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On boundary distortion estimates of plane Sobolev mappings

Sevost’yanov E.O.?, Ilkevych N.S.}, Desyatka V.S.!

We study mappings of the Sobolev classes defined in some plane domain. We have obtained
estimates of the distortion of the distance under these mappings at the boundary. In particular,
we have proved that if the integral averages of the characteristic of mappings are finite, then these
mappings are Holder continuous.
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1 Introduction

Recently, we have studied problems related to the boundary behavior of Sobolev and
Orlicz-Sobolev mappings in the unit ball (see, e.g., [10,11,16]). In particular, we have proved
that these mappings are Holder continuous on the unit sphere under some conditions. The
present manuscript is devoted to the distortion estimates for more general plane domains,
not only the unit disk. Moreover, we consider not only homeomorphisms but mappings with
branching, and not only usual Holder continuity, but Holder continuity and more general dis-
tortion estimates with respect to prime ends. We should note that the main results of the paper
concern not so much the Holder-type distance distortion as a more general distortion. Holder-
type inequalities are obtained as consequences of the main results in the last section. In this
regard, we will point out several of our recent works on the same topic (see [2, 3, 18]). The
results of this article are similar to those obtained in the indicated works, at the same time,
they are not a consequence of them.

Throughout this manuscript, D denotes a domain in C. For any zg € C, zg # o, let

B(zp,r) ={z€C:|z—z <1}, S(zo,r) ={z € C:|z—2zp| =71},

A=A(zo,r1,12) ={z € C:r1 < |z—z0| <12} (1)

We assume that the reader is familiar with the definitions of Sobolev classes Wllo’i and some
of their basic properties (see, e.g., [15, 2.1]). For amapping f : D — C having partial derivatives
almost everywhere, we set ] (z, f) := det f'(z) for the Jacobian of f at z. Observe that for sense-
preserving mappings we have J(z, f) = |fz|> — | fz|* (see [1, relation (9).A.I]).
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We define the maximal dilatation of the mapping f at a point z by the relation
|fe| +|f
AR J@H#0
Kip(2) =41, f'(z2) =0,

o0

, otherwise.

Given a mapping f : D — C,asetE C Dand y € C, we define the multiplicity function
N(y, f, E) as anumber of preimages of the point y in a set E, i.e.

N(y,f,E) = card {z € E: f(z) =y}, andlet  N(f,E) =sup N(y,f,E). (2)

yeC
Let / be a chordal metric in C, and
haoo) = ———,  hay) = I iz, ®
V1+ |z ¢1+hﬁ¢1+wﬁ
and let
W(E) = sup h(z,y) @
z,y€E

be a chordal diameter of a set E C C (see, e.g., [19, Definition 12.1]). Let X, Y be metric spaces.
A map f: X — Yisdiscrete if {f ~!(y)} is discrete for all y € Y and f is open if f maps open
sets onto open sets. A mapping f : X — Y is called closed if f(A) is closed in f(X) whenever
A is closed in X. Recall that a mapping f between domains D and D in C is of finite distortion
if f e Wllc;i and ||f'(2)||*> < K(z)](z, f) for almost all z € D and some finite function K(z) < co.

Following [4], a domain G in C is called a quasiextremal distance domain (QED-domain for

short), if there is a number Ag > 1, such that for any continua E, F C G the following inequality
M(T(E, F,C)) < Ag- M(T(E, F,G)) 5)

holds. For any Ag > 0, Rgp > 0 and 6 > 0, a domain D C C, a path connected continuum
A C D and a Lebesgue measurable function Q : D — [0, o], denote by SS%?%(D) a family of
all homeomorphisms f : D — B(0, Ry) with a finite distortion such that K, (z) < Q(z) almost
everywhere, diam (f(A)) > 6 and D Ji = f(D) satisfies the condition (5) with G = D Ji

We say that a function ¢ : C — R, ¢(z) = 0 for z € C\ D, has a finite mean oscillation at a
pointzg € D, D C C, write ¢ € FMO(zp), if
lim sup % /B oG Tl dm(z) <o, where 7, = % /B RCLIO)

e—0
Theorem 1. Letzy € 0D, zy # o0, and A be a continuum inD. LetQ : C — [0, co] be a Lebesgue
measurable function in C vanishing outside D. Assume that the following conditions hold:
1) there is g = €p(z9) > 0 such that the set B(zg,r) N D is connected for each0 < r < ¢o;
2) Q € FMO(z).
Then any f € Sg(’lf 3(D) has a continuous extension to zy and, in addition, there are
C = 6((5, Ro,20,Q) > 0 and €y = €p(z0) > 0 such that the inequality

holds for any z € B(zg,€(z9)) N D and any f € Sg%RO(D), where Ky > 0 is some constant

depending only on the function Q.
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Let | on
1a(r) = 5 [ Qzo+re) do. ©

Theorem 2. Let us assume that under the conditions of Theorem 1 instead of the condition 2)
the following is true: there is 59 = do(zg) > 0 such that

/50 dt
= Q.
0 tqzo(t)

Then any f € 38°AR§(D) has a continuous extension to zy and, in addition, there is
€0 = €0(z0) > 0 such that

1f(z) = f(z0)| < 5 P{ Ao/zzo tq,zo(t)}

holds for any z € B(zg,€(z9)) N D and any f € 38,01'41%2(13)-

Let us formulate analogs of Theorems 1 and 2 for mappings with branching. For this end,
consider the definition of the following class of mappings. Given numbers Ag > 0, Rg > 0,
N € Nand 6 > 0, a domain D C C and a Lebesgue measurable function Q : D — [0, c0],
we denote i}ig%i‘}(D) the family of all open, discrete and closed mappings f : D — B(0, Ro)
with a finite distortion such that Ky, (z) < Q(z) foralmostall z € D, N(f, D) < N, the domain
D Jﬁ = f(D) satisfies the condition (5) with G = D Jﬁ, and, in addition, there exists a path

connected continuum Ky C Dji with diam (Ky) > é and h(f ~'(K¢),0D) > 6 > 0.

Theorem 3. Let zg € dD, zg # oo, and let § be some positive number. Assume that there is
g0 = €p(z0) > 0,0 < 9 < min{d, 1}, such that the following conditions hold:

1) the set B(zp, 1) N D is connected for any 0 < r < ¢&;

2) Q € FMO(zg).

Then any f € 9%80013\0,(D) has a continuous extension to zy and, in addition, there are
C = 6(5,1{0,20, Q,N) > 0 and &y = €9(zg) > 0 such that

holds for any z € B(zg,€(z9)) N D and any f € %g%{{ﬁ(D), where Ky > 0 is some constant
depending only on the function Q.

Theorem 4. Assume that under the conditions of Theorem 3 instead of the condition 2) the
following is true: there is 6y = do(zo) > 0 such that

/50 dt
— =
0 tqzo(t)

Then f has a continuous extension to zy and, in addition, there is €y = €y(z9) > 0 such that

the inequality
3201+ R3) L [ o)
z) = flzo)| S ——F——exXp |~ tq,, (1)
’f( ) f( 0)’ 3 p NAg J|z—z) tq,zo(t)

holds for any z € B(zo,€(z0)) N D and any f € %S?ﬁ‘}(l))
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The results similar to Theorems 1-4 hold also for domains with bad boundaries. Let us
recall some definitions (see, e.g., [5,6,14]).

Let w be an open set in R!. A continuous mapping : w — C is called a dashed line in C. A
dashed line o is called Jordan, if o(x) # o(y) for x # y. In the following, we use ¢ instead of
o(w) C C, 7 instead of 0(w) and do instead of o(w) \ o(w). A Jordan dashed line o: w — D
is called a cut of D, if o separates D, that is D \ ¢ has more than one component, dc N D = &
and do NadD # &.

A sequence of cuts 01,07, ...,0p,...1in D is called a chain, if

(i) the set 0,41 is contained in exactly one component d,, of the set D \ 0y, wherein
Om—1 C I;Z \ (o Udp);

(i) N dw = 2.
m=1
Two chains of cuts {0, } and {¢}/} are called equivalent, if for each m = 1,2, ... the domain

dy, contains all the domains d;, except for a finite number, and for each k = 1,2, ... the domain
d,é also contains all domains d,;, except for a finite number.

The end of the domain D is the class of equivalent chains of cuts in D. Let K be the end of

D in C, then the set I(K) = () d, is called the impression of the end K. One may to prove that,
m=1

I(P) C 9D (see, e.g., [6, Proposition 1]).

Following [14], we say that the end K is a prime end, if K contains a chain of cuts {c;, } such
that

Tim M(T(C, 0, D)) =0 )

for some continuum C in D. The set of prime ends in D is denoted by Ep, and the completion
of the domain D by its prime ends is denoted Dp. Consider the following definition, which
goes back to R. Nakki [14] (see also [6]). We say that the boundary of the domain D in C is
locally quasiconformal, if each point xg € dD has a neighborhood U in C, which can be mapped
by a quasiconformal mapping ¢ onto the unit disk D C C so that ¢(dD N U) is the intersection
of ID with the coordinate axis.

The sequence of cuts 0, m = 1,2, ..., is called regular, if 7, N 0,71 = @ for m € IN and, in
addition, d(o,,) — 0 as m — oo, where d(0y,) = sup |x — y|. If the end K contains at least one

X,YET

regular chain, then K will be called reqular. We s];y that a bounded domain D in C is regular,
if D can be quasiconformally mapped to a domain with a locally quasiconformal boundary
whose closure is a compact in C, and, besides that, every prime end in D is regular. Note that
space Dp = D U Ep is metrizable, which can be demonstrated as follows. If g:Dp—+ Disa
quasiconformal mapping of a domain Dy with a locally quasiconformal boundary onto some
domain D, then for x,y € Dp we put

o(x,y) =187 (x) —g '), (8)

where the element ¢ ~!(x), x € Ep, is to be understood as some (single) boundary point of the
domain Dj. It is easy to verify that p in (8) is a metric on Dp, and that the topology on Dp does
not depend on the choice of the map g with the indicated property.

We say that a sequence x,, € D, m = 1,2,..., converges to a prime end of P € Ep as
m — oo, if for any k € IN all elements x;, belong to dy except for a finite number. Here dj
denotes a sequence of nested domains corresponding to the definition of the prime end P.
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Theorem 5. Let Py € Ep, and A be a continuum in D. Assume that D is a regular domain, and
the following conditions are fulfilled:

1) for each yy € 9D there exists €y = €0(1p), 0 < €9 < min{dist (zg, A), 1}, such that the set
B(yo,r) N D is finitely connected for all 0 < r < ¢o;

2) for any 0 < r < gy and for each component K of the set B(yo,r) N D, any z,y € K
may be joined by a path -y : [a,b] — C such that |y| € KN B(zg, max{|z — z¢|, |y — z0|}) with
Y| ={z€C:3t€ab]:y(t) =z}

3) the condition Q € FMO(zy) holds for any zy € oD.

Then f € 380 ARg( ) has a continuous extension to Py and, in addition, there are

C = C(J, Ry, z0, Q) > 0 and a neighborhood U = U(Py) in Dp such that the inequality

holds forany z € UND and any f € SAO RO( D), where Ky > 0 is some constant depending
only on the function Q and {zp} = I(Pp).

Theorem 6. Assume that under the conditions of Theorem 5 instead of the condition 3) the
following holds: for every zy € 0D there is &y = dy(z9) > 0 such that

/50 dt
— =
0 tqzo(t)

Then f has a continuous extension to Py and, in addition, there are €y = €y(Py) > 0 and a
neighborhood U of Py in Dp such that the inequality

iy < RUERY (1
£(2) = f(Po)| < 22— P{ ) <>}

z—zo| 12y (1

holds forany z € UND and any f € SSOARS( ), where {zo} = I(P)).

Theorem 7. Let Py € Ep and J be some positive number. Assume that D is a regular domain,
and the following conditions are fulfilled:

1) for each yy € 0D there exists ¢y = €o(yo), where 0 < ¢y < min{J, 1}, such that the set
B(yo,r) N D is finitely connected for all 0 < r < ¢g;

2) for any 0 < r < gy and for each component K of the set B(yo,r) N D, any z,y € K
may be joined by a path -y : [a,b] — C such that |y| € KN B(zg, max{|z — z¢|, |y — z0|}) with
W ={zeC:Itelab): () =z}

3) the condition Q € FMO(zy) holds for any zy € oD.

Then f € 9%80013\0,(D) has a continuous extension to Py and, in addition, there are
C = C(6,Ro,29,Q, N) > 0 and a neighborhood U = U(Py) in Dp such that the inequality

C

£2) — £(Ro)| <
1
G
holds foranyz € UND and any f € iﬁAO RO( D), where Ky > 0 is some constant depending
only on the function Q and {zp} = I (PO)
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Theorem 8. Let us assume that under the conditions of Theorem 7 instead of condition 3) the
following is true: for every zy € dD there is &y = 6y(z9) > 0 such that

/50 dt
= 0
0 tqzo(t)

Then f has a continuous extension to Py and, in addition, there are c=C (6,Ro,20,Q,N)>0
and a neighborhood U of Py in Dp such that the inequality

32(1 4 R2) 1 oo dt
(@) = f(Ro)l € ——5—ex {_Ao—N ezl fqu(f)}

holds foranyz € UND and any f € %g%i‘}(D), where {zo} = I(P).

2 Preliminaries

Leta > 0and ¢: [a,00) — [0, o) be a nondecreasing function such that for some constants
v¥>0,T>0andallt > T the inequality

@(2t) < 7v-9(t) )

is fulfilled. We say that such functions satisfy the doubling condition.
Let ¢: [a,00) — [0,00) be a function with the doubling condition, then the function
¢(t) := ¢(1/t) does not increase and is defined on a half-interval (0,1/4].

Proposition 1 ([16, Lemma 3.1]). Leta > 0 and ¢: [a,00) — [0, o) be a nondecreasing function
with a doubling condition (9). Letzy € C and Q : C — [0,00] be a Lebesgue measurable
function for which there exists 0 < C < oo such that

: p(1/¢)
lim sup -——=~ z)dm(z) < C.
e—>0p 7T - €2 /13(20,8)Q() ®)

Then there exists ¢ > 0 such that
/ ¢(1/|z — 20|)Q(z) dm(z)
e<|z—zp|<g

|z — zo|?

<Cq- <log%> as ¢ — 0,

4ymC
log2 *

where C; :=

A domain R in C is called a ring, if C \ R consists of exactly two components E and F. In
this case, we write R = R(E, F). The following statement is true (see [8, ratio (7.29)]).

Proposition 2. If R = R(E, F) is a ring, then

M(T(EFT) > —
log H(E)A(E)

where h(E) denotes the chordal diameter of the set E defined in (4).

Let D C C, f : D — C be an open discrete mapping, let B : [a, b) — C be a path and let
z€ f~YB(a)). Apatha : [a,c) — D is called a maximal f-lifting of B with the origin at the
point z, if a(a) = z; foa = ||, ); and for every ¢ < ¢’ < b, thereisno a patha’: [a, ') — D
such thata = /[, ;) and foa’ = B|(; ).

The following statement is true (see [12, Lemma 3.12], cf. [20, Lemma 3.7]).
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Proposition 3. Let f : D — C be an open discrete mapping. Letzy € D and f : [a, b) — C be a
path such that B(a) = f(z9) and either %in;ﬁ(t) exists, or B(t) — df(D) ast — b. Then B has a
%

maximal f-lifting « : [a, ¢) — D starting at the point zo. If x(t) — zqy € D ast — ¢, thenc =
and f(z1) = lirrg B(t). Otherwise, a(t) — 9D ast — c.
t—

Proposition 4 ([17, Theorem 3]). Let f : D — C be an open, discrete and closed bounded

mapping of a finite distortion. Assume that Ky, (z) € Ll (D). Then for any zy € 9D, any

ep < dy := sup |z — zo| and any compactum C, C D \ B(zg, ¢o) thereise1, 0 < €1 < gy, such
zeD

that the relation

M(F(T(C1, G, D)) < [ Q) - 1(|z — z0l) dm(z) (10)

A(zg,e1)ND

holds for any ¢ € (0,¢1) and any C; C B(zo,€) N D, where Q(z) := N(f, D)Ky,(z), A(zo, ¢, €1)
is defined in (1), and 17 : (¢,€1) — [0, c0] is arbitrary Lebesgue measurable function satisfying
the relation

,
/Zﬂ(r)dr>1. (11)
"

Here N(f,D) is defined in (2). Note that, N(f,D) < oo for open, discrete and closed
mappings (see, e.g., [9, Lemma 3.3]).

3 Main lemmas for the case of good boundaries

We should note that the proof of the main results of the article is based on auxiliary state-
ments of a more general plan. Each of the main results corresponds to exactly one such state-
ment, and thus we have to consider each of them separately. We will start with the simplest
case, when the domain of the mapping is locally connected at its boundary and the mappings
themselves are homeomorphisms. The following statement holds.

Lemma 1. Letzy € 0D, zy # 0,1 < p < 2, and A be a continuum in D. Let Q : C — [0, co] be a
Lebesgue measurable function in C vanishing outside D. Assume that there isep = €o(zg) > 0,
0 < go < min{dist (z9, A), 1}, such that the following conditions hold:

1) the set B(zg, 1) N D is connected for any 0 < r < ¢&;

2) there is a Lebesgue measurable function ¢ : (¢,ey9) — [0,00], ¢ € (0,¢p), such that the
relation

/s<z—z -, Q) $*(z — zol) dm(z) < Ko - I” (2, 0) (12)

holds as ¢ — 0 for some Ky > 0, where

0 < I(e,¢9) := /€°lp(t) dt < oo (13)

for sufficiently smalle > 0, & < .
Then there is €9 = €y(z9) > 0 such that the relation

2
£ - 5] < 2 exp { B2z -z ) (1)

holds for any f € SS?}EE(D) and any z,y € B(zo,€p) N D such that |z — zo| > |y — yol.
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Proof. Letey > 0be a number from Proposition 4 corresponding to £y mentioned above. By the
assumption, we may find 0 < &, < €7 such that the relations (12)-(13) hold for any ¢ € (0, ¢3).
Sete := 5.

Letz,y € B(zp,€) and let f € 38,01’41%2(D). Now z,y € B(zg,€0). Without loss of generality
we may assume that |z — zg| > |y — zo].

By the definition of ¢y, we obtain A C D \ B(zg,&9). Since the points of S(zp,7) N D,
0 < r < g, are accessible from the domain D by means of some path -y, and the set B(zp,r) N D
is connected for all 0 < r < g9, we may join points z and y by a path K which completely be-
longs to the ball B(zp, |z —zp|) and lies in D. We may assume that K is a Jordan path. Let
z,w € f(A) C D} = f(D) and u,v € A be such that

diam £(A) = |z —w| = |f(u) - £(0)] > 6. (15)

Since the continuum A is path connected, one can join the points u#, v by a path K’ inside A.
Due to (15), we obtain that

diam f(|K[) = [f(u) = f(v)| > . (16)

We also may consider that K’ is Jordan.

According to Antoine’s theorem on the absence of wild arcs (see [7, Theorem 11.4.3]), there
exists a homeomorphism ¢ : R? — RR?, which maps f(|K|) onto some segment I. It follows
that any points z,y € R?\ f(|K|) may be joined by a path 7 in R?\ f(|K|). Reasoning similarly,
we may show that any points z,y € R?\ (f(|K|)U f(|K’|)) may be joined by a path v in
R2\ (F(KI) U F(K'])):

Therefore, R = R(f(|K]), f(|K'])) is a ring domain. We setT' = T(f(|K|)), f(|K’|),C). By
Proposition 2 we have

_ 27T
M(T(f(|K]), f(IK']),C)) > 1 2 :
O8 ZFIIRN)A(FIKT))

By (16) and (17), and by the definition of K, we obtain
— 27
MU (KD, (KD, €) > -y
8 SHF=).F )
Since D Jﬁ is a QED-domain with a constant Ay in (5), by the condition (18) we get

(17)

(18)

27 (19)

MTGARDAIKDDR) > e
0- zZ), y

Recall that |[K| C B(zo, |z —2¢|), and |[K'| € A C D\ B(zo, |z — 2o|). Now, by Proposition 4 and
due to the condition K, (z) < Q(z) a.e., we obtain

M(T(F(K), £(K']), D})) = M(F(T(K], K, D)))
X) - 2 X —Z m(x
ey QU (= 20l ),

where 5 is an arbitrary Lebesgue measurable function satisfying the condition (11) for
r1 = |z — 2o/, 12 = €0. Now, we put

(o) = {% te (lz = 2ol e0)
0, t ¢ (]z = zol, €0)-

(20)
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Observe that the function 7 satisfies the condition (11) for r; = |z — 29| and r, = €. Now,
by (20), due to (12) we obtain

M(T(f(IK), f(IK"]), Df))
1 Q(x)
< / dm(x 21
(12 = 20l 20) Jale—zeo) Jx— 2ot ) @)
< Kp - Ipiz(’Z — Z()’,E()).
Combining (19) and (21), we obtain

27

< Ko+ IP72(|z — 29|, e0). (22)
32
Ao 108 57) 7o)
By direct calculations from (22) we get
32 2T 5
<= ——— I P(lz - .
A, F) < 5 exp {127 (= 20l e0) )
By the definition of the chordal distance in (3) and due to the condition f(D) = D j’f C B(0,Ry),
we obtain
f(z) = fy)]
h , > 24
e ) > e e
Then, by (23), we have that
32(1+ R3 27T,
172) — )] < 2R e L 2T v zpleg) @
) AoKp
This relation (25) completes the proof. O

Corollary 1. Let 1 < p < 2. Let, in the notations of Lemma 1, I(¢,e9) — o0 as e — 0. Then,
under the conditions of Lemma 1, any f € SSOAR(‘;(D) has a continuous extension to zy and, in
addition, we have

32(1+ R3) . { 27

(=)~ Flao)| < 20 B (2=l ) 26)

forany f € SS?}EE(D) and any z € B(zp,€y) N D.

Proof. If f has no limit as z — z(, then we may construct at least two sequences z,, — x¢ and
Ym — 2o, m — oo, such that |f(zm) — f(ym)| = 6 > 0 forsomed > Oand allm = 1,2,....
But this contradicts the inequality (14) because I(g,g9) — o0 as ¢ — 0 by the assumption.
Therefore, the limit of f as z — z( exists. To prove the inequality (26), it remains to pass in the
relation (14) to the limit as y — zo. O

Now let us move on to the study of the case when the considered mapping may have branch
points. At first, we will also limit ourselves to the case of good domains, i.e. when the domain
is locally connected at its boundary. The following statement is similar to Lemma 1, but applies
to mappings with branching.
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Lemma 2. Letzy € 0D, zg # 0,1 < p < 2 and ¢ be some positive number. Assume that there
isey = €0(zp) > 0,0 < g9 < min{4, 1}, such that the following conditions hold:

1) the set B(zg,r) N D is connected for any 0 < r < ¢;

2) there is a Lebesgue measurable function i : (¢,e9) — [0,00], ¢ € (0,¢0), such that the
relation

/£<zz ) ¢*(|1z = zo]) dm(z) < Ko - I” (&, 20) 27)

holds as ¢ — 0 for some Ky > 0, where

0 < I(e,¢9) := /€°lp(t) dt < oo (28)

for sufficiently smalle > 0, & < g.
Then there is €9 = €y(z9) > 0 such that the relation

2
1) - 5] < 20 exp { - 2121 — o) o)}

holds for any f € %S?&%(D) and any z,y € B(zo,€0) N D such that |z — zo| > |y — yol.

Proof. Lete; > 0be anumber from Proposition 4 corresponding to g mentioned above. By the
assumption, we may find 0 < &, < €7 such that the relations (27)—(28) hold for any ¢ € (0, 7).
Set ¢ := ¢5.

Letz,y € B(zp, &) and let f € %S%RO(D). Now, z,y € B(zg, €p). Without loss of a general-
ization, we may assume that |z — zg| > |y — zo|.

LetK; C D j’f be a path connected continuum such that diam (Ks) > ¢ and, in addition,

h(f “1(Ky),0D) > & > 0 (such a continuum exists by the definition of the class %S?&%(B)).
By the definition of €y, we have f~1(K;) C D\ B(zo,¢g). Since the points of S(zg,r) N D,
0 < r < g, are accessible from the domain D by means of some path -y, and the set B(zp,r) N D
is connected for all 0 < r < g, the points z and y may be joined by a path K, which belongs
entirely to the ball B(z, |z — z9|) and belongs to D. We may consider that K is a Jordan path.
Letz,w € Kf C Djﬁ be such that

diam Ky = [z —w| > . (29)

Since K is path connected, we may join points z, w by a Jordan path K’ inside K. Due to (29)
we obtain that
diam |K'| > |z —w| > 4. (30)
If the path f(|K])) is not Jordan, we discard from f(|K]|)) no more than a finite number of its
loops. Let A C f(|K])) be a locus of the Jordan path, which is obtained by such rejection. Just
as in the proof of Lemma 1, it may be shown that R = R(A, |K’|) is a ring in C.
In this case, we denote I' = T'(A, |[K’|, C). Now, by Proposition 2, we get

27
M, K',€) > ——. G31)
O8 WIK')A(A)
Due to (30) and (31), and by the definition of the path K’, we obtain
21
M, K,€) > (32)
& SH(F=).fW)
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Since D Jﬁ is a QED-domain with a constant Ay in (5), by (32) we obtain that

M(T(A, K|, D})) > 2

. 33
40108 550735 7o) >

Let I'* be a family ¢ : [0,1) — D of maximal f-liftings of paths 4" : [0,1] — D Jﬁ from
Ir=r(A,IK'|,D j’() starting at |K| (such liftings exist by Proposition 3). By the same proposition,
due to the closeness of f, we obtain that each path v € T'* has an extension 7 : [0,1] — D to
b =1.Then 9(1) € f "!(Ky), thatis, [ * C (K|, f "'(Ky), D).

Observe that f(T'*) = T(A, |[K'|,D Jﬁ) In this case, by Proposition 4 and due to the condition
Ky (z) < Q(z) a.e., we obtain

M(FT) = MO LD <N [ - QP (e =zl dm(x), (39

where 7 is an arbitrary nonnegative Lebesgue measurable function satisfying the relation (11)
forry = |z — zo|, r2 = €0, and A(zy, |z — 29|, €) is defined in (1). Now, we put

()
(o) = {% € (220l o),
0, t ¢ (|1z — zol, €0)-

Arguing similarly to the proof of the relations (21)—-(25), by (34) we obtain

M(T (8, |K'|, Df)) < KoNIP~2(|z — 2|, £9). (35)
Combining (33) and (35), we get
27 _
Apl & < KoNTP72(|z — zg), £). (36)
0108 537 ) Fw)
By direct calculations from (36) we obtain that
32 2t 4
<= — P(lz — )
), F0) < 5 exp { = 2 P (2 = 2l o)} @)

Due to (24), by (37) we get

2T 5
— < — p —
|f(Z) f(]/)| ~ 5 exp{ A()KONI (|Z ZO|’80)}/
as required. O

Corollary 2. Let 1 < p < 2. Let, in the notations of Lemma 2, I(¢,e9) — oo as e — 0. Then,
under conditions of Lemma 2, f has a continuous extension to zy and

2
1) fzn)] < 2 enp [ B 2ov((z = 2l )

forany f € %S?&%(D) and any z € B(zp,€p) N D.

The proof of Corollary 2 is similar to the proof of Corollary 1.
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4 Domains with prime ends

The statements similar to Lemmas 1-2 also hold for domains with not very good bound-
aries. However, their wording will change accordingly. The following assertions are true.

Lemma 3. Let Py € Ep and A be a continuum in D. Assume that D is a regular domain, and
the following conditions are fulfilled:

1) for each yy € 9D there exists €y = €0(1p), 0 < €9 < min{dist (zg, A), 1}, such that the set
B(yo,r) N D is finitely connected for all 0 < r < ¢g;

2) forany 0 < r < gg and for each component K of the set B(yo,r) N D, any z,y € K may be
joined by a path y : [a,b] — C such that |7y| € KN B(zo, max{|z — zo|, |y — zo|}) with

[yl ={z€ C:3t € [ab]:v(t) =z};

3) for each zy € I(Py) there exist a real p < 2 and a Lebesgue measurable function
P :(g,e0) = [0,00], € € (0,€p), such that the relation

/ Q) - (= = zo) dm(z) < Ko- (e, 0) (39)
e<|z—zo|<eg
holds as ¢ — 0 for some Ky > 0, where
€
0 < I(e eq) := / p(t)dt < oo (39)
€

for sufficiently smalle > 0, e < &.

Then for each P € Ep there exists yg € 0D such that I(P) = {yo}, where I(P) denotes
the impression of P. In addition, there exists a neighborhood U = U(Py) of Py such that the
relation

N

32(1+ R3) 21 5,

@ - )] < 2 exp - B 120z — 20 e0) | 0
holds for any f € Sg?;fg(D) and any z,y € UND such that |z — z9| > |y — zo|, where
I(Po) = {zo}-

Proof. Since the set B(yp,r) N D is finitely connected for all 0 < r < ¢, the domain D is finitely
connected on its boundary. Therefore, the domain D is uniform in the sense of R. Nakki
(see [13, Theorem 3.2]). In other words, for every r > 0 there exists a number § > 0 such that
the inequality

M(T(F*,F,D)) =26
holds for all continua F, F* C D such that i(F) > r and h(F*) > r, where & is a chordal metric
defined in (3).

Let us prove that for any P € Ep there exists yg € dD such that I(P) = {yo}. We prove
this statement from the opposite, namely, suppose that there is P € Ep such that I(P) con-
tains two points z,y € 9D, z # y. In this case, there are at least two sequences z, Y € dm,
m =1,2,..., which converge to z and y as m — oo, respectively (here d,, denotes the sequence
of decreasing domains formed by some sequence of cuts ¢;,;, m = 1,2,..., corresponding to
the prime end P). Let us join the points z;,;, and y,, with the path -, in the domain d,. Since
z # y, there exists my € IN such that h(|y,|) > d(z,y)/2, m > my. Choose any nondegenerate
continuum C C D \ d;. Then, due to the uniformity of the domain D, we get

M(T(|7ml,C, D)) > 6 > 0 (1)
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for some Jyp > 0 and all m > myg. The relation (41) contradicts with the definition of the prime
end P. Indeed, by the definition of a cut 0;,, we obtain that I'(|y,|, C, D) > I'(0y, C, D). Now,
due to (7), we have that

M(T (7, C, D)) < M(T(n, C, D)) = 0

as m — oo. The latter relation contradicts with (41). Thus, I(P) = {yo} for some yy € dD.

It remains to prove the relation (40). Let & > 0 be a number from Proposition 4 corre-
sponding to g mentioned above. By the assumption, we may find 0 < &, < ¢; such that the
relations (38)—(39) hold for any € € (0, ¢7).

By the proving above, there is zg € 9D such that I(Py) = {zo}. It follows that there is a
neighborhood U in Dp containing Py such that UN D C B(zo, ¢2). By the definition of a regular
domain, U may be chosen such that U N D is connected. Let z,y € U and let f € %g?ﬁg(D).
We may consider that |z — zg| > |y — zo|. By the definition of ¢, the points z and y may be
joined by the path K, which is contained in the ball B(zy, |z — z¢|). The further course of the
proof is very similar to the proof of Lemma 1. We may assume that the path K is Jordan. Let
alsoz,w € f(A) C Df’ and u,v € A be such that

diam f(A) = |z — w| = |f(u) - £(0)|

Since A is path connected, it is possible to join the points u, v by the path K’ inside A. Due
to (42), we obtain

WV

5. (42)

diam f(|K']) > | f(u) — f(0)] > 5. (@)
We may assume that the K’ is also Jordan. Note that, f(K) and f(K’) are also Jordan ones,
and they do not split the space C (see the proof of this fact in the course of proving Lemma 1).
Therefore, R = R(f(|K|), f(|K’])) is a ring domain. Let us denote I' = T'(f(|K|), f(|K']),C).
Then, by Proposition 2, we get
MK, KD, €) > . (49
8 WFIKDATFKT)

By (43) and (44), and by the definition of K, we obtain
27

M(T(f(IK]), f(IK"]),C)) > 1 o
O8 Sh(f(2).f )

Since D f/ is a QED-domain with a constant Ay in (5), by the condition (45), we get

(45)

27

32 )
Aolog 5507 77

M(T(f(IK]), £(IK"]), D)) =

By the above inequality and due to Proposition 4, we obtain
M(T(f(IK]), f(IK']), Df)) = M(f(T(IK]|, [K"|, D)))
</ Q)7 (|x — zo|) dmi(x),
A(zo,12—20l,0)
where 5 is any nonnegative Lebesgue measurable function satisfying the relation (11) for
r = |z —zp|, 12 = €o.

Now, arguing similarly to the proof of Lemma 1, repeating its proof after the relation (20),
we obtain the desired conclusion. O
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Corollary 3. Let 1 < p < 2. Let, in the notations of Lemma 3, I(¢,e9) — o0 as € — 0. Then,
under conditions and notations of Lemma 3, f has a continuous extension to Py € Ep, wherein

2 7T
1) - f(ro)| < 2 exp [T 2or((z = 20 o)} (6

holds for any f € SSOAS( ) and any z,y € U N D, whenever |z — zg| > |y — yo|, where

I(Po) = {Zo}.

Proof. By Lemma 3, I(P) = {zo}. It follows that, if z — Pyand y — Py, thenz — zgand y — zo,
as well. If f has no limit as z — Py, then we may construct at least two sequences z,, — Py
and y,, — Py, m — oo, such that |f(zm) — f(ym)| = 6 > 0 for some positive § > 0 and all
m = 1,2,.... But this contradicts the inequality (40), because I(¢g,&9) — o0 as ¢ — 0 by the
assumption. Therefore, the limit of f as x — Py exists. To prove (46) it remains to pass in (40)
to the limitas y — . O

Lemma 4. Let Py € Ep and  be some positive number. Assume that D is a regular domain,
and the following conditions are fulfilled:

1) for each yy € 9D thereis ey = €p(yo), 0 < ¢g < min{4, 1}, such that the set B(yo,r) N D
is finitely connected for all 0 < r < ¢&;

2) for any 0 < r < ¢ and for each component K of the set B(yo,*) N D, any z,y € K
may be joined by a path y : [a,b] — C such that |y| € KN B(zg, max{|z — z¢|, |y — z0|}) with
ly|={z€C:3te€ab]:y(t) =z}

3) for each zy € I(Py) there exist a real p < 2 and a Lebesgue measurable function
P : (g,e0) = [0,00], € € (0,€0), such that the relation

/ Q2)¥(1z — z0l) dm(z) < Kol (&, €0)
e<|z—zg|<eg

holds as ¢ — 0 for some Ky > 0, where

0 < I(e,c) i= /£°¢(t) dt < oo

for sufficiently smalle > 0, & < g.
Then for each P € Ep there exists yy € oD such that I(P) = {yo}, where I(P) denotes the
impression of P. In addition, there exists a neighborhood U of Py in Dp such that the relation

2 7T
1) - S < 2 exp { - B Por(z = zo)en) ) )

holds for any f € %SOM{),( ) and any z,y € UN D such that |z — zg| > |y — yo|, where
I(Po) = {z0}-

Proof. Since the proof of lemma is very similar to all the previous ones, we will limit ourselves
only to the sketch of the proof. The fact that for each P € Ep there exists yy € 9D such that
I(P) = {yo}, may be established in the same way as under the proof of Lemma 2. Let us
establish the relation (47). Let {zo} = I(P) and let €1 and ¢, be defined in the same way as
in the proof of Lemma 2. It follows that there is a neighborhood U of Py such that U N D is
connected and UN D C B(zp,¢e2). Letz,y e UND, f € %SORO( ) and |z — zo| > |y — z0]- By
the definition of ¢, the points z and y may be joined by the path K, which is contained in the
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ball B(zq, |z — zo|). Let K C D Jﬁ be a path connected continuum such that diam (Ky) > ¢ and

h(f ~'(Kf),0D) > & > 0 (such a continuum exists by the definition of the class %S?S%(D)).
Letalsoz,w € Ky C D Jﬁ be such that

diamK; = |z —w| > 4. (48)

Since Ky is path connected, we may join the points z, w by a Jordan path K’ inside K. Due
to (48), we obtain that diam |K'| > 4.
Next, we reason similarly to the proof of Lemma 2 after the relation (30). We obtain that

2
1) - 5] < 2 e { - 2T vz~ zo)en) ).

This relation completes the proof. O

Corollary 4. Let 1 < p < 2. Let, in the notations of Lemma 4, I(¢,e9) — o0 as e — 0. Then,
under conditions of Lemma 4, f has a continuous extension to Py € Ep, wherein

2 7T
562) = ) < ZEA o {2 vz ) )}

forany f € %S?&%(D) and any z € UN D, where I(Py) = {zo}.

The proof of Corollary 4 is similar to the proof of Corollary 3 and therefore is omitted.

5 Proof of the main results. Consequences
The following statement holds (see [8, Corollary 6.3]).

Proposition 5. Let Q € FMO(zy), zo € C. Then Q satisfies the relation (12) for some gy > 0
1
with (t) = @, p=1,1(gg) =log f;gi% and some constant Ky depending only on Q.
Combining Proposition 5 with Lemmas 1-4, we obtain the statements of Theorems 1, 3, 5
and 7.
In what follows, given 0 < &€ < gy < 00, z9p € C and a Lebesgue measurable function
Q:C — [0, c0] we set
J (e, €0) / v (49)
g€ - T N/
Ve b (h)
where g, is defined in (6). The following statement holds (see [8, relation (7.13)]).
Proposition 6. Let 0 < ¢ < gy < 00,29 € Cand Q : C — [0, ] be a Lebesgue measurable
function. Put
1/(¢t t)), tel(se),
ll)(t) _ /( qzo( )) (8 80)
O, t % (81 80)/
where q,,(t) is defined in (6). Let J(e, €y) be defined in (49). If J(g,e9) < oo for any e > 0
and some ¢y > 0 and, in addition, J(g,¢9) > 0 as e — 0, then the function 1 satisfies the
relation (12) with p = 1 and Ko = 27t.

Observe that if f is a homeomorphism satisfying the relations (10)-(11), then J (e, &p) < oo
for some ¢y > 0 and any ¢ € (0,&09). Now, combining Proposition 6 with Lemmas 14, we
immediately obtain the statements of Theorems 2, 4, 6 and 8.

Next we formulate statements about the Holder continuity of mappings.
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Corollary 5. Letzg € 0D, zy # co. Assume that the following conditions hold:
1) there iseg = €o(zo) > 0 such that the set B(zo,r) N D is connected for any 0 < r < go;
2) thereis 0 < C = C(zg) < oo, such that

limsup — /
e—0 7€ JB(zo,)ND

Q(z)dm(z) < C. (50)

Then any f € SSO ARS( ) has a continuous extension to zy and, in addition, there exist
C= C(5, Ro,z0) > 0 and &y = €y(zo) > 0 such that
N log2
f(2) = f(z0)| < C- |z — 20>
holds for any z € B(zg,€(z9)) N D and any f € %SOARS( )-
Remark. In particular, condition 1) of Corollary 5 is satistied if D is a convex domain.

In the case of mappings with branching, we have the following.

Corollary 6. Let zg € 0D, zg # oo, and 6 be some positive number. Assume that there exists
g0 = €p(z0) > 0,0 < g9 < min{d, 1}, such that the following conditions hold:

1) the set B(zp, 1) N D is connected for any 0 < r < ¢&;

2) the condition (50) holds.

Then every f € %g"ﬁ{}(D) has a continuous extension to zy and, in addition, there exist

numbers C = 6((5, Ro,z0) > 0 and €y = €p(z0) > 0 such that

— log?2
£(2) = flz0)| < €|z = 2|V
holds for any z,y € B(zp,€(zp)) N D and any f € %S?fl\‘}(D).

Corollary 7. Assume that D is a regular domain, Py € Ep, and the following conditions are
fulfilled:

1) for each yg € 0D there exists ¢y = €9(yo) > 0 such that the set B(yo,r) N D is finitely
connected for all 0 < r < ¢gp;

2) for any 0 < r < g¢ and for each component K of the set B(yo,r) N D, any z,y € K may be
joined by a path y : [a,b] — C such that |y| € KN B(zo, max{|z — zo|, |y — zo|}) with

[yl ={z€ C:3t € [ab]:v(t) =z};

3) for each zy € I(Py) there exists 0 < C = C(zg) < oo such that

1
limsup — /B(zo,s)mD Q(z)dm(z) < C. (51)

e—0 TTE

Then for any P € Ep there exists yo € 0D such that I(P) = {yo}, where I(P) denotes the
impression of P. In addition, any f € %S?AI%(‘;(D) has a continuous extension to Py € Ep, and
there exist C = C(J, Ro,z9) > 0 and a neighborhood U = U(DPy) of Py such that

log2

f(2) = f(Po)| < C- |z — 2|0
holds for any f € SS?}EE(D) andz € UND, where I(Py) = {zo}.
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Corollary 8. Let Py € Ep, and A be a continuum in D. Assume that D is a regular domain,
and the following conditions are fulfilled:

1) for each yy € 9D there exists €y = €0(1p), 0 < €9 < min{dist (zg, A), 1}, such that the set
B(yo,r) N D is finitely connected for all 0 < r < ¢&;

2) for any 0 < r < ¢y and for each component K of the set B(yo,*) N D, any z,y € K
may be joined by a path y : [a,b] — C such that |y| € KN B(zp, max{|z — zo|, |y — zo|}) with
Y| ={ze€C:3te€ab]: () =z}

3) the condition (51) holds for each zy € I(Py) and some 0 < C = C(zg) < o0.

Then for every P € Ep there exists yo € dD such that [(P) = {yo}, where I(P) denotes the

impression of P. In addition, any f € %goéRI\(’[(D) has a continuous extension to Py € Ep, and

there existC = C (6, Ro,z0) > 0 and a neighborhood U = U(Py) of Py such that the relation

log?2

£(2) = F(R)| < C- [z =20
holds for any f € %S%%(D) andz € UND, where I(Py) = {zo}.

Proof of Corollaries 5-8 directly follows Lemmas 1—4 and Proposition 1 by the choosing in

this proposition (t) := 1 and ¢ = 1.
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Aochriaxeni BinobpakeHHsT kaaciB Cob0A€Ba, BUSHAUEHNX Y A€SIKil ITAOCKiN obaacti. OTpuma-
Hi OIIIHKM CIIOTBOpPEHHSI BiACTaHi IIPY IMX BiAOOpaXkeHHSIX Ha MeXi. 30KpeMa AOBEAEHO, IO SIKIIIO
iHTerpaAbHi cepeAHi 3HaUeHHS BiA XapaKTepUCTUKY BiAOOpakeHb € CKiHUeHHNM, TO I1i BiaoOpake-
HHS € HerlepepBHUMM 3a I'eabaepom.

Kntouosi cnosa i ppasu: kBasikoHOpMHe BiaOOpakeHHsI, BiAOOpakeHHS 3i CKiIHUeHHUM CIIOTBO-
PpeHHSIM, cCObOAIBChbKe BiAOOpakeHHsI, HellepepBHICTb 3a ['eAbA€pOM, HellepepBHICTH 3a AimmmieM.



