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Non-existence of co-spectral simple connected graphs with
small number of edges

Boyko O.1, Kaliuzhnyi-Verbovetskyi D.1, Pivovarchik V.1,2

We show that the spectrum of the Sturm-Liouville problem on a connected simple equilateral

graph with the Dirichlet boundary conditions at the pendant vertices is related with the spectrum

of the discrete Laplacian of the corresponding combinatorial graph. It enables us to compare the

spectra of discrete Laplacians to find co-spectral combinatorial graphs and finally co-spectral quan-

tum graphs. Using this method we prove that there are no co-spectral (in our sense) graphs with

the number of edges less or equal 7. Thus, in this case the inverse problem of recovering the shape

of a quantum graph possesses a unique solution.
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Introduction

In quantum graph theory, the problem of recovering the shape of a graph was stated in

[1, 9]. In [9], it was shown that if the lengths of the edges are non-commensurate, then the

spectrum of the spectral Sturm-Liouville problem on a graph with the standard conditions at

its vertices (the Neumann conditions at the pendant vertices and the continuity conditions +

Kirchhoff’s conditions at the interior vertices) uniquely determines the shape of this graph.

In [1], it was shown that in the case of commensurate lengths of the edges there exist co-spec-

tral quantum graphs. In [3,10], it was shown that the spectrum of the Neumann problem with

zero potential on P2 uniquely determines the shape of the graph. In [6], it was shown that if the

graph is simple connected equilateral with the number of vertices less than or equal 5 and the

potentials on the edges are real L2 functions, then the spectrum of the Sturm-Liouville problem

with the standard conditions at the vertices uniquely determines the shape of the graph. For

trees, the minimal number of vertices in a co-spectral pair is 9 (see [4, 7, 15]). In the case of

the standard conditions at all the vertices, the asymptotics of the spectrum shows whether the

graph is a tree. If the number of vertices does not exceed 8, then to find the shape of a tree we

need just to find in [6] the characteristic polynomial corresponding to the given spectrum.

For the case of the Dirichlet conditions at the pendant vertices, it was shown in [4] that there

are no co-spectral trees with the number of vertices ≤ 8. However, in the case of the Dirichlet

conditions at the pendant vertices, the asymptotics of the spectrum do not indicate whether
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the graph is a tree. In this case, the possibility that the spectrum of a tree coincides with

that of a non-tree graph (or that the spectra of two graphs with different cyclomatic numbers

coincide) cannot be excluded a priori. Such a possibility is excluded in the case of the Neumann

conditions at the pendant vertices.

It should be mentioned that an attempt to use two spectra to find the shape of a tree was

made in [16], where expansions into branched continued fractions of certain polynomials re-

lated to the Neumann and Dirichlet problems were used. For branched continued fractions,

see [8].

In the paper, we prove that if the number of edges g ≤ 7, then there are no co-spectral sim-

ple connected equilateral graphs and we conclude that the asymptotics of the spectrum

uniquely determine the graph shape. Examples of co-spectral graphs with the Dirichlet con-

ditions at the pendant vertices with g = 8 are given in [15, Fig. 1]. In Section 2, we describe the

Sturm-Liouville problem on a simple connected equilateral graph with the Dirichlet conditions

at each pendant vertex and the standard conditions at all the interior vertices. We expose the

known theorem relating the characteristic function (the function whose set of zeros coincides

with the spectrum) of the above described Sturm-Liouville problem with the determinant of

the normalized Laplacian of the corresponding combinatorial graph. In Section 3, we show

all the simple connected equilateral graphs on 7 or less edges and calculate the corresponding

characteristic functions. We compare them and find that there are no co-spectral pairs.

1 Statement of the problem

Let G be an equilateral simple connected graph with p vertices and g edges each of the

length l. We direct the edges incident with the pendant vertices away from these vertices.

Orientation of the rest of the vertices is arbitrary. Let us describe the spectral problem on G.

We consider the Sturm-Liouville equations on the edges

−y′′j + qj(x)yj = λyj, j = 1, 2, . . . , g, (1)

where qj ∈ L2(0, l) are real.

At the beginning of each edge ej incident with a pendant vertex, we impose the Dirichlet

condition

yj(0) = 0. (2)

At each interior vertex, we impose the standard conditions, i.e. the continuity conditions

yj(l) = yk(0) (3)

for the incoming into vi edges ej and for all ek outgoing from vi, and the Kirchhoff’s conditions

∑
j

y′j(l) = ∑
k

y′k(0), (4)

where the sum in the right-hand side is taken over all edges ek outgoing from vi and the sum

in the left-hand side is taken over all edges ej incoming to vi.

We call the above conditions (continuity together with the Kirchhoff’s or Neumann’s con-

ditions) standard.

In the sequel, if the potentials are the same on all the edges we omit the index in qj and yj.
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In order to find the characteristic function of our Sturm-Liouville problems, we look for

coefficients Aj, Bj such that the solution of (1) can be expressed in the form

yj = Ajsj(λ, x) + Bjcj(λ, x), x ∈ (0, l),

where sj(λ, x) are the solutions of (1), which satisfy the conditions sj(λ, 0) = s′j(λ, 0)− 1 = 0

and cj(λ, x) are the solutions of (1), which satisfies the conditions cj(λ, 0)− 1 = c′j(λ, 0) = 0.

Substituting this into the continuity conditions, as well as into Kirchhoff’s condition at each

interior vertex and into the Dirichlet conditions at all pendant vertices, we obtain a system of

2g linear algebraic equations with unknowns Aj, Bj. Denote the 2g × 2g matrix of this sys-

tem by ‖ΦD(λ)‖, we call it the characteristic matrix of our problem. Observe that it involves

the values sj(λ, l), s′j(λ, l), cj(λ, l), c′j(λ, l). Then the equation det ‖ΦD(λ)‖ = 0 completely

determines the spectrum of problem (1)–(4).

Let A be the adjacency matrix of G, and

D = diag(d(v0), d(v1), . . . , d(vp)),

the degree matrix. Here d(vi) is the degree of the vertex vi. Denote by −zD̂ + Â the submatrix

of −zD + A obtained by deleting the rows and the columns corresponding to those pendant

vertices (where the Dirichlet conditions are imposed).

The following theorem was proved in [13].

Theorem 1 ([13, Theorem 6.4.2]). Let G be a simple connected graph with p ≥ 2. Assume that

all edges have the same length l and the same real potential q(x) ∈ L2(0, l) symmetric with

respect to the midpoint of an edge (q(x) = q(l − x)). Then the spectrum of problem (1)–(4)

coincides with the set of zeros of the characteristic function

φ(λ) = sg−p+r(λ, l)ψ(c(λ, l)), (5)

where r is the number of pendant vertices and

ψ(z) = det(−zD̂ + Â).

It is clear that, in case of identically zero potential, we get

φ0(λ) =

(

sin
√

λl√
λ

)g−p+r

ψ(cos
√

λl). (6)

Corollary 1. Let G be a simple connected graph with p ≥ 2. Assume that the edges have the

same length l and the potentials on the edges qj(x) ∈ L2(0, l) are real. Then the characteristic

function of problem (1)–(4) satisfies

φ(λ)
λ→+∞
= φ0(λ) + O(1). (7)

Proof. We use the following asymptotics [14]:

sj(λ, l)
λ→+∞
=

sin
√

λl√
λ

+ O

(

1

λ

)

, cj(λ, l)
λ→+∞
= cos

√
λl + O

(

1√
λ

)

, (8)

s′′j (λ, l)
λ→+∞
= cos

√
λl + O

(

1√
λ

)

, c′j(λ, l)
λ→+∞
= −

√
λ sin

√
λl + O (1) .

Suppose first that all the potentials on the edges are the same and symmetric with respect to

the midpoint of an edge. Then using (5) and (8), we obtain (7).

Now let the potentials be diffirent and not symmetric but real L2(0, l)-functions. Then we

apply [5, Theorem 5.4] and obtain (7). This means that if two graphs are co-spectral, then they

must have not only the same φ(λ), but also the same ψ(z). Thus, we need to investigate ψ(z).
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2 Cospectrality

The spectrum of problem (1)–(4) consists of normal (isolated Fredholm) eigenvalues of fi-

nite multiplicity. The corresponding operator is selfadjoint, therefore these eigenvalues are

real. For the main term of the asymptotics we have

lim
k→∞

λk

k2
=

π2

g2l2
(9)

(see [2,11,12] or [1, Corollary 1]). In the paper, by co-spectral we mean simple connected equi-

lateral (with the same length of the edges) graphs with the same spectrum of problem (1)–(4).

According to (9), co-spectral graphs must have the same number of edges g.

Equations (6) and (7) imply that co-spectral graphs must have the same value of g − p + r.

Let us explain it. The following theorem was proved in [4].

Theorem 2 ([4]). Let T be an equilateral tree. The eigenvalues of problem (1)–(4) can be pre-

sented as the union of subsequences {λk}∞
k=1 =

2p−r−1
⋃

i=1
{λ

(i)
k }∞

k=1 with the following asymp-

totics:
√

λ
(i)
k =

k→∞

2π(k − 1)

l
± 1

l
arccos αi + O

(

1

k

)

for i = 1, 2, . . . , p − ppen, k = 1, 2, . . . , (10)

√

λ
(i)
k =

k→∞

πk

l
+ O

(

1

k

)

for i = p − ppen + 1, . . . , p − 1, k = 1, 2, . . . . (11)

Here α1, α2, . . . , αp−ppen are the zeros of the polynomial ψ(z), and ppen = r is the number of

pendant vertices.

Here the subsequences (11) correspond to the factor
(

sin
√

λl√
λ

)q−p+r
in (6) while the subse-

quences (10) correspond to the factor ψ(cos
√

λl). Of course, the polynomial ψ(z) may contain

a factor (1 − z2) and, consequently, ψ(cos
√

λl) may contain (1 − cos2
√

λ) = sin2
√

λl. How-

ever, this factor gives a subsequence
√

λ
(i)
k =

k→∞

πk

l
+ O

(

1

k

)

for k = 0, 1, . . . ,

which starts with k = 0 and therefore differs from (11). Similar arguments lead to the assertion

that to check cospectrality it is sufficient to compare only graphs with the same g and the same

∆ ≡ g − p + r.

Theorem 3. There are no co-spectral graphs among simple connected equilateral graphs of

seven or less edges in case of the Dirichlet conditions at the pendant vertices and standard

conditions at the interior vertices.

Proof. All simple connected graphs of 1, 2, 3 and 4 edges are presented in Figure 1. We denote

the graphs by Gi
g,g−p+r, where the upper index enumerate the graphs with the same g and

same g − p + r given as the lower indices.

Among these graphs there are only two G1
4,1 and G2

4,1 with the same g and g − p + r. How-

ever, the corresponding characteristic polynomials are

ψ1
4,1(z) = −8z3 + 4z, ψ2

4,1(z) = −12z3 + 7z + 2.
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Figure 1. Simple connected graphs of 1, 2, 3 and 4 edges

The sets of zeros of these polynomials are different. Thus there are no co-spectral graphs

among the graphs of Figure 1.

Now let us consider the graphs of 5 edges. All simple connected graphs of 5 edges are

presented in Figure 2.

Figure 2. Simple connected graphs with g = 5

Among these graphs, there are four graphs, G1
5,1, G2

5,1, G3
5,1, and G4

5,1, with the same values

g = 5 and g − p + r = 1. However, the corresponding characteristic polynomials are

ψ1
5,1(z) = 16z4 − 12z2 + 1, ψ2

5,1(z) = 24z4 − 20z2,

ψ3
5,1(z) = 24z4 − 18z2 − 4z + 1, ψ4

5,1(z) = 24z4 − 24z2 − 8z.

It is clear that these polynomials have different sets of zeros.

There are four graphs, G1
5,2, G2

5,2, G3
5,2, and G4

5,2 with the same g = 5 and g − p + r = 2.

Their polynomials are

ψ1
5,2(z) = −12z3 + 5z, ψ2

5,2(z) = −12z3 + 4z,

ψ3
5,2(z) = −16z3 + 8z + 2, ψ4

5,2(z) = −18z3 + 8z + 2.
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The sets of zeros of these polynomials are different.

There are two graphs, G1
5,3 and G2

5,3, shown in Figure 2 with g = 5 and g − p + r = 3. Their

characteristic polynomials

ψ1
5,3(z) = 8z2 − 1, ψ2

5,3(z) = 9z2 − 1

have different sets of zeros.

There are 29 simple connected graphs with 6 edges. They are shown in Figures 3 and 4.

Figure 3. Simple connected graphs of 6 edges

We see that there are six simple connected graphs G1
6,1, G2

6,1, G3
6,1, G4

6,1. G5
6,1, G6

6,1 with g = 6

and g − p + r = 1. Their characteristic polynomials are

ψ1
6,1(z) = −32z5 + 32z3 − 6z, ψ2

6,1(z) = −48z5 + 52z2 − 11z + 2,

ψ3
6,1(z) = −48z5 + 48z3 − 4z, ψ4

6,1(z) = −48z5 + 48z3 + 8z2 − 9z − 2,

ψ5
6,1(z) = −48z5 + 60z3 + 8z2 − 9z, ψ6

6,1(z) = −64z5 + 64z3 + 16z2 − 12z − 4.

We see that there are no polynomials with the same set of zeros among these.

There are 12 graphs, G1
6,2, G2

6,2, G3
6,2, G4

6,2, G5
6,2, G6

6,2, G7
6,2, G8

6,2, G9
6,2, G10

6,2, G11
6,2, G12

6,2 with g = 6

and g − p + r = 2. The corresponding polynomials are

ψ1
6,2(z) = 24z4 − 16z2 + 1, ψ2

6,2(z) = 24z5 − 14z2 + 1,

ψ3
6,2(z) = 24z4 − 12z2, ψ4

6,2(z) = 32z4 − 24z2,

ψ5
6,2(z) = 36z4 − 25z2, ψ6

6,2(z) = 36z4 − 24z2,



Non-existence of co-spectral simple connected graphs with small number of edges 105

Figure 4. Simple connected graphs of 6 edges

ψ7
6,2(z) = 36z4 − 22z2 − 4z + 1, ψ8

6,2(z) = 36z5 − 25z2 − 6z + 1,

ψ9
6,2(z) = 32z4 − 20z2 − 4z + 1, ψ10

6,2(z) = 48z− − 32z2 − 8z,

ψ11
6,2(z) = 54z4 − 36z2 − 10z, ψ12

6,2(z) = 81z4 − 54z2 − 24z − 3.

We see that the sets of zeros of these polynomials are different.

There are seven graphs with g = 6 and g − p + r = 3 (see Figure 4). The corresponding

polynomials are

ψ1
6,3(z) = −16z3 + 6z, ψ2

6,3(z) = −16z3 + 4z,

ψ3
6,3(z) = −18z3 + 5z, ψ4

6,3(z) = −18z3 + 6z,

ψ6
6,3(z) = −20z3 + 9z + 2, ψ7

6,3(z) = −24z3 + 9z + 2,

ψ8
6,3(z) = −27z3 + 9z + 2.

They have different sets of zeros.

Two graphs of g = 6 and g − p + r = 4 are shown in Figure 4. Their polynomials

ψ1
6,4(z) = 10z2 − 1 and ψ2

6,4(z) = 12z2 − 1 have different sets of zeros.

Thus, we conclude that there are no co-spectral graphs of 6 or less edges.

Now we consider graphs with g = 7. We look for co-spectral among simple connected

graphs. The graph C7 (the cycle of seven vertices) has g = 7 and g − p + r = 0. There are no

other simple connected graphs with such parameters and consequently C7 has no co-spectral

partner.

Now let q = 7 and g − p + r = 1. There are 8 simple connected graphs with g = 7

and g − p + r = 1. These graphs are shown in Figure 5. The corresponding characteristic

polynomials are:

ψ1
7,1(z) = 64z6 − 80z4 + 24z2 − 1, ψ(z)2

7,1 = 96z6 − 120z4 − 16z3 + 36z2 + 8z − 1,

ψ(z)3
7,1 = 96z6 − 120z4 + 28z2, ψ(z)4

7,1 = 96z6 − 112z4 + 30z2 − 2,

ψ(z)5
7,1 = 96z6 − 120z4 + 34z2 − 4z − 1, ψ(z)6

7,1 = 144z6 − 168z4 + 48z2 − 4,

ψ(z)7
7,1 = 144z6 − 168z4 + 49z2 − 4, ψ(z)8

7,1 = 128z6 − 160z4 − 16z3 + 40z2 + 8z.

We see that there are no polynomials with the same set of zeros among them.
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Figure 5. Simple connected graphs with g = 7 and g − p + r = 1

Figure 6. Simple connected graphs with g = 7 and g − p + r = 2
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Let q = 7 and g − p + r = 2. There are 27 simple connected graphs corresponding to g = 7

and g − p + r = 2. These graphs are shown in Figure 6. The corresponding characteristic

polynomials are

ψ1
7,2(z) = −48z5 + 44z3 − 7z, ψ2

7,2(z) = −48z5 + 40z3 − 6z,

ψ3
7,2(z) = −48z5 + 40z3 − 7z, ψ4

7,2(z) = −48z5 + 36z3 − 4z,

ψ(z)5
7,2 = −64z5 + 56z3 + 8z2 − 10z − 2, ψ(z)6

7,2 = −64z5 + 48z3 + 8z2 − 4z,

ψ(z)7
7,2 = −72z5 + 66z3 + 12z2 − 10z − 2, ψ(z)8

7,2 = −72z5 + 62z3 + 12z2 − 9z − 2,

ψ(z)9
7,2 = −72z5 + 62z3 + 8z2 − 10z − 2, ψ(z)10

7,2 = −72z5 + 56z3 + 8z2 − 6z,

ψ(z)11
7,2 = −64z5 + 56z3 − 4z, ψ(z)12

7,2 = −72z5 + 68z3 − 4z,

ψ(z)13
7,2 = −72z5 + 60z3 − 4z, ψ(z)14

7,2 = −72z5 + 60z3 − 5z,

ψ(z)15
7,2 = −64z5 + 64z3 − 12z + 2, ψ(z)16

7,2 = −72z5 + 66z3 − 12z + 2,

ψ(z)17
7,2 = −72z5 + 68z3 − 12z + 2, ψ(z)18

7,2 = −108z5 + 90z3 + 2z2 − 8z − 2,

ψ(z)19
7,2 = −98z5 + 76z3 + 16z2 − 4z, ψ(z)20

7,2 = −96z5 + 84z3 + 20z2 − 13z − 4,

ψ(z)21
7,2 = −80z5 + 72z3 + 16z2 − 13z − 4, ψ(z)22

7,2 = −108z5 + 994z3 + 8z2 − 10z,

ψ(z)23
7,2 = −96z5 + 88z3 + 8z2 − 11z, ψ(z)24

7,2 = −108z5 + 96z3 + 12z2 − 11z,

ψ(z)25
7,2 = −98z5 + 176z3 + 16z2 − 4z, ψ(z)26

7,2 = −128z5 + 104z3 + 24z2,

ψ(z)27
7,2 = −16z5 + 144z3 + 24z2 − 6z.

We see that there are no plynomials with the same set of zeros among them.

We have 21 graphs corresponding to g = 7 and g − p + r = 3. These graphs are shown in

Figure 7. The corresponding characteristic polynomials are

ψ(z)1
7,3 = 32z4 − 20z2 + 1, φ(z)2

7,3 = 36z4 − 19z2 + 1,

ψ(z)3
7,3 = 36z4 − 18z2 + 1, ψ(z)4

7,3 = 36z4 − 21z2 + 1,

ψ(z)5
7,3 = 36z4 − 16z2 + 1, ψ(z)6

7,3 = 36z4 − 12z2,

ψ(z)7
7,3 = 36z4 − 16z2, ψ(z)8

7,3 = 36z4 − 12z2 + 1,

ψ(z)9
7,3 = 40z4 − 22z2 − 4z + 1, ψ(z)10

7,3 = 48z4 − 26z2 − 4z + 1,

ψ(z)11
7,3 = 54z4 − 27z2 − 4z + 1, ψ(z)12

7,3 = 48z4 − 24z2 − 4z + 1,

ψ(z)13
7,3 = 48z4 − 30z2, ψ(z)14

7,3 = 48z4 − 28z2,

ψ(z)15
7,3 = 54z4 − 30z2, ψ(z)16

7,3 = 40z4 − 28z2,

ψ(z)17
7,3 = 72z4 − 41z2 − 10z, ψ(z)18

7,3 = 64z4 − 36z2 − 8z,

ψ(z)19
7,3 = 81z4 − 76z2 − 12z, ψ(z)20

7,3 = 108z4 − 63z2 − 26z − 3,

ψ(z)21
7,3 = 48z4 − 32z2 − 8z + 1.

We see that there are no polynomials with the same set of zeros among them.



108 Boyko O., Kaliuzhnyi-Verbovetskyi D., Pivovarchik V.

Figure 7. Simple connected graphs with g = 7 and g − p + r = 3

Figure 8. Simple connected graphs with g = 7 and g − p + r = 4
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We have 10 graphs corresponding to g − p + r = 4, g = 7. These graphs are shown in

Figure 8. The corresponding characteristic polynomials are

ψ(z)1
7,4 = −20z3 + 7z, ψ(z)2

7,4 = −24z3 + 6z,

ψ(z)3
7,4 = −24z3 + 7z, ψ(z)4

7,4 = −27z3 + 6z,

ψ(z)5
7,4 = −24z3 + 5, ψ(z)6

7,4 = −20z3 + 4z,

ψ(z)7
7,4 = −24z3 + 10z + 2, ψ(z)8

7,4 = −32z3 + 10z + 2,

ψ(z)9
7,4 = −36z3 + 10z + 2, ψ(z)10

7,4 = −30z3 + 10z + 2.

We see that there are no polynomials with the same set of zeros among them.

There are four graphs with g = 7 and g − p + r = 5 or g − p + r = 6. They are shown in

Figure 9.

Figure 9. Simple connected graphs with g = 7 and g − p + r = 5 and g − p + r = 6

The corresponding polynomials are

ψ1
7,5 = 16z2 − 1, ψ2

7,5 = 12z2 − 1, ψ3
7,5 = 15z2 − 1, φ1

7,6 = −7z.

We see that the sets of zeros are different.
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Показано, що спектр задачi Штурма-Лiувiлля на зв’язному простому рiвносторонньому

графi з умовами Дiрiхле у висячих вершинах пов’язаний зi спектром дискретного лапласiана

вiдповiдного комбiнаторного графа. Це дає змогу порiвнювати спектри дискретних лапласiа-

нiв з метою знаходження коспектральних комбiнаторних графiв i, зрештою, коспектральних

квантових графiв. Використовуючи цей метод, ми доводимо, що не iснує коспектральних (у

нашому розумiннi) графiв iз кiлькiстю ребер, меншою або рiвною 7. Отже, у цьому випадку

обернена задача вiдновлення форми квантового графа має єдиний розв’язок.

Ключовi слова i фрази: граф, ребро, вершина, власне значення, потенцiал, матриця сумi-

жностi, характеристична функцiя.


