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On Banach spaces of normalized Bloch mappings

Jiménez-Vargas A., Ruiz-Casternado D.

Applying the theory of tensor products of Banach spaces, we study the Banach spaces of nor-
malized Bloch maps from ID (the complex unit open disc) into X* (the dual of a complex Banach
space X) that can be represented canonically as the dual of the completion of the tensor product
lin(I'(ID)) ®q X, where lin(T'(ID)) is the space of X-valued Bloch molecules on ID and « is a Bloch
cross-norm on lin(T'(ID)) ® X. We show that the normalized spaces of Bloch maps, p-summing
Bloch maps and Bloch maps that factor through a Hilbert space admit such a representation. On
the converse problem, we characterize when a Banach normalized Bloch space B(ID, X*) is isomet-
rically isomorphic to (lin(T'(ID))&®,X)* for some Bloch cross-norm &, in terms of the compactness of
its unit ball with respect to the weak* Bloch topology.

Key words and phrases: vector-valued Bloch mapping, tensor product, p-summing operator,
duality.
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1 Introduction

The use of the tensor product of Banach spaces to study spaces of vector-valued holomor-
phic mappings is well known (see, for example, [2,11-13]). Recently, some tensorial tools have
been applied to address the problem of the duality of some distinguished ideals of vector-
valued Bloch mappings in [3,4,8,9].

Let D be the complex unit open disc, X be a complex Banach space and #H(ID, X) be the
space of all holomorphic maps from D into X. A mapping f € H(ID, X) is said to be Bloch if
there exists a constant ¢ > 0 such that (1 — |z|?) || f'(z)|| < cforallz € D.

The normalized Bloch space B(ID, X) is the Banach space of all mappings f € #(ID, X) for
which f(0) = 0 satisfying

os(f) :=sup {(1—[z]*)||f'(2)||: z € D} < oo

equipped with the Bloch norm pg. In particular, B(D) := B(ID,C). The monographs by
J.M. Anderson [1] and K. Zhu [16] provide a comprehensive study of these known function
spaces.

YAK 517.53
2020 Mathematics Subject Classification: 30H30, 46E15, 46B28, 46E40.

Research partially supported by Junta de Andalucfa grant FQM194, and by P_FORT_GRUPOS_2023/76,
PPIT-UAL, Junta de Andalucfa-ERDF 2021-2027. Programme: 54.A. The first author was supported in part
by grant PID2021-122126NB-C31 funded by MCIN/AEI/10.13039 /501100011033 and by “ERDF A way of mak-
ing Europe”; and the second author by an FPU predoctoral fellowship of the Spanish Ministry of Universities
(FPU23/03235).

© Jiménez-Vargas A., Ruiz-Casternado D., 2025



718 Jiménez-Vargas A., Ruiz-Casternado D.

Following [8], a Banach ideal of normalized Bloch maps is an assignment [Ig I+ I 78] that

associates with every complex Banach space X, a set 78 (D,X) C B(D,X) and a function
|15 7B — R satisfying the properties:

(i) (IE(]D,X), | - 1/75) is a Banach space and || f|| .5 > p5(f) forall f € Ig(lD, X),

(ii) for each ¢ € B(ID) and x € X, themap g - x: z € D — g(z)x € X belongs to Ig(]D, X)
and ||g - x|l zs = p5(8) I|x[l,

(iii) the ideal property: if f € 18 (D,X), h: D — D is a holomorphic function such that
h(0) = 0and T € L(X,Y), where Y is a complex Banach space, then T o f o h is in
I5(D,Y) and [T o f o k| zg < [T} [If]] zs-

If the ideal property (iii) is removed, then the concept of Banach space of normalized Bloch
mappings arises, which has a linear counterpart in the notion of Banach space of operators
presented by J.R. Holub in [7].

Definition 1. A Banach space of normalized Bloch mappings (or simply, a Banach normalized
Bloch space) from ID into X is a linear space B(D, X) C B(ID, X) endowed with a norm || - ||p
satisfying:

(i) (B(D, X), || - ||g) is a Banach space and ||f||gp > pg(f) for every f € B(D, X),
(i) for every ¢ € B(ID) and x € X, we have g - x € B(ID,X) and ||g - x|z = p5(g)]/x]|-

To describe the content of this paper, we need to introduce some notation and recall certain
concepts and results from [4, 8].

Notation. Given complex Banach spaces X and Y, £(X,Y) denotes the Banach space of all
bounded linear operators from X to Y under the operator canonical norm. In particular, the
space L(X,C) is denoted by X*. The symbol xx stands for the canonical injection from X into
X**. For x € X and x* € X*, we will sometimes write (x*, x) = x*(x). As usual, Bx and Sx
represent the closed unit ball of X and the unit sphere of X, respectively.

Given Banach spaces (X, || - ||x) and (Y, || - ||y), we will write (X, | - [|x) < (Y, | - |ly) to
indicate that X C Y and ||x||y < ||x||x forall x € X; and (X, | - [|x) = (Y, | - ||y) to point out
that they are isometrically isomorphic.

Preliminaries. For each z € ID, a Bloch atom of ID is the function v, € B(ID)* given by

v:(f) =f(z), fe€B(D).

The elements of lin({7y,: z € D}) C B(ID)* are called Bloch molecules of ID. The Bloch-
free Banach space over ID, denoted by G(ID), is the norm-closed linear hull of {,: z € D} C

~

B(DD)*. The mapping I': D — G(ID), defined by I'(z) = 1 for all z € ID, is holomorphic with
2]l = 1/(1 = |2]?) for all z € D.
For any z € D and x € X, the functional v, ® x: B(ID, X*) — C, given by

(z0x)(f) = (f'(2),x),  feBDX),
isin B(ID, X*)* with |7, ® x| = ||x|| /(1 — |z/?). Define the linear space

lin(F(D)) ® X :=lin({y.®x: z€ D, x € X}) C B(D, X*)*.
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The elements of this tensor product space are referred to as X-valued Bloch molecules on D.

We denote by lin(T'(ID)) ®, X the linear space lin(I'(D)) ® X with the norm &, and by
lin(T'(ID))®,X the completion of lin(T'(D)) ®, X. A norm a on lin(T'(ID)) ® X is said to be a
Bloch reasonable cross-norm if it satisfies the following properties:

() a(y:®x) = ||7z| ||x]| forallz € D and x € X,

(i) for every ¢ € B(D) and x* € X*, the linear functional ¢ ® x*: lin(T(D)) ® X — C,
which is defined by (g ® x*)(7; ® x) = ¢’(z)x*(x), is bounded on lin(T'(D)) ®, X with
lg @ x*[| < ps(g) [[*"]-

For each z € D, the function f,: ID — C defined by

1.2
fz(w) :%, w € D,

belongs to B(ID) with p(fz) =1 = (1 — |z|?)fL(2).

Remark 1. In [4, Definition 2.5], the inequality < is only required in the condition (i) above
since the inequality > holds always by applying the condition (ii). Indeed, given z € ID and
x € X, take x* € Sx+ such that x*(x) = ||x||, and it follows that

a(1z @x) 2 || fe @ 2% a2 @ x) > |(fz @ x7) (72 ® )
]

=@ @ = 15 = el ]

Content. We have divided it into three sections. Inspired by the relation between tensor
products and operator spaces studied by R. Schatten [15] and J.R. Holub [7], in Section 2 we
introduce and study the space B,(ID, X*) of normalized a-Bloch mappings with respect to a
Bloch cross-norm « on lin(T'(ID)) ® X, that is, normalized Bloch mappings from D to X* that
induce a continuous linear functional on lin(T'(ID)) ®, X. We show that several known classes
of normalized Bloch maps — namely, Bloch maps, p-summing Bloch maps and Bloch maps that
factor through a Hilbert space — are associated to Bloch cross-norms in this way.

Section 3 deals with the duality theory for spaces of normalized a-Bloch mappings and
contains the main result of this paper: the space of X*-valued normalized x-Bloch mappings
on D is canonically isometrically isomorphic to the dual of the space lin(I'(D))®,X. This
section is completed by studying the weak* topology and the weak* Bloch topology on the
space B, (D, X*).

The main questions we raise in Section 4 can be formulated as follows. When is B, (D, X*)
a Banach space of normalized Bloch mappings? In response to this question, we show that
reasonable Bloch cross-norms « on lin(I'(ID) ) ® X are justly those for which the cited statement
holds.

The canonical identification of BB, (ID, X*) with the dual space (lin(I'(ID))®,X)* is the basis
of our study of the duality for Banach normalized Bloch spaces. On the converse problem,
given a Banach space of normalized Bloch mappings, when can it be represented as a space
of normalized a-Bloch mappings? In response to this question, we characterize such Banach
normalized Bloch spaces by means of the compactness of their unit closed balls with respect
to the weak* Bloch topology.
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2 Cross-norm-Bloch mappings

The following type of Bloch mappings will permit us to associate canonically a Bloch cross-
norm on lin(I'(ID)) ® X with a Banach space of normalized Bloch mappings from D into X*.
Compare it to the concept of operator with “finite a-norm” between Banach spaces E and F,
where « is a cross-norm on E ® F that was introduced by R. Schatten in [15, Definition 3.2].

Definition 2. Let « be a Bloch cross-norm on lin(T'(D)) ® X. A zero-preserving holomorphic
mapping f: ID — X* is said to be an a-Bloch mapping if there exists a constant c > 0 such that

n
< C(X< Y Ay ® xi)

=1

_/if\i(f/(zi),xi)

forall Y/ 1 Aj7y,, ® x; € lin(T'(ID)) ® X. The infimum of such constants c is denoted by px(f)
and called the x-Bloch norm of f. The set of all a-Bloch maps from D into X* is denoted by
B, (ID, X*).

Remark 2. Note that if ¥ = Y | Ay, ® x; € lin(T'(D)) ® X and f € B(ID, X*), then
n
v(f) = YA (f'(zi), xi),
i=1

and therefore f € B,(ID,X*) if and only if |v(f)| < ca(y) for all v € lin(T'(D)) ® X. More-
over, we have

pu(f) = min {c > 0: |7(f)| < ca(7), ¥y € lin(T(D)) ® X}
— sup { |7(f) : 7 € lin(T(D)) ® X, a(y) < 1}.

We now show that every a-Bloch mapping turns out to be a Bloch mapping and this justifies
the terminology used in Definition 2.

Lemma 1. Let « be a Bloch cross-norm on lin(I'(D)) ® X. Then (B,(ID, X*), p,) is a normed

~ A~

space such that (B,(ID, X*), px) < (B(ID, X*), pg)-

Proof. Let f € B,(ID,X*). Given z € ID, we have

[(f'@),x)| = (72 ® ) ()] < palfa (72 @ x) = palf) |7zl ||

for all x € X. Hence (1 — |z]?)||f'(2)|| < pa(f) forall z € D, and thus f € B(D, X*) with
B (f) < pa(f). Clearly, pp(f) > 0. If po(f) = 0, it follows that pg(f) = 0, and therefore f = 0.
Next we use Remark 2. Let A € C. For any y € lin(T'(ID)) ® X, we obtain

YN = A (D] = M (D] < (M pa(F)al(),

and therefore Af € B,(ID, X*) and pa(Af) < |A|pa(f). Moreover, by above-proved, if A = 0,
then p, (Af) = 0 = |A| pa(f), and if A # 0, we have p,(f) = pa(A"1(Af)) < |A| "' pa(Af), and

hence |A| pa(f) < pa(Af). This proves that pu(Af) = |A| pa(f). Finally, given g € B, (D, X*),

we have
[ (f+) = 1r(f) + 7@ < 7N+ [7(&)] < (oul(f) + palg))a(y)
forall y € lin(T' (D)) ® X, and so f + ¢ € B,(ID, X*) and po(f + §) < pu(f) + pa(g) O
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Given 1 < p < oo, let p* denote the Holder’s conjugate of p given by p* = 0 if p =1,
pr=p/(p—1)ifl <p <ocoand p* =1if p = c0.

The following Bloch variants of the Chevet-Saphar norms on the tensor product of two
Banach spaces (see [6, 14]) were introduced in [4].

For each ¢ € lin(T'(ID)) ® X, the Bloch projective norm 7t and the p-Chevet-Saphar Bloch
norms dg for 1 < p < oo are defined on lin(I'(ID)) ® X by

Bl

mf{i( (m M) ) (X0 )
0= (s (wzzvf)(guxiwf},

de (1) = inf{ <g$p (i;\ful 18'(21)] )) <1H<1a<>< sz|!> }

5(D)

mf{ Z

where the infimum is taken over all such representations of y as } ;' ; A;y;, ® x; withn € N,
M, oo, A €C,z,...,zn € Dand x4,...,x, € X.
The following result gathers some properties of such Bloch norms.

Proposition 1 ([4]). Foreachp € [1, 0], df is a reasonable Bloch cross-norm on lin(T'(ID)) ® X.
Moreover, 7t(y) = d¥(y) = ||v||, where

vl = sup {[v(H)l : f € BID,X*), p5(f) <1}
forally € lin(I'(D)) ® X.

Proof. The first assertion of the statement was proved in [4, Theorem 2.6]. The equalities
nm=dP = | onlin(I'(ID)) ® X were established in [4, Propositions 2.4 and 2.7]. O

We now identify the space of all Bloch mappings from ID into X* with the space of all
rt-Bloch mappings.

Lemma 2. (B(D,X*),pg5) = (B(D, X*), 0x).
Proof. Let f € B(ID, X*). Given ¢ = Y Ajyz, ® x; € lin(T'(D)) ® X, we have
n

= éMf’(zi),x» Sé\ftil}\f’(zi)“ x| < ps(f 2

i-11 |Zz|

and taking the infimum over all the representations of y, we deduce that |y (f)| < pp(f) (7).
Hence f € B(ID,X*) and p»(f) < pp(f). The converse inclusion and inequality follow from
Lemma 1. U
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Following [4], a zero-preserving map f € H(DD, X) is said to be p-summing Bloch for
1 < p < oo, if there exists a constant ¢ > 0 such that

(zwnf IP) <e sup <Z|A|”}g 1Y, sy

geB B(D)

ma 1/ G0l << e (maxillg@l), it p=w,

1<i<n g€Bgp, SIS

forallm € N, Ay,...,Ay € Cand zy,...,z, € D. The infimum of such constants ¢

is denoted by 7'(5 (f) and called the p-summing Bloch norm of f. The set Hg(lD, X) of all

B

v is a Banach

p-summing Bloch mappings from DD into X so that f(0) = 0 with the norm 7
space by [4, Proposition 1.2].

Theorem 1. Let 1 < p < co. Then
(Bdg(n), X*),pan) = (115, (D, X*), 7. ).

Proof. Let f € HE* (D, X*) and v € lin(T'(ID)) ® X. If 7' ; Aj7z, ® x; is a representation of v,
then

e éw £/ 1]

(e ) (Fnr)
gng«f)(;nxiwf w (R )

8€PB(D)

IN

ae|’“

whenever 1 < p < oo. For p = 1, one has
n
A< 2l ) | il
i=1
n
< (jmax 17 @) 3 sl
i=1

1<i<

< () swp (max In /@l ) X Il

<i<
gEBg(D) 1<i

and, for p = oo, we obtain
)l < z";w e
< (max nxzn) X il :o)|

1<i<

) max nxzn) sup (101l Ig (=0 ).

1<i< §€Bgp) Ni=1

IN
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Passing to tlrle infimum over all such representations of -y yields that |y(f)| < 7'(5* (f )d? (7).
Hence, f € Bdg(lD, X*) and pd’z?(f> < nf* (f)-

Conversely, let f € B\d%;(ID, X*),n € N, Aq,...,A, € Cand zy,...,z, € D. Choose ¢ > 0.
Foreachi € {1,...,n}, we can take x; € X with ||x;|| <1+ e such that (f'(z;), x;) = || f'(zi)]].
Clearly, the function T: K" — K, defined by

v tl,...,tn) E]Kn,

T(t,..., t ZtAWf;

belongs to (K", || - || ,)* with

1
YA }V) , if 1<p<oo,
IT) = ( l
max M\Hf z;) if p=1.

Forall (t,...,ty) € K" with [[(t,...,t,)|p < 1, we obtain

n

Y A (f(zi), tixi)

i=1

IT(t1,..., t)| = Z"]Ai (72 @ (tixi), f) '

i=1

< pyg a5 ( Shre 2 () ).

For1 < p < oo we get

1
n 7
el < et Eheet?) sw (S e )
gEBE(]D) i=1
1

<og+e) sp (Ll )

8€Bgp) Ni=1

hence one has

(L Hp>;_*épdg(f)(1+€) swp (37 9@l )"

i=1 gEBg(D) i=1

1
*

By the arbitrariness of € we get

< n
i=1

andso f € HB (D, X*) w1th7t (f) < Pdff(f)'
Forp = 1we have

T )] < g () X el ) sup ( max [/

8€Bgmp) V==

<o +e) s (max il z)]).

gEBE(]D) 1<i<n

HP>L*SP{:I§ sup (ZIAI” 8" (2 }pf,

geBB(]m i=1
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which yields
max |A;] [|f'(zi)|| < pgs(f) s;p (max Ail |8 (zi }) ,

1<i<n - 1<i<n
855 D)

andso f € HOB;(ID,X*) with w8 (f) < Pdf(f>~
For p = o0 one has

Tt )] < pag (1) max sl ) sup (15 g/l )

l<i< 8€Bgp) \i=1

<pg(N+e) sup (L Inllge] ),

8€Bgpy \i=1
consequently,
3l I @l < pagth) swp (X1 lg'@l ),
i=1 8By \i=1
and sofGH?(ID,X*)with 7B (f) < pas (f)- O

We can obtain a similar identification for the space of Bloch maps that admit a factorization
through of a Hilbert space. Let us recall the basic facts from [5].

A mapping f € H(ID, X) is said to factor through of a Hilbert space if there exists a measure
1, amapping ¢ € B(ID,Ly(1)) and an operator T € £(Ly(), X) such that f = T o g, that is,

the following diagram
La(u)
Y {\\
D X
f

commutes. We set 15 (f) = inf{||T|| ps(g)}, where the infimum runs over all possible fac-

torizations of f as above. We denote by (I'¥(ID, X),75) the Banach space of all mappings
f € H(ID, X) that admit such a factorization.

For (A, zi){y € (C x ID)" and (uj, wy)iL; € (C x D)™, n,m € N, we say that (A;,z;)iL; is
Bloch subordinated to (;, w]) " ,,and we wr1te (Ai,zi)iy < (pj,w;)i,, whenever

Y AP I8 )] < z i 18 ()

=1

i=1

for all ¢ € B(ID). This means that there exists an operator T € L(¢4, (%) with |T|| < 1,
represented by an n X m complex matrix (a;;), such that A;y;, = Z}”:l ;i1 Y, for every
1<i<n.

Moreover, a mapping f € B(ID, X) factors through a Hilbert space if and only if there exists
a constant ¢ > 0 such that

i|)\i|2Hf/(Zi )|I* < i _W >
5 (1= [w;?)?’

whenever (Al,z)l 1= (pj,w )] v Azt € (C x D)", (uj, w )] 1 € (CxD)" n,me N.

In this case, 75 (f) is the minimum of all constants c satisfying the preceding inequality.
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For ¢ € lin(I'(D)) ® X, we set

oo =m{ (E0e) (£ i) )

where the infimum is taken over the representations of -y in the form }}! ; A;y,, ® x; such that
(Aizi)iy = (i wi)iy with (A, 29!, € (Cx D), (uj,wy); € (CxDD)", n,m € N, and
(x), € X". We know that w5 defines a reasonable Bloch cross-norm on lin(T'(D)) ® X.

We now prove that the Banach space of all normalized wf -Bloch mappings from D to X*
can be identified with the Banach space I’ 2@ (D, X*).

Theorem 2. (B\wg(lD, X*),ng) = (F?(]D, X*),75).

Proof. Let f € Tg(ID X*) and ¢ € lin(T'(ID)) ® X. Take a representation Y\ ; Ay, ® x; of y
such that (A;, z;)[; < (pj,w )] v (Aiyzi)y € (Cx D), (pj,w )] 1 € (CxD)", n,m e N,
and (x;)?_; € X". We have

1) < éw 17 o) 1]

< (i_ilmi!zHf’(znuz)%(iuw)%

i=1

4 f)(i_zniuxinz)%(j_fl%)%,

and therefore |y(f)| < /5 (f)w5 () by takmg the infimum over all the representations of .
Hence, f € B,s(ID, X*) and p,(f) < 75 (f)-

Conversely, let f € B\wég(][), X*) and let (A;,z;); € (C x D)", (y]-,wj)}”:l € (CxD)m,
n,m € N, be such that (A;,z;)i_; < (4, wj)iL;. Choose any & > 0. For each i € {1,...,n},
let us choose x; € X with ||x;|| < 1+ € such that (f'(z;),x;) = ||f'(z;)||. Clearly, the function
T: K" — K, given by

T(ty,.. ZtA 1 (z:) V(ti, ..., tn) € K",

isin (K", || - ||2)* with 1
T| = ; Ai 2 ! Zj 2 7.
I7l = (Ll )

Forall (t1,...,t,) € K" with ||[(t1,...,tn)]2 < 1, we have

IT(ty,... ta)| =

Y A (f (i), tixi)

i=1

) ‘
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Hence, we get

NI—=

I T(t1, - tu)] < pos(f (2””‘1” ) (i%>

j=1
oyl N
<P+ L =)

therefore

N—=

<Z’M £z ) < pup(f <i 1_|7]w]| )) :

j= 1

Passing to the limit as ¢ — 0 yields

(i_z";wZ»\f'(zi)HZ)% m;(f)(f%) ,

=

NI—

and thus f € FZE(]D, X*) with 5 (f) < P (f)- =

3 Duality for spaces of cross-norm-Bloch mappings

We now establish a canonical identification between the normed space (B, (ID, X*), o) and
the dual space of lin(T'(ID))®,X if « is a Bloch cross-norm on lin(T(ID)) ® X. Compare this
result to [15, Theorem 3.1]. In particular, (B(ID, X*), p) will be a Banach space.

Theorem 3. Let a be a Bloch cross-norm on lin(I' (D)) ® X. Then B, (ID, X*) is isometrically
isomorphic to (lin(T(ID))®,X)* via the map A: By (D, X*) — (lin(T'(D))®,X)* defined by

= i) Zz x1>

forall f € By(ID,X*) and v = Y1 Ajyz, ® x; € lin(T(D)) ® X.
Its inverse satisfies
<(A x> Yz & x

forall ¢ € (lin(I'(D))®,X)*,z € Dand x € X.
Proof. Let f € B,(ID, X*) and let Ag(f) be the linear functional on lin(T'(ID)) ® X given by

n

No(f)(r) =} Ai{f'(zi) xi)

i=1
forall v = Y 1 Ay, ® x; € lin(I'(ID)) ® X. Notice that Ag(f) € (in(I'(ID)) ®, X)* and
IA0(f)]l < palf), since

[ Ao(f Z)\ (f'(z0),xi) | < pa(f)a(y)
for all v+ = Y147, ®x € lin(I'(ID)) ® X. Hence, there is a unique continuous

extension A(f) of Ag(f) to lin(T(ID))®,X. Moreover, A(f) is linear and ||A(f)|| = [|Ao(f)].
Let A: By(ID, X*) — (1lin(T(ID))®,X)* be the map so defined.
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Clearly, the mapping Ag: B, (D, X*) — (lin([(ID)) ®, X)* is linear. If f € B, (ID, X*) and
Ao(f) =0, then (f'(z),x) = Ao(f)(yz®x) =0forallz € D and x € X, hence f'(z) = 0 for
all z € D and therefore f = 0. This proves that A is injective.

The map A is also linear and injective. Indeed, let ¢ € lin(T'(ID))®,X and let {v,} be
a sequence in lin(T'(D)) ®, X such that a(y, —¢) — 0asn — oo. Given a,b € C and
f.g € B, (D, X*), an easy calculation shows that

Alaf +bg)(vn) = No(af +bg)(vn) = (alo(f) +0Ao(8))(7n) = (aA(f) +DA(S))(7n)

for all n € IN. Taking limits with n — oo, we get A(af +bg)(¢) = (aA(f) +bA(g))(¢). Hence,
A is linear. For the injectivity of A, note that if f € B, (D, X*) and A(f) = 0, then Ag(f) = 0,
which implies that f = 0 by the injectivity of Ay.
We now claim that A is a surjective isometry. Indeed, let ¢ € (lin(I'(ID))®,X)* and define
g¢: D — X* by
(g9(z),x) = @(1:®x), zeD,xeX.

Clearly, g4(z) is a bounded linear functional on X with ||g,(z)|| = ||¢| ||7z||- Reasoning as
in the proof of [4, Proposition 2.4], the mapping g, is in H(ID, X*) and there exists a map
fo € B(D, X*) such that f, = g¢. Forany Y./ ; A;yz, ® x; € lin(I'(ID)) ® X, we have

n

Y Ai{go(zi) xi)

g)\i <f(:o(zi)rxi> ' = L
= ‘?(Xn:Ai“Yzi®xi>' < ||(P|!“<£:7\i7zi®xi>~

i=1 i=1

Therefore, f, € B,(ID, X*) and pa(fy) < |l@||. Forall v = Y"1 Aiyz, ®a x; € lin(T(D)) ® X,
we get

-

N
I
—_

Afp) () = Rolfp) (1) = LA (fy(z),x:)

I
™=

I
—_

n
Aiq’(')”zlv ®x;) = Gl’( Z)\i')’zi X xi) = 90(7)-

i =1

Hence, A(f,) = ¢ on a dense subspace of lin(I'(ID))®.X. So, A(fy) = ¢. Moreover,
pa(fy) < ll@ll = [[A(fp)|- This completes the proof of our claim.
For the last assertion of the statement, note that

(A7H(9)) (2),x) = {fy(2), x) = (gp(2), ) = 9(12® %)
for ¢ € (lin(T(D))®.X)*,z € Dand x € X, O
Lemma 2 and Theorem 3 provide the following identification.
Corollary 1. (B(ID, X*), pg) = ((lin(T(ID))&-X)*, || - ||)-

From Theorems 1 and 3, we infer the following description for the space of p-summing
Bloch mappings from ID into X*.

Corollary 2. (IT5 (D, X*), 715 ) = ((hn(l”(lD))@df*X)*, | -1]) forany 1 < p < oo.
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Similarly, Theorems 2 and 3 permit us to describe the space of Bloch mappings from D into
X* that factor through a Hilbert space.

Corollary 3. (T£(ID, X*),7%) = ((lin(T(ID))& 6 X)*, | - |-

Since B,(ID, X*) is a dual Banach space by Theorem 3, the following topologies can be
considered.

Definition 3. Let « be a Bloch cross-norm onlin(T'(D)) ® X.

The weak* topology (in short, w*) on B, (D, X*) is the topology induced by the linear space
Klin(r(D))@X(lin(T(I[)))@,XX) of linear functionals on (lin(T'(ID))&,X)*.

The weak* Bloch topology (in short, w*B) on B,(ID, X*) is the topology induced by the
linear space lin(T' (D)) ® X of linear functionals on B, (ID, X*).

The following facts on w*B can be deduced from the theory on topologies induced by
families of functions (see, for example, [10, Section 2.4]).

Remark 3. Leta be a Bloch cross-norm on lin(T'(D)) ® X.

(i) w*B is a locally convex topology on B,(ID, X*), and the dual of B, (ID, X*) with respect
to this topology is lin(T'(ID)) ® X. Since the family of functions lin(I'(ID)) ® X is separat-
ing, then w* B is completely regular.

(i) If {f,} is a net in B,(ID, X*) and f € B,(ID,X*), then {f,} — f in the w* B-topology if
and only if {y(f,)} — v(f) for each vy € lin(T'(D)) ® X.

(iii) If B(ID, X*) is a linear subspace of B,(ID,X*) and B, (D, X*) is equipped with the
w* B-topology, then the relative w* B-topology of By(ID,X*) on B(ID, X*) agrees with
the topology induced by the linear space { | BDx Y€ lin(I'(ID)) ® X} of linear func-
tionals on B(ID, X*).

D, X*

Corollary 4. Let a be a Bloch cross-norm on lin(T'(D)) ® X.

(i) A net {f,} in B,(ID, X*) converges to f € B,(ID,X*) in the w*-topology if and only if
{7(fy)} converges to y(f) for every v € lin(T(ID))®,X.

(ii) On B, (ID, X*), the w*B-topology is weaker than the w*-topology. Moreover, both topolo-
gies agree on bounded subsets of B,(ID, X*).

Proof. (i) Let A: By(ID, X*) — (Lin(I'(D))&®,X)* be the identification of Theorem 3. Then we
have

{fu,} = fin (Bu(ID, X*),w") < {A(fy)} = A(f) in ((lin(T(ID))©aX)*, w")
& { (Kinrm)ax (V- A)) F = Kinroyax (1) A)),
Vy € lin(T(D))®4X,
< {Af) ()} = A7), Yy €lin(T(D))®.X,
< {7v(A)} = 7(f), Yry €lin(T(D))®.X.
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(i) Let {f,} be a net in B,(ID, X*) such that {f,} — f € B,(ID,X*) in the w*-topology.
By (i), we have {7(f,)} — 7(f) for each v € lin(I'(D))®,X. In particular, {y(f,)} — 7(f)
for each v € lin(T'(D)) ® X. This means that {f,} — f in the w*B-topology. Hence, the
identity on B,(ID, X*) is a continuous bijection from the w*-topology to the w*B-topology
and thus the latter topology is weaker that the former as required. On a bounded subset of
B,(ID, X*), the w*-topology is compact and the w* B-topology is Hausdorff, so both topologies
must coincide. O

4 Banach spaces of normalized Bloch mappings

We have identified B, (ID, X*) as the dual space (lin(T'(ID))®,X)* in Theorem 3. Our goal
now is to address the general duality problem as to when a space of normalized Bloch map-
pings from D into X* is isometrically isomorphic to (lin(I'(ID))&,X)* for some Bloch cross-
norm «.

We first determine what are those Bloch cross-norms a on lin(I'(D)) ® X for which
B, (ID, X*) is a Banach normalized Bloch space.

Theorem 4. Let « be a Bloch cross-norm on lin(I'(ID)) ® X. Then B, (ID, X*) is a Banach nor-
malized Bloch space if and only if « is reasonable.

Proof. In view of Lemma 1 and Theorem 3, we have that B, (D, X*) is a linear subspace of

~ ~

B(D, X*) and (B(ID, X*), p«) satisfies condition (i) in Definition 1. Hence, we only need to

prove that (B,(ID, X*), ps) satisfies condition (ii) in Definition 1 if and only if « is reasonable.
Assume that « is reasonable. Let ¢ € B(ID) and x* € X*. We have

i_zn;)\i ((g-x")(zi), x:) i_Xn;)\ig/(Zi)x*(xi)
= ‘(8®x*)<i7\ﬂzi®xi>‘

i=1

n
< ng®x*ua(2m®xi)

i=1

n
< pu(e) [ L2005 %)
i=1

forall Y, A7z, @ x; € lin(T(ID)) ® X. So, g - x* € By(ID, X*) and pa(g - x*) < p5(g) [|x*]|-

For the converse inequality, note that pp(g) ||x*|| = p5(g - x*) < pa(g - x*), where we have
used Lemma 1.

Conversely, if (B, (ID, X*), pa) enjoys the cited condition (ii), given ¢ € B(ID) and x* € X*,
one has

1

(o)

n

Aiyz; ® xi) ' =

zl A (g -2 (z0), x1)

1

< pa(g- X*)‘X< Z AiYz @ xi)

i=1
n
= 0s() [l Lo A5 @ %)
i=1
forall ) ; Ajyz, ® x; € lin(T'(ID)) ® X, and thus « is reasonable. O
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The combination of [5, Theorem 5.2], Proposition 1 and Theorem 4 yields the following
assertion.

Corollary 5. B, (ID, X*) is a Banach normalized Bloch space fora = w5 and d? with p € [1,c0].

We will now deal with the problem of when a Banach normalized Bloch space can be
canonically identified with the dual of a tensor product space endowed with a Bloch cross-
norm. Our approach is based on the arguments applied to address a similar problem in the
setting of operator spaces (see [7, Section 4]).

Lemma 3. Let B(ID, X*) be a Banach normalized Bloch space.
Fory =Y 1 A7, ®x; € in(I'(ID)) ® X, define

YA (f () | f € BOD,X), [ flly = 1}

i=1

a(7y) = sup {

and

(), f) = ; M), f e BDX).

Then « is a reasonable Bloch cross-norm on lin(I'(ID)) ® X, and ¢ is a linear isometry
from1lin(T'(ID)) ®, X into B(ID, X*)*.

Proof. Lety = Y1 1 Aiyz, ® x; € lin(T(D)) ® X and f € B(ID, X*). Note that (¢(y), f) = v(f)-
Clearly, ((y) is well defined on B(ID, X*), it is linear and

(), A < ps(f)r(y) < [ fllBre(y)
forall f € B(ID, X*). Then ((1y) is in B(ID, X*)* and
[N == sup {|{(7), /)| - f € B(ID, X7), [Ifllp =1} < 7(7).

Clearly, :: lin(I'(ID)) ® X — B(ID, X*)* is well defined and linear. Moreover, it is injec-
tive. Indeed, /() = 0 means that (i(y), f) = 0 for all f € B(ID, X*). In particular, we have
(7,8 -x*) = (i(y),g-x*) =0forall g € B(D) and x* € X*. It follows that

n n
x* ( Z Az-g'(zz-)xi> = Z Aig' (zi)x*(x;) =0
i=1 i=1
forall g € B(ID) and x* € X*. Since X* separates the points of X, this implies that
n
Y Aig(zi)xi =0
i=1

for all g € B(ID). For eachi € {1,...,n}, consider the polynomial g;: ID — C defined by

noz—2z
qi(z) = O
k=1jkAi %1~ %k

and take a polynomial p;: D — C such that p; = gq; and p;(0) = 0. Then p; € B(D) with
pi(zx) = i forallk € {1,...,n}, where dj is the Kronecker’s delta.
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Hence,
0= Z Asz Zk X = Z Akélkxk Az-xi
k=1 k=1
foreachi € {1,...,n}. Therefore, v(f) = Y/ (f'(zi), Aix;) = 0for all f € B(ID,X*), and so
we get y = 0.

Define the map a on lin(I'(ID)) ® X as in the statement. Notice that a(y) = |«(7)]-
Then « is a norm on lin(I'(ID)) ® X and so ¢ is a linear isometry from lin(I'(D)) ®, X into
B(D, X*)*.

We now prove that « is a reasonable Bloch cross-norm. For any z € ID and x € X, we have

w(r20x) = lt(r@0)[| <7 (r@x) =

The converse inequality will follow in light of Remark 1.
Given ) ' 1 Ay, ® x; € lin(T'(ID)) ® X, forany g € Sp(p) and x* € Sx-, we get

ig/(zi)x

‘(8®X*)<Xn:7\ﬂzi®xi>‘ =

i=1
n
i ((
=1
< sup {

YA f (i) %)
:D‘(i)\ﬂ’z,‘@xi)r

i=1

Zz)/xi>

:f € BD,XY), [l =1}

and so « is reasonable. O
We are ready to state the main result of this section. Compare it to [7, Theorem 5].

Theorem 5. Let B(ID, X*) be a Banach normalized Bloch space. The following statements are
equivalent:

(i) there is a reasonable Bloch cross-norm « on lin(T'(ID)) ® X such that

(B(D,X*), || - [I5) = (Ba(ID, X*), pu),

(ii) if f is in B(ID,X*) and {f,} is a bounded net in B(ID,X*) converging to f in the
weak* Bloch topology of B(ID, X*), then f € B(ID, X*) and

£l < sup{llfvlla: v € N}.

Proof. (i) = (ii) Let f and {f, } be as in (ii). Put M = sup{||fy||s: v € N}.
IfY 7 1 Aiyz ®x; € lin(I'(ID)) ® X and € > 0, then we get

3007 )~ Yo ()| = [ Do e ) - )| <
i=1 i=1 =1
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for some vy € N, and therefore

éAi SHCORY o (Zi), xi) [+ ¢

< Pa fl/o <ZAZ’YZI®XZ>+€

i=1

n
- ||va|rBoc(Dmi®xi) e

i=1

n
< er( Y Ay ® xz-) +e.

i=1

Let us take the limit as ¢ — 0. We obtain that f € B,(ID,X*) and ps(f) < M. Hence,
f € B(D, x*) and |fls < M.

(ii) = (i) Take the reasonable Bloch cross-norm « on lin(I'(ID)) ® X and the linear iso-
metry ¢ from lin(I'(D)) ®, X into B(ID, X*)* defined in Lemma 3. In order to prove that
(B(D, X*), |l - lls) = (Ba(ID, X*), p), given f € B(ID, X*), the definition of « yields

D<f )3 | < Ifllpa( L Arrz )

i=1
forall Y 1 A7z, @ x; € lin(T(ID)) ® X, and thus f € B, (D, X*) with ps (f) < ||f||5-
Conversely, take f € B, (D, X*) and define the functional S(f): ((lin(T(D)) ® X) — C by

(S(F), (7)) = lem (F (zi), %)

fory = YA, ®x; € lin(T(ID)) ® X. The injectivity of ¢ guarantees that S(f) is well
defined. The linearity of S(f) follows easily. Since

(S (] = [v(O] < pa(f)a(r) = pa(HI(V)]]

for all v € lin(I'(D)) ® X, it follows that S(f) is continuous and ||S(f)|| < pa(f). Since
((lin(T(DD)) ® X) is a linear subspace of B(ID, X*)*, the Hahn-Banach theorem gives a func-
tional S(f) € B(ID, X*)** such that

forall vy € lin(I'(ID)) ® X, and B
IS = ISUHII

Let xp be the canonical injection from B(ID, X*) into B(ID, X*)**. By Goldstein’s theorem,
there exists a net {f, } in B(ID, X*) for which

sup{[|fullz: v € N} < [IS(f)
and {xg(f,)} — S(f) in (B(ID, X*)**,w*). This means that

(k- (9), 15 (fu)) = (k(fo), @) — (kB (9),5()) = (S(f), ¢)
for every ¢ € B(ID, X*)*. Since ((lin(I'(D)) ® X) C B(ID, X*)*, it follows that for each ¢ €
lin(T' (D)) ® X, we have
{Ges(fo), (1))} = (S(f),a(7)),
thatis, {7(f,)} = 7(f). Hence {f,} — f in (B(D, X*),w*B) by Remark 3. Then, by hypothe-
sis, f € B(D, X*) and [|fl[p < sup{|/fvl[s: v € N} < pu(f)- B
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Theorem 5 admits the following useful reformulation that can be compared to the result by
J.R. Holub (see [7, Corollary, p. 400]).

Corollary 6. Let B(ID, X*) be a Banach normalized Bloch space. Then the following statements
are equivalent:

(i) there exists a reasonable Bloch cross-norm « on lin(T'(ID)) ® X such that

(B(D,X*), || - [5) = (Ba(ID, X*), pa),

(ii) the closed unit ball of B(ID, X*) is compact in the weak* Bloch topology of B(ID, X*).

A~

Proof. (i) = (ii) Recall that (B,(ID, X*), px) is a dual Banach space by Theorem 3. Then, by (i),
Alaoglu’s theorem asserts that the closed unit ball of B(ID, X*) is compact in (B, (D, X*), w*)
and therefore in (B\a (D, X*),w*B) by Corollary 4. Since B\a(lD, X*) is a linear subspace of
B(ID, X*), this last topology agrees with the relative w* B-topology of B(ID, X*) on B, (D, X*)
by Remark 3, and then (ii) follows easily.

(ii) = (i) Let f € B(ID, X*) and let {f, } be a bounded net in B(ID, X*) such that {f,} — f

A~

in (B(D, X*),w*B). Let M = sup{||fv||g: v € N}. By (ii), the closed unit ball of B(ID, X*) is
closed in (B(ID, X*), w*B). Hence, the limit f /M of the net { f,/ M} exists in (B(ID, X*), w*B),
that is, f/M is in the closed unit ball of B(ID, X*). Hence, f € B(ID, X*) and ||f||p < M. Then

the statement (ii) of Theorem 5 holds and we obtain (7). O
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3acTOCOBYIOUM TEOPilo TEH30PHMX AOOYTKIiB 6aHAXOBMX IIPOCTOPIB, MM AOCAIAXYEMO 6aHaxOBi
IIPOCTOPY HOpMaAi3oBaHMX baox-06pasiB i3 ID (BiAKpMTOTO OAMHIMYHOTO KpyTa KOMIIAEKCHOI ITAO-
myEY) y X* (CHpsKeHWMiI TIPOCTip AO KOMIIAEKCHOTO 6aHaxoBOro mpoctopy X), SIKi MOXYTb
OyTM KaHOHIYHO TOAaHI SIK CHpPSDKEHMI TIPOCTip AO TIOIOBHEHHSI TEH30PHOTO AODYTKY
lin(I' (D)) ®q X, ae lin(T'(D)) mosuauae mpoctip X-3Haurmx baox-moaexya Ha ID, a & € Baox-xpoc-
Hopmoro Ha lin(I'(ID)) ® X. ITokasaHo, II0 IPOCTOPYU HOpMaAi3oBaHMX baox-o6pasis, p-cyMoBHi
Baox-06pasy, a Takox baox-o6pasm, ski pakTopu3yIOThCs Uepes riabbepTiB mpoCTip, AOIMYCKaOTh
TaKe TTOAAHHS. Y 3BOPOTHIl 3apadi OXapaKTepu30BaHO YMOBHM, 3a SIKMX 6aHaxiB IpOCTip HOpMa-
AizoBarmx Baox-o6pasis B(ID, X*) e isomerpuuro isomopdrmm a0 (lin(T'(D))®,X)* ars aesoi
BAOX-KpOCHOpMM &, 30KpeMa B TepMiHaX KOMIIAKTHOCTI JIOr0 OAMHIYHOI KyAi BIAHOCHO caabkoi*
Bbaox-ronoaorii.

Kntouosi cnosa i ppasu: BekTOpHO3HaUHe BAOX-BiAOOpakeHHs, TEH30PHIMI AOGYTOK, p-CyMOBHMI
omepaTop, ABOICTiCTb.



