \ P

(k)
k−1 for k ≥ 2.

Remark 8. Note that for each k ∈ N1, we have

Bk = {n ∈ Nk,1 | sn = k}.

Therefore each positive natural number n belongs to the set Bsn and is not included in Bk

for all k 6= sn.

Let us calculate the order type βk of the set Bk for each k ∈ N1. Obviously, β1 = ε1. Now

let k ≥ 2. Since P
(k)
k = P

(k)
k−1 ⊔ Bk with P

(k)
k−1 as the initial segment, we have

k−1εk + βk =
kεk. (1)

Note that by left-distributivity of ordinal multiplication over addition (see Remark 2) and

the fact that 1 + ω = ω (adding a new initial element does not affect the ω order type), the

following equality
k−1εk +

k−1εk · ω = k−1εk · (1 + ω) = k−1εk · ω (2)

holds. Since k−1εk · ω <
kεk, each set with kεk order has an initial segment with order type

k−1εk · ω. Hence, and by (2), we get
k−1εk +

kεk =
kεk. (3)

Similarly,
k−1εk−1 +

kεk =
kεk. (4)

From equations (1) and (3) and by left-cancellativity of ordinal addition (see Remark 1), we

obtain βk =
kεk.
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4.1 The epsilon-omega order

We define the set

Nω,1 :=
∞
⊔

k=1

Bk.

In this set:

• B1 is an initial segment,

• for each k ∈ N1, the segment Bk is followed by the segment Bk+1.

Remark 9. The order type of Nω,1 is equal to the supremum of order types of the sets

B1 ⊔ . . . ⊔ Bk with k ∈ N1.

The set B1 has ε1 order, B1 ⊔ B2 has ε1 +
2ε2 = 2ε2 order, and inductively, for all k ≥ 1

the set B1 ⊔ . . . ⊔ Bk has order type kεk. Note that for each k ∈ N1 we have εk <
kεk < εk+1.

Therefore

sup {ε1, 2ε2, 3ε3, . . .} = sup {ε1, ε2, ε3, . . .} = εω.

Hence the order type of Nω,1 is εω.

Proposition 9. By Remarks 8 and 9, the set Nω,1 consists of all positive integers and has order

type εω . To compare two numbers m, n in Nω,1, we determine the values of sm and sn. Then:

• if sm < sn (in natural N1 order), then we have m < n in Nω,1,

• if sm = sn = k, then we compare m and n in Nk+1,1. The larger number in Nk+1,1 is the

larger number in Nω,1.

Remark 10. The successor of a given n ∈ Nω,1 is equal to its successor in Nsn+1,1 (see Re-

mark 7).

We hope that all of the presented orders provide a good illustration not only of the count-

ability of the corresponding ordinals, but also of their complexity and recursivity. Moreover,

note that for any given countable set X, any bijection from X to the set of positive integers can

be used to induce εk order on X, where 0 ≤ k ≤ ω, by having Nk,1 as the codomain of that

bijection.

While we stop at the example of εω order, we would like to emphasise that using the pre-

sented methods it is possible to arrange the set of positive integers in a way isomorphic to even

larger epsilon ordinals.

4.2 Beyond epsilon-omega

Observe that starting with Nω,1 and Nω,0 := {0} ⊔ Nω,1 and reapplying the ideas from

Section 3, one could easily obtain εω+1, εω+2, . . . orders on the set N1 and then, by methods

from Section 4, construct the εω·2 order on N1, and so on.

In general, Section 3 shows how to construct εα+1 order on N1 using the previously de-

fined εα order on this set. On the other hand, having defined εα1 , εα2 , . . . orders on N1, with

α1 < α2 < . . . < β and β = sup {αn : n ∈ N1}, one can define εβ order on N1 by adjusting the

methods from Section 4.
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[5] Sierpiński W. Cardinal and ordinal numbers. In: Monografie Matematyczne, 34. PWN, Warsaw, 1958.

Received 05.11.2024

Камедульський Б., Клiнґа П. Порядок типу епсилон-омега на множинi натуральних чисел // Кар

патськi матем. публ. — 2026. — Т.18, №2. — C. 379–388.

Границя послiдовностi ω, ωω, ωωω
, . . ., що позначається як ε0, є найменшим епсилон-

числом, тобто таким порядковим числом α, що ωα = α. Хоча вiдомо, що всi епсилон-числа зi

злiченними iндексами є порядковими типами злiченних множин, ця властивiсть часто сприй

мається як контрiнтуїтивна. Метою даної роботи є глибше розкриття структури епсилон-

ординалiв шляхом побудови вiдповiдних порядкiв ε0, ε1, . . . , εω на множинi натуральних чи-

сел. Представлений метод може бути легко узагальнений для побудови ще бiльших епсилон-

чисел.

Ключовi слова i фрази: порядкове число, епсилон-омега, епсилон-число, цiлком впорядкова-

на множина.


