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On semitopological simple inverse w-semigroups
with compact maximal subgroups

Gutik 0.V.>¥, Maksymyk K.M.

We describe the structure of (0-)simple inverse Hausdorff semitopological w-semigroups with
compact maximal subgroups. In particular, we show that if S is a simple inverse Hausdorff semi-
topological w-semigroup with compact maximal subgroups, then S is topologically isomorphic to
the Bruck-Reilly extension (BR(T, 0), Ty ) of a finite semilattice T = [E; G, ¢4,] of compact groups
Gy in the class of topological inverse semigroups, where Tgy, is the sum direct topology on BR(T, 6).
Also, we prove that every Hausdorff locally compact shift-continuous topology on a simple inverse
Hausdorff semitopological w-semigroup with compact maximal subgroups with adjoined zero is
either compact or the zero is an isolated point.
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Introduction

We shall follow the terminology of [8, 10,11, 14,22, 31]. We denote by w the set of all non-
negative integers, and by IN the set of all positive integers. All topological spaces, considered
in this paper, are Hausdorff, if the otherwise is not stated explicitly. If A is a subset of a
topological space X, then by clx(A) and intx(A) we denote the closure and interior of A in X,
respectively.

Leth: S — T be a map of sets. Then for any s € Sand A C S by (s)h and (A)h we denote
the images of s and A, respectively, under the map h. Also, forany t € T and B C T we denote
by (+)h~! and (B)h~! the full preimages of t and B, respectively, under the map b.

A semigroup S is called inverse if for any element x € S there exists a unique x~! € S such
that xx 'x = x and x 'xx~! = x~!. The element x~! is called the inverse of x € S. If S is
an inverse semigroup, then the function inv: S — S which assigns to every element x of S its
inverse element x ! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If S is
an inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S) as
a band (or the band of S). Then the semigroup operation on S determines the following partial
order < on E(S): e < fifand onlyifef = fe = e. This order is called the natural partial order on
E(S). A semilattice is a commutative semigroup of idempotents. A chain is a linearly ordered
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semilattice.

A semigroup S is said to be simple (0-simple) if S has no proper two-sided ideals (if S has
the zero 0 and {0} is the unique proper two-sided ideal of S). A semigroup S is called an
w-semigroup if the band E(S) is order isomorphic to (w, >). Also, an inverse semigroup S is
0-simple w-semigroup if S is 0-simple and the subset of non-zero idempotents E(S) \ {0} is
order isomorphic to (w, >).

If S is an inverse semigroup, then the semigroup operation on S determines the following
partial order < on S: s < t if and only if there exists e € E(S) such that s = te. This order is
called the natural partial order on S (see [36]).

The bicyclic monoid € (p,q) is the semigroup with the identity 1 generated by two ele-
ments p and g subjected only to the condition pg = 1. The semigroup operation on €(p, q) is
determined as follows:

qkpl . qmpn _ qk+m7min{l,m}pl+n7mir\{l,m}.
It is well known that the bicyclic monoid % (p, q) is a bisimple (and hence, simple) combina-
torial E-unitary inverse semigroup and every non-trivial congruence on % (p,q) is a group
congruence (see [10]).

Using the construction of the bicyclic monoid, R.H. Bruck built the construction of isomor-
phic embedding of any (inverse) semigroup into a simple inverse monoid (see [7] and [11, Sec-
tion 8.5]). Subsequently, N.R. Reilly [30] and R.]. Warne [37] generalized Bruck’s construction
to describe the structure of bisimple regular w-semigroups in the following way.

Construction 1 ([30,37]). Let S be a monoid with the unit element 1s and let: S — H;_ be a
homomorphism from S into the group of units H(1s) of S. On the set BR(S,0) = w X S X w
we define the semigroup operation by the formula

(i,5,7) - (kt,1) = (i +k — min{j, k}, (s)gk—minlik} (p)pi—mindik} 11— min{j k}),

where i, j, k,| € w,s,t € S and 60 is the identity map on S. Then BR(S, 0) with such defined
semigroup operation is called the Bruck-Reilly extension of S.

In the sequel, we assume that S is a monoid.

For arbitrary i,j € w and a non-empty subset A of the semigroup S we define the subset
Ai,j of BR(S, 9) by Ai,j = {(Z, S,j)l S € A}

We observe that if S is a trivial monoid then BR(S, 0) is isomorphic to the bicyclic semi-
group ¢ (p,q) and in case when 6 is an annihilating homomorphism, i.e. (s)0 = 1g, then
BR(S) = BR(S, 0) is called the Bruck semigroup over monoid S (see [15]). Also N.R. Reilly and
R.J. Warne proved that every bisimple regular w-semigroup is isomorphic to the Bruck-Reilly
extension of some group [30,37].

We need the following assertion, which is a simple generalization of [27, Lemma 1.2] and
follows from [29, Theorem XI.1.1].

Proposition 1. Let S be an arbitrary monoid and 6: S — Hg(1) be a homomorphism from S
into the group of units Hs(1) of S. Then a map 11: BR(S,0) — € (p,q), defined by the formula
n(i,s,j) = q'p/, is a homomorphism and hence the relation 1% on BR(S,6), defined in the
following way

(i,s,/)y% (m, t,n) ifandonlyif i=m and j=mn,

is a congruence.
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We need the following well-known construction.

Construction 2 ([29]). Let E be a semilattice. To each a € E associate a semigroup S, and
assume that S, N Sp=9 ifa # B. For each pair § < «, let Pap: Su — Sp be a homomorphism,
and assume that the following conditions hold:

(1) @uu: Sa — Sq is the identity map of S, for any « € Sy;

(2) ify X B winkE, then ¢, s¢p,y = Pu,y-

On thesetS = |J S, define a semigroup operation by the formula
«€E

axb = ((a)@aup)((0)Ppap)

ifa € Sy, b € Sg, and denote S = [E; Sy, ¢, p|. The semigroup [E; S, ¢4 is called a (strong)
semilattice of semigroups S.

Well-known Clifford’s Theorem states that an inverse semigroup S is Clifford, i.e. E(S)
is contained in the center of S, if and only if S is a semilattice of groups (see [29, Theo-
rem I1.2.6]).

In [21], B.P. Kochin showed that every simple inverse w-semigroup is isomorphic to the
Bruck-Reilly extension BR(S, 6) of a finite chain of groups S = [E; Gy, ¢y,p]-

A continuous map f: X — Y from a topological space X into a topological space Y
is called:

e quotient if the set (U)f~! is open in X if and only if U is open in Y (see [25] and
[14, Section 2.4]);

e hereditarily quotient (or pseudoopen) if for every B C Y the restriction f|g: (B)f~! — B of
f is a quotient map (see [24] and [14, Section 2.4]);

e open if (U)f is openin Y for every open subset U in X;
e closed if (F)f is closed in Y for every closed subset F in X;

e perfect if X is Hausdorff, f is a closed map and all fibers (y)f~! are compact subsets of X
(see [35]).

Every perfect map is closed, every closed map and every hereditarily quotient map are
quotient [14]. Moreover, a continuous map f: X — Y from a topological space X onto a
topological space Y is hereditarily quotient if and only if for every ¥ € Y and every open
subset U in X which contains (y) f~! we have

y € inty (f(U))

(see [14, 2.4.F]).

A (semi)topological semigroup is a topological space with a (separately) continuous semi-
group operation. An inverse topological semigroup with continuous inversion is called a topo-
logical inverse semigroup.
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A topology T on a semigroup S is called:

* a semigroup topology if (S, T) is a topological semigroup;

* an inverse semigroup topology if (S, T) is a topological inverse semigroup;
* a shift-continuous topology if (S, T) is a semitopological semigroup;

* an inverse shift-continuous topology if (S, T) is a semitopological semigroup with contin-
uous inversion.

We observe that if S = [E; Gy, @4,] is a semitopological Clifford semigroup, then all ho-
momorphisms ¢, g are continuous [5].

It is well-known [6, 13] that the bicyclic monoid %(p,q) admits only the discrete semi-
group (shift-continuous) Hausdorff topology. Semigroup and shift-continuous T;-topologies
on € (p,q) are studied in [9]. Topologizations of Bruck semigroups and Bruck-Reilly exten-
sions, their topological properties and applications established in [15, 16, 18,20, 28, 32-34].

In the paper [17], it is proved that every Hausdorff locally compact shift-continuous topol-
ogy on the bicyclic monoid with adjoined zero is either compact or discrete. This result was
extended by S. Bardyla onto a polycyclic monoid [2] and graph inverse semigroups [3], and by
T. Mokrytskyi onto the monoid of order isomorphisms between principal filters of IN" with
adjoined zero [26]. In [4], S. Bardyla proved that a Hausdorff locally compact semitopolog-
ical McAlister semigroup M is either compact or discrete. However, this dichotomy does
not hold for the McAlister semigroup Mj. Moreover, M; admits continuum many different
Hausdorff locally compact inverse semigroup topologies [4]. Also, in [19], it is proved that the
extended bicyclic semigroup 45 with adjoined zero admits distinct ¢-many shift-continuous
topologies, however every Hausdorff locally compact semigroup topology on %% is discrete.
Algebraic properties on a group G, such that if the discrete group G has these properties, then
every locally compact shift continuous topology on G with adjoined zero is either compact or
discrete, are studied in [23].

In this paper, we describe the structure of (0-)simple inverse Hausdorff semitopological
w-semigroups with compact maximal subgroups. In particular, we show that if S is a simple
inverse Hausdorff semitopological w-semigroups with compact maximal subgroups, then S
is topologically isomorphic to the Bruck-Reilly extension (BR(T,6), 7gg) of a finite semilat-
tice T = [E; G, qo,,c,lg] of compact groups G, in the class of topological inverse semigroups,
where Tgy, is the sum direct topology on BR(T, ). Also we prove that every Hausdorff locally
compact shift-continuous topology on the simple inverse Hausdorff semitopological w-semi-
group with compact maximal subgroups with adjoined zero is either compact or the zero is
an isolated point.

1 Onsimple inverse semitopological w-semigroups with compact maximal
subgroups

We need the following simple lemma.

Lemma 1. Let S = [E; Gy, ¢4 be a semitopological semigroup which is a semilattice of
groups G. If S is a topological sum of topological groups G,, then S is a topological inverse
semigroup.
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Proof. Since G, is a topological group for any « € E and S is a Clifford inverse semigroup, the
inversion is continuous in S.

Fix arbitrary a,b € S such thata € Gy and b € Gg for some &, € E. The assumptions of the
lemma imply that G, is an open-and-closed subset of S for any v € E. Since G, is a topological
group, for any open neighbourhood U ((a) @a,.s(0)@pap) S Gap of the point (a) s (b)9pap
in S there exist open neighbourhoods V ((a)@uap) € Gagand V ((b)@gag) C Gap of the points
(@) Pa,up and (b)@pqp in S, respectively, such that

V(@) @aap) -V (0)9pap) S U ((4)Puup(b) Ppap) -

Since homomorphisms ¢, 4p5: Go — Gupg and ¢pq5: Gg — G,p are continuous, and G is an
open-and-closed subset of S for any v € E, we have that there exist open neighbourhoods
W (a) C Gy and W (b) C Gg of the points a and b in S, respectively, such that

(W (a)@uap SV ((a)paup) and (W (D))@gasg SV ((b)Ppap) -

The above inclusions imply that

4 (El) * W (b) cv ((a)%,a,s) % ((b)(l)ﬁ,aﬁ) cu ((a)(/)a,zxﬁ(b)qoﬁ,zxﬁ) ’
hence, the semigroup operation in S is continuous. O

Proposition 2. Let S = [E; Gy, ¢4, be a Hausdorff semitopological semigroup which is a
tinite semilattice of compact groups G,. Then S is a compact topological inverse semigroup.

Proof. Since the semilattice E is finite, S is a compact as the union of finitely many compact
subsets G,. Also finiteness of E and Hausdorffness of S imply that G, is open-and-closed
subset of S. Next we apply Lemma 1. O

Definition 1. Let TS be a some class of semitopological semigroups and (S, 7s) € 6%6. If
TBR 15 a topology on BR(S, 0) such that (BR(S,0), tgr) € GTS and for some i € w the sub-
semigroup S;; with the topology restricted from (BR(S,0), tgr) is topologically isomorphic
to (S, tg) under the map ¢;: S;; > (i,s,i) — s € S, then (BR(S, ), tgr) is called a topological
Bruck-Reilly extension of (S, Ts) in the class 6%6.

Proposition 3. Every Hausdorff semitopological simple inverse w-semigroup S is topologi-
cally isomorphic to a topological Bruck-Reilly extension (BR(T,0), tgr) of a Hausdorff semi-
topological semigroup T = [E; Gy, ¢,,p] which is a finite semilattice of semitopological groups
G, In the class of semitopological semigroups. Moreover, if S is locally compact, then T is a
locally compact semitopological semigroup.

Proof. By Kochin’s Theorem (see [21]) every simple inverse w-semigroup S is (algebraically)
isomorphic to the Bruck-Reilly extension of semigroup T = [E; Gy, ¢,8] Which is a finite semi-
lattice of groups G,. Then Tj; is a submonoid of BR(T,0). Let 7y be the topology induced
from (BR(T,0), tgr) onto Tj 1. By Definition 1 the semitopological semigroup (BR(T, ), Tgr)
is a topological Bruck-Reilly extension of the semitopological semigroup (Tj 1, 71). Moreover,
by [18, Proposition 2.4] for any i,j € w the subsemigroups T;; and T;; with the induced from
(BR(T,6), t8r) topologies are topologically isomorphic by the mapping f]l]l T;; — Tjj, de-
fined as follows x +— (j, 1s,i) - x - (i, 1, f)-
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Also, [18, Proposition 2.4] implies that for any i € w the following sets (i,1s,i) - BR(T,0)
and BR(T,0) - (i, 1, i) are retracts of (BR(T,8), tgr), hence, by [14, 1.5.C] they are closed sub-
sets in the topological space (BR(T,6), tgr). Then

Ti; = BR(T,0) \ ((1,1s,1) - BR(T,0) UBR(T,0) - (1,15,1))

is an open subset of (BR(T, ), tgr). This implies the last statement, because by [14, Theo-
rem 3.3.8] an open subspace of a locally compact space is locally compact as well. O

Definition 2. Let %As be a base of the topology Ts on a semitopological semigroup S. The
topology Ty on BR(S,0) generated by the base By = {U;;: U € Hs, i,j € w} is called a
sum direct topology on BR(S, ).

The following statement is proved in [15,20].

Proposition 4. Let (S, Ts) be a semitopological semigroup. Then (BR(S,0), tgg) is a semi-
topological semigroup, i.e. (BR(S,0), tgg) is a topological Bruck-Reilly extension of (S, Ts)
in the class of semitopological semigroups. Moreover, if (S, Ts) satisfies one of the following
conditions: it is metrizable, Hausdorff, a semitopological semigroup with the continuous in-
version, a topological semigroup, a topological inverse semigroup, then so is (BR(S, 0), 75z ),
and (BR(S,0), tgy ) is a topological Bruck-Reilly extension of (S, Tg) in the corresponding class
of semitopological semigroups.

The following statement is a consequence of [20, Theorem 8§].

Corollary 1. Let (S, t5) be a Hausdorff compact semitopological semigroup. If (BR(S, ), Tar)
is a topological Bruck-Reilly extension of (S, 7s) in the class of Hausdorff semitopological
semigroups, then Tgr coincides with the sum direct topology Ty on BR(S, 0).

Theorem 1. Let T be a compact Hausdorff topological semigroup and (BR(T,6), tgr) be a
topological Bruck-Reilly extension of T in the class of Hausdorff semitopological semigroups.
Then (BR(T,0), tgr) is a Hausdorff topological semigroup. Moreover, if T is a topological
inverse semigroup, then so is (BR(T,0), Tgr).

Proof. By Corollary 1, tgg coincides with the sum direct topology gz on BR(T, 6).
Fix arbitrary (i,s, j), (k,t,1) € BR(T, ). Then we have that

(i—j+k (s)0FT-t1), ifj<k,
(i,8,7) - (kt,1) = ¢ (i,s-t,1), ifj =k,
(i,s- (0K j—k+1), ifj>k

Next we consider the following cases.

Case 1. Suppose that j < k. Then for any open neighbourhood U((s)0*~/ - t) of the point
(s)6%77 - tin T there exist open neighbourhoods V((s)0*~/) and V(t) of the points (s)6*~/ and
t in T, respectively, such that V((s)6*77) - V(t) C U((s)8*7 - t), because T is a topological
semigroup. By [18, Proposition 2.4] the homomorphism 6: T — H(1r) is continuous. Hence
there exists an open neighbourhood O(s) of the point s in T such that (O(s))8*~/ C V((s)6* ).
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Sincej < k, O(S ij - Ti,j/ V(t)k,l - Tk,l/ and U((S)Qki] : t)i—j—i—k,l - Ti—j—i—k,l/ the semigroup
operation in BR(T, ) implies that

O(8)ij - V(E)er S U((5)0" 7 - )i ik

Case 2. Suppose that j = k. Since T is a topological semigroup, for any open neighbourhood
U(s - t) of the point s - t in the space T there exist open neighbourhoods V(s) and V (t) of the
points s and ¢ in T, respectively, such that V(s) - V(t) C U(s-t). Since j = k, V(s);; € T;,
V(£)k1 C Ty, and U(s - t);; € T;, by the semigroup operation of BR(T, 0) we obtain that

V(s)ij- V() CU(s 1)

Case 3. Suppose that j > k. Since T is a topological semigroup, for any open neighbourhood
U(s - (t)07~F) of the point s - (t)6/ ¥ in the space T there exist open neighbourhoods V(s) and
V((t)0=F) of s and (t)0/~F in T, respectively, such that V(s) - V((+)6i=%) C U(s - (1)o7 F).
By [18, Proposition 2.4] the homomorphism 0: T — H(17) is continuous. Hence, there exists
an open neighbourhood O(#) of t in the topological space T such that (O(t))8/=F C V((t)§/=F).
Since j >k, V(s);;j C T;j, O(t)x; € Tk, and Uf(s - (t)97’k)l-,]-,k+l C T;,j—k+1, by the semigroup
operation of BR(T, §) we get that

V(s)ij-O()ks S U(s - (D0 5); ik

The above three cases imply that the semigroup operation is continuous in (BR(T, ), TgR).
If T is an inverse semigroup, then (i,s,j) ™! = (j,s,i) for any (i,s,j) € BR(T,0). Since
T is an inverse topological semigroup, for any open neighbourhood U(s~!) of s~! in T there
exists an open neighbourhood V (s) of s in T such that (V(s)) " C U(s~1). Since V(s)ij C T,
and U(s™!);; C T;;, the semigroup operation in BR(T, 6) implies that (V(s); ;)" C U(s™"); .
Hence, the inversion is continuous in (BR(T, ), Tgr)- O

The main result of this section is the following theorem.

Theorem 2. Let S be a Hausdorff semitopological simple inverse w-semigroup such that every
maximal subgroup of S is compact. Then S is topologically isomorphic to the Bruck-Reilly
extension (BR(T,0), 75y ) of a finite semilattice T = [E; Gy, ¢,p] of compact groups G, in the
class of topological inverse semigroups. Moreover, the space of S is locally compact.

Proof. The first statement of the theorem follows from Proposition 3 and Theorem 1. The sec-
ond statement is a consequence of [14, Theorem 3.3.12]. O

The following example shows that the statement of Theorem 2 is not true when a Hausdorff
locally compact semitopological simple inverse w-semigroup S contains non-compact maximal

subgroup.

Example 1 ([18, Example 4.7]). Let Z(+) be the additive group of integers and 0z be the
neutral element of Z(+). We define a topology t.s on BR(Z(+),0) in the following way.
Let (i, g,j) be an isolated point of (BR(Z(+),0), T¢¢) in the following cases:

(i) §#0z andi,j € w;
(iif) i=0o0rj=0.



On semitopological simple inverse w-semigroups with compact maximal subgroups 117

The family
PBer(i,0z,]) = {(UF)?—l,j—l = (Z(+)\ F)i—1j-1U{(i,0z,])}: F is a finite subset of Z(+)}

is a base of the topology T on BR(Z(+),0) at the point (i,0z,j) for all i,j € w. Then
(BR(Z(+),0), 1¢) is a Hausdorff locally compact semitopological inverse semigroup with
continuous inversion.

2 On adjoining zero to a simple inverse locally compact semitopological
w-semigroup with compact maximal subgroups

Throughout the section, we denote by BR?(S, 8) the Bruck-Reilly semigroup BR(S, §) with
an adjoined zero 0 (see [10, Section 1.1]).

Proposition 5. Let 13, be a Hausdorff topology on BR(S, 0) such that the set S;j is open in
(BRY(S,0), t9g) foralli,j € w. Then 5" is a closed congruence on (BR’(S,9), t3z)-

Proof. Fix arbitrary non—qb-equivalent non-zero elements (i, s, j) and (m, t, n) of the semigroup
BR?(S,0). Then S;; and S, are open disjoint neighbourhoods of the points (i,s, /) and
(m,t,n) in the space (BR(S,0), t3y), respectively, such that 7% N (S;; X Sy,u) = @. Since
the topology T3y is Hausdorff, there exist disjoint open neighbourhoods U(i,s,j) and U(0)
of (i,s,j) and 0 in (BR(S, ), T3z ), respectively. This implies that U (i,s, j) x U(0) is an open
neighbourhood of the ordered pair ((i,s,]),0) in BR’(S,6) x BR?(S,6) with the product to-
pology which does not intersect the congruence 7° of the semigroup BR?(S, 8). Hence, 7 is a
closed congruence on the semigroup (BR%(S, ), 73z )- O

We put €° = %(p,q) U {0} to be the bicyclic semigroup with adjoined zero. Obviously
that the congruence 7" on the Bruck-Reilly extension BR?(S, ) of a semigroup S generates the
natural homomorphism 7: BR?(S,6) — %°.

Lemma 2. Let (BR’(S,0),13z) be a semitopological semigroup with a compact (left, right)
ideal. If the natural homomorphism 7: BR(S,0) — % is a quotient map, then 7 is an open
map.

Proof. Let us suppose that ¥ admits a topology such that the natural homomorphism
1: BR%(S,0) — ¢V is a quotient map.

If U is an open subset of (BRO(S,B), TgR) such that U # 0, then 77(U) is an open subset
of ¥V, because by [13, Proposition 1] the bicyclic monoid % (p, q) is a discrete open subset of
the space €.

Suppose U > 0 is an open subset of (BR%(S,0),t9;). Put U* = 5 1(7(U)). Then
u* = y~1(y(U*)). Since 7: BR%(S,0) — %* is a natural homomorphism, we have

us = U {Gl’,]'l Gl',]'ﬂ U # @} U {0}

By [20, Theorem 8] the restriction of the topology T3z on the semigroup BR(S,6) coincides
with the sum direct topology Tz on BR(S,6). This implies that U* is an open subset of the
space (BRY(S,0), 13z ). Since 7 is a quotient map and U* = 5~ !(17(U*)), we conclude that
1(U) is an open subset of the space €. O
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The following example from [17] shows that the semigroup 4 admits a shift-continuous
compact Hausdorff topology.

Example 2 ([17]). On the semigroup ¢ we define a topology Ty in the following way:
(i) every element of the bicyclic monoid € (p, q) is an isolated point in the space (¢°, Tac);

(ii) the family #(0) = {U C ¢°: U > 0and ¢ (p,q) \ U is finite} determines a base of the
topology Tac at zero 0 € €7,

ie. Tac is the topology of the Alexandroff one-point compactification of the discrete space
% (p,q) with the remainder {0}. Then (%4°, t4.) is a Hausdorff compact semitopological semi-

group.

Lemma 3. Let (BRY(S,0),10) be a Hausdorff semitopological semigroup with a compact
subsemigroup S; ; for somei € w. Then S; ; is an open-and-closed subspace of (BR(S,0), T3R)
foranyi,j € w.

Proof. Since (i, 15, 1) is an idempotent of BR%(S, §) for any i € w, the subsets (i, 15,7) - BR?(T, 0)
and BR’(T,0) - (i, 1s, ) are retracts of (BR%(T,6), 73z). Hence by [14, 1.5.C] they are closed
subsets in the topological space (BR?(T,6), 79 ). Then

Tix = BRY(T,0) \ ((k+ 1,15,k +1) - BRY(T,0) UBR(T,0) - (k+ 1,15,k + 1))

is an open subset of (BR(T,0), tgr) for any k € w.

Since the subsemigroup S;; of (BR?(S,0), 0z) is compact for some i € w and the sub-
spaces S;j, i,j € w, of (BRY(S, ), T3 ) are homeomorphic due to [18, Proposition 2.4(iv)],
Sij are compact subspaces of (BR(S,6), 13z )- Then for any i,j < k the subspace S;; is open-
and-closed in (BR’(S,0), T3z)- O

Proposition 6. Let (BR’(S,0),79g) be a Hausdorff locally compact semitopological semi-
group with a compact subsemigroup S;; for some i € w. Then the quotient semigroup
BR(S, 0) /4" with the quotient topology is topologically isomorphic to the semigroup ¢° with
either the topology T, or the discrete topology.

Proof. By Lemma 3, §;; is an open-and-closed subspace of (BRO(S, 0), 10z ) forany i,j € w.
Hence, by Proposition 5, % is a closed congruence on (BR0 (S,6), Tar ) - Then the quotient semi-
group BR(S,0) /7" with the quotient topology is a Hausdorff space. Lemma 2 implies that
1: BRY(S,0) — %? is an open map. Hence, by [14, Theorem 3.3.15], the quotient semigroup
BR(S, ) /5" with the quotient topology is a locally compact space. Since BR’(S, 8) /" is iso-
morphic to the semigroup ¢, [17, Theorem 1] implies the statement of the proposition. O

Throughout the section, if the otherwise is not stated explicitly, we assume that T3y is a
Hausdorff locally compact shift-continuous topology on the semigroup BR’(S, 8) such that
the following conditions hold:

(i) the subsemigroup S;; of BR(S, 6) with the restriction topology from (BR’(S, 8), 13y ) is
a compact semitopological semigroup for some i € w (hence, by [18, Proposition 2.4] for
alli € w);

(ii) 0is anon-isolated point of (BR’(S,6), T9g ).
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Let # = {P,: a € .#} be an infinite family of nonempty subsets of a set X. We shall say
that a set A C X intersects almost all subsets of & if AN P, = & for finitely many P, € Z.

Lemma 4. Every open neighbourhood Uy of zero 0 in (BR’(S,0), 19y intersects almost all
subsets S;,i,j € w, of BR(S, ).

Proof. Suppose to the contrary that there exists an open neighbourhood Uy of zero in
(BRY(S,0), 10g) such that Uy N S;; = & for infinitely many S;j, i,j € w. Then by Lemma 2
the quotient natural homomorphism 7: BR?(S,0) — % is an open map, and hence the quo-
tient semigroup BR(S,0) /7", equipped with the quotient topology, is neither compact nor
discrete, which contradicts Proposition 6. O

For an arbitrary subset A of BR’(S,6) and any i,j € w we denote [A];j = AN S; .
Lemma 5. For every open neighbourhood Uy of 0 in (BR%(S, 0), tdz) and any iy € w the sets
{j ew:S; ¢ U} and {jew:S;; & Uo}
are finite.

Proof. Suppose to the contrary that there exists an open neighbourhood Uy of zero in
(BRY(S,0),t9g) and iy € w such that {j € w: Siyj € Up} is infinite. Since (BR(S,0), 3R)
is a locally compact space, we can take a regular open neighbourhood Uy of the zero with
compact closure.

We consider the following two cases:

(i) there exists jo € w such that [Uy];,; # Si,; forall j > jo;
(ii) for every k € IN there exists a positive integer n > k such that [Ug|i, » = S n-

Let the case (i) holds. Since every subset S; ;, i,j € w, of (BRO(S, 9),T§R) is compact, the
separate continuity of the semigroup operation in (BRO(S, 0), T0g ) and Lemma 4 imply that
without loss of generality we may assume that jo = 0. By Lemma 3, every subset S, ; is open-
and-compact in (BRO(S, 0), Tar )- Hence, the set

Sioo(u" ={0}u U [ CIBRY(5,0) UO)]

jEw ioj

is compact. By Lemma 3, the family %, = {{Uo}, {S;,;:j € w}} is an open cover of the
compactum SZ% (Up). Hence, there exists j; € IN such that

[Uoliy,n = [CIBRO(S,B)(UO)]

for all integers n > j;. Since the right shift

io,?l

P(1,150): BR?(S,0) 3 x — x-(1,15,0) € BRY(S,6),

is continuous in (BR?(S,6), 10g), the full preimage Vo = p(’ll1 0)(Uo) is an open neighbour-

hood of the zero. By Lemma 3, the family %, = {{Vo}, {Si, ] j € w}} is an open cover of the
compactum SZ% (Up). Hence, there exists a pos1t1ve integer j, > j; such that

[Vo]io,ﬂ = [uo]io,i’l = |:C1BR0(S 9)(u0>:| (1)

10n
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for all integers n > j,. Indeed, since (ig,s,j) - (1,15,0) = (ip,s,j — 1) for all j € IN and any
s € S, we obtain that the equalities (1) hold for all integers n > j5.

Put Up = Up \ (Sip0 U -+ U Siyj,—1)- By Lemma 3, Uy is an open neighbourhood of zero in
(BRO(S, 0), Tag ) such that

[u‘)]io,n - [UO]z‘O,n = [CIBR"(S,G)(UO)LO,n
for all integers n > jp. Since the space (BR’(S,0),tdg) is locally compact, without loss of
generality we may assume that the neighbourhood U is a regular open set. This implies that
Uy is a regular open set as well. Hence, there exist distinct s, t € S such that (ip, s, n) ¢ [Up]

and (io, t,n) € [Uo]; , for all integers n > jo. But we have that

io,l’l

(i, ((1)0) "L, ig +1) - (ig, t,n) = (ig,s- ((£)0) 1 (£)8,n + 1) = (ig,s,n +1).
Let Wy = (ﬁo>A&01,s-((t)€)*1,i0+1)’ where A o.((1)0)-1i,+1) 18 the left shift on the element
(ig,s - ((t)8)~1,ig + 1) in the semigroup BR?(S, 8). Then we have that

[Uol; \ [Wol,,, 72 and - [Wo], \ [Uo], , # @

for all integers n > j, + 1. By Lemma 3, the family #;, = {{Wo}, {Sj,j: j € w}} is an open
cover of SZ% (Up) which has no a finite subcover. This contradicts the compactness of Sl% (Uo).
Hence, the set {j € w: S;; € Uy} is finite.

Let the case (ii) holds. Then there are infinitely many j € w such that [Ul;,; = S;,,;, but
[Uoliy,j—1 # Siyj—1. Since every subset S;j, i,j € w, of (BRY(S, ), 13z ) is compact, Lemma 3
implies that every subset S; ; is open-and-compact in (BR(S, 0), 73z )- Hence, the set

Sh(Uo) = {0}u Y [CIBR"(S,G)(U")]

jEw ioj

is compact. Let Vp = (Uo)p(’llls 0)
semigroup BR?(S, ). By Lemma 3, the family %, = {{Vo}, {S,;j: j € w}} is an open cover
of the compactum S} (Uo). Then the continuity of the right shift p(1 1, ) in (BR(S,0), T3R)
and the equality (io, s, j) - (1,1s,0) = (ip,s,j — 1) imply that [Vp] . # Sj,j for infnitely many
j € w. Also, the equality (ip,s,j) - (1,15,0) = (ip,s,j — 1) and the assumption of the case (if)
imply that [Up] ioj \ (Vo] i,,j 7 @ for infinitely many j € w. Hence, the open cover ¥;; of S (Uo)
does not have finite subcovers, which contradicts the compactness of SZ% (Up). Hence, the set
{j € w: S;,; € Up} is finite.

The proof of the statement that the set {j € w: S, € Up} is finite is similar. O

, where p(q 1, o) is the right shift on the element (1, 15, 0) in the

Lemma 6. For every open neighbourhood Uy of 0 in (BR%(S, 0), T3 ) the set
NUO = {(l,]) CwXw: 51‘,]' - UO}
is finite.

Proof. Suppose to the contrary that there exists an open neighbourhood Up of zero in
(BR(S,6), t3r) such that the set Ny, is infinite. Since (BR’(S,6), 13z ) is a locally compact
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space, without loss of generality we may assume that the closure CIBRO( ) (Up) of the neigh-
bourhood Uy is compact and the neighbourhood Uy is regular open. By Lemma 5, for every
k € N there exists (i,j) € Ny, such thati > kand j > k.

Using induction, we define an infinite sequence {(iy, jn) }new Of elements of the set Ny, in
the following way. By the assumption, there exists the smallest iy € w such that S; ; € Uy,
j € w. By Lemma 5, there exists jo = max {j € w: S; ; € Up}.

At (k + 1)th step of induction we define pair (ixy1,ky1) € Ny, as follows. Let i1 be the
smallest integer which is greater than i such that S; ; Uy, j € w. By Lemma 5, there exists
jk41 = max{j € w: S; i ¢ Up}. Our assumption and Lemma 5 imply that the ordered pair
(ix+1, jk+1) belongs to Nyy,.

By the separate continuity of the semigroup operation in (BR?(S,0), 70z), there exists an
open neighbourhood Vy C Uj of zero in (BRO(S,Q),TgR) such that Vp - (1,15,0) C Uyg. The
construction of the sequence { (iy, jn) }new implies that

[Voliyjw € [Uoliyjy # Sinje  and  [Uoli,j+1 = Siyjut1

for each (iy, ju) € Ny,. By Lemma 3, the family ¥ = {{Vp}, {Si,]-: i,j € w}} is an open cover
of the compact set clggo g 4)(Uo). The continuity of the right shift p(; 1) in (BR(S,6), T3R)
implies that [Vo];, j,+1 # Si,,j,+1 for infinitely many ordered pairs (i, ju11) € Ny, Hence, we
obtain that [Uol;, j,+1 \ [Voli, j,+1 7 @ for infinitely many (iy, j,+1) € Ny, The above argu-
ments guarantee that the cover 7" has no finite subcovers, which contradicts the compactness
of ClBR"( $0) (Up). The obtained contradiction implies the statement of the lemma. O

Example 3. Let (S, Ts) be a Hausdorff semitopological monoid, 0: S — H(1g) be a continuous
homomorphism and %s(s) be a base of the topology Ts at a points € S.
On the semigroup BR’(S, 0) we define a topology Ty, in the following way:

(i) for any non-zero element (i,s, ) € S;; of the semigroup BRY(S, 0) the family
,@EGR(i,S,j) = {LIZ-,]-: ue @S(S)}
is a base of the topology Tgy, at the point (i,s,j) € BR?(S,0);
(ii) zero0 € BRY(S,0) is an isolated point in (BR?(S, 0), Tg ) -

The semigroup operation in (BR?(S,0), T3y ) is separately continuous (see [20]). Moreover,
if (S, T5) be a topological monoid, then so is (BRY(S,0), 5y ) (see [15]).

In the following example, we extend the construction, proposed in [18, Example 3.4], onto
compact Bruck-Reilly extensions of compact semitopological monoids in the class of Hausdorff
semitopological semigroups with adjoined zero.

Example 4. Let (S, ts) be a Hausdorff compact semitopological monoid, 6: S — H(1s) be a
continuous homomorphism and %s(s) be a base of the topology Ts at a points € S. On the
semigroup BR?(S, 0) we define a topology T4 in the following way:

(i) for any non-zero element (i,s,j) € S;; of the semigroup BR?(S,0) the family
Bar(i,s,j) = {Uij: U € Bs(s)}

is a base of the topology T4y at the point (i,s,j) € BR%(S,0);
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(if) the family 45 (0) = {Uul,jl),...,(z'k,jk): (i1, 1), - -, (i i) € @ X w}, where

_ 0
u(illjl)r~~~r(ik/jk) = BR'(S,0) \ (Silrjl U---u Sikfjk) ,

is a base of the topology T4y at zero 0 € BR’(S, 6).

Obviously that 4% is the topology of the Alexandroff one-point compactification of the
Hausdorff locally compact space @{S;: i,j € w} with the remainder {0} (here foranyi,j € w
the space S;; is homeomorphic to the compact semigroup (S, ts) by the map (i,s,j) + s).
Simple routine verifications show that the semigroup operation in (BR%(S,0), t53) is sepa-
rately continuous.

Lemmas 3 and 6 imply the following dichotomy for locally compact Bruck-Reilly extensions
of compact semitopological monoids in the class of Hausdorff semitopological semigroups
with adjoined zero.

Theorem 3. Let (BRO(S, 0), T9r) be a Hausdorff locally compact semitopological semigroup
with a compact subsemigroup S;; for some i € w. Then (BRY(S,0),t3;) is topologically
isomorphic either to (BR%(S,0), tgz) or to (BR%(S,0), T4).

The following theorem describes the structure of inverse 0-simple w-semigroups.

Theorem 4. Every inverse 0-simple w-semigroup is isomorphic to an inverse simple w-semi-
group with adjoined zero.

Proof. Suppose that S is an inverse 0-simple w-semigroup and 0 is zero of S. We shall show
that S\ {0} is an inverse subsemigroup of S. Since S is an inverse semigroup, we have that
x~1 € S\ {0} for a non-zero element x from S.

Suppose to the contrary that there exist x,y € S\ {0} such that x-y = 0. If x~! and
y~! are inverse elements of x and y in S, then x™! # 0 # y~!. Then x ! -xand y -y~ ! are
non-zero idempotents of S. Since S is an inverse 0-simple w-semigroup, we conclude that
(hx)-(yey ) A0 but(xhx)(yey ) =l (xy)y =0y =

a contradiction. O
The Kochin’s Theorem [21] and Theorem 4 imply the following assertion.

Theorem 5. Every inverse 0-simple w-semigroup S is isomorphic to the Bruck-Reilly extension
BRY(T, 6) of a finite chain of groups T = [E; Gu, %,/ﬂ with adjoined zero.

The main result of this section is the following theorem.

Theorem 6. Let S be a Hausdorff semitopological 0-simple w-semigroup such that every
maximal subgroup of S is compact. Then S is topologically isomorphic to the topological
Bruck-Reilly extension (BR%(T,0),10z) of a finite semilattice T = [E;G,, ¢a,p] of compact
groups G, in the class of Hausdorff topological inverse semigroups with adjoined zero such
that the topology tog induces on BR(T,0) the sum direct topology Tgr. Moreover, if the
space S is locally compact, then either the space (BRO(T, 0), o) is compact or any 7 -class
in (BRY(T, ), 13 ) is open-and-compact.

Proof. The first statement of the theorem follows from Theorems 2 and 5. Next, using Theo-
rem 3, we obtain the second statement. O
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Remark 1. We observe that the Bruck-Reilly extension BRY(T,0) of a finite semilattice
T = [E; Gu, qo,X,/;] of groups G, with adjoined zero has two types of /¢ -classes: the first is
a singleton and it consists of zero 0, and other classes are of the form (G );, i,j € w.

Since the bicyclic monoid €' (p, q) does not embed into any Hausdorff compact topological
semigroup [1], Theorem 6 implies the following corollary.

Corollary 2. Let S be a Hausdortf topological 0-simple inverse w-semigroup such that every
maximal subgroup of S is compact. Then S is topologically isomorphic to the topological
Bruck-Reilly extension (BR(T,0), Tpg) of a finite semilattice T = [E; Gy, @4] of compact
groups G, in the class of Hausdorff topological inverse semigroups with adjoined zero and
any #~class in (BR%(T,0), 73y ) is open-and-compact.

3 On closures of simple inverse semitopological w-semigroup with com-
pact maximal subgroups

We need the following lemma which is a simple generalization of [13, Lemma 1.1(7)].

Lemma 7. Let BR(T,6) be the Bruck-Reilly extension of a monoid T. Then for arbitrary T;, ;,
and T;, , of BR(T,0), i1, 1,12, j2 € w, there exist finitely many subsets T, in BR(T,0),i,j € w,

such that Tilzjl . Ti,j g Tizljz (Ti,j . Tilljl g Tizljz)'

Proof. The definitions of the semigroup operations of the Bruck-Reilly extension BR(S,0)
and the bicyclic monoid €(p,q) imply that if (i, 54, ja) - (ix,Sx,jx) = (ip, Sp, jp) in BR(S,0),
then (ig, ja) - (ix, jx) = (ip, Jp) in €(p,q). By [13, Lemma 1.1(i)], every equation of the form
ax = b (xa = b) in €(p,q) has finitely many solutions, which implies the statement of the
lemma. O

The following proposition generalizes [13, Theorem 1.3] and the corresponding proposition
from [17].

Proposition 7. Let T be a compact Hausdorff topological semigroup and (BR(T, ), tr) be a
topological Bruck-Reilly extension of T in the class of Hausdorff semitopological semigroups.
If (BR(T,0),tR) is a dense subsemigroup of a Hausdorff semitopological monoid S and
I =S\ BR(T,0) # @, then I is a two-sided ideal of the semigroup S.

Proof. Fix an arbitrary element y € I. If (i,s,j) -y = z ¢ I for some (i,s,j) € BR(T,0),
then z = (k,t,I) € BR(T,0) for some t € T and k,I € w. By Theorem 2, there exists an
open neighbourhood U(y) of the point y in the space S such that {(i,s,j)} - U(y) C Ti;.
Since T is a compact Hausdorff topological semigroup, Theorem 2 implies that the topology
TR coincides with the sum direct topology Tgr. By [18, Proposition 2.4], all subsets of the
form T, ,,, n,m € w, are compact. Hence the neighbourhood U(y) intersects infinitely many
sets of the form T,,,, n,m € w. Then the semigroup operation of BR(T,0) implies that
{(G,s,)} -U(y) € Ti;, which contradicts Lemma 7. The obtained contradiction implies that
(i,s,]) -y € I. The proof of the statement that y - (i,s,j) € I forall (i,s,j) € BR(T,0) andy € I
is similar.
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Suppose to the contrary that xy = w = (k, t,1) € BR(T, 0) for some x,y € I. Theorem 2 and
the separate continuity of the semigroup operation in S imply that there exist open neighbour-
hoods U(x) and U(y) of the points x and y in S, respectively, such that {x} - U(y) C Tj; and
U(x) - {y} C T,. By [18, Proposition 2.4], all subsets of the form T}, ,;,, n,m € w, are compact.
Hence, the neighbourhood U(y) intersects infinitely many sets of the form Ty, n,m € w,
therefore both inclusions {x} - U(y) C Ty; and U(x) - {y} C Ty, contradict mentioned above
Lemma 7. The obtained contradiction implies that xy € I. O

For an arbitrary ideal I of a semigroup S the binary relation €; = {(t,t): t € S} U (I x I) on
S is a congruence and ¢ is called the Rees congruence on S [10]. Also the quotient semigroup
S/ is called the Rees-quotient semigroup and denoted by S/1I.

We need the following trivial lemma, which follows from the separate continuity of the
semigroup operation in semitopological semigroups.

Lemma 8. Let S be a Hausdorff semitopological semigroup and I be a compactideal in S. Then
the Rees-quotient semigroup S/1 with the quotient topology is a Hausdorff semitopological
semigroup.

Theorem 7. Let T be a compact Hausdorff semitopological semigroup and (BR(T,6), Tgr)
be a topological Bruck-Reilly extension of T in the class of Hausdorff semitopological semi-
groups. Let BR[(T,0) = BR(T,0) U I and T be a Hausdorff locally compact shift-continuous
topology on BR(T,60), where I is a compact ideal of BR;(T,6). Then either (BR(T,0), 1) is
a compact semitopological semigroup or the ideal I is open.

Proof. Suppose that the ideal I is not open. By Lemma 8, the Rees-quotient semigroup
BR;(T,0)/1, endowed with the quotient topology 14, is a semitopological semigroup. Let
mt: BRy(T,0) — BR[(T,0)/I be the natural homomorphism, which is a quotient map. It is
obvious that the Rees-quotient semigroup BR;(T,0)/I is isomorphic to the Bruck-Reilly ex-
tension with adjoined zero BR?(T, #) and the image (I)7t is zero of the semigroup BR%(T, 9).

We show that the natural homomorphism 7r: BR;(T,0) — BR;(T,0)/I is a hereditar-
ily quotient map. In particular, we show that for every open neighbourhood U(I) of the
compact ideal I in (BR;(T,60)/I,7q) the image (U(I))rr is an open neighbourhood of 0 in
(BR((T,0)/1,1q). Indeed, BR[(T,0)/1\ U(I) is a closed subset of (BR(T,0)/I,7q). Also,
since the restriction 7|gg(r): BR(T,0) — (BR(T,0))m of the natural homomorphism
7t: BRy(T,0) — BRy(T,0)/I is one-to-one, we get that (BR(T,0)/I\ U(I))r is a closed sub-
set of (BR(T,0)/1,7q). Hence, (U(I))7 is an open neighbourhood of 0 of the semigroup
(BR((T,0)/1,1q). This implies that the natural homomorphism 7r: BR;(T,6) — BR(T,0)/I
is a hereditarily quotient map.

Since I is a compact ideal of the semitopological semigroup (BR(T, ), T), the preimage
(y)r~! is a compact subset of (BR;(T,#), T) for every y € BR;(T,6)/I. By the Din'N’e T'ong’s
Theorem, the image of a locally compact Hausdorff space under a hereditary quotient map
with compact fibers into a Hausdorff space is locally compact (see [12] or [14, 3.7.E]). Hence,
the space (BR;(T,0)/1,1q) is Hausdorff and locally compact. Since the ideal I is not open,
by Theorem 6 the semitopological semigroup (BR;(T,6)/1,1q) is topologically isomorphic to
(BR%(T,0), 5% ), and hence, it is compact.
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Next, we show that the space (BR;(T,0),T) is compact. Let Z = {U,: « € .#} be any
open cover of (BR;(T,60),T). Since the ideal I is compact, it can be covered by some finite
subfamily %' = {Uy,, ..., Uy } of Z. Put U = Uy, U - - - U U,,. Then BR[(T,0) \ U is a closed
subset of (BR(T,0), 7). Since the restriction 7|gg(7,9): BR(T,0) — (BR(T,0))7 of the nat-
ural homomorphism 77: BR;(T,60) — BR;(T,0)/I is one-to-one, the image (BR;(T,0) \ U)7
is a closed subset of the space (BR;(T,0)/1,1q). Hence, the image (BR;(T,6) \ U)7 is com-
pact, because the semitopological semigroup (BR(T,0)/I, 7q) is compact. Therefore, the set
BR(T,0) \ U is compact, and hence, there exists a finite subfamily %" of %, which is an open
cover of BR;(T,0) \ U. Then %' U %" is a finite cover of the space (BR[(T, 6), T)(BR (T, 6), 7).
Hence, the space (BR(T,6), T) is compact too. O

Theorem 7 implies the following assertion.

Theorem 8. Let S be a Hausdortf semitopological simple inverse w-semigroup such that every
maximal subgroup of S is compact. Let S = S U I, T be a Hausdorff locally compact shift-
continuous topology on S;, and I be a compact ideal of S;. Then either (S;, T) is a compact
semitopological semigroup or the ideal I is open.

Since every Bruck-Reilly extension of a monoid contains an isomorphic copy of the bicyclic
monoid €' (p,q) and compact topological semigroups do not contain the semigroup % (p,q),
Theorem 7 implies the following corollary.

Corollary 3. Let T be a compact Hausdorff topological semigroup and (BR(T,0), tgr) be a
topological Bruck-Reilly extension of T in the class of Hausdorff semitopological semigroups.
Let BR;(T,0) = BR(T,0) LI and T be a Hausdorff locally compact shift-continuous topo-
logy on BR[(T,0), where I is a compact ideal of (BR[(T,0),T). Then the ideal I is open in
(BR(T,0), 7).

Corollary 3 implies the following result.

Corollary 4. Let S be a Hausdortf semitopological simple inverse w-semigroup such that every
maximal subgroup of S is compact. Let S; = S I, T be a Hausdorff locally compact semigroup
topology on S;, and I be a compact ideal of S;. Then the ideal I is open in (Sy, T).
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Ommcano crpyxTypy (0-)mpocTix iHBepcHUX raycAOpdpOBIMX HaIliBTOIOAOTiUHMX (w-HaMiBIPyTI 3
KOMITAaKTHYMM MaKCMMaAbHVMMM MiArpymaMu. 30KpeMa, AOBEAEHO, IO SIKIIO S — IPOoCTa iHBepcHa
raycaopdoBa HaMiBTOIIOAOTIUHA (W-HAIiBrpyIa 3 KOMIAKTHMMM MaKCMMaAbHMMH MiATPYIIaMU, TO
S € TonoaoriuHo isoMopdpHOI posumpento Bpyka-Peiiai (BR(T, ), Ty ) cKiHYeHHOI HamirpaTku
T = [E; G, (paﬁ] KOMIAKTHMUX TPpyH G, y KAaci TOMOAOTIYHMX iHBEpCHIX HAMIBIPYII, A€ Typ — L€
Toroaorist mpsimoi cymu Ha BR(T, 6). TakoX AOBEAEHO, IO KOXKHA raycAOpdoBa AOKAABHO KOM-
IIakTHa TpaHCASIIifHO-HellepepBHa TOIOAOTISI Ha IIPOCTili iHBepcHilt raycaopdpoBilt HamiBTOIOAO-
TivuHil W-HaiBrPpymi 3 KOMIAKTHMMM MaKCMMaAbHMMU MATPyIaMiM Ta IPMEAHAHMM HyAeM € ab6o
KOMITaKTHOIO, 860 HYAb € i30AbOBAHOO TOUKOIO.

Kntouosi cnosa i ppasu: GilIMKAiIYHA HaIliBIpyIIa, ITPOCTa iHBepCHa w-HaIiBrpyTIa, HaIliBTOMOAOT-
4YHA HAIBrpyna, AOKaAbHO KOMIIAKTHMIA, TOIMOAOTIUHA HAMiBrpyIla, KOMIIAKTHA MakKCMMaAbHa ITiA-
rpymna, IpMeAHAHWIA Hy Ab, KOMIIAKTHIIA iA@aA.



