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On boundary distortion estimates of plane Sobolev mappings
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We study mappings of the Sobolev classes defined in some plane domain. We have obtained

estimates of the distortion of the distance under these mappings at the boundary. In particular,

we have proved that if the integral averages of the characteristic of mappings are finite, then these

mappings are Hölder continuous.
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1 Introduction

Recently, we have studied problems related to the boundary behavior of Sobolev and

Orlicz-Sobolev mappings in the unit ball (see, e.g., [10, 11, 16]). In particular, we have proved

that these mappings are Hölder continuous on the unit sphere under some conditions. The

present manuscript is devoted to the distortion estimates for more general plane domains,

not only the unit disk. Moreover, we consider not only homeomorphisms but mappings with

branching, and not only usual Hölder continuity, but Hölder continuity and more general dis-

tortion estimates with respect to prime ends. We should note that the main results of the paper

concern not so much the Hölder-type distance distortion as a more general distortion. Hölder-

type inequalities are obtained as consequences of the main results in the last section. In this

regard, we will point out several of our recent works on the same topic (see [2, 3, 18]). The

results of this article are similar to those obtained in the indicated works, at the same time,

they are not a consequence of them.

Throughout this manuscript, D denotes a domain in C. For any z0 ∈ C, z0 6= ∞, let

B(z0, r) = {z ∈ C : |z − z0| < r}, S(z0, r) = {z ∈ C : |z − z0| = r},

A = A(z0, r1, r2) = {z ∈ C : r1 < |z − z0| < r2}. (1)

We assume that the reader is familiar with the definitions of Sobolev classes W1,1
loc and some

of their basic properties (see, e.g., [15, 2.I]). For a mapping f : D → C having partial derivatives

almost everywhere, we set J(z, f ) := det f ′(z) for the Jacobian of f at z. Observe that for sense-

preserving mappings we have J(z, f ) = | fz |2 − | fz|
2 (see [1, relation (9).A.I]).
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We define the maximal dilatation of the mapping f at a point z by the relation

Kµ f
(z) =





| fz|+| fz|
| fz|−| fz|

, J(z, f ) 6= 0,

1, f ′(z) = 0,

∞, otherwise.

Given a mapping f : D → C, a set E ⊂ D and y ∈ C, we define the multiplicity function

N(y, f , E) as a number of preimages of the point y in a set E, i.e.

N(y, f , E) = card {z ∈ E : f (z) = y} , and let N( f , E) = sup
y∈C

N(y, f , E) . (2)

Let h be a chordal metric in C, and

h(z, ∞) =
1√

1 + |z|2
, h(z, y) =

|z − y|√
1 + |z|2

√
1 + |y|2

, z 6= ∞ 6= y, (3)

and let

h(E) := sup
z,y∈E

h(z, y) (4)

be a chordal diameter of a set E ⊂ C (see, e.g., [19, Definition 12.1]). Let X, Y be metric spaces.

A map f : X → Y is discrete if { f −1(y)} is discrete for all y ∈ Y and f is open if f maps open

sets onto open sets. A mapping f : X → Y is called closed if f (A) is closed in f (X) whenever

A is closed in X. Recall that a mapping f between domains D and D ′ in C is of finite distortion

if f ∈ W1,1
loc and ‖ f ′(z)‖2 6 K(z)J(z, f ) for almost all z ∈ D and some finite function K(z) < ∞.

Following [4], a domain G in C is called a quasiextremal distance domain (QED-domain for

short), if there is a number A0 > 1, such that for any continua E, F ⊂ G the following inequality

M(Γ(E, F, C)) 6 A0 · M(Γ(E, F, G)) (5)

holds. For any A0 > 0, R0 > 0 and δ > 0, a domain D ⊂ C, a path connected continuum

A ⊂ D and a Lebesgue measurable function Q : D → [0, ∞], denote by F
A0,R0
Q,A,δ(D) a family of

all homeomorphisms f : D → B(0, R0) with a finite distortion such that Kµ f
(z) 6 Q(z) almost

everywhere, diam ( f (A)) > δ and D ′
f = f (D) satisfies the condition (5) with G = D ′

f .

We say that a function ϕ : C → R, ϕ(z) ≡ 0 for z ∈ C \ D, has a finite mean oscillation at a

point z0 ∈ D, D ⊂ C, write ϕ ∈ FMO(z0), if

lim sup
ε→0

1

πε2

∫

B(z0, ε)
|ϕ(z)− ϕε| dm(z) < ∞ , where ϕε =

1

πε2

∫

B(z0, ε)
ϕ(z) dm(z).

Theorem 1. Let z0 ∈ ∂D, z0 6= ∞, and A be a continuum in D. Let Q : C → [0, ∞] be a Lebesgue

measurable function in C vanishing outside D. Assume that the following conditions hold:

1) there is ε0 = ε0(z0) > 0 such that the set B(z0, r) ∩ D is connected for each 0 < r < ε0;

2) Q ∈ FMO(z0).

Then any f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to z0 and, in addition, there are

C̃ = C̃(δ, R0, z0, Q) > 0 and ε̃0 = ε̃0(z0) > 0 such that the inequality

| f (z) − f (z0)| 6
C̃

(
log 1

|z−z0|

) 2π
A0K0

holds for any z ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ F
A0,R0
A,δ (D), where K0 > 0 is some constant

depending only on the function Q.
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Let

qz0(r) =
1

2π

∫ 2π

0
Q(z0 + reiϕ) dϕ . (6)

Theorem 2. Let us assume that under the conditions of Theorem 1 instead of the condition 2)

the following is true: there is δ0 = δ0(z0) > 0 such that

∫ δ0

0

dt

tqz0(t)
= ∞.

Then any f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to z0 and, in addition, there is

ε̃0 = ε̃0(z0) > 0 such that

| f (z) − f (z0)| 6
32(1 + R2

0)

δ
exp

{
−

1

A0

∫ δ0

|z−z0|

dt

tqz0(t)

}

holds for any z ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ F
A0,R0
Q,A,δ(D).

Let us formulate analogs of Theorems 1 and 2 for mappings with branching. For this end,

consider the definition of the following class of mappings. Given numbers A0 > 0, R0 > 0,

N ∈ N and δ > 0, a domain D ⊂ C and a Lebesgue measurable function Q : D → [0, ∞],

we denote R
A0,R0
Q,δ,N(D) the family of all open, discrete and closed mappings f : D → B(0, R0)

with a finite distortion such that Kµ f
(z) 6 Q(z) for almost all z ∈ D, N( f , D) 6 N, the domain

D ′
f = f (D) satisfies the condition (5) with G = D ′

f , and, in addition, there exists a path

connected continuum K f ⊂ D ′
f with diam (K f ) > δ and h( f −1(K f ), ∂D) > δ > 0.

Theorem 3. Let z0 ∈ ∂D, z0 6= ∞, and let δ be some positive number. Assume that there is

ε0 = ε0(z0) > 0, 0 < ε0 < min{δ, 1}, such that the following conditions hold:

1) the set B(z0, r) ∩ D is connected for any 0 < r < ε0;

2) Q ∈ FMO(z0).

Then any f ∈ R
A0,R0
Q,δ,N(D) has a continuous extension to z0 and, in addition, there are

C̃ = C̃(δ, R0, z0, Q, N) > 0 and ε̃0 = ε̃0(z0) > 0 such that

| f (z) − f (z0)| 6
C̃

(
log 1

|z−z0|

) 2π
A0K0N

holds for any z ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ R
A0,R0
Q,δ,N(D), where K0 > 0 is some constant

depending only on the function Q.

Theorem 4. Assume that under the conditions of Theorem 3 instead of the condition 2) the

following is true: there is δ0 = δ0(z0) > 0 such that

∫ δ0

0

dt

tqz0(t)
= ∞.

Then f has a continuous extension to z0 and, in addition, there is ε̃0 = ε̃0(z0) > 0 such that

the inequality

| f (z) − f (z0)| 6
32(1 + R2

0)

δ
exp

{
−

1

NA0

∫ δ0

|z−z0|

dt

tqz0(t)

}

holds for any z ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ R
A0,R0
Q,δ,N(D).
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The results similar to Theorems 1 – 4 hold also for domains with bad boundaries. Let us

recall some definitions (see, e.g., [5, 6, 14]).

Let ω be an open set in R1. A continuous mapping σ : ω → C is called a dashed line in C. A

dashed line σ is called Jordan, if σ(x) 6= σ(y) for x 6= y. In the following, we use σ instead of

σ(ω) ⊂ C, σ instead of σ(ω) and ∂σ instead of σ(ω) \ σ(ω). A Jordan dashed line σ : ω → D

is called a cut of D, if σ separates D, that is D \ σ has more than one component, ∂σ ∩ D = ∅

and ∂σ ∩ ∂D 6= ∅.

A sequence of cuts σ1, σ2, . . . , σm, . . . in D is called a chain, if

(i) the set σm+1 is contained in exactly one component dm of the set D \ σm, wherein

σm−1 ⊂ D \ (σm ∪ dm);

(ii)
∞⋂

m=1
dm = ∅.

Two chains of cuts {σm} and {σ ′
k } are called equivalent, if for each m = 1, 2, . . . the domain

dm contains all the domains d ′
k, except for a finite number, and for each k = 1, 2, . . . the domain

d ′
k also contains all domains dm, except for a finite number.

The end of the domain D is the class of equivalent chains of cuts in D. Let K be the end of

D in C, then the set I(K) =
∞⋂

m=1
dm is called the impression of the end K. One may to prove that,

I(P) ⊂ ∂D (see, e.g., [6, Proposition 1]).

Following [14], we say that the end K is a prime end, if K contains a chain of cuts {σm} such

that

lim
m→∞

M(Γ(C, σm, D)) = 0 (7)

for some continuum C in D. The set of prime ends in D is denoted by ED, and the completion

of the domain D by its prime ends is denoted DP. Consider the following definition, which

goes back to R. Näkki [14] (see also [6]). We say that the boundary of the domain D in C is

locally quasiconformal, if each point x0 ∈ ∂D has a neighborhood U in C, which can be mapped

by a quasiconformal mapping ϕ onto the unit disk D ⊂ C so that ϕ(∂D ∩U) is the intersection

of D with the coordinate axis.

The sequence of cuts σm, m = 1, 2, . . . , is called regular, if σm ∩ σm+1 = ∅ for m ∈ N and, in

addition, d(σm) → 0 as m → ∞, where d(σm) = sup
x,y∈σm

|x − y|. If the end K contains at least one

regular chain, then K will be called regular. We say that a bounded domain D in C is regular,

if D can be quasiconformally mapped to a domain with a locally quasiconformal boundary

whose closure is a compact in C, and, besides that, every prime end in D is regular. Note that

space DP = D ∪ ED is metrizable, which can be demonstrated as follows. If g : D0 → D is a

quasiconformal mapping of a domain D0 with a locally quasiconformal boundary onto some

domain D, then for x, y ∈ DP we put

ρ(x, y) := |g−1(x)− g−1(y)| , (8)

where the element g−1(x), x ∈ ED, is to be understood as some (single) boundary point of the

domain D0. It is easy to verify that ρ in (8) is a metric on DP, and that the topology on DP does

not depend on the choice of the map g with the indicated property.

We say that a sequence xm ∈ D, m = 1, 2, . . . , converges to a prime end of P ∈ ED as

m → ∞, if for any k ∈ N all elements xm belong to dk except for a finite number. Here dk

denotes a sequence of nested domains corresponding to the definition of the prime end P.
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Theorem 5. Let P0 ∈ ED, and A be a continuum in D. Assume that D is a regular domain, and

the following conditions are fulfilled:

1) for each y0 ∈ ∂D there exists ε0 = ε0(y0), 0 < ε0 < min{dist (z0, A), 1}, such that the set

B(y0, r) ∩ D is finitely connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K

may be joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) the condition Q ∈ FMO(z0) holds for any z0 ∈ ∂D.

Then f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to P0 and, in addition, there are

C̃ = C̃(δ, R0, z0, Q) > 0 and a neighborhood U = U(P0) in DP such that the inequality

| f (z) − f (P0)| 6
C̃

(
log 1

|z−z0|

) 2π
A0K0

holds for any z ∈ U ∩ D and any f ∈ F
A0,R0
A,δ (D), where K0 > 0 is some constant depending

only on the function Q and {z0} = I(P0).

Theorem 6. Assume that under the conditions of Theorem 5 instead of the condition 3) the

following holds: for every z0 ∈ ∂D there is δ0 = δ0(z0) > 0 such that

∫ δ0

0

dt

tqz0(t)
= ∞.

Then f has a continuous extension to P0 and, in addition, there are ε̃0 = ε̃0(P0) > 0 and a

neighborhood U of P0 in DP such that the inequality

| f (z) − f (P0)| 6
32(1 + R2

0)

δ
exp

{
−

1

A0

∫ δ0

|z−z0|

dt

tqz0(t)

}

holds for any z ∈ U ∩ D and any f ∈ F
A0,R0
Q,A,δ(D), where {z0} = I(P0).

Theorem 7. Let P0 ∈ ED and δ be some positive number. Assume that D is a regular domain,

and the following conditions are fulfilled:

1) for each y0 ∈ ∂D there exists ε0 = ε0(y0), where 0 < ε0 < min{δ, 1}, such that the set

B(y0, r) ∩ D is finitely connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K

may be joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) the condition Q ∈ FMO(z0) holds for any z0 ∈ ∂D.

Then f ∈ R
A0,R0
Q,δ,N(D) has a continuous extension to P0 and, in addition, there are

C̃ = C̃(δ, R0, z0, Q, N) > 0 and a neighborhood U = U(P0) in DP such that the inequality

| f (z) − f (P0)| 6
C̃

(
log 1

|z−z0|

) 2π
A0K0N

holds for any z ∈ U ∩ D and any f ∈ R
A0,R0
Q,δ,N(D), where K0 > 0 is some constant depending

only on the function Q and {z0} = I(P0).
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Theorem 8. Let us assume that under the conditions of Theorem 7 instead of condition 3) the

following is true: for every z0 ∈ ∂D there is δ0 = δ0(z0) > 0 such that
∫ δ0

0

dt

tqz0(t)
= ∞.

Then f has a continuous extension to P0 and, in addition, there are C̃= C̃(δ, R0, z0, Q, N)>0

and a neighborhood U of P0 in DP such that the inequality

| f (z) − f (P0)| 6
32(1 + R2

0)

δ
exp

{
−

1

A0N

∫ ε0

|z−z0|

dt

tqz0(t)

}

holds for any z ∈ U ∩ D and any f ∈ R
A0,R0
Q,δ,N(D), where {z0} = I(P0).

2 Preliminaries

Let a > 0 and ϕ : [a, ∞) → [0, ∞) be a nondecreasing function such that for some constants

γ > 0, T > 0 and all t > T the inequality

ϕ(2t) 6 γ · ϕ(t) (9)

is fulfilled. We say that such functions satisfy the doubling condition.

Let ϕ : [a, ∞) → [0, ∞) be a function with the doubling condition, then the function

ϕ̃(t) := ϕ(1/t) does not increase and is defined on a half-interval (0, 1/a].

Proposition 1 ([16, Lemma 3.1]). Let a > 0 and ϕ : [a, ∞) → [0, ∞) be a nondecreasing function

with a doubling condition (9). Let z0 ∈ C and Q : C → [0, ∞] be a Lebesgue measurable

function for which there exists 0 < C < ∞ such that

lim sup
ε→0

ϕ(1/ε)

π · ε2

∫

B(z0,ε)
Q(z) dm(z) 6 C.

Then there exists ε ′0 > 0 such that
∫

ε<|z−z0|<ε ′0

ϕ(1/|z − z0|)Q(z) dm(z)

|z − z0|2
6 C1 ·

(
log

1

ε

)
as ε → 0,

where C1 := 4γπC
log 2 .

A domain R in C is called a ring, if C \ R consists of exactly two components E and F. In

this case, we write R = R(E, F). The following statement is true (see [8, ratio (7.29)]).

Proposition 2. If R = R(E, F) is a ring, then

M(Γ(E, F, C)) >
2π

log 32
h(E)h(F)

,

where h(E) denotes the chordal diameter of the set E defined in (4).

Let D ⊂ C, f : D → C be an open discrete mapping, let β : [a, b) → C be a path and let

z ∈ f −1(β(a)). A path α : [a, c) → D is called a maximal f -lifting of β with the origin at the

point z, if α(a) = z; f ◦ α = β|[a, c); and for every c < c′ 6 b, there is no a path α′ : [a, c′) → D

such that α = α′|[a, c) and f ◦ α ′ = β|[a, c′).

The following statement is true (see [12, Lemma 3.12], cf. [20, Lemma 3.7]).
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Proposition 3. Let f : D → C be an open discrete mapping. Let z0 ∈ D and β : [a, b) → C be a

path such that β(a) = f (z0) and either lim
t→b

β(t) exists, or β(t) → ∂ f (D) as t → b. Then β has a

maximal f -lifting α : [a, c) → D starting at the point z0. If α(t) → z1 ∈ D as t → c, then c = b

and f (z1) = lim
t→b

β(t). Otherwise, α(t) → ∂D as t → c.

Proposition 4 ([17, Theorem 3]). Let f : D → C be an open, discrete and closed bounded

mapping of a finite distortion. Assume that Kµ f
(z) ∈ L1

loc(D). Then for any z0 ∈ ∂D, any

ε0 < d0 := sup
z∈D

|z − z0| and any compactum C2 ⊂ D \ B(z0, ε0) there is ε1, 0 < ε1 < ε0, such

that the relation

M( f (Γ(C1 , C2, D))) 6
∫

A(z0,ε,ε1)∩D
Q(z) · η2(|z − z0|) dm(z) (10)

holds for any ε ∈ (0, ε1) and any C1 ⊂ B(z0, ε) ∩ D, where Q(z) := N( f , D)Kµ f
(z), A(z0, ε, ε1)

is defined in (1), and η : (ε, ε1) → [0, ∞] is arbitrary Lebesgue measurable function satisfying

the relation ∫ r2

r1

η(r) dr > 1 . (11)

Here N( f , D) is defined in (2). Note that, N( f , D) < ∞ for open, discrete and closed

mappings (see, e.g., [9, Lemma 3.3]).

3 Main lemmas for the case of good boundaries

We should note that the proof of the main results of the article is based on auxiliary state-

ments of a more general plan. Each of the main results corresponds to exactly one such state-

ment, and thus we have to consider each of them separately. We will start with the simplest

case, when the domain of the mapping is locally connected at its boundary and the mappings

themselves are homeomorphisms. The following statement holds.

Lemma 1. Let z0 ∈ ∂D, z0 6= ∞, 1 6 p < 2, and A be a continuum in D. Let Q : C → [0, ∞] be a

Lebesgue measurable function in C vanishing outside D. Assume that there is ε0 = ε0(z0) > 0,

0 < ε0 < min{dist (z0, A), 1}, such that the following conditions hold:

1) the set B(z0, r) ∩ D is connected for any 0 < r < ε0;

2) there is a Lebesgue measurable function ψ : (ε, ε0) → [0, ∞], ε ∈ (0, ε0), such that the

relation ∫

ε<|z−z0|<ε0

Q(z) · ψ2(|z − z0|) dm(z) 6 K0 · I p(ε, ε0) (12)

holds as ε → 0 for some K0 > 0, where

0 < I(ε, ε0) :=
∫ ε0

ε
ψ(t) dt < ∞ (13)

for sufficiently small ε > 0, ε < ε0.

Then there is ε̃0 = ε̃0(z0) > 0 such that the relation

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

K0
I p−2(|z − z0|, ε0)

}
(14)

holds for any f ∈ F
A0,R0
Q,A,δ(D) and any z, y ∈ B(z0, ε̃0) ∩ D such that |z − z0| > |y − y0|.
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Proof. Let ε1 > 0 be a number from Proposition 4 corresponding to ε0 mentioned above. By the

assumption, we may find 0 < ε2 < ε1 such that the relations (12)–(13) hold for any ε ∈ (0, ε2).

Set ε̃ := ε2.

Let z, y ∈ B(z0, ε̃) and let f ∈ F
A0,R0
Q,A,δ(D). Now z, y ∈ B(z0, ε0). Without loss of generality

we may assume that |z − z0| > |y − z0|.

By the definition of ε0, we obtain A ⊂ D \ B(z0, ε0). Since the points of S(z0, r) ∩ D,

0 < r < ε0, are accessible from the domain D by means of some path γ, and the set B(z0, r)∩ D

is connected for all 0 < r < ε0, we may join points z and y by a path K which completely be-

longs to the ball B(z0, |z − z0|) and lies in D. We may assume that K is a Jordan path. Let

z, w ∈ f (A) ⊂ D′
f = f (D) and u, v ∈ A be such that

diam f (A) = |z − w| = | f (u) − f (v)| > δ . (15)

Since the continuum A is path connected, one can join the points u, v by a path K ′ inside A.

Due to (15), we obtain that

diam f (|K ′ |) > | f (u) − f (v)| > δ . (16)

We also may consider that K ′ is Jordan.

According to Antoine’s theorem on the absence of wild arcs (see [7, Theorem II.4.3]), there

exists a homeomorphism ϕ : R2 → R2, which maps f (|K|) onto some segment I. It follows

that any points z, y ∈ R
2 \ f (|K|) may be joined by a path γ in R

2 \ f (|K|). Reasoning similarly,

we may show that any points z, y ∈ R
2 \ ( f (|K|)

⋃
f (|K ′ |)) may be joined by a path γ in

R2 \ ( f (|K|)
⋃

f (|K ′ |)).

Therefore, R = R( f (|K|), f (|K ′ |)) is a ring domain. We set Γ = Γ( f (|K|)), f (|K ′ |), C). By

Proposition 2 we have

M(Γ( f (|K|), f (|K ′ |), C)) >
2π

log 32
h( f (|K|))h( f (|K ′|))

. (17)

By (16) and (17), and by the definition of K, we obtain

M(Γ( f (|K|), f (|K ′ |), C)) >
2π

log 32
δ·h( f (z), f (y))

. (18)

Since D ′
f is a QED-domain with a constant A0 in (5), by the condition (18) we get

M(Γ( f (|K|), f (|K ′ |), D ′
f )) >

2π

A0 log 32
δ·h( f (z), f (y))

. (19)

Recall that |K| ⊂ B(z0, |z − z0|), and |K ′| ⊂ A ⊂ D \ B(z0, |z − z0|). Now, by Proposition 4 and

due to the condition Kµ f
(z) 6 Q(z) a.e., we obtain

M(Γ( f (|K|), f (|K ′ |), D ′
f )) = M( f (Γ(|K|, |K ′ |, D)))

6

∫

A(z0,|z−z0|,ε0)
Q(x) · η2(|x − z0|) dm(x),

(20)

where η is an arbitrary Lebesgue measurable function satisfying the condition (11) for

r1 = |z − z0|, r2 = ε0. Now, we put

η(t) :=

{
ψ(t)

I(|z−z0|,ε0)
, t ∈ (|z − z0|, ε0),

0, t 6∈ (|z − z0|, ε0).
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Observe that the function η satisfies the condition (11) for r1 = |z − z0| and r2 = ε0. Now,

by (20), due to (12) we obtain

M(Γ( f (|K|), f (|K ′ |), D ′
f ))

6
1

I2(|z − z0|, ε0)

∫

A(z0,|z−z0|,ε0)

Q(x)

|x − z0|
2

dm(x)

6 K0 · I p−2(|z − z0|, ε0).

(21)

Combining (19) and (21), we obtain

2π

A0 log 32
δ·h( f (z), f (y))

6 K0 · I p−2(|z − z0|, ε0). (22)

By direct calculations from (22) we get

h( f (z), f (y)) 6
32

δ
exp

{
−

2π

A0K0
I2−p(|z − z0|, ε0)

}
. (23)

By the definition of the chordal distance in (3) and due to the condition f (D) = D ′
f ⊂ B(0, R0),

we obtain

h( f (z), f (y)) >
| f (z) − f (y)|

1 + R2
0

. (24)

Then, by (23), we have that

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0
I2−p(|z − z0|, ε0)

}
. (25)

This relation (25) completes the proof.

Corollary 1. Let 1 < p < 2. Let, in the notations of Lemma 1, I(ε, ε0) → ∞ as ε → 0. Then,

under the conditions of Lemma 1, any f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to z0 and, in

addition, we have

| f (z) − f (z0)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0
I2−p(|z − z0|, ε0)

}
(26)

for any f ∈ F
A0,R0
Q,A,δ(D) and any z ∈ B(z0, ε̃0) ∩ D.

Proof. If f has no limit as z → z0, then we may construct at least two sequences zm → x0 and

ym → z0, m → ∞, such that | f (zm) − f (ym)| > δ > 0 for some δ > 0 and all m = 1, 2, . . . .

But this contradicts the inequality (14) because I(ε, ε0) → ∞ as ε → 0 by the assumption.

Therefore, the limit of f as z → z0 exists. To prove the inequality (26), it remains to pass in the

relation (14) to the limit as y → z0.

Now let us move on to the study of the case when the considered mapping may have branch

points. At first, we will also limit ourselves to the case of good domains, i.e. when the domain

is locally connected at its boundary. The following statement is similar to Lemma 1, but applies

to mappings with branching.
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Lemma 2. Let z0 ∈ ∂D, z0 6= ∞, 1 6 p < 2 and δ be some positive number. Assume that there

is ε0 = ε0(z0) > 0, 0 < ε0 < min{δ, 1}, such that the following conditions hold:

1) the set B(z0, r) ∩ D is connected for any 0 < r < ε0;

2) there is a Lebesgue measurable function ψ : (ε, ε0) → [0, ∞], ε ∈ (0, ε0), such that the

relation ∫

ε<|z−z0|<ε0

Q(z) · ψ2(|z − z0|) dm(z) 6 K0 · I p(ε, ε0) (27)

holds as ε → 0 for some K0 > 0, where

0 < I(ε, ε0) :=
∫ ε0

ε
ψ(t) dt < ∞ (28)

for sufficiently small ε > 0, ε < ε0.

Then there is ε̃0 = ε̃0(z0) > 0 such that the relation

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

K0N
I p−2(|z − z0|, ε0)

}

holds for any f ∈ R
A0,R0
Q,δ,N(D) and any z, y ∈ B(z0, ε̃0) ∩ D such that |z − z0| > |y − y0|.

Proof. Let ε1 > 0 be a number from Proposition 4 corresponding to ε0 mentioned above. By the

assumption, we may find 0 < ε2 < ε1 such that the relations (27)–(28) hold for any ε ∈ (0, ε2).

Set ε̃ := ε2.

Let z, y ∈ B(z0, ε̃0) and let f ∈ R
A0,R0
Q,δ (D). Now, z, y ∈ B(z0, ε0). Without loss of a general-

ization, we may assume that |z − z0| > |y − z0|.

Let K f ⊂ D ′
f be a path connected continuum such that diam (K f ) > δ and, in addition,

h( f −1(K f ), ∂D) > δ > 0 (such a continuum exists by the definition of the class R
A0,R0
Q,δ,N(D)).

By the definition of ε0, we have f −1(K f ) ⊂ D \ B(z0, ε0) . Since the points of S(z0, r) ∩ D,

0 < r < ε0, are accessible from the domain D by means of some path γ, and the set B(z0, r)∩ D

is connected for all 0 < r < ε0, the points z and y may be joined by a path K, which belongs

entirely to the ball B(z0, |z − z0|) and belongs to D. We may consider that K is a Jordan path.

Let z, w ∈ K f ⊂ D ′
f be such that

diam K f = |z − w| > δ . (29)

Since K f is path connected, we may join points z, w by a Jordan path K ′ inside K f . Due to (29)

we obtain that

diam |K ′| > |z − w| > δ . (30)

If the path f (|K|)) is not Jordan, we discard from f (|K|)) no more than a finite number of its

loops. Let ∆ ⊂ f (|K|)) be a locus of the Jordan path, which is obtained by such rejection. Just

as in the proof of Lemma 1, it may be shown that R = R(∆, |K ′|) is a ring in C.

In this case, we denote Γ = Γ(∆, |K ′|, C). Now, by Proposition 2, we get

M(Γ(∆, |K ′|, C)) >
2π

log 32
h(|K ′|)h(∆)

. (31)

Due to (30) and (31), and by the definition of the path K ′, we obtain

M(Γ(∆, |K ′|, C)) >
2π

log 32
δ·h( f (z), f (y))

. (32)
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Since D ′
f is a QED-domain with a constant A0 in (5), by (32) we obtain that

M(Γ(∆, |K ′|, D ′
f )) >

2π

A0 log 32
δ·h( f (z), f (y))

. (33)

Let Γ
∗ be a family γ : [0, 1) → D of maximal f -liftings of paths γ ′ : [0, 1] → D ′

f from

Γ = Γ(∆, |K ′|, D ′
f ) starting at |K| (such liftings exist by Proposition 3). By the same proposition,

due to the closeness of f , we obtain that each path γ ∈ Γ
∗ has an extension γ : [0, 1] → D to

b = 1. Then γ(1) ∈ f −1(K f ), that is, Γ
∗ ⊂ Γ(|K|, f −1(K f ), D).

Observe that f (Γ ∗) = Γ(∆, |K ′|, D ′
f ). In this case, by Proposition 4 and due to the condition

Kµ f
(z) 6 Q(z) a.e., we obtain

M( f (Γ ∗)) = M(Γ(∆, |K ′|, D ′
f )) 6 N

∫

A(z0,|z−z0|,ε)
Q(x)η2(|x − z0|) dm(x), (34)

where η is an arbitrary nonnegative Lebesgue measurable function satisfying the relation (11)

for r1 = |z − z0|, r2 = ε0, and A(z0, |z − z0|, ε) is defined in (1). Now, we put

η(t) :=

{
ψ(t)

I(|z−z0|,ε0)
, t ∈ (|z − z0|, ε0),

0, t 6∈ (|z − z0|, ε0).

Arguing similarly to the proof of the relations (21)–(25), by (34) we obtain

M(Γ(∆, |K ′|, D ′
f )) 6 K0NI p−2(|z − z0|, ε0). (35)

Combining (33) and (35), we get

2π

A0 log 32
δ·h( f (z), f (y))

6 K0NI p−2(|z − z0|, ε0). (36)

By direct calculations from (36) we obtain that

h( f (z), f (y)) 6
32

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}
. (37)

Due to (24), by (37) we get

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}
,

as required.

Corollary 2. Let 1 < p < 2. Let, in the notations of Lemma 2, I(ε, ε0) → ∞ as ε → 0. Then,

under conditions of Lemma 2, f has a continuous extension to z0 and

| f (z) − f (z0)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}

for any f ∈ R
A0,R0
Q,δ,N(D) and any z ∈ B(z0, ε̃0) ∩ D.

The proof of Corollary 2 is similar to the proof of Corollary 1.
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4 Domains with prime ends

The statements similar to Lemmas 1–2 also hold for domains with not very good bound-

aries. However, their wording will change accordingly. The following assertions are true.

Lemma 3. Let P0 ∈ ED and A be a continuum in D. Assume that D is a regular domain, and

the following conditions are fulfilled:

1) for each y0 ∈ ∂D there exists ε0 = ε0(y0), 0 < ε0 < min{dist (z0, A), 1}, such that the set

B(y0, r) ∩ D is finitely connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K may be

joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) for each z0 ∈ I(P0) there exist a real p < 2 and a Lebesgue measurable function

ψ : (ε, ε0) → [0, ∞], ε ∈ (0, ε0), such that the relation
∫

ε<|z−z0|<ε0

Q(z) · ψ2(|z − z0|) dm(z) 6 K0 · I p(ε, ε0) (38)

holds as ε → 0 for some K0 > 0, where

0 < I(ε, ε0) :=
∫ ε0

ε
ψ(t) dt < ∞ (39)

for sufficiently small ε > 0, ε < ε0.

Then for each P ∈ ED there exists y0 ∈ ∂D such that I(P) = {y0}, where I(P) denotes

the impression of P. In addition, there exists a neighborhood U = U(P0) of P0 such that the

relation

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0
I2−p(|z − z0|, ε0)

}
(40)

holds for any f ∈ F
A0,R0
Q,A,δ(D) and any z, y ∈ U ∩ D such that |z − z0| > |y − z0|, where

I(P0) = {z0}.

Proof. Since the set B(y0, r) ∩ D is finitely connected for all 0 < r < ε0, the domain D is finitely

connected on its boundary. Therefore, the domain D is uniform in the sense of R. Näkki

(see [13, Theorem 3.2]). In other words, for every r > 0 there exists a number δ > 0 such that

the inequality

M(Γ(F ∗, F, D)) > δ

holds for all continua F, F∗ ⊂ D such that h(F) > r and h(F ∗) > r, where h is a chordal metric

defined in (3).

Let us prove that for any P ∈ ED there exists y0 ∈ ∂D such that I(P) = {y0}. We prove

this statement from the opposite, namely, suppose that there is P ∈ ED such that I(P) con-

tains two points z, y ∈ ∂D, z 6= y. In this case, there are at least two sequences zm, ym ∈ dm,

m = 1, 2, . . . , which converge to z and y as m → ∞, respectively (here dm denotes the sequence

of decreasing domains formed by some sequence of cuts σm, m = 1, 2, . . . , corresponding to

the prime end P). Let us join the points zm and ym with the path γm in the domain dm. Since

z 6= y, there exists m0 ∈ N such that h(|γm|) > d(z, y)/2, m > m0. Choose any nondegenerate

continuum C ⊂ D \ d1. Then, due to the uniformity of the domain D, we get

M(Γ(|γm|, C, D)) > δ0 > 0 (41)
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for some δ0 > 0 and all m > m0. The relation (41) contradicts with the definition of the prime

end P. Indeed, by the definition of a cut σm, we obtain that Γ(|γm|, C, D) > Γ(σm, C, D). Now,

due to (7), we have that

M(Γ(|γm|, C, D)) 6 M(Γ(σm , C, D)) → 0

as m → ∞. The latter relation contradicts with (41). Thus, I(P) = {y0} for some y0 ∈ ∂D.

It remains to prove the relation (40). Let ε1 > 0 be a number from Proposition 4 corre-

sponding to ε0 mentioned above. By the assumption, we may find 0 < ε2 < ε1 such that the

relations (38)–(39) hold for any ε ∈ (0, ε2).

By the proving above, there is z0 ∈ ∂D such that I(P0) = {z0}. It follows that there is a

neighborhood U in DP containing P0 such that U ∩ D ⊂ B(z0, ε2). By the definition of a regular

domain, U may be chosen such that U ∩ D is connected. Let z, y ∈ U and let f ∈ F
A0,R0
Q,A,δ(D).

We may consider that |z − z0| > |y − z0|. By the definition of ε0, the points z and y may be

joined by the path K, which is contained in the ball B(z0, |z − z0|). The further course of the

proof is very similar to the proof of Lemma 1. We may assume that the path K is Jordan. Let

also z, w ∈ f (A) ⊂ D ′
f and u, v ∈ A be such that

diam f (A) = |z − w| = | f (u) − f (v)| > δ . (42)

Since A is path connected, it is possible to join the points u, v by the path K ′ inside A. Due

to (42), we obtain

diam f (|K ′ |) > | f (u) − f (v)| > δ . (43)

We may assume that the K ′ is also Jordan. Note that, f (K) and f (K ′) are also Jordan ones,

and they do not split the space C (see the proof of this fact in the course of proving Lemma 1).

Therefore, R = R( f (|K|), f (|K ′ |)) is a ring domain. Let us denote Γ = Γ( f (|K|), f (|K ′ |), C).

Then, by Proposition 2, we get

M(Γ( f (|K|), f (|K ′ |), C)) >
2π

log 32
h( f (|K|))h(| f (K ′|))

. (44)

By (43) and (44), and by the definition of K, we obtain

M(Γ( f (|K|), f (|K ′ |), C)) >
2π

log 32
δ·h( f (z), f (y))

. (45)

Since D ′
f is a QED-domain with a constant A0 in (5), by the condition (45), we get

M(Γ( f (|K|), f (|K ′ |), D ′
f )) >

2π

A0 log 32
δ·h( f (z), f (y))

.

By the above inequality and due to Proposition 4, we obtain

M(Γ( f (|K|), f (|K ′ |), D ′
f )) = M( f (Γ(|K|, |K ′ |, D)))

6

∫

A(z0,|z−z0|,ε0)
Q(x)η2(|x − z0|) dm(x),

where η is any nonnegative Lebesgue measurable function satisfying the relation (11) for

r1 = |z − z0|, r2 = ε0.

Now, arguing similarly to the proof of Lemma 1, repeating its proof after the relation (20),

we obtain the desired conclusion.
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Corollary 3. Let 1 < p < 2. Let, in the notations of Lemma 3, I(ε, ε0) → ∞ as ε → 0. Then,

under conditions and notations of Lemma 3, f has a continuous extension to P0 ∈ ED, wherein

| f (z) − f (P0)| 6
32(1 + R2

0)

δ
exp

{
−

π

A0K0
I2−p(|z − z0|, ε0)

}
(46)

holds for any f ∈ F
A0,R0
Q,A,δ(D) and any z, y ∈ U ∩ D, whenever |z − z0| > |y − y0|, where

I(P0) = {z0}.

Proof. By Lemma 3, I(P) = {z0}. It follows that, if z → P0 and y → P0, then z → z0 and y → z0,

as well. If f has no limit as z → P0, then we may construct at least two sequences zm → P0

and ym → P0, m → ∞, such that | f (zm)− f (ym)| > δ > 0 for some positive δ > 0 and all

m = 1, 2, . . . . But this contradicts the inequality (40), because I(ε, ε0) → ∞ as ε → 0 by the

assumption. Therefore, the limit of f as x → P0 exists. To prove (46) it remains to pass in (40)

to the limit as y → P0.

Lemma 4. Let P0 ∈ ED and δ be some positive number. Assume that D is a regular domain,

and the following conditions are fulfilled:

1) for each y0 ∈ ∂D there is ε0 = ε0(y0), 0 < ε0 < min{δ, 1}, such that the set B(y0, r) ∩ D

is finitely connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K

may be joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) for each z0 ∈ I(P0) there exist a real p 6 2 and a Lebesgue measurable function

ψ : (ε, ε0) → [0, ∞], ε ∈ (0, ε0), such that the relation
∫

ε<|z−z0|<ε0

Q(z)ψ2(|z − z0|) dm(z) 6 K0 I p(ε, ε0)

holds as ε → 0 for some K0 > 0, where

0 < I(ε, ε0) :=
∫ ε0

ε
ψ(t) dt < ∞

for sufficiently small ε > 0, ε < ε0.

Then for each P ∈ ED there exists y0 ∈ ∂D such that I(P) = {y0}, where I(P) denotes the

impression of P. In addition, there exists a neighborhood U of P0 in DP such that the relation

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}
(47)

holds for any f ∈ R
A0,R0
Q,δ,N(D) and any z, y ∈ U ∩ D such that |z − z0| > |y − y0|, where

I(P0) = {z0}.

Proof. Since the proof of lemma is very similar to all the previous ones, we will limit ourselves

only to the sketch of the proof. The fact that for each P ∈ ED there exists y0 ∈ ∂D such that

I(P) = {y0}, may be established in the same way as under the proof of Lemma 2. Let us

establish the relation (47). Let {z0} = I(P0) and let ε1 and ε2 be defined in the same way as

in the proof of Lemma 2. It follows that there is a neighborhood U of P0 such that U ∩ D is

connected and U ∩ D ⊂ B(z0, ε2). Let z, y ∈ U ∩ D, f ∈ R
A0,R0
Q,δ,N(D) and |z − z0| > |y − z0|. By

the definition of ε0, the points z and y may be joined by the path K, which is contained in the
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ball B(z0, |z − z0|). Let K f ⊂ D ′
f be a path connected continuum such that diam (K f ) > δ and

h( f −1(K f ), ∂D) > δ > 0 (such a continuum exists by the definition of the class R
A0,R0
Q,δ,N(D)).

Let also z, w ∈ K f ⊂ D ′
f be such that

diam K f = |z − w| > δ . (48)

Since K f is path connected, we may join the points z, w by a Jordan path K ′ inside K f . Due

to (48), we obtain that diam |K ′| > δ.

Next, we reason similarly to the proof of Lemma 2 after the relation (30). We obtain that

| f (z) − f (y)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}
.

This relation completes the proof.

Corollary 4. Let 1 < p < 2. Let, in the notations of Lemma 4, I(ε, ε0) → ∞ as ε → 0. Then,

under conditions of Lemma 4, f has a continuous extension to P0 ∈ ED, wherein

| f (z) − f (P0)| 6
32(1 + R2

0)

δ
exp

{
−

2π

A0K0N
I2−p(|z − z0|, ε0)

}

for any f ∈ R
A0,R0
Q,δ,N(D) and any z ∈ U ∩ D, where I(P0) = {z0}.

The proof of Corollary 4 is similar to the proof of Corollary 3 and therefore is omitted.

5 Proof of the main results. Consequences

The following statement holds (see [8, Corollary 6.3]).

Proposition 5. Let Q ∈ FMO(z0), z0 ∈ C. Then Q satisfies the relation (12) for some ε0 > 0

with ψ(t) = 1
t log 1

t

, p = 1, I(ε, ε0) = log
log 1

ε

log 1
ε0

and some constant K0 depending only on Q.

Combining Proposition 5 with Lemmas 1–4, we obtain the statements of Theorems 1, 3, 5

and 7.

In what follows, given 0 < ε < ε0 < ∞, z0 ∈ C and a Lebesgue measurable function

Q : C → [0, ∞] we set

J(ε, ε0) =
∫ ε0

ε

dt

tqz0(t)
, (49)

where qz0 is defined in (6). The following statement holds (see [8, relation (7.13)]).

Proposition 6. Let 0 < ε < ε0 < ∞, z0 ∈ C and Q : C → [0, ∞] be a Lebesgue measurable

function. Put

ψ(t) =

{
1/(tqz0(t)), t ∈ (ε, ε0),

0, t /∈ (ε, ε0),

where qz0(t) is defined in (6). Let J(ε, ε0) be defined in (49). If J(ε, ε0) < ∞ for any ε > 0

and some ε0 > 0 and, in addition, J(ε, ε0) > 0 as ε → 0, then the function ψ satisfies the

relation (12) with p = 1 and K0 = 2π.

Observe that if f is a homeomorphism satisfying the relations (10)–(11), then J(ε, ε0) < ∞

for some ε0 > 0 and any ε ∈ (0, ε0). Now, combining Proposition 6 with Lemmas 1–4, we

immediately obtain the statements of Theorems 2, 4, 6 and 8.

Next we formulate statements about the Hölder continuity of mappings.
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Corollary 5. Let z0 ∈ ∂D, z0 6= ∞. Assume that the following conditions hold:

1) there is ε0 = ε0(z0) > 0 such that the set B(z0, r) ∩ D is connected for any 0 < r < ε0;

2) there is 0 < C = C(z0) < ∞, such that

lim sup
ε→0

1

πε2

∫

B(z0,ε)∩D
Q(z) dm(z) 6 C. (50)

Then any f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to z0 and, in addition, there exist

C̃ = C̃(δ, R0, z0) > 0 and ε̃0 = ε̃0(z0) > 0 such that

| f (z) − f (z0)| 6 C̃ · |z − z0|
log 2

2CA0

holds for any z ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ F
A0,R0
Q,A,δ(D).

Remark. In particular, condition 1) of Corollary 5 is satisfied if D is a convex domain.

In the case of mappings with branching, we have the following.

Corollary 6. Let z0 ∈ ∂D, z0 6= ∞, and δ be some positive number. Assume that there exists

ε0 = ε0(z0) > 0, 0 < ε0 < min{δ, 1}, such that the following conditions hold:

1) the set B(z0, r) ∩ D is connected for any 0 < r < ε0;

2) the condition (50) holds.

Then every f ∈ R
A0,R0
Q,δ,N(D) has a continuous extension to z0 and, in addition, there exist

numbers C̃ = C̃(δ, R0, z0) > 0 and ε̃0 = ε̃0(z0) > 0 such that

| f (z) − f (z0)| 6 C̃ · |z − z0|
log 2

2CNA0

holds for any z, y ∈ B(z0, ε̃(z0)) ∩ D and any f ∈ R
A0,R0
Q,δ,N(D).

Corollary 7. Assume that D is a regular domain, P0 ∈ ED, and the following conditions are

fulfilled:

1) for each y0 ∈ ∂D there exists ε0 = ε0(y0) > 0 such that the set B(y0, r) ∩ D is finitely

connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K may be

joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) for each z0 ∈ I(P0) there exists 0 < C = C(z0) < ∞ such that

lim sup
ε→0

1

πε2

∫

B(z0,ε)∩D
Q(z) dm(z) 6 C. (51)

Then for any P ∈ ED there exists y0 ∈ ∂D such that I(P) = {y0}, where I(P) denotes the

impression of P. In addition, any f ∈ F
A0,R0
Q,A,δ(D) has a continuous extension to P0 ∈ ED, and

there exist C̃ = C̃(δ, R0, z0) > 0 and a neighborhood U = U(P0) of P0 such that

| f (z) − f (P0)| 6 C̃ · |z − z0|
log 2

2CA0

holds for any f ∈ F
A0,R0
Q,A,δ(D) and z ∈ U ∩ D, where I(P0) = {z0}.
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Corollary 8. Let P0 ∈ ED, and A be a continuum in D. Assume that D is a regular domain,

and the following conditions are fulfilled:

1) for each y0 ∈ ∂D there exists ε0 = ε0(y0), 0 < ε0 < min{dist (z0, A), 1}, such that the set

B(y0, r) ∩ D is finitely connected for all 0 < r < ε0;

2) for any 0 < r < ε0 and for each component K of the set B(y0, r) ∩ D, any z, y ∈ K

may be joined by a path γ : [a, b] → C such that |γ| ∈ K ∩ B(z0, max{|z − z0|, |y − z0|}) with

|γ| = {z ∈ C : ∃ t ∈ [a, b] : γ(t) = z};

3) the condition (51) holds for each z0 ∈ I(P0) and some 0 < C = C(z0) < ∞.

Then for every P ∈ ED there exists y0 ∈ ∂D such that I(P) = {y0}, where I(P) denotes the

impression of P. In addition, any f ∈ R
A0,R0
Q,δ,N(D) has a continuous extension to P0 ∈ ED, and

there exist C̃ = C̃(δ, R0, z0) > 0 and a neighborhood U = U(P0) of P0 such that the relation

| f (z) − f (P0)| 6 C̃ · |z − z0|
log 2

2CNA0

holds for any f ∈ R
A0,R0
Q,δ,N(D) and z ∈ U ∩ D, where I(P0) = {z0}.

Proof of Corollaries 5–8 directly follows Lemmas 1–4 and Proposition 1 by the choosing in

this proposition ψ(t) := 1
t and ϕ ≡ 1.
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[19] Väisälä J. Lectures on n-Dimensional Quasiconformal Mappings. Lecture Notes in Math. 229, Springer Ver-

lag, Berlin etc., 1971.

[20] Vuorinen M. Exceptional sets and boundary behavior of quasiregular mappings in n-space. Ann. Acad. Sci. Fenn.

Ser. A 1976, 11, 1–44.

Received 28.12.2024

Севостьянов Є.О., Iлькевич Н.С., Десятка В.С. Про межовi оцiнки спотворення вiдстанi вiдобра-

жень класу Соболєва // Карпатськi матем. публ. — 2026. — Т.18, №1. — C. 117–134.

Дослiдженi вiдображення класiв Соболєва, визначених у деякiй плоскiй областi. Отрима-

нi оцiнки спотворення вiдстанi при цих вiдображеннях на межi. Зокрема доведено, що якщо

iнтегральнi середнi значення вiд характеристики вiдображень є скiнченними, то цi вiдображе-

ння є неперервними за Гельдером.

Ключовi слова i фрази: квазiконформне вiдображення, вiдображення зi скiнченним спотво-

ренням, соболiвське вiдображення, неперервнiсть за Гельдером, неперервнiсть за Лiпшицем.


