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Superextensions of doppelsemigroups

Gavrylkiv V.M.

A family U of non-empty subsets of a set D is called an upfamily if for each set U € U any set
F O U belongs to Y. An upfamily £ of subsets of D is said to be linked if ANB # @ forall A,B € L.
A linked upfamily M of subsets of D is maximal linked if M coincides with each linked upfamily £
on D that contains M. The superextension A(D) of D consists of all maximal linked upfamilies on D.
Any associative binary operation * : D x D — D can be extended to an associative binary operation

#:A(D) X A(D) > A(D), ML= (| asLi: MM, {Litacr C £).
aeM

In the paper, we investigate the structure of the doppelsemigroup (A(D),,F) of maximal linked
upfamilies on a doppelsemigroup (D, ,I-). In particular, we study right and left zeros and iden-
tities, commutativity, the center, ideals of the superextension (A(D),,F) of a doppelsemigroup
(D, , ). We introduce the superextension functor A in the category DSG, whose objects are dop-
pelsemigroups and morphisms are doppelsemigroup homomorphisms, and show that this functor
preserves strong doppelsemigroups, doppelsemigroups with left (right) zero, doppelsemigroups
with left (right) identity, left (right) zeros doppelsemigroups. Also we prove that the automorphism
group of the superextension of a doppelsemigroup (D, -, ) contain a subgroup, isomorphic to the
automorphism group of (D, ,F).
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Introduction

Given a semigroup (S, ), consider a semigroup (S, ) defined on the same set. We say that
the semigroups (S,F) and (S, ) are interassociative provided (x 1 y) Fz = x 4 (y F z2)
and (x Fy) 4z =xF (y 4 z) for all x,y,z € S. When this occurs, (S,F) is said to
be an interassociate of (S, ), or that the semigroups are interassociates of each other. The
present concept of interassociative semigroups originated in 1986 in M. Drouzy [11], where it
is noted that every group is isomorphic to each of its interassociates. In 1983, M. Gould and
R.E. Richardson [23] introduced strong interassociativity, defined by the above equations along
withx 4 (y F z) = x F (y - z). ].B. Hickey in 1983 [24] dealt with the special case of in-
terassociativity in which the operation |- is defined by specifying 2 € S and stipulating that
xFy=x-a-dyforall x,y € S. Clearly (S,I), which Hickey calls a variant of (S,), is a
semigroup that is an interassociate of (S, ). Methods of constructing interassociates were de-
veloped, for semigroups in general and for specific classes of semigroups, in 1997 by S.J. Boyd,
M. Gould and A. Nelson [9].
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This paper is devoted to study of doppelsemigroups which are sets with two associative
binary operations satisfying axioms of interassociativity. More accurately, a doppelsemigroup is
an algebraic structure (D, -, I-) consisting of a non-empty set D equipped with two associative
binary operations - and - satisfying the following axioms:

(D) (xdy)Fz=x4(yFz), (D) (xFy) dz=xF (y-z).

Thus, we can see that for any doppelsemigroup (D, -, ), the semigroups (D, ) and (D, )
are interassociative, and conversely, if a semigroup (D, |-) is an interassociate of a semigroup
(D,H), then (D, H,F) and (D, -, 1) are doppelsemigroups. If (D, H,F) is a doppelsemigroup,
then rearranging the parentheses in an expression that contains only operations -, - and ele-
ments of D do not change the result. A doppelsemigroup (D, -, ) is called commutative [34] if
both semigroups (D, ) and (D, I-) are commutative. A doppelsemigroup (D, -,I) is said to
be strong [36] if it satisfies the axiom x 4 (y - z) = x - (y - z).

The study of doppelsemigroups was initiated by A. Zhuchok [34]. The idea of doppelsemi-
groups bases on the study of dimonoids in the sense of J.L. Loday [26]. Doppelalgebras intro-
duced by B. Richter [29] in the context of algebraic K-theory are linear analogs of doppelsemi-
groups and commutative dimonoids are examples of doppelsemigroups. Consequently, dop-
pelsemigroup theory has connections to doppelalgebra theory and dimonoid theory. A dop-
pelsemigroup can also be determined by using the notion of a duplex [28]. Doppelsemigroups
are closely related to bisemigroups considered in the work of B.M. Schein [30]. The latter
algebras have applications in the theory of binary relations [31]. If operations of a doppelsemi-
group coincide, we obtain the notion of a semigroup.

Many classes of doppelsemigroups were studied by A. Zhuchok and his coauthors. The
free product of doppelsemigroups, the free (strong) doppelsemigroup, the free commutative
(strong) doppelsemigroup, the free n-nilpotent (strong) doppelsemigroup, the free rectangu-
lar doppelsemigroup and the free abelian doppelsemigroup were constructed in [34, 36, 37,
39]. Relatively free doppelsemigroups were studied in [38]. The free n-dinilpotent (strong)
doppelsemigroup was constructed in [33,36]. In [35], A. Zhuchok described the free left
n-dinilpotent doppelsemigroup. Representations of ordered doppelsemigroups by binary re-
lations were studied by Yu. Zhuchok and J. Koppitz, see [40].

In [18,21], all pairwise non-isomorphic doppelsemigroups of order at most three were clas-
sified. There exist 8 two-element doppelsemigroups, 6 of which are commutative, and all are
strong. Up to isomorphism, there exist 77 three-element doppelsemigroups, 41 of which are
commutative; the noncommutative ones form 18 pairs of dual doppelsemigroups. Moreover,
65 of these are strong. In [20], we studied cyclic doppelsemigroups. A doppelsemigroup
(G,,F) is called a group doppelsemigroup if (G, ) is a group. In this case (G,F) is a group
isomorpic to (G, ). A group doppelsemigroup (G, -,I) is said to be cyclic if (G, ) is a cyclic
group. It was proved that up to isomorphism there exist 7(n) finite cyclic (strong) doppelsemi-
groups of order 1, where T is the number of divisors function. There exist infinite many pair-
wise non-isomorphic infinite cyclic (strong) doppelsemigroups.

In this paper, we investigate the superextension (A(D),,F) of a doppelsemigroup
(D,H,t). The thorough study of various extensions of semigroups was started in [13] and
continued in [1-8,14-17]. The largest among these extensions is the semigroup v(S) of all
upfamilies on a semigroup S. The extension v(S) is called the upfamily extension of S. A fam-
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ily U of non-empty subsets of a set X is called an upfamily! if for each set U € U any sub-
set F O U belongs to U. Each family A of non-empty subsets of X generates the upfamily
(ACX:AeA) ={uc X:3JA € A(A C U)}. An upfamily F that is closed under
taking finite intersections is called a filter. A filter B is called an ultrafilter if B = F for any
filter F containing B. The family B(X) of all ultrafilters on a set X is called the Stone-Cech
compactification of X, see [25]. An ultrafilter, generated by a singleton {x}, x € X, is called
principal. Each point x € X is identified with the principal ultrafilter ({x}) generated by the
singleton {x}, and hence we consider X C B(X) C v(X).

It was shown in [13] that any associative binary operation * : S x S — S can be extended to
an associative binary operation * : v(S) x v(S) — v(S) by the formula

U*V:<Ua*Va:UEU, {Va}geuCV> (1)
acl

for upfamilies ¢,V € v(S). In this case the Stone-Cech compactification 3(S) is a subsemi-
group of the semigroup v(S). The semigroup v(S) contains many other important extensions
of S. In particular, it contains the semigroup A(S) of maximal linked upfamilies. The space
A(S) is well-known in General and Categorial Topology as the superextension of S, see [27,32].
An upfamily £ of subsets of S is linked if AN B # & for all A,B € L. The family of all linked
upfamilies on S is denoted by N»(S). It is a subsemigroup of v(S). The superextension A(S)
consists of all maximal elements of N;(S), see [12,13].

For a finite set X, the cardinality of the set A(X) grows very quickly as |X| tends to infin-
ity. The calculation of the cardinality of A(X) seems to be a difficult combinatorial problem,
which can be reformulated as the problem of counting the number A(#n) of self-dual monotone
Boolean functions of n variables, which is well-known in Discrete Mathematics. According
to [10, Proposition 1.1], we have

27’1

\V2nn

which means that the sequence (A(n))5_; has double exponential growth. The sequence of
numbers A(n) (known in Discrete Mathematics as Hosten-Morris numbers) is included in the
On-line Encyclopedia of Integer Sequences as the sequence A001206. All known
precise values of this sequence (taken from [10]) are presented in the Table 1.

logy A(n) = +o(1),

3 4 5 6 7 8 9
4 12 81 2646 1422564 229809982112 423295099074735261880

Table 1. The values of the function A(n) for1 <n <9.

1 2
An) |1 2

Each map f : X — Y induces the map (see [12])
Af) : AMX) = ALY), A(f) M= (f(M)CY:MeM).

If p : S — S is a semigroup homomorphism, then A(¢) : A(S) — A(S') is a semigroup
homomorphism as well, see [16].

In [13], instead of the notion “upfamily” it was used the notion “inclusion hyperspace”.
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In [22], it was proved that the upfamily extension (v(D),,F) of a (strong) doppelsemi-
group (D, ,F) is a (strong) doppelsemigroup as well. Doppelsemigroups of k-linked upfam-
ilies were investigated in [19]. This paper is devoted to investigate the subdoppelsemigroup
(AM(D),,F) of the doppelsemigroup (v(D), ). We study right and left zeros and identi-
ties, commutativity, the center, ideals of the superextension (A(D), -, F) of a doppelsemigroup
(D,H,t). Also we introduce the superextension functor A in the category DSG, whose ob-
jects are doppelsemigroups and morphisms are doppelsemigroup homomorphisms, and show
that this functor preserves strong doppelsemigroups, doppelsemigroups with left (right) zero,
doppelsemigroups with left (right) identity, left (right) zeros doppelsemigroups. On the other
hand, the functor A does not preserve commutative doppelsemigroups and group doppelsemi-
groups. Using functoriality of A we prove that the automorphism group of the superextension
of a doppelsemigroup (D, -,F) contain a subgroup, isomorphic to the automorphism group
of (D,,F).

1 Zeros and identities of the superextesion (A(D),,F)

In [22], it was shown that the upfamily extension (v(D),,F) of a (strong) doppelsemi-
group (D, ,F) is a (strong) doppelsemigroup as well, where for x € {4,-} and U,V € v(D),
we have

U*V:< UaxVe:Uel, {Viteeu cv>.
acl
Taking into account that for any semigroup S, the superextension A(S) is a subsemigroup of
the semigroup v(S) (see [13]), we conclude the following proposition.

Proposition 1. If (D, ,F) is a (strong) doppelsemigroup, then (A(D),,+) is a (strong) sub-
doppelsemigroup of the doppelsemigroup (v(D),,+).

An element z of a doppelsemigroup (D, -, ) is called a zero (resp. a left zero, a right zero) if
adz=zAda=akFz=zFa=z(resp.z4da=zFa=za-dz=akFz=z)foranya € D.

Let (D, ,F) be a doppelsemigroup and z ¢ D. The binary operations defined on D can
be extended to D U {z} puttingz 1d =d 4z=z=zFd=dF zforalld € DU {z}.
The notation (D, -, )% denotes a doppelsemigroup (D U {z},, ) obtained from (D, , )
by adjoining the extra zero z. If (D, ,) is a strong doppelsemigroup, then (D, ,)*0 is a
strong doppelsemigroup as well.

Proposition 2. Let (D,,-) be a doppelsemigroup. For each elementz € D C A(D) the
following conditions are equivalent:

(1) z is a left (right) zero of a semigroup (D, ),

(2) z is a left (right) zero of a doppelsemigroup (D, H,t);

(3) z is a left (right) zero of a semigroup (D, );

(4) z is a left (right) zero of the semigroup (A(D),t);

(5) z is a left (right) zero of the doppelsemigroup (A(D),,t);
(6)

6) z is a left (right) zero of the semigroup (A(D), ).
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Proof. The equivalences (1) < (2) < (3) were proved in [22] while the implications (5) = (6)
and (6) = (1) are trivial.

(3) = (4) Let z be a left zero of a semigroup (D,F). Then for every maximal linked
upfamily M € A(D)wegetzt M =(zFM: M e M) = ({z} : M € M) = z, which means
that (the principal ultrafilter generated by) z is a left zero of (A(D), ).

(4) = (5) Assume that z is a left zero of the semigroup (A(D), I-). Taking into account that
forany M € A(D),z A M = (zF M) AM =zF (M - M) = z, we conclude that z is
also a left zero of the semigroup (A(D), ), and hence z is a left zero of the doppelsemigroup
(AM(D),,F).

In the same way one can check the right zero case. O

A doppelsemigroup (D, ,F) is said to be a left (right) zero doppelsemigroup if each of its
elements is a left (right) zero. By LOx (ROx) we denote the left (right) zero doppelsemigroup
on a set X. If X is finite of cardinality |X| = #, then instead of LOx and ROx we use LO,
and ROy, respectively. Note that the operations of LO, and RO, coincide and they can be
considered as a left zero semigroup and a right zero semigroup, respectively.

Let us note that for a subdoppelsemigroup (T,H,F) of a doppelsemigroup (D, ,F) the
homomorphism i : A(T) — A(D), i : M — (M)p is injective, and thus we can identify the
doppelsemigroup (A(T), -, ) with the doppelsubsemigroup i((A(T), 1,F)) C (A(D),,F).

Proposition 3. If T is a left (right) zero subdoppelsemigroup of a doppelsemigroup (D, ,F),
then A(T) is a left (right) zero subdoppelsemigroup of the doppelsemigroup (A(D),,t) as
well.

Proof. Let T be a left zero subdoppelsemigroup of a doppelsemigroup (D, -, F). Then for any
M, L € A(T), we have

MAL=(JadL:MeM MCT, Li€L, L,CTforallae M)
aeM

:< U{a}:MeM>:M.

aeM

It follows from Proposition 2 that M + £ = M, and hence (A(T), ,I) is a left zero subdop-
pelsemigroup of the doppelsemigroup (A(D), -, ).
For a right zero subdoppelsemigroup the proof is similar. O

Propositions 2 and 3 imply the following corollary.

Corollary 1. Let (D, ,+) be a doppelsemigroup. Then the following conditions are equiva-
lent:

) (D, ) is a left (right) zero semigroup;

2) (D, H,F) is a left (right) zero doppelsemigroup;

3) (D, &) is a left (right) zero semigroup;

4) (AM(D),F) is a left (right) zero semigroup;

5) (M(D),, ) is a left (right) zero doppelsemigroup;
6) (A(D),

A(D), ) is a left (right) zero semigroup.
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Unlike the upfamily extension (v(G), ,F) of a group doppelsemigroup (G, -,F) which
always contains right zeros, the superextension (A(G), H,-) contains right zeros only for so-
called odd group doppelsemigroups. We define a group doppelsemigroup (G, -, ) to be odd
if each element g of a group (G, ) has odd order. Since (G, I-) is isomorphic to (G, ), each
element g of (G, ) has odd order as well. If (G, -, F) is a finite odd group doppelsemigroup,
then the maximal linked upfamily Z2 = {A C G : |A| > |G|/2} is a right zero of the semi-
group (A(G), ) (see [8]), and hence Z is a right zero of the doppelsemigroup (A(G), ,+) by
Proposition 2. The proposition below follows from [8, Theorem 3.2].

Proposition 4. Let (G, ,-) be a group doppelsemigroup. The doppelsemigroup (A(G), -, F)
has a right zero if and only if (G, H,+) is odd.

Proof. If a group doppelsemigroup (G, -,I-) is odd, then according to [8, Theorem 3.2] the
semigroup (A(G), ) contains a right zero Z. By Proposition 2, Z is a right zero of the dop-
pelsemigroup (A(G),,F). If (G,,F) is not odd, then by [8, Theorem 3.2] the semigroup
(A(G), ) contains no a right zero, and hence the doppelsemigroup (A(G), -, F) has no a right
Zero. U

An element e of a doppelsemigroup (D, -, F) is called an identity (respectively, a left identity,
a right identity)ifa He = e 4a =at e = e - a = a (respectively, e 4a =e k- a =,
ade=alke=a)foranya € D.

Proposition 5. Let (D, ,) be a doppelsemigroup. For each elemente € D C A(D) the
following conditions are equivalent:

(1) e is a left (right) identity of a doppelsemigroup (D, ,F);
(2) e is a left (right) identity of the doppelsemigroup (A(D),,F).

Proof. The implication (2) = (1) is trivial.

(1) = (2) Let e be a left identity of a doppelsemigroup (D, -, ). Then for every maximal
linked upfamily M € A(D) wegeter M ={et-M - Me M} ={M: Mec M} =M
ande A1M={eAM: Mec M} ={M: M e M} = M, which means that (the principal
ultrafilter generated by) e is a left identity of the doppelsemigroup (A(D), -, ).

In the same way one can check the right identity case. O

Remark 1. In general case, a left (right) identity of a semigroup (D, ) is not a left (right)
identity of a doppelsemigroup (D, , ). For the doppelsemigroup (R, -, *), where a x b = 0
for any a,b € R, the semigroup (R, -) is a monoid while the semigroup (R, *) contains no a
left (right) identity.

2 Commutativity and the center of the doppelsemigroup (A(D), -, )

In the next proposition we use [8, Theorem 5.1] to characterize group doppelsemigroups
with commutative superextensions.

Proposition 6. The superextension (A(G),,t) of a group doppelsemigroup (G, , ) is com-
mutative if and only if |G| < 4.
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Proof. 1f |G| < 4, then according to [8, Theorem 5.1] the semigroups (A(G), ) and (A(G), )
are commutative, and hence the doppelsemigroup (A(G),,F) is commutative as well. If
|G| > 4, then by [8, Theorem 5.1] the semigroup (A(G), ) is not commutative, and thus the
doppelsemigroup (A(G), H,F) is not commutative as well. O

By definition, the center of a doppelsemigroup (D, -, F) is the set
C(D,4,F)={aeD:adx=x-daandatx=xtaforallx € D}.

It follows from this definition that C(D,,F) = C(D,H) N C(D,F). If the center C(D,,+)
of the doppelsemigroup (D, H,I-) is non-empty, then it is a subdoppelsemigroup of a dop-
pelsemigroup (D, -, ), see [22, Proposition 3].

It was proved in [22, Proposition 4] that the center of the upfamily extension (v(G), -,F) of
a group doppelsemigroup (G, -, ) coincides with the center of (G, -, ). On the other hand, it
follows from Proposition 6 that C(A(G), -, F) = (A(G), H,+) for each group doppelsemigroup
(G,H,F) of order |G| < 4. In the next theorem we show that the center of the doppelsemi-
group of maximal linked upfamilies on a countable infinite group doppelsemigroup (G, H,+)
coincides with the center of (G, H, ).

Theorem 1. The center of the doppelsemigroup (A(D),,I-) contains the center of (D, -, ).
If (D, H,F) is a countable infinite group doppelsemigroup, then

C(MD),4,F) =C(D,4)nC(D,F).
Proof. Leta € C(D,,F). Then for every maximal linked upfamily M € A(D) we get
adAM={aAM: MeM}={MAa:Mec M} =M-a

and
aFM={FM:-MeM}={MFa:-MeM}=MtEa,

which means that (the principal ultrafilter generated by) a belongs to the center of the dop-
pelsemigroup (A(D),,+).

If (D,H) is a countable infinite group, then (D,}F) is a countable infinite group as well.
Applying [1, Theorem 4.2], we get that C(A(D),4) = C(D, ) and C(A(D),+) = C(D, ), and
hence C(A(D),-,F) = C(A(D),4) nC(A(D),F) = C(D,4)nC(D,F). O

Proposition 7. Let (G, -) be a group of order |G| > 3. The superextension A(G) contains at
least two idempotents.

Proof. Letebe the identity of G. Consider the linked upfamily Z= (G \{e}, {e, g} : g€ G\ {e}).
Let us show that 7 is a maximal linked upfamily. It suffices to show that each set A C G that
intersects every element of the upfamily Z belongs to Z. Consider two cases.

Case1) Lete € A. Then A D {e,a}, wherea € AN (G {e}). Since 7 is an upfamily, we get
Aecl.

Case 2) Let e ¢ A. Taking into account that A intersects {e,g} for each ¢ € G\ {e}, we
conclude that A D G\ {e}, and hence A € 7.
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Now let us show that the maximal linked upfamily Z is an idempotent of the semigroup
A(G). By maximality, it is sufficient to show that Z C Z?. Since {¢,¢} = U,e {e,g} s, Where
I = {e,g} and I; = {e, ¢!}, we conclude that {¢,g} € Z? forany g € G\ {e}. To prove that
G\ {e} € 7% foreach g € G\ {e} fixany iy ¢ G\ {¢,¢g'}. Then G\ {e} = Ugea\ (o) gle hg}
and we are done.

We conclude that the superextension A(G) contains at least two idempotents: eand Z. O

Proposition 8. Let (G,-) be a group. The superextension A(G) is a group if and only if
|G| € {1,2}.

Proof. 1If |G| € {1,2}, then the semigroup A(G) contains only principal ultrafilters, see Table 1.
It follows that A(G) is isomorphic to G, and hence A(G) is a group. If |G| > 3, then according
to Proposition 7 the semigroup A(G) contains at least two idempotents, and thus A(G) can not
be a group. O

Corollary 2. Let (G,,F) be a group doppelsemigroup. The superextension (A(G),,I) is a
group doppelsemigroup if and only if |G| € {1,2}.

3 The functor A in the category DSG

A map ¢ : D — D, is called a homomorphism of doppelsemigroups (D1,-,F1) and
(Dy, 4, F2) if ¢(a 41 b) = ¢(a) 4 ¢(b) and ¢(a 1 b) = ¢(a) k2 ¢(b) foralla,b € Dy.

A bijective homomorphism is called an isomorphism of doppelsemigroups. If there exists an
isomorphism between the doppelsemigroups (D1, 1,F1) and (D,, 4, F2), then (Dq,1,+1)
and (Dy, 5, -7) are said to be isomorphic, denoted (D1, -1, F1) = (D3, 7, F2). Anisomorphism
¢ : D — D is called an automorphism of a doppelsemigroup (D,,F). By Aut(D,,F) we
denote the automorphism group of a doppelsemigroup (D, -, ).

According to [13, Proposition 8], each homomorphism ¢ : D; — D, of doppelsemigroups
(Dq,1,F1) and (D3, 4, t2) induces the homomorphism

A@) : A(Dy) = AM(D3), Me): M — <q)(M) CDy:M¢e M>

of doppelsemigroups (A(D1), 1,F1) and (A(D3), 42, 2).

By DSG we denote the category of doppelsemigroups whose objects are doppelsemi-
groups and morphisms are doppelsemigroup homomorphisms.

A covariant functor F : C — D from a category C to a category D consists of an object map
F : vC — vD, which assigns to each a € vC an object F(a) € vD and a morphism map F which
assigns to each morphism f : a — b in C a morphism F(f) : F(a) — F(b) in D such that

1) F(idq) = idp(,) for each a € oC;
2) FE(fog) = F(f) o F(g) for all morphisms f, g € C for which the composition f o g exists.

Let us consider A : DSG — DSG which assigns to each doppelsemigroup (D, ,F) the
doppelsemgroup (A(D), -, ) of maximal linked upfamilies on D, its morphism map assigns
to each doppelsemigroup homomorphism ¢ : D; — D, the doppelsemigroup homomor-
phism A(¢) : v(Dy) — v(Dy). Taking into account that for any M € A(D) we have

Aidp)(M) = (idp(M) : M€ M) = (M: M € M) = M =id,p)(M)
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and

M) o M) (M) = A)((p(M) : M e M)) = (9o p(M) : M€ M) = A(p o §)(M),
we conclude that A(idp) = id,(p) and A(¢ o ¢) = A(@) o A(¢), and hence this construction
defines the covariant functor A : DSG — DSG. This functor are said to be the superextension
functor in the category of doppelsemigroups.

Combining Propositions 1, 2 and 5 with Corollary 1, we get the following theorem.

Theorem 2. The superextension functor A in DSG preserves strong doppelsemigroups, dop-
pelsemigroups with left (right) zero, doppelsemigroups with left (right) identity, left (right)
zeros doppelsemigroups.

On the other hand, Proposition 6 and Corollary 2 imply that the functor A in DSG does not
preserve commutative doppelsemigroups and group doppelsemigroups.

4 Extending automorphisms from a doppelsemigroup to its superexten-
sion
Taking into account that the construction A defines a covariant functor in the category of

doppelsemigroups, we conclude the following proposition.

Proposition 9. If  : D1 — D; is an isomorphism from a doppelsemigroup (D1, ,F1) to a
doppelsemigroup (D, 45, t2), then A() : A(D1) — A(D3) is an isomorphism as well.

Proof. Since ¢ : D1 — Dj is an isomorphism from a doppelsemigroup (D1, 4, 1) to a dop-
pelsemigroup (D,, 1, F2), there exists a doppelsemigroup homomorphism ¢ : D, — D such
that o ¢ = idp, and ¢ o ¢ = idp,. Taking into account that the construction A is a covariant
functor in the category of doppelsemigroups, we conclude that

Myp) o M) = Ay o¢) = Alidp,) = idy(p,),

M) o Ay) = Mg oy) = Alidp,) = idy(p,),
and so A(¢) : A(D1) — A(D3) is an isomorphism from (A(D7), 1,1) to (A(D2), 12,F2). O
Corollary 3. If ¢ : D — D is an automorphism of a doppelsemigroup (D,-,+), then
A(Y) : AM(D) — A(D) is an automorphism of the superextension (A(D),,F).

In the following proposition we show that the automorphism group of the superexten-
sion (A(D), H,F) of a doppelsemigroup (D, -, ) contain a subgroup, isomorphic to the group
Aut(D,,F).

Proposition 10. The automorphism group of the superextension (A(D), -, ) of a doppelsemi-
group (D, ,+) contain a subgroup, isomorphic to Aut(D,H,+).

Proof. The functoriality of A in the category of doppelsemigroups implies that A(; o ¢p) =

A(1) o A(pp) for any 9y, o € Aut (D).
Let 11 # 1y, then ¢y (a) # (a) for some a € D, and hence

M) ({a})) = ({(@)}) # {pa(a)}) = Aw2)(({a}))-

It follows that the map ¢ : Aut(D) — Aut(A(D)), ¢ : ¢ — A(3), is an injective homomor-
phism. Therefore, Aut (D) is isomorphic to the subgroup {A(¢) : ¢ € Aut(D)} of the group
Aut(A(D)). O
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5 Ideals of the superextesion (A(D),,)

A non-empty subset I of a doppelsemigroup (D, -, ) is called an ideal (respectively, a left
ideal, a right ideal) if (S 4 I)U(SEIT)U (I 4S)U(I+ S) C I (respectively, (S 1I)U(SHI) C I,
(I4S)U(IEFS)CI).

Proposition 11. If [ is a left (right) ideal of a doppelsemigroup (D, ,t-), then A(I) is a left
(right) ideal of the doppelsemigroup (A(D), ,F) as well.

Proof. Indeed, let M € A(D), L € A(I). Then

M—|L’:< Ua#La:MEM, L,e L, LaCIforalla€M>

aeM
:< UadLi:MeM, {La}aem C £, | a—!LHC1>6A(1).
aeM aeM

By analogy M + L € A(I), and therefore A(I) is a left ideal of the doppelsemigroup
(AM(D),,F).
In the same way one can check the right ideal case. O

Formula (1) implies that the product M * £ of any two maximal linked upfamilies M and
L on a group (G, *) is principal ultrafilter if and only if both M and £ are principal ultrafilters.
So we get the following proposition.

Proposition 12. For any group doppelsemigroup (G,,t) the set A(G) \ G is an ideal in
(AMG), 4, F).

By definition, the minimal ideal of a doppelsemigroup (D, ,t) is an ideal containing no
other ideal of (D, ,F). It is also called the kernel of a doppelsemigroup (D, ,F), denoted
K(D).

Proposition 13. If (G, H,+) is an odd group doppelsemigroup, then the minimal ideal K(A(G))
of (A(G),,F) coincides with the set of all right zeros of (A(G),,I).

Proof. According to Proposition 4, the superextension (A(G), -,F) of an odd group doppelse-
migroup (G, -,F) contains a right zero. Since the doppelsemigroup (A(G),,+) contains a
right zero, then by [22, Proposition 9] the minimal ideal K(A(G)) of (A(G),,F) coincides
with the set of all right zeros of (A(G), ,F). O

Following the algebraic tradition, we take for a model of the class of cyclic groups of or-
der n the multiplicative group C, = {z € C : 2" = 1} of nth roots of 1. In fact, the group
(Cy, ) can be consider as a (strong) group doppelsemigroup (Cy, -, -), and we denote this
trivial group doppelsemigroup by C,. Note that if 2 and b are generators of the cyclic group
Cy, then the cyclic doppelsemigroups (Cy, -, -a) and (Cy, -, -) are isomorphic (see [20]), where
Xy = x-h-y. Let g = ¢?™/" be a generator of the cyclic group C,. Following [18], by
Cu () Ci" we denote the cyclic doppesemigroup (Cy, -, -¢). S0 Cy {§ Ci is a model of the class
of cyclic doppelsemigroups of order 7 isomorphic to (Cy, -, -¢).

Now we describe group doppelsemigroups (G, -, ) such that the minimal ideals K(A(G))
of the superextensions (A(G), -, ) are singletons.
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Theorem 3. Let (G, ,I-) be a group doppelsemigroup. The following conditions are equiva-
lent:

1) the minimal ideal K(A(G)) of the doppelsemigroup (A(G),,F) is a singleton;

3

)

2) the doppelsemigroup (A(G), ,F) contains a zero;
) the doppelsemigroup (A(G),H,t) contains a left zero;
)

4) (G,,t) is isomorpic to C1, Cs, C3 { C3*", C5 or Cs ) C5™".

Proof. 1) = 2) Let K(A(G)) = { Z} be the minimal ideal of the doppelsemigroup (A(G), -, F).
Then
(AG) A{zhHu({Z} HAMG) UG F{ZHU({Z} F AG)) C {Z}.

Itfollowsthat M 41 Z=Z A M=MFZ=2ZF M = Z forany M € A(G), and hence Z
is a zero of the doppelsemigroup (A(G), 1, ).

2) = 1) Let Z be a zero of the doppelsemigroup (A(G),,F). Then M 4 Z2 =2Z 4 M =
MEZ=2ZF M= Zforany M € A(G). It follows that A(G) 4 {Z} = {Z} 4 A(G) =
MG) FA{Z} ={Z} F A(G) = {Z}, and thus {Z} is an ideal of (A(G),H,I). Itis clear that
{Z} is minimal.

The implication 2) = 3) is trivial.

3) = 4) Since the doppelsemigroup (A(G),,I-) contains a left zero, the semigroup
(A(G), ) contains a left zero as well. According to [8, Proposition 4.1, Theorem 4.2], (G, )
is isomorphic to one of the cyclic groups: C1, C3 or Cs. By [20, Theorem 1], for a prime num-
ber p, there exist two pairwise non-isomorphic cyclic doppelsemigroups of order p: C, and
Cp () C;‘;e". It follows that (G, -, ) must be isomorphic to one of the cyclic doppelsemigroups:
C1,C3,C3 () C3, C50r C5 § C3°".

4) = 2) If (G,,F) is isomorphic to C;, C3, C3 §§ C5*", Cs or C5 (§ C2*", then (G, ) is
isomorphic to one of the cyclic groups: C;, C3 or Cs. According to [8, Theorem 4.2] the semi-
group (A(G), ) has a zero. By Proposition 2 the doppelsemigroup (A(G), -, F) has a zero as
well. O

Example 1. Let us consider group doppelsemigroups of order 3. According to [20, Theo-
rem 1], there exist two pairwise non-isomorphic group doppelsemigroups of order 3: C3 and
Cs § C§" = (Cs,+,4), where g = ¢*™/3 is a generator of the cyclic group C3. The set A(C3)
contains three principal ultrafilters 1,¢,¢' and the maximal linked upfamily
AN ={{1,¢},{1,¢71},{g, ¢ '}). By Proposition 12 the set {/\} = A(C3) \ C; is an ideal of the
doppelsemigroups A(C3) and A(C3 §§ C3*"), and hence A\ is the zero of A(C3) and A(C3 {j C5°").
It follows that A(C3) = (C3) ™0 and A(C3 §§ C5°") = (C5 § C537")*°.

Taking into account that zeros are preserved by automorphisms and Aut(C; ) C3°") = C;
(see [18, Table 4]), we conclude that Aut (A(C3)) = Aut((C3)*?) = Aut(C3) = C, and

Aut(A(C3 § C57)) 2 Aut((C3 § C57)10) = Aut(C3 § C57") = Cy.
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Cim’ss U HeNOpOXHIX IiAMHOXMH MHOXMHM D HasMBAa€TbCS MOHOMOHHOI0, SIKIIO AASI KOXKHOI
mHOXMEM U € U AoBiabHa MHOXMHA F O U TakoX HaaeXuTb /. MoHOTOHHa cim’st £ T AMHOXMH
MHOXMHM D Ha3MBa€eThCsT 3uenieHow, sikio A N B # & aas Bcix A,B € L. 3uenaeHna cim’st M
MAMHOXIH MHOXUHM D HasMBa€ThCSI MAKCUMANbHOW 3UenaeHot0, sIKIIo M 36iraeTbcst 3 KOXHOIO
34eraeHoro ciM’efo £ Ha D, 1o Micturs M. Cynepposuiuperng A(D) muoxusm D ckaaraeTses 3 ycix
MaKCHMMaABHMX 3uellreHMX ciMelt Ha D. KoxHa acomiaTmBHa 6iHapHa omepauist * : D x D — D
IIPOAOBXKYETBCS AO aCOLiaTMBHOI 6iHapHOI omepartii

«: A(D) x A(D) — A(D), M*£:< U axLe: MeM, {La}aeMC£>.
aeM

V mit crarTi My AOCAIAXYEeMO 6yA0By AomeasHamiBrpym (A(D), -, ) MakcuMaAbHMX 3YEIIAEHNUX
cimelt Ha pomeabHamiBrpymi (D, -, ). 3oxkpema Mut BrBuaeMo Ipasi i AiBi HyAl Ta OAMHIII, KOMY-
TAaTUBHICTH, LIEHTP, irearn cymepposmmperss (A(D),,+) aomeasnamisrpym (D, ,+). Mu BBo-
AMIMO (PYHKTOp cymepposmmpeHHs: A y Kareropii DSG, o6’ekTamu Kol € AOIEABHAMIBIPyIN, a
MopdrizsmaMy — ToMOMOpdi3MI AOTIEABHATIIBIPYTI, i TOKa3yeMo, 0 pyHKTOP A 36epirae cMAbHI
AOTeAbHAMiBrpyIH, AOIIeABHAIIIBIPYIM 3 AiBMM (ITpaBUM) HyAeM, AOIIeABHAMBIPpYIM 3 AiBOIO (Ipa-
BOIO) OAVHMIIEIO, AOTIEABHAIBIPYII AiBMX (IIpaBMx) HyAiB. TakoX MU AOBOAMMO, IO TpyIa aBTO-
MOpdi3MiB cynepposimpeHHs AoneabHamiBrpym (D, -, F) mictuTs miarpymy, isomopdHy A0 Tpy-
m1 aBToMOpi3MiB AomeasHamniBrpym (D, -, F).

Kntouosi croea i hpasu: HamiBrpyma, Cynepo3IIMpeHHs], MaKCMMaAbHa 3UellAeHa CiM’si, AoTleAbHa-
miBrpyma.



