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On the maximal term of series in systems of functions in a disk

Sheremeta M.M.!, Dobushovskyy M.S.2

For an entire transcendental function f and for a sequence (A,) of positive numbers increasing
to +oo, a series A(z) = Y51 anf (A4z) is said to be regularly convergent in {z : |z| < R[A] < +oo},
if M(r, A) = L5y an|Mg(rAn) < +oo forall r € [0, R[A]), where R[A] is the radius of a regular
convergence of A(z) and My(r) = max{[f(z)|: |z| = r}.

We have found conditions on (A,) and f, under which In(r, A) ~ In u(r, A) asr — R[A],
where p(r, A) = max{[an|Mf(rAy) : n > 1} is the maximal term of the series.

At the end of the paper, an unresolved problem is stated.
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term.

! Ivan Franko Lviv National University, 1 Universytetska str., 79000, Lviv, Ukraine
2 Carpathian Branch of Subbotin Institute of Geophysics, 3b Naukova str., 79060, Lviv, Ukraine
E-mail: m.m.sheremeta@gmail.com (Sheremeta M.M.), mdobush19@gmail.com (Dobushovskyy M.S.)

Introduction

For an entire function ¢(z) = Y5, ¢xz", let My(r) = max{|p(z)| : |z| = r} and let
pg(r) = max{|¢x|r* : k > 0} be the maximal term. It is known (see, for example, [1, p. 31])
that if ¢ has a finite order of growth, then In My(r) ~ In py(r) asr — +oo.

A direct generalization of the power expansion of an entire function is the Dirichlet se-
ries F(s) = Y.1o, ¢k exp{sA}, which is absolutely convergent for all s = ¢ + it € C, where
0 < Ag T +oo. For such a function, we put Mp(c) = sup{|F(s)| : |t| < +oo} and
urp(o) = max{|gg|exp{cAr} : k > 0}. Then In Mp(c) ~ In u(c) as ¢ — oo (see [2]),
provided |@x| < exp{—Ax(h(Ax)} for k > ko and In k = O(h(Ay)) as k — oo, where h is a
positive continuous function on [0, +0c0) increasing to +oc. In [3,4], the conditions were stud-
ied under which ¥(In Mp(c)) ~ ¢(In u(c)) as ¢ — +oco, where ¢ is a positive continuous
function on [0, +00) increasing to +oo.

The condition |¢x| < exp{—Ax(h(Ax)} for k > ko in the case of entire Dirichlet series
is actually a condition for the growth of the maximal term from above. On the other hand,
In 0 = O(In pp(c)) as ¢ — +oo. If the Dirichlet series has a zero abscissa of absolute conver-
gence, then the maximal term can be bounded and in order that yr(c) — 4o as o 10, itis
necessary and sufficient that ]{11_>Trc>1o |@x| = +00. The same situation occurs for analytic functions

in the unit disk. This indicates that in addition to restrictions on the growth of the function F

(or ¢) from above, restrictions from below are required. For example, in [5] it is proven that if an

—In"InM
analytic in the disk {z : |z| < 1} function ¢ has a finite order, i.e. ¢ = lim In" In My(r)

1 —In(l—r) < e
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In*t M

and A = lim ni(p(r)
=i —7)

from the following proposition.

= 400, then In My(r) ~ In py(r) asr 1 1. This statement is derived

Proposition 1 ([5]). Let the function F is represented as a Dirichlet series with a zero abscissa

of absolute convergence and the functions ® and L are positive, continuous and increasing
L(Ax)

to +oo on [0, 4+00) and lim —~~* = c(A) < +oo foreach A € (0, +o0). If
x—+oo L(x)
— In Mp(0) . In Mg(0) — @ () In n(t)
im——————2— < 400, im ———— = 400, Iim —————= < 400,
ot0 |o|®(1/]o]) oto |o|L(1/]a]) toteo L(OTH(H))

then In Mp(c) ~ In up(c) aso 1 0.

Using modifications of the Wiman-Valiron method, in a number of works (see, for example,
[6-9]) the equivalence of the logarithms of the maximum modulus and the maximum term
outside some exceptional sets has been studied.

Now, let o
fle) = Y firt (1)
be an entire transcendental function and )
AG) = L auf (a2 ®
n—

be a series with respect to the system f(A,z), where A = (A,) is a sequence of positive num-
bers increasing to +oo. Let R[A] be the radius of a regular convergence of series (2), i.e.

M(r, A) = Y an My (rA) < oo ®
n=1
holds for r < R[A] and does not hold for r > R[A]. If (2) holds for all r > 0, then we put
R[A] = +4o0. Denote
dIn Mf(?’)
T = =7

dln M¢(r)

Note that in points, where the derivative does not exist, under we mean right-hand

derivative. Since the function In M((r) is logarithmically convex, we have I's(r)  +o0 as
v — +o0o.

Let u(r,A) = max{|ay|M¢(rAy) : n > 1} be the maximal term of series (3) and let
v(r,A) = max{n > 1: |ay|M¢(rA,) = u(r, A)} be its central index.

It is known (see [10]) that if T'¢(cr) =< T¢(r) as r — +oo for each ¢ € (0, +o0) and
Inn = o(If(An)) asn — oo, then

11
RlAl= go Aan <’”n‘>'

If R(A) = +oo, then let 1 be a positive continuous function on [0, +0) increasing to +oco
and Sy (f, A) be a class of functions (2) such that |a,|M¢(Anh(An)) — 0asn — +oo. By E we
denote a class of entire functions (1) such that r = O(In M¢(r)) and In M (r) = O(T's(r)) as
r — +oo. Then for f € E we have In M¢(r)) = o(In M(r, A)) as r — +oo (see [11]).

In [11], the following theorem is proved.
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Proposition 2 ([11]). If R = +o0 and In n = O(h(A,)) asn — oo, then InM(r, A) ~ In pu(r, A)
asr — oo for every function A € Sy(f,A) and every f € E.

Let us note, that condition Inn = O(h(A,)) as n — oo from Proposition 2 cannot be
weakened.
In the current paper, we will consider the case when 0 < R[A] < +o0.

Main results

It is clear that u(r, A) < M(r, A). On the other hand, if R[A] < +o0o, then the function
u(r, A) can be bounded on [0, R[A]), therefore the following statement holds.

Proposition 3. In order that ji(r, A) — +o0 asr — R[A], it is necessary and sufficient that

nh_r>210|an|Mf(R[A])\n) = +o0.
Proof. Ifr}i_>—n;o |lan|Mf(R[A]A,) < +oo, then there exists K < +oo such that |a,|M¢(R[A]A,) <
for all n > 1 and, therefore, |a,|Mf(rA,) < Kforalln > 1and r € [0, R[A]), i.e. u(r, A) <
forall r € [0, R[A]).
On the contrary, if u(r, A) < Kforall r € [0, R[A]), then |a,|M((rA,) < K foralln > 1 and
r € [0, R[A]). Fixing n and letting r — R[A], we obtain |a,|M¢(R[A]A,) < K. O

K
K

In what follows, we will assume that the condition @ |an| Mg (R[AJAy) = +o0 is satisfied.
n—oo

Moreover, let us assume that for all ¥ € [0, R[A]) we have

where functions ¥ and & are positive continuous and increasing to +oo on [1/(R[A], +c0).
Then the following theorem is true.

Theorem 1. Suppose that the function ®~! is slowly increasing and for some 1 > 1 we have

X (x) = o<rf<<R[A] - ﬁ)x)) X = foo, 5)

_ 1\,
In ne(x) = o (mm{rf«mgl(;”")) ) ‘I’(CD_l(x))}>, X = oo, (©)

and

where n.(t) = Y 1 is the counting function of the sequence (), ). Then
An<t

In M(r, A) ~In u(r,A) as r1 R[A].

Proof. From (4) it follows that In |a,| < ®(1/(R[A] — 7)) —In M{(rA,) for all r and n. Choos-
ing r = r, = R[A] —1/®71(A,), we get In [a,| < Ay —In M¢((R[A] — 1/D 1 (An))An),
whence for all n we have

|‘1n| <

. )
My ((RIA] = i) A0)
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Let no(r) = min{n : A, > ®(/(R[A] —r))}. Then (7) implies
no(r)—1

M(r,A) < Z |an | Mg (rAn) + i |an | Mg (rAy)

=1 n=ng(r)
i eAan(r/\n)
n=no(r) My <<R[A] N q”1;()\:1)) An) |

Since r < R[A] —11/®1(A,) for n > ng(r), we have

(8)
< no(r)p(r, A) +

e <o = (s (28~ i) )

M ((R[A] - %) A”) >}
|

(R[A]71/®71()\n))‘n)
:exp{—/ [p(x)dIn x
(R[A]*U/‘bil()\n))‘n)

com{ (10 o)

= exp {—Ff <<R[A] - @-117()»”)) A”) (1R[A]q>_1()‘")

as n — oo. In view of (5), we get

My (rAn)el (o) — 1) s (RIA] = gty ) M)
My ((RIA] = iy ) M) Se"p{ R[A] ®T(1,) “”} o
e - Tr (R - g ) )
o { R[A] > 1(\y) }

as n — oo. From (6) it follows that

= (e I

and, thus, from (8) and (9) we obtain the inequality 9M(r, A) < ng(r)u(r, A) + const, whence
In M(r, A) <In pu(r,A) +In no(r) +o(1) asr T R[A].

On the other hand, the equality ng(r) = min{n : A, > ®(5/(R[A] —r))} implies the
inequality no(r) < n.(®(y/(R[A] —r)) and, thus, in view of (6), we obtain

= Inmo(r) o Inne(@(y/(R[A] — 1))

Ui
AR 0 p(r, A) = ARy ¥ (L (RIA] — 1)
_ g nne(@/(R[A] = 1) = In (@) _
nrla] Y(n/(R[A] —1)) xoteo ¥(x) '

ie.In M(r, A) ~1In pu(r, A) asr 1 R[A]. Theorem 1 is proved. O
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An estimate of M(r, A) by u(r, A) can be obtained using a slightly different method. First,
we prove the following statement.

Proposition 4. Let y be a positive continuous function on [0, +o0) increasing to [+c0) and
z) = Z any(An)f(Anz).

If T¢(cr) < T¢(r) asr — +oo for each ¢ € (0, +o0), In y(x) = o(T(x)) as x — +oco and
@ Inn/vy(Ay) < 1, then
n—oo

M(r,A) =O(u(r,Ay) as r— +oo.

Proof. Since T'¢(cr) < T'¢(r) asr — +o0, we have

lim 1 M;l <L> = R[A] >0,

n—oo An ‘an’

ie M1

1
f <W> > RpAy for every Ry € (0, R[A]) and all sufficiently large n. Therefore,
n

1 S Mg (RaAn)
an|y(An) = v(An)

Let 0 < Ry < Ry. Then

RZ)\n
In My (RoAn) —In Mp(RiA,) = /RW Tf(x)dIn x > T¢(RiAy) In (R2/Ry)
and, thus, .
ey (An) = M¢(RiAn) exp{T s(RiA,) In (Rp/Ry) —In y(A)}

Since In y(x) = o(T'f(x)) as x — +oo, we have In y(Ay) = o(Tf(RiAy)) as n — oo and
[¢(RiAn)In (Ry/Ry) —In y(Ay) > h > 0 for all n enough large. Therefore,

1
M_1<7>>M_1M RiAn)e) ~ Ry, n — oo,
f ’an")/()\n) = Vi ( f( 1 ) ) 1

because the function M;l is slowly increasing, it follows that R[A,] > R;. Since y(A,) > 1,
we have R[A,] < R[A]. Therefore, in view of the arbitrariness of Ry we get R[A,] = R[A].
We remark also that the condition @ Inn/vy(Ay) < 1implies Inn < by(A,) for some
n—oo

b < 1and all n > ng. Therefore,
< i |an |y (An) My
n=1 ')'(Aﬂ)

ax {|an|v( An) Mg (rAy)

(rAn)

nlly

no 1
< y(r,A7)< ) ) + Z exp{—(In n)/b})

n=nop

= Ku(r, A,), K = const.
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Using Proposition 4, let us prove the following theorem.

Theorem 2. Let the conditions of Proposition 4 hold. If T'¢(r) > hr for some h > 0 and all
r > 0, condition (4) holds withIn u(r, A, ) instead of In u(r, A) and

In y(2x®(2x)/h) = o(¥(x)), x — +oo, (10)

then
In M(r, A) ~In u(r,A) as r1 R[A].

Proof. Let v(r,A) = max{n > 1: |a,|Ms(rAy) = u(r, A)} is the central index of series (1).

Then the function v(r, A) is increasing [12] and

rTe(tA
lnP‘(T,A)—lny(OIA):/ M

; dt, 0<ry<r< +oo.
0

Since I'¢(r) > hr, it was obtained that

R[A] +7r (R[A]+7)/2 RIA] — 7
In U (%, A,y> Z h/r Av(t,Ay) dt 2 hAv(r,Ay)%/

ie.
2 R[A] +r
o < = (F 2 )

On the other hand, we have

In “Ll(?’, A’Y) =1In (W(Av(r,Ay))‘av(r,Av)’Mf(r)\v(r,Av)) <In y(r, A) +1In ’Y()\v(r,Av))/

i.e.
1 A
In u(r, A) > In u(r, Ay) (1 B %>
R[A]+ -
ln“Y(Wan( [2] r,Av)>
> In ,‘l/l(f’/ A'y) 1-— In y(r A,y) .

In view of (4) with In p(r, A, ) instead of In y(r, A) and (10) we obtain

In 7 (e 0 # (9 40)) 0 (i (k)

In u(r, A,) - ¥ (ﬁ)
- In 7 <2x<1>h(2x)) i
¥
as x = m — 400,

Therefore, In p(r, A) > (1+0(1))In pu(r, A,) asr T R[A] and by Proposition 4 we get
In pu(r,A) <InM(r,A) <Inu(r,Ay) +In K< (1+0(1))In u(r,A), r1 R[A]

Thus, In M(r, A) ~ In pu(r, A) as r T R[A]. Theorem 2 is proved. O
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Remark 1. In both Theorem 1 and Theorem 2, the conditions under which In 9M(r, A) ~
In u(r,A) asr T R[A] appeared as a result of the methods used. Apparently they can be
weakened. For example, in the proof of Theorem 1, to estimate the coefficients, use the in-
equality

In |a,| < min{®(1/(R[A] — r)) — In M(rA,) : r € [0, R[A]}.

This minimum is achieved at the pointr = r,, which is a solution to the very difficult equation

@' (1/(R[A] = 1) (R[A] = )72 =T¢(rAn)/r,

and it is not clear what to do next.

There is another option. Instead of (4) we impose a condition

In¥(r) <In u(r, A) <In ®(r),

where the function In ®(r) is convex on [0, R[A]).

Then min{ln ®(r) —In Mf(rA,) : r € [0, R[A]} is achieved at the point r = ry, which is a

solution to the equation T'¢(r) = ['¢(rA,). Considering the function w(r) = Tf_l(Tq>(r))/r to

be increasing, we obtain r, = w~'(A,) and, thus,

In |a,| <In ®(w 1 (A)) — Apw 1 (Ay).

Perhaps, we will get the desired result in this direction.
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AAsI IiAOL TpaHCIEHAEHTHOI (pyHKIIT f i 3pocTarouoi A0 +00 MOCAIAOBHOCTI (An) AOAATHMX um-
cea psia A(z) = Yoo 1 anf(Auz) 3a cucreMoro f(A,z) Ha3MBAIOTH PEIYASPHO 36DKHMM Y MHOXVHI
{z ¢ |z| < R[A]}, scamo M(r, A) = Y571 [an|Mf(rAy) < +oo anstscix r € [0, R[A]), ae R[A] —ue
paaiyc peryasipHoi 36ixHOCTi psiay A(z) i Mf(r) = max{|f(z)|: |z| =r}.

3HallA€HO YMOBM Ha IOCAIAOBHICTD (A,) Ta dpyHkuio f, 3a sikux InM(r, A) ~ In u(r, A) npn
r — R[A], ae u(r, A) = max{|an|Mf(rAy) : n > 1} — MaKcuMaAbHMIL UAEH PSIAY.

Hanpukinti cTarTi copMyABOBaHO HEPO3B sI3aHy IPOOAEMY.

Kontouosi cnosa i ¢ppasu: psip 3a cUCTEMOIO (PYHKIIN, PeTYASPHO 301KHMIA PsiA, MaKCMMaABHMI
YAeH.



