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Weakly p-nuclear bilinear operators

Hammou A.l, Belacel A.2, Bougoutaia A2, Tiaiba A.3

The purpose of this article is to investigate the class of weakly p-nuclear bilinear operators be-
tween Banach spaces. This notion extends the classical theory of nuclear operators introduced by
A. Grothendieck, as well as its multilinear generalizations developed by A. Pietsch and others. In
particular, we characterize weakly p-nuclear bilinear operators through appropriate tensor norms,
showing that the space of such operators forms a Banach ideal and analyzing some of its structural
properties. Moreover, in the context of duality theory for these operator spaces, we introduce the
class of quasi-Cohen p-nuclear bilinear operators and establish a Pietsch-type domination theorem.
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operator, duality.
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Introduction

The concept of a nuclear linear operator was first established by A. Grothendieck in the
1950’s. Later on, in 1980, A. Pietsch extended [5] this idea to multilinear operators. Again, the
notion of weakly nuclear linear operators, which are an expansion of nuclear linear operators,
was introduced by J.M. Kim [4]. In this paper, inspired by Peitsch’s contributions, we present
the concept of weakly p-nuclear operators in the context of bilinear operators. This class consti-
tutes a special subclass of the o-nuclear bilinear operators previously introduced by G. Botelho
and X. Mujica [2]. In this framework, we show that the space of weakly p-nuclear bilinear op-
erators can be characterized by means of a suitable tensor norm, up to isometric isomorphism.
Furthermore, we study the structure of the dual space of weakly p-nuclear bilinear operators,
establishing connections with related classes of bilinear operators.

In order to clarify the structure of the paper, we outline its organization as follows. In
Section 1, we introduce the notion of weakly p-nuclear bilinear operators and establish their
basic properties. Section 2 is devoted to the study of the relationship between weakly p-nuclear
operators and tensor products, providing characterizations via associated tensor norms. In
Section 3, we investigate the dual space of weakly p-nuclear bilinear operators and present
the class of quasi Cohen p-nuclear bilinear operators together with a Pietsch-type domination
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theorem. Finally, the paper ends with some remarks and concluding comments on possible
extensions of the results.

In this paper, we clarify the notation used. Let D, D;, E, E;, F, F; represent Banach spaces.
We define E* as the topological dual of E, and Bf as the Closed unit ball in E. For p > 1, we
denote its conjugate by p*, which satisfies the relation 1 = - + -. Additionally, we define the
Banach space L(Ej, Ep; F), consisting of all continuous blhnear operators from E; X E; into F,
with the norm given by

ITI = sup [Ty, xo)l-
x1€BE,, X2€BE,

Let /,(E) denote the Banach space of all absolutely p-summable sequences (x,,);_; in E for
1 < p < o0, equipped with the norm

ol = ( Hxnup)w.

We define £3(E) for 1 < p < oo as the Banach space of all weakly p-summable sequences
(xn)5 1 in X, w1th the norm given by

1Cen)uzally = sup [[(CF, 20))5a [lp-
X*EBE*

We define x; ® x5 ® y € L(E1, Ey; F) by
X} ®@x5@y: Ey X Ex 3 (x1,x2) — (2] ® x5 @ y)(x1,x2) = 7 (x1)x3(x2)y € F.

The collection of all these operators generates the vector space L¢ (Ej, E; F) of the bilinear
operators of finite type.

1 Weakly p-nuclear bilinear operators

Now, we extend the class of weakly p-nuclear linear operators, presented by J.M. Kim [4],
to the case of bilinear operators. We begin by recalling the linear case. A linear operator
u : E — F is weakly p-nuclear, 1 < p < o0, if it can be represented as u = ) x;, ® y,, where

n=1
(x3)n € €5(E*) and (yu)n € £ (F). We write by Nuwp(E; F) the space of all weakly p-nuclear

linear operators from E into F, equipped with the norm
)l == [ () [ 1 )l
where the infimum is taken over all such representations as above.

Definition 1. Let 1 < p < co. A bilinear operator T : E; x E; — F is called weakly p-nuclear
if T can be represented as

T =), X ® X O Yn,
n=1
where (x},)" | € Ef fori =1,2,and (y),_; € £%.(F) satisfy

0 1/P
sup ( Z|<x1‘n,x1><x;wxz>v) < co.

xleBgl, XzEBEZ n=1
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Moreover,

o0 1/P 0 y 1/P*
1Tl A, = inf{ sup ( Y (g, x1) (xin,xzﬂp) sup ( Y Y yn) P ) },
Y

xleBEl,xzeBEZ n=1 *€Bpx \n=1

where the infimum is taken over all such representations as above. We write Ny, (E1, E; F) to
denote all weakly p-nuclear operators from E; x E; into F.

Theorem 1. For 1 < p < oo, [Nup (E1,Ez; F), || - | n,,,] is a Banach ideal of 2-linear operators.

Proof. First, let us show that [Ny (E1, Eo; F), || - || n;,,] is a normed space. While this is obvious
for p = 1, the statement that Ty + Ta € Nuwp(E1, Eo; F) and || Ty + T2||w,, < [ T1llns, + 1 T2]Ins,
whenever Ty, T, € Nyp(E1, Eo; F) requires proof if 1 < p < co.

Consequently, fix € > 0 and choose representations T; = ), ; xzflljl ® xz,gzjl ® Yon—1 and
=Y, x;(l) ® x;(z) ® Y2, such that

n n

X () £(2) /p
sup (Ll m 2wl ) < Tl +e

xlEBEl,xZGBEZ n=1

I “(2) Yy
sup ():uxzn ) (i ,xzw) < | Talln, +6

xleBgl, xZEBEz n=1

and [|(y2n) (I3 = [I(y2n—1)[I5- = 1. Fixany r,s > 0 and define () € £3.(F) by f2n = s 1y

and 2,1 = 'Yz, 1. Let f;(ll) ® f;(lz) = sx;(ll) ® x;SZ) and x~;(11_)1 ® 3?;(12_)1 = rx;(il_)l ® x;f_)l.
Then
(2 > 1 2
sup z (% L)l =r sup Y [l ) (g 1) P
x1€BE,, %2€BE, n= x1€BE,, X2€BE, n=1
2
+ 5P sup Z |{ xzn , X xZY(l ),xzﬂp
XleBEl XzEBEZ
< ([ITallns, +€)F + P ([ T2l v, +€)7

and

_ (1 ! T
(Mmali$)” < (SN2l )+ (Fl0mdali ) = 57"

Writing Ty + To = Y 50y fz(l) ® JZZ(Z) ® n, we see that T7 + T, is weakly p-nuclear with

) @) Yy
|!T1+Tz|ww,,§< sup 3 1B, 1) ,xzw) 1)l

Bg,, Bg, n=1

1 ( 1 p*
<= sup Y@M, )@ )+ (1@l

P B, 35221 ! p* < g

rP PSP p sV
S;(HT&HNH,#G) o +;(|!T2|\Nw,,+€) o

With r = ([|T1[ s, + €)"/P and s = (T2l A, + €)~1/F", we obtain

HT1—|—T2|

Nop < Tl + T2l + 26
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< o0. Since

To show completeness, let (Ty) be a sequence such that Y32 |[Tklln,,

ITell < NI Tkllns,,, the sum T = Y32 Ty exists in L(Ey, Ep; F). The sequence of partial sums
Jm = || iy TkH Ny, 18 bounded and increasing, hence it converges. Letting m — oo, we con-
clude [|T]|n,, < oco. O

Proposition 1. Let 1 < p. Let a bilinear operator T : E; x E; — F be weakly p-nuclear, then
T has a factorization T = Ro S, such that S € L(Ey, E;{y) and R € L({p; F). In addition,
I Tl Az, = inf[IR][[IS].

wp —

Proof. Assume that T is weakly p-nuclear and let T = ) x], ® x3, ® y,. Define
n=1

S Eyx By 3 (11,32) - (xhy (1) 3, (x2))n € £y

R:ly> (sn)n— anyn € F.

n=1

Then we see that ||S|| = sup | (x5, (x1)x3,(x2)), ||, and we have
X1€BEl, X2€BEZ P

o0 o0 1/17 0 ; 1/17*
<y*,ZSnyn>\s sup (ernrp) (Zw*,ynw) .
n=1 n=1

y*EBpx \ n=1

IR((sn)n)| = sup
y*EBF*

Thus
0 ) 1/P
IR < sup (2|<y*,yn>|P) forl < p <o,

y* EBF* n:l
and the following diagram

FixEp— 1  F

commutes.

Thus the weakly p-nuclear representation of T is arbitrary and || T||x,,, > inf[[R[[[|S]|. O

2 Relationship with tensor products

We consider tensor norm and associate it with an operator ideal. Let us define a cross norm
wp(+), 1 < p < oo, on the tensor product E; ® E; @ F as follows. If u € E; ® E; ® F, then

n 1/p n 1/p*
wp(u) = mf{H( Dl sup (D<x1‘,xu><x§,xz>r’1) sup(z )] ) }
XTEBET,XEEBE; i=1 yEBF* 1=

where the infimum is taken over all representations of u of the form u = Y} ; Aix1; ® xp; @ yj,
where (x1;) | C Eq, (x21)!y C Ez and (y;)/; C F.

Proposition 2. If E; and E; are finite dimensional, then
1T, = wp(T)

forevery T € L (Ey, Ea; F).
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Proof. In this situation £ (Eq, Ep; F) = L £ (E1, Ep; F) and there exists a constant C > 0 such that

wp(T) < C[|T|y;

LU )4

for every T € L (E1, Ep; F). For each € > 0 we choose a representation T = } ;2 x]; ® x5, ® Y
such that

m—1 1/p m—1 N\ VP e
sup (X i) tdl” ) sup (Ll ) < @+ I,

xleBgl, JCZEBEZ i=1 y*EBpx i=1

In particular, for each m € IN, we get
m—1
Wp < Y A x® ]/z‘)

i=1
m—1 1/p m—1 i 1/p*
< sup (Z|<xaz,x1><xzi,xz>|”) sup (z|<y*,yz->|”)

X1€Bg, %2€BE, \ i=1 y*€Bpx \ i=1
< (145) I,

For a sufficiently large m € IN we can write

Y Qx5 @y

i=m Nuwp
o 1/p %) 1/P*
< sup (F Josi) Gyl ) swp (L 070 )
X1€Bg; \i=m Yy*€Bpx Ni=m
XZEBEZ
—|T
< o Tl
It follows that
m—1
wP(T) S wP( Z 11®x21®y1> +wP< Z x11®x21®y1>
i=1 i=m
6 o0
< (145) 1T, + €| & ¥ @ x5 0w,
i=m Nuwp
€ €
< (14 ) 1Tl + 1Tl = (4 )Tl
and this holds for every € > 0. O

Proposition 3. If T € Ny (E1, Ex; F) and S; € Ly (Dj; E;) fori = 1,2, then
wp (T o (51,52)) < I Tlns, [IS11IS2]] -

Proof. If J; denotes the natural injection of S; (D;) into E;, we can write S; = J; o S; with
|Sk|| = [1Sk||- Hence,
To(J1,)2) € Lf(51(D1),S2(Da); F).

Now, by applying Proposition 2 and the ideal property, we obtain the desired result. O
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Proposition 4. If E] and E; have the bounded approximation property, then
Iz = wp(T)
forevery T € Ly (E1, Exy; F).
Proof. We note that the operators Ty € L (Ey; L (E; F)) and T, € L (Ep; £ (Eq; F)), defined by
Ty (x1) (x2) = T2 (x2) (v1) = T (x1, x2),

is of finite type. Since E} has the A;-approximation property for some A; > 0 and for each
€ > 0,wecan find S; € L (E; E;), such that T; = T; 0 S; and ||S;|| < (1 + €)A;. Therefore, for
all x; € E; withi = 1,2, we have

T (x1,52 (XZ)) =T (Sl(xl), xz) = T(xl,xz).
Now, we can write T(xq,x2) = T(S51(x1), S2(x2)). Thus, by Proposition 4, we have

wp(T) < ||T|

Nap 1S 1S2]F < T

Ny AqAs.

Hence

With the same argument used in the proof of Proposition 2, we obtain w, (T) < || T||x;,- O

Corollary 1. If Ej and E; have the bounded approximation property, then Ny, (E1, Ez; F) is
isometrically isomorphic to the completion of (E} ® E; ® F,wp).

3 The dual space of weakly p-nuclear bilinear operators

The quest for a class of operators that characterize bounded linear functionals on the space
of weakly p-nuclear bilinear operators prompted us to present new class of quasi Cohen
p-nuclear bilinear operators.

Definition 2. Let 1 < p. Suppose that T : E; x E; — F* is a bilinear operator. We say that
T is quasi Cohen p-nuclear if there exists a constant C > 0 such that for all Xj1 -, Xjn € Ej,
1<j<2andy,...,yn € F, we have

n n 1/p n . 1/p*
S (T(ew xai)y)| <C sup (Z\<xi‘,xu><x§,xzz->!”> sup ( \<y*,yi>v7) .
i=1 i=1

XTEBET'XSGBE; i=1 Y*€Bpx

The smallest constant C for which this inequality always holds is denoted by || T| Ny, We
write Ny, (E1, E; F¥) for the space of quasi Cohen p-nuclear bilinear operators.

Remark 1. Denoting by N, (E1, Ey; F*) the space of Cohen p-nuclear bilinear operators as de-
fined in [1], it is straightforward that N, (Ey, Eo; F*) C N, (E1, Eo; F*) with || - I < I D,
for every F. Furthermore, Nq(p) (E1, Eg; F*) = Np(E1, Ep; F*) isometrically for reflexive F.

The core result of this section is a Pietsch domination theorem, whose proof is obtained
through an application of Ky Fan’s lemma (see [6, Lemma E.4.2]).
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Lemma 1 (Ky Fan’s Lemma). Let E be a Hausdorff topological vector space, and let C be a
compact convex subset of E. Let F be a set of functions on C with values in (—oo, 00| having
the following properties:

(a) each f € F is convex and lower semicontinuous,
(b) if g € conv(F), then thereisan f € F with g(x) < f(x) forevery x € C,
(c) thereisanr € R such that each f € F has a value not greater than .
Then there is an xy € C such that f (xg) <r forall f € F.
Theorem 2. Let 1 < p. For a bilinear operator T € L (Ej, Ep; F*) The following are equivalent.
(i) T is quasi Cohen p-nuclear.

(ii) There is a constant C > 0 and for all Xj1, .-, Xjy InEj, j=1,2, andyy,...,y, in F we have
n n 1/p n . 1/p
YTl <€ sop (Ll md sl ) s (et )
i—1 X} EBpx, x3€BEx \i=1 Yy €Bpx \i=

(iii) There are regular Borel probability measures ji; € C(B E;f)*, j=12and A € C(Bp:)"
such that
T (31,32) )] < C 1l 5y ) 192 1y 5 190 5 )

forall (x1,x3) € Ey x Eyandy € F.

Proof. The first implication (i) = (ii) is clear.

The proof of the implication (ii) = (iii) follows the approach of [1]. We consider the sets
P(BE;), j = 1,2, and P (Bg+) of regular Borel probability measures in C(BE;)* and C (Bp+)",
respectively. These sets are convex and compact when C (B E;f) “and C (Bf+)" are endowed with
their weak™ topologies. Given Xj1, .-, X € Ej, j = 1,2, and y1,...,yn € F, the function
f:P(Bg:) x P(Bg) x P (Bp+) — R* is defined by

F ) 1= LT (el = 5 3 / (e ) P dpn () / (33,227 iz (33)
——Z/ (' y P dA ().
B+

pzl

It is obvious that all such f is continuous and convex. Thanks to weak compactness entitles us
to consider each xS] €B F; asan element of B Ef and vy € Br: as an element of Br+, such that

sup (Z\y i)l ) Z\yo,yz

Using the elementary identity

1 a\r 1 *
ab—mf{ < ) + *((—:b) }, Va,b € R,

e>0 €
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we obtain

n 1/p n . 1/p*
az( sup Yl ) b= sup (Ew*,yw) .

XTEBET,JC;EBE; i=1 y*EBF* i=1

Let 59681’ ) X321 dy, be the Dirac measures at xO , xO , Yo, respectively. Since T is quasi Cohen
p-nuclear, we have

n C’ n . .
FGurdpnbn) = LTl x| = 5 sup (216 (x5, )

i=1 xleBET,xEEBEE i=1

- s (L)

n n 1/p
< YT Grioxa) )| - € sup (2\<xf,x1i><x;,x2i>r'ﬂ)

i=1 xTEBEi"xEEBEE i=1

n . 1/p*
<swp (Ll ) <o

Since the set F of all such functions f is concave, by Ky Fan’s Lemma there is an element
(M1, 42, A) € P(Bgr) x P(Bgy) x P(Bp+) such that f (py, pio, A) < 0 forall f € F. Consider the
function f, generated by the single elements (x1,x2) € E; X E; and y € F, then

(T )l < 5 [P () [ 155 Pdpa() + o [ 19 i1 da ).

P /By E}

Fix € > 0. Replacing x; by eV Zx]-, y by ey and taking the infimum over all € > 0, we find

%(1( f, e pa ) [ |<x§,x2i>|*ﬂduz<x;>)l/p>p
s Lwra))
<o [ wimaranen) ([ e mranes)

([ e arae)

Now we will show that (iii) = (i). Let (x1;,x2;) € E; x E; and y; € F. According to
inequality (1), we get

(T(x1,x2),y)| <C

1/p

n

Z (x1i, %21), Yi)|

i=1

-

<T(xlz/ x21

=1

n
cy. (el g gy 121 g 19 8 )
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Applying Holder’s inequality, yields

p p e p* v
*
< C( Z ”xlz” »(Bg : 1) HxZiHLp(BE;/HZ)> <Z; Hyi HLF,*(BF*,A)>
i=

l_

n

Z (x1i, X2i), Yi)
i=1

1/p
- C( Z/ |7 (217) 25 (x2:) [P (p1 @ ;@(xi‘,xi))
i=1 BE*XBE*

(8 wwrar) "

e s Z|xf<xu>x;<x2i>|v)l/p sup (fw*(ymp*)l/p*.

XTEBE{/ x;eBE; i=1 y*€EBpx \j=1
Thus, T is quasi Cohen p-nuclear, additionally, || T|| Ny < C, which completes the proof. [

In [2], G. Botelho and X. Mujica introduced the notation EqT(p) (Eq, Ep; F) to represent the
space of quasi T(p)-summing bilinear operators. The Pietsch Domination Theorem for quasi
T(p)-summing bilinear operators is the key to the following result.

Corollary 2. Let E; and E, be Banach spaces. For every Banach space F, we have

{‘qu(p)(ElrEZ}F*) C Nq(p)(El,Ez;F*), ift1<p<2,
N‘?(P)(El’ E; F*) - Eqr(p)(Elr Ep; F*>, if p > 2.

Theorem 3. If E] and E; have the bounded approximation property, then for any Banach space
F and 1 < p < oo the space [pr(El,Ez;F)} * s isometrically isomorphic to Nq(p) (Ej, E3; F*).

Proof. Given ¢ € [N wp(El,Ez,F)]*,we define
Sy Ef x Ej —> F*
(x1,x3) — Sy (x1,%3) : F — K
Yy Sy (x1, %) (y) = (3] @ x; @Y).

In order to show that Sy € N,(Ej, E5;F*), let n € N, le, ..,x]’-kn € E]’.‘,]' = 1,2, and
Yi,---,Yn € F. So,

n

Y ¢(xg © x5 @)
i=1

<yl

n
Y Sy(xi; @ x5) (i)
i=1

= 'IP(ZXTz@x;i@yi)‘
i=1

n
foi ® Xp; @ Y

1':1 -/\/wp

n 1/p
<yl sup (}:r<x1;,x1><xz,xz>rp)

xleBEl,xzeBEZ i=1

n . 1/p*
X sup (Z|<y*,yi>|’“> :

which proves that Sy is quasi Cohen p-nuclear and ||Sy | Ny < llwl.
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Conversely, consider S € N, 4(p) (E7, E3; F*) defined by
S:Ef x Ej —> F*
(x1,x%5) — S(x7,x5) : F — K
y — S(x1,x3)(y)-
We define
Ts: E] X E3 x F > (x1,x5,y) — Ts(x7,x5,y) = S(x7,%3)(y) € K.

It is evident that Ty is linear in each of the three variables.
Considering E ® E5 ® F = Lf(Ey, Eo; F) and utilizing the universal property of the tensor
product, we can define a linear operator 7s as follows

Ts: Le(E, ExF) 91 @x @y — Ts(x] @x; ®y) = Ts(x], x3,y) = S(x7,x%3)(y) € K.

Let us show that 7Tg is continuous with respect to the norm | - || N, Given € > 0 and
T € Lf(Ey, Ey; F), according to the definition of the norm wy(-), we can represent T in the
form

n
_ * * )
T=) x;9x&y,
i1

such that

n 1/p n 1/p*
swp (Ll al) - swp (L1l ) < 1wy,

xleBgl,XQEBEZ i=1 y*EBF* i=1
Therefore,
n n
7] = |Ts( Lxiro s om) | = | L s )
i=1 i=1

1/p n . 1/p*
<|Sl,, ~ sup <Z]<x;i,xl><x§i,xz>\p> sup <Z!<y*,yi>\p>

XleBgl,XQEBEZ =1 y*EBF* i=1
< 118, (1+ )y (T).

Since this holds for any ¢ > 0 and the spaces E} and E; have the bounded approximation
property, we can conclude, based on Proposition 4, that

Ts(T)] < ISllng,,, - @p(T) = ISllac,,, - I Tl

S0, Ts € [£4(Ev, Exi ), |- v, ] and [ 751 < [1S]lx;,,

Given that L¢(E1, Ep; F) is || - || v,,-dense in Nap(E1, E; F), then Ts: L¢(Ey, Ex; F) — K
admits a unique norm preserving linear extension s: Nyp(E1, E2;F) — K. Naturally,
l¢sll < [IS|ar,,, and for T = 332, x3; @ x5, @ y; € Nuwp(E1, Ez; F), we get

[ee]

s(T) = s ( Y X ®ay® ]/z‘) =) ¥s(xf; @ x5 Q@ y;)
i=1

i=1
=) Ts(hi @ x5 ®y) = ) S(x3;, x3:) (vi).
i=1 i=1
It follows easily from the above expression that the correspondences ¢ — Sy and S — g are
two one-to-one, meaning that is, = ¢ and Sy, = S for ¢ € [Nup(E1, Eo; F)]". O
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E. Caligkan and D.M. Pellegrino in [3] noted by Ly; , (E1, E2; F) the space of p-semi-integral
bilinear operators.
In the previous theorem, if we take F = KK, we obtain the following result.

Corollary 3. If E] and E; have the bounded approximation property, then
[Mup (Elr EZ)} = ﬁsi,p (ETr E;)

isometrically isomorphic.
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Mertoro 11i€l CTaTTi € AOCAIAXKEHHS KAACy cAabo p-siaepHUX biAiHIHMX omepaTopis Mix 6aHaX0-
BMMI IpOCcTOpaMy. Lle MOHSATTS po3LIMpIOe KAACUUHY TeOPilo SIAePHMX OIIepaTopiB, 3aIIpOBaAXKeHy
A. TpoTeHAIKOM, a TaKOX 1 6araTOAIHIHI y3araabHeHHs, po3BMHYTi A. ITiveM Ta iHImMMM aBTOpAa-
M. 30KpeMa, MM XapaKTepU3yeMO cAabo p-siaepHi 6iniHilHI onlepaTopy 3a AOIIOMOTOIO BiATTOBIAHVIX
TEH30PHMX HOPM, IIOKa3yIouM, 10 IIPOCTip TakyuX OIepaTopiB yTBOPIOe baHaxXiB iaean, a TakOX aHa-
Al3yIOuM AesIKi JIOro CTPYKTYpHI BAaacTuBOCTi. KpiM TOro, y KOHTeKCTi Teopil ABOICTOCTi AAST IIX
IIPOCTOpIB OIlepaTOpPiB MM BBOAMMO KAac kBasi-KoeHOBUX p-saepHMX GiAiHIVHMX omepaTopis i BcTa-
HOBAIOEMO TeOpeMy IIpO AOMiHyBaHHsI Ty Iliva.

Kontouosi cnosa i ¢ppasu: crabo p-siaepHMit GiaiHiViEMIT omepartop, kBasi-KoeHoBmi1 p-saepHt
biAiHiVFHMIT OTIepaTop, ABOICTICTE.



