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Some paranormed sequence spaces derived from generalized
divisor sum function

Yaying T.!, Dixit M.M.2

We explore the properties of the paranormed sequence spaces ¢ (p, 2%), c(p, 2*), and Leo(p, 2%),
which are generated by an infinite matrix 2* involving a generalized divisor sum function ¢® to

classical Maddox spaces co(p), c(p), and £« (p), respectively. The matrix 2% = (dy, ,) is defined such
o
that dﬁz,r = #) if r is a divisor of m, and 0, otherwise. Our analysis includes the determina-
@) (m

tion of the Schauder basis and the computation of dual spaces («-, 8-, and y-duals) for these newly
defined paranormed spaces. Additionally, we characterize matrix transformations from (e (p, 2%)
into several known sequence spaces, and present related matrix characterizations as direct conse-
quences.
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1 Introduction and preliminaries

Throughout the paper R and Z " denote the set of all real numbers and the set of all positive
integers, respectively. We define w as the vector space of all real-valued sequences, represented
by s = (sm), where s, € R for all m € Z*. The operations of component-wise addition and
scalar multiplication, defined by

(sm) + (tm) = (Sm + tm),
a(sm) = (asm), a€R,

respectively, endow w with a linear structure over IR. The subspaces of w are called sequence
spaces. Familiar examples include £, (the space of absolutely p-summable sequences for
0 < p < ), s (the space of bounded sequences), c (the space of convergent sequences),
and cg (the space of null sequences).
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Definition 1.1. Let E be a subspace of w, and g : E — C be a function. The pair (E, g) defines
a paranormed sequence space if, for all s,t € E and a € C, the following properties hold:

(cl) g(s) > 0,and g(s) = 0if and only if s is the zero element of 5;
(c2) g(—s) = g(s);
(c3) (s +1) < g(s) +g(t);

(c4) if (ay) € w and (s;;) € E are such that a,, — a and g(s, —s) — 0as m — oo, then
g(amsm —as) — 0as m — oo.

The function g is then known as a paranorm on E.

Let us consider a bounded sequence p = (pm) of positive real numbers satisfying
0 < pm < suppm = P < 1, with M = max{1,P}. Let g, be the conjugate exponent of
pm, defined by p,,! + (q,)~! = 1, assuming 1 < py, for all m € Z*. Examples of classi-
cal paranormed sequence spaces include ¢y(p), ¢(g), and ¢« (p), often referred to as Maddox
spaces.

The concept of paranormed sequence spaces cy(p), c(p), and f«(p) was introduced by
LJ. Maddox [24] and independently explored by S. Simons [33]. These spaces are given by:

co(p) = {s = (sm) € w: lim [s,|"" = 0},

m—oo

c(p) = {S = (m) € w: lim [s,, —I|P" =0 forsome [ € IR},

m—oo

leo(p) = {s = (sm) Ew: sup |su|/™ < oo}.

meZ+

Under the operations of coordinate-wise addition and scalar multiplication, co(p), ¢(p), and
ls(p) form linear spaces.
Define the function g; on the spaces co(p), ¢(p), and o (p) by

g1(s) = sup [s|"/™M.
meZ*

LJ. Maddox [25] demonstrated that if p € /o, then co(p) and c(p) are complete paranormed
spaces with g7 as their paranorm. Additionally, the inclusion co(p) C co(g) is valid if and only
if liminfq,,/pm > 0, as shown in [24]. Furthermore, /s (p) becomes a complete paranormed
space with respect to g; if and only if inf p,, > 0.

For a sequence s = (s;;) € E and an infinite matrix &{ = (i, ), the sequence

t = LlS - <Z um,r5r>
r=0

meZ*

is defined as the Y-transform of s. The domain of the matrix  in the sequence space &, de-
noted Ey, is the set of all sequences s such that their I-transforms belong to E. Equivalently,
Ey={scw:Us€E}.

Furthermore, given two sequence spaces E and IT, the notation (E, IT) represents the set of
matrices U = (u,,) that map sequences from E into IT,i. e. Us € IT for all s € E.
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Paranormed sequence spaces generated by matrix transformations in £(p), co(p), c(p), and
ls(p) have been widely studied. Z.U. Ahmad and M. Mursaleen [1], for example, employed
the forward difference matrix A to create the sequence spaces Z(A,p) = {s € w: As € E(p)},
where E is one of the space /, ¢, or cy.

B. Altay and F. Bagsar [2, 3] contributed Riesz sequence spaces 1" (p), rj(p), r¢(p), and
% (p), which are the matrix domains of R" in ¢(p), co(p), c¢(p), and £« (p), respectively. Equiv-
alently,

r(p) = ((p))re, 1o(p) = (co(p))rr,  1e(p) = (c(p))rn, and  r5(p) = (foo(p))rr-

E.E. Kara et al. [21] furthered this line of research by introducing paranormed Euler
sequence space ¢, = ({(p))gn. Moreover, B. Altay and F. Bagsar [4, 5] investigated the
paranormed sequence spaces {(u,v;p), co(u,v;p), c(u,v;p), and e(u,v; p), which are the
domains of the weighted mean matrix W(u, v) in £(p), co(p), c(p), and 4o (p). M. Yesilkayagil

and F. Basar [37,38] conducted studies on the paranormed sequence spaces

E(N" p) = (E(p)Nn, B e {lw,c,00,Lp},

providing detailed analyses of their properties (see also [34]). C. Aydin and F. Basar [6, 7]
extended this research by introducing and investigating the spaces c¢(A",p) = (c(p))an,
co(A",p) = (co(p))an, and €(A",p) = (€(p))an. Furthermore, E.E. Kara and S. Demiriz
[20] examined paranormed sequence spaces /o« (F, p), c(E, p), co(F, p), and £(F, p) using the
Fibonacci difference matrix £. More recently, S. Erdem et al. [13] introduced and studied
properties of paranormed Motzkin sequence spaces ¢(9, p) and co(9M, p) derived from the
Motzkin matrix 9. Additionally, M.C. Dagli and T. Yaying [11] explored paranormed sequence
spaces ¢« (%, p), c(%,p), co(%, p), and £(%, p) using a regular tribonacci matrix . Moreover,
M.C. Dagli [10] studied paranormed sequence spaces derived from the Catalan-Motzkin ma-
trix, and studied their algebraical and topological properties. We also recommend the pa-
pers [26,27,30-32] for deeper understanding about mixed paranormed spaces and other im-
portant spaces with intriguing natures. These studies have collectively advanced our under-
standing of paranormed sequence spaces.

1.1 The spaces f and fy

This subsection provides a concise overview of almost convergence, a generalization of the
standard concept of convergence. S. Banach [8] demonstrated the existence of a linear func-
tional ¢ on the space /. of bounded sequences, satisfying the following properties for all
s,t € f and scalars a, b:

(i) @(as+bt) =aq(s) +be(t);
(ii) s, > 0implies ¢((sm)5_y) > 0forallm € Z+;
(i) @((sm+k)m—o) = @((5m)j—o) forallk € Z*;

(iv) ¢(e) =1, wheree = (1,1,...,1,...).
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G.G. Lorentz [23] defined a Banach limit as any functional on /« satisfying the properties
outlined in conditions (i)—(iv). A sequence s = (s;;) € /o is said to be almost convergent to
a generalized limit /, denoted f-lims,, = [, if all Banach limits of s are equal to I. The shift
operator O on w is defined by Oy, (s) = s,,41 for every m € Z*, and O" represents the r-fold
composition of O. For a sequence s = (s;,), let

1 k
wen(s) = ——=Y_Oj(s), kmezZ".
r=0

G.G. Lorentz [23] showed that f-lims,, = [ if and only if limy_,c t4,(s) = [ uniformly in m.
Based on this, we define the almost null convergent space fp and the almost convergent space

f as:

. 1 ¢ . .
fo= {s = (Sm) € loo : rlgglo P mX::Osker = 0 uniformly in k} ,

r

f= {s = (Sm) € oo : Ja € C such that lim L Y Skim = a uniformly in k} .

r—oor+1 =0

Building upon the work of M. Mursaleen [28], we can summarize the following properties
of the almost convergent space f.

(i) Ordinary convergence implies almost convergence to the same limit, but the converse
does not always hold.

(ii) The space f is a closed subspace of the non-separable space (Yo, || - ||c0)-
(iii) f is a BK-space under the norm || - ||c.

(iv) f is nowhere dense in (.

(v) Almost convergence is not equivalent to any matrix method.

(vi) From the inclusions ¢ C f C /e, we deduce ¢; = ¢4 C f* C ¢* = ¢1, which implies
fA =4ty for A € {a,B,7}.

1.2 Motivation of the study
The Euler totient matrix ® = (¢, ), defined by

r .
Pmr = %’ 1fr]m,
0, ifrim,

for m,r € Z*, was introduced by M. Ilkhan and E.E. Kara [16]. They proceeded to study
the sequence spaces loo(P) = (foo)p and £,(P) = (£,)a (see also [15]). S. Demiriz et al. [12]
examined the space ¢® = fp. M. Ilkhan et al. [18] defined the matrix Y! = (Vy,,r) as

{ %, ifr | m,

0, ifrim,

t _
Uiy =
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for m,r € Z*, and constructed the space ¢,(Y') = (¢,)y:. Furthermore, M. Ilkhan et al. [17]
explored the compactness properties of the sequence spaces £, (Y') = (£,)yt, co(Y') = (co)yt,
and loo(Y!) = (Lo )y:. V.A. Khan and U. Tuba [22] investigated paranormed sequence spaces
(Y, q) = (U(g9))y and leo(Y!,9) = (Lss(q))yt, and introduced paranormed ideal sequence
spaces ch(Y!,q), c'(Y!,q), and £, (Y!, q).

T. Yaying and N. Saikia [35] recently introduced an infinite matrix 2 = (d;,,), defined
using the arithmetic divisor sum function o(m) as

LTS | m
dm,r = U(m)’ ’
0, ifrfm.

Using this matrix 2, they defined the sequence spaces {«(2), ¢(Z), co(Z), and £,(2) as

—

B(2)={ucw:Zsc B}, Eec{locrcolp}t, 0<p<oo.

Their investigation included the construction of Schauder bases and the determination of dual
spaces for these newly defined spaces. Additionally, they explored matrix characterizations
and compactness properties.

Extending the investigations from [35], T. Yaying et al. [36] defined new sequence spaces
E(2%) ={s€w: 2% c B}, where & € {{;,cp,¢, e} and 0 < p < c0. The matrix 2* = (dy, ,)
is defined using a generalized arithmetic function ¢*) (m) as

r® ,

0, ifr | m.
They demonstrated the regularity of 2. It is observed that E(2*) reduces to E(Z) when
« = 1. The study included the determination of Schauder bases and dual spaces, besides
characterizing matrix classes related to the spaces £,(2"), co(2*), c(2*), and Lo (2*). Finally,
compactness of certain matrix operator was investigated by using Hausdorff measure of non-
compactness on these spaces.

This current study extends the concept of normed arithmetic sequence spaces Z(2%) to the
more general paranormed arithmetic sequence spaces &(p, 2*), where p = (pw) is a bounded
sequence of positive real numbers and & € {/lw,c,co}. We aim to define the paranormed
space E(p, 2%) as the matrix domain of 2* within the classical paranormed space &(p). Our
goals include determining Schauder bases and dual spaces for the newly defined space. Ad-
ditionally, we will prove characterization theorems for the matrix class ({«(p, 2%),I1), with
IT € {{, f, fo,c, co}, and derive related matrix transformation characterizations as corollaries.

2 Paranormed arithmetic sequence space Z(p, 2*), & € {f€w, ¢, o}

The paranormed sequence spaces {« (p, 2%), c(p, 2%), and co(p, 2*) are defined as follows:

« Pm
loo(p, 2) = {s = (Sm) € w: sup #sr < oo},
meZ+ r‘mo- (m)
o Pm
,P%) =135 = (spy) €Ew: li ——s5,| =1If leRy,
c(p, 2%) {s (sm) € w Jim rzmcf(“)(m)s or some }

Pm
_ o}.

1m— 00

rlX
c(p,@”‘)::{s:(s )szlim‘ ———s
0 m éo’(“)(m) r
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We define the 2*-transform of a sequence s = (s,) € w as t = (t,,), where

= (P =Y~

r|m el (m) i @

for every m € Z™. This transform allows us to construct new sequence spaces:

loo(p, 2%) = {s= (5m) Ew:t = D" € lo(p)},
c(p, 2% :={s=(sm) ew:t=9% cc(p)},
Ni={s=(sm) ew:t=P" cco(p)}.

These spaces are equivalently expressed as (¢ (p)) 2x, (¢(p))g=, and (co(p)) o=, respectively. In
the case where p is the constant sequence e, these spaces reduce to {e(2%), c(2*), and co(2"),
previously studied by T. Yaying et al. [36].

Based on the definition of the Z*-transform in (1), its inverse, 2~ *-transform, is given by

()
(=)
—~
=

)

my(a)
Sm = (@—lxt>m = ZWU (2)

rim

for every m € Z". We record here that the sequences s and t in this paper are always connected
by these transformations, defined as in equations (1) and (2).

Theorem 2.1. For any & € {cy,c, ¢}, E(p, %) is a linear metric space with the paranorm g

defined as

o Pm/P

Z o(@) (m) o

rlm

g(s) = sup

meZ+

Proof. To avoid redundancy, the proof is given only for the space co(p, 2*). Given that the

transformation matrix 2* is a triangle, it follows that co(p, 2*) is a linear space under com-

ponent-wise addition and scalar multiplication. Furthermore, the following properties are
satisfied for all s € ¢o(p, 2%):

(@) g(0) =0;

(b) g(s) > 0;

(@) g(—s) =gl(s)

Consider a sequence (s') in co(p, 2%) such that g(s' —s) — 0 as i — oo. Additionally, let

(a;) be a sequence of scalars such that a; — a as i — 0. Due to the sub-additivity of g, we have
g(s") < g(s) + g(s' —s). This implies that the sequence {g(s')} is bounded. We then have

i 1 wfo i Pm/P i i
g(a;s' —as) = sup W%V (a;s, — as;) <la; —alg(s') + |a|g(s' —s).

mezZ*
Taking the limit as i — oo, we obtain that

0 < lim g(a;s' — as) < lim{|a; — alg(s') + lalg(s' —5)} = 0.
1—00

1—00

This establishes the continuity of scalar multiplication, thus ensuring that ¢ defines a para-
norm on co(p, 7%).
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Now, we proceed to establish the completeness of the space co(p, 2%). Let (s') be a Cauchy
sequence in ¢o(p, 2*), where sl = {sgl), sél), ng)’ ...}. Consequently, for any € > 0, there exists
n(e) > 0 such that g(s' —s/) < e for all i,j > n(e). For a fixed m € Z*, the definition of g
yields that

(2% ) — (2" )| < sup |(2"')m — (9“sj)m}pm/P <e (3)
meZ+
for alli,j > n(e). This shows that {(2%s'),,} is a Cauchy sequence in R for each fixed m. By
the completeness of R, the sequence {(2%s'),,} converges, say to some (2%s),, as i — co.
By letting j — oo in (3), we obtain that
sup |(2%)m — (2%)u|""'" < e @)

mezZ+

for each m € Z*. Given that |(2%s),,|P"/ < e for all m, it follows from (4) that
(255l ™" < [(2%5)m = (2| ™" + (275" < 2.

This proves that the sequence {(2%s)} € co(p, 2*). Since (s') is an arbitrary Cauchy se-
quence, we conclude that ¢y(p, 2*) is complete, as desired.

The proof for other spaces under consideration can be given in a similar fashion. We rec-
ommend the papers [2—4,6,37,38] to get a deeper understanding of similar results. O

Remark 2.2. In the case p = e, the unit sequence, the space E(p, 2*) for E € {co,c,lx} is a

BK-space equipped with the norm

[s[| = sup
meZ+

L
———5§
rim 0'(”‘)(111) 7
as discussed in the paper [36].

Theorem 2.3. The spaces co(p, 2%), c(p, 2*) and lw(p, Z*) are linearly isomorphic to co(p),
c(p) and lw(p), respectively.

Proof. It can be observed that the transformation
h o E(p,2%) — E(p)
s — t=hs = P%
is a linear bijection that preserves the paranorm, where E represents any of the spaces cy, c, or

{«. This observation directly leads to the stated result. O

Remark 2.4. In the case p = e, the spaces co(2"), c(2") and ls(P") are linearly isomorphic
to co, ¢ and Y« respectively, as discussed in the paper [36].

We now aim to determine the Schauder basis for the spaces co(p, 2*) and c(p, 2*). First,
we recall the definition of a Schauder basis in a paranormed space (E, g).

A sequence (B;) in the paranormed space Z, with paranorm g, is a Schauder basis for = if,
for every x € E, there exists a scalar sequence (a,) such that

m
lim g(x — arl’a’r> =0.
m—sco =
It is known that the domain Ey of a triangular matrix { in Z has a Schauder basis if and only

if & has a Schauder basis (see [19, Theorem 2.3]). Building upon this, we proceed to construct
the Schauder basis for co(p, 2*) and c(p, 2%).
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Theorem 2.5. Let t, = (2%s), and 0 < p, < P < oo for allv € Z". Define the sequence
B'(«) = {B,(”r)((x)} for each fixedr € Z* by

{ (%) o)

0, rtm.

, T|m,

Then, the following statements hold:

(a) the sequence {B'(«)},cz+ forms a Schauder basis for co(p, 2*), and each z € cy(p, 2")
has a unique representation

z=) 4B («a)
r=1

(b) the set{e, B"(x)} is a Schauder basis for c(p, 2*), and every z € c(p, Z*) can be uniquely

written as
[ee]

=le+ (1B (a

wheree = (1,1,1,...) and | = lim,_,(2"s);,
(c) the space ls(p, 2*) does not possess a basis.

3 a-, B-, and 7-duals of the spaces ¢o(p, 2*), c(p, 2*) and £« (p, 2*)

The a-, B-, and y-duals of a sequence space =, denoted as E*, P and 7, respectively, are
defined as

&3]
I
| |
[11

(ar) € w:as = (arsy) € {1 foralls = (s,;) € B},

{a
{a=(a,) €ew:as = (assy) €csforalls = (s;) € E},
{a =(ay) € w:as = (ars;) € bs foralls = (s,) € E}.

[11 [m

2 >
I

Let 3 represent the set of all finite subsets of Z* and L, M € Z". To aid in our analysis, we
utilize the following lemmas.

Lemma 3.1 ([14]). The following statements hold true for any infinite matrix 4l = (U, ,):

(@) Y= (tmy) € (los(p), Leo(q)) if and only if

meZ*

%) qm
sup (Z [t | Ml/p’> < oo forallM >1; 5)

(b) U= (umy) € (lo(p),c(q)) if and only if

sup Z |thm | MYPr < oo forallM > 1, (6)
meZt r=1

00 qm
VM J(a,) € R n%l_l}go (Z |ty — ay| Ml/Pr> < o0 (7)

r=1
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() U= (umy) € (bes(p),co(q)) if and only if
() Gm
lim (2 yum,r!Ml/Pr> =0 forallM > 1; (8)
(d) Y= (umy) € (l(p),£(q)) if and only if g, > 1 for all r and
o0 qm
sup Z Z um,er/p’ < oo forallM > 1. 9)
Re3 m=1!reR
Lemma 3.2 ([14]). The following statements hold true for any infinite matrix 4l = (U, ,):
(@) U= (tmy) € (c(p), l(q)) if and only if
00 qm
JL>1 sup <Z |t 7| Ll/Pr> < 0o, (10)
meZ+t \r=1
00 qm
sup Z Um,r < o0 (11)
meZ+t | r=1
(b) U= (um,) € (c(p),c(q)) if and only if
dL>1 sup Z |thm | L™ VPr < oo, (12)
meZt r=1
VM 3L>1 and a, € R sup Y_ |um,y —a,| MY I"L7VPr < oo, (13)
meZ+* r=1
J(a,) € w lim |um,r —a,|™ =0, (14)
qm
JaeR lim —a| =0; (15)
m— 00
() U= (umy) € (c(p),co(q)) if and only if
VM 3L >1 sup Y [um,| MY I"L7VPr < oo, (16)
meZt r=1
lim |ty,|™ =0 forallr € ZT, (17)
m—oo
00 qm
nll_l'go Z Um,r =0; (18)
r=1
(d) &= (umy) € (c(p),£(q)) if and only if
o0 qm
L >1 sup Z Z um,rL_l/P' < oo foranyq, >1, (19)
R€3 m=11reR
Z Z umr < oo forallg, > 1. (20)

m=1
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Lemma 3.3 ([14]). The following statements hold true for any infinite matrix 4l = (U, ,):
(@) %= (tmy) € (co(p), €e(q)) if and only if (10) holds;

(b) U= (umy) € (co(p),c(q)) if and only if (12), (13), and (14) hold;

(c) U= (umy) € (co(p),co(q)) if and only if (16) and (17) hold;

(d) &= (umy) € (co(p), £(q)) if and only if (19) holds.

Theorem 3.4. Define the sets A,(«x) forr =1,2,3 by

y (5o (r)

1/p
- Ay M~ Fr

Ai(a) = ) {a:(ar)Ew:sup i

M>1 Re3 m=1

<ol
<o,

reR, rlm

P‘(%)‘Tia_) (r)amL—l/Pr

Ay(a) = | {a = (ay) € w : sup i

L>1 Re3 m=1!reR, r|m m
o0 [ee) m 0.(04) r
Az(w) = {a =) Eew: Y, La()am < oo}.
m=11r=1,r|m m

Then each of the following statements holds true:
@) {lw(p, 7*)}" = Ar(a);

(i) {c(p, 2)}" = Az(a) N As(a);

(iii) {co(p, 2)}" = Az(a).

Proof. Based on the definition of the sequence s = (s,), presented as in (2), it can be shown
that

my (a)
AmSm = Z Wtram = (A(a)t)m (21)
rim

for every m € Z*. Here, A(«) = (A4, ,) is an infinite matrix defined by

H(2)0 )
)\IX — { Tﬂm, r | m,

m,r
0, r{m,

forallr,m € Z*.

It is observed from (21) that as = (ansy,) € {1 whenever s € flo(p, 2%) if and only if
A(x)t € 1 whenever t € lo(p). It follows that a = (a) € {leo(p, 2*)}* if and only if
A(a) € (Ls(p),f1). By applying Lemma 3.1 (d) with q,, = 1 for all m € Z", we find that
{loo(p, 2)}" = Ax(a).
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The proofs of parts (ii) and (iii) can be shown analogously to part (i) by employing
Lemma 3.2 (d) and Lemma 3.3 (d), respectively, instead of Lemma 3.1 (d). Therefore, we do
not provide detailed explanations. O

Theorem 3.5. Define the sets A,(x) forr =4 to9 by
mo (k) @) (r)

Ag(a) == {a = (am) €w: sup Y | ) — % < 00},
M>1 meZt r=1 k=r,r|k
kY ()
0 m pl (2 (7’)
{ ) Ew: El(cr)elRahmZ Z %ak—chl/p’<oo},
M>1 (e k=r,r|k

m kY o(@) (¢
ZVQL .

L—l/Pr < OO},

a=(an) €w: supz

L>1 { meZ* r=11k=r, r|k
k) (@)
mop(y)o(r)
{a (am) €Ew:3Jcr ER D supz Z %ak—crll_l/p’<oo},
L>1 meZ* r=1k=r, r|k
w o (5) o)
Ag(a) :=<a=(am) €w:3(c;) € R> lim ! ax—c| =0

8 : m . r Moo ) |k K k r ’

=r,r

m—o0

[} m ]f (a) (1’)
; y %

Ag(a) := {a: (am) €Ew:3c € R> lim

Then each of the following statements holds true:
(@) {leolp, 2*)}F = Ayla) N As(a);

(b) {c(p, 2%)}F = Ag(a) N Az(w) N Ag(w) N Ag(w);
(©) {co(p, 7%)}F = Ag(w) N Az(a) N Ag(a).

Proof. Consider a sequence a = (a,,) € w. By using the relation (2), we can show that

1’

Devo ()0
2%_;; m_;; it = Q)
r=1kl|r r r
rlk

forallm € Z*, where Q(x) = (wj, ,) is an infinite matrix given by

¥ Ma;ﬁ 1<r<m,

0, r>m,

forallm,r € Z™.

This shows that as € cs for all s € loo(p, 2%) if and only if Q(a)t € c for all t € lo(p).
Therefore, a = (a,,) € {leo(p, 2%)}* if and only if Q(a) € ({eo(p),c). By using Lemma 3.1 (b),
we find that

[to(p, 7))F = Ag(a) N As(a).
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Similarly, the p-duals of c(p, 2%) and ¢o(p, 2*) are derived by applying Lemma 3.2 (b) and
Lemma 3.3 (b), respectively, with q,, = 1 for all m € Z7 instead of Lemma 3.1 (b). This
completes the proof. O

Theorem 3.6. Define the set A1y(a) by

kY (@)
o m o\ (r)
Ap(a) = {a—(am cw:sup [Y, Y <> ax <oo}.
meZt l r=1k= r,r|k

Then, each of the following statements holds true:
@) {leo(p, 2%)}" = As(w);

(b) {c(p, 2%)}" = As(a) N A10(wx);

© {co(p, 2%)}" = As(a).

Proof. By following a similar approach as in Theorem 3.5, we find that as € bs for all
s € loo(p, 2%) if and only if Q(a)t € Lo for all t € loo(p). Therefore, a = (ay) € {le(p, 2%)}"
if and only if Q(«a) € (leo(p), leo). By applying Lemma 3.1 (a) with g,, = 1 forallm € Z*, we
conclude that

{telp, 7)}7 = As(a).

In the same way, the y-duals of ¢(p, 2*) and co(p, Z") are obtained by using Lemma 3.2 (a)
and Lemma 3.3 (a), respectively, with g,, = 1 for all m € Z™" instead of Lemma 3.1 (a). This
completes the proof. O

4 Matrix transformations on the space £ (p, 7%)

This section is dedicated to characterizing the class of infinite matrices (¢ (p, 2%),E),
where E € {/w, f, fo,c, co}. Additionally, we provide characterizations of various other infi-
nite matrix classes by applying a specific theorem.

We define the matrix £l = (#,,,) via an infinite matrix &l = (1,,,) over R as follows

o
= Y, — Ly forall mreZ?. (22)

Let us introduce the lemma that is crucial for the proofs of the main theorems presented in
this section.

Lemma 4.1 ([29, Theorem 5]). Let 0 < p, < sup, pr < oo forallr € Z*.
Then $t = (uy,) € (bw(p), f) if and only if (5) holds with q,, = 1 forallm € Z*, and

1 /
de, €eR VreZ* llg?o l—l——l Z Up+ky = Cr uniformly inm,
/

dIM >1 lim Z Z Uptkr — Cr MYPr =0 uniformly in m.

|—o0 =1 +1
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Theorem 4.2. {{ = (uy,) € (beo(p, %), ) if and only if

8y € {loo(p, 2*)}F foreach m e Z*, (23)
k) o)
o o p{y)t(r)
sup Z %um,k MYPr < oo forall M > 1. (24)
meZt r=1 k=r, r|k k

Proof. We recall that o (p, 2*) and /« are linearly paranorm isomorphic.
Let i = (Umy) € (boo(p, 2%),l) and s € lo(p, 2*). Consider the nth partial sum of the
series Y .2 UmSy, i-€.

n n r\ () n n é O'(DC)(T’)
S tyss = 3ty Zwtk] _y ¥ %um,ktr, Vim e ZF, (25)
r=1 r=1 k|r r r=1lk=r,rlk k

Since 4ls exists and belongs to /«, the necessity of condition (23) is immediate. Taking the
limit as n — oo in (25), we obtain that

kY o(a)

- o o (2) e

Y umpsr =Y ). %um,ktr, Vm e Z*. (26)
r=1 r=1k=r,rlk

This implies that s = {It, and therefore {lt € (. This means that I € ({eo(p),le). Con-
sequently, {I satisfies condition (5) with g, = 1 for all m € Z*. This shows the necessity of
condition (24).

Conversely, suppose that the conditions (23) and (24) hold, and let s = (s;) € leo(p, 2%).
The condition (23) ensures the existence of ils. By choosing M > max{1, |t;|P"} and by using
condition (24) along with equality (26), we obtain that

46l = sup | Y ttmpsr| < sup Y| Y. ALty
meZ* | r=1 meZ+t r=11k=r, r|k
k) o)
< | & wiy) ()
S Sup Z Z %um,k Ml/Pr < 00.
meZ* r=11k=r, rlk
This implies that {s € {o. Therefore, U € (Yoo (p, %), {), as required. O

We now examine a theorem that characterizes the class of matrices ({(p, 2%), f).

Theorem 4.3. 4 = (uy,r) € (boo(p, 2%), f) if and only if each of the conditions (23) and (24)
holds true, and

no oo %U(“)(T’)
g5 bl

i
k=0j=r,r|j J

1
d(a;) € R such that lim

n—oom+1 Hmthr = Cr @7)

uniformly inm for allr € Z™.
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Proof. Let 4 = (umy) € (boo(p, 2%),f) and s € Llo(p, 2*). Given that f C {, the neces-
sity of conditions (23) and (24) can be directly deduced from Theorem 4.2. Since s € f by
assumption, we choose s = B"(«) for each r € Z™ and find that

o (k) ()
Us = UB" (a) = { Y Wum,k} €f
k=r,r|k meZ+

where B’ («) is defined as in Theorem 2.5. This establishes the necessity of condition (27).
Conversely, suppose that the conditions (23), (24), and (27) hold, and take any
s = (5r) € loo(p, 2"). The condition (23) ensures the existence of s. This leads back to the
relationship (26). As a result, the matrix {I fulfills conditions (6) and (7) with g,, = 1 for all
m € Z7T. Therefore, it € ¢ C f. This, along with (26), establishes that s € f. Hence,
e (beo(p, 2%), f). O

Substituting the space fj for f in Theorem 4.3 leads to the following result.

Corollary 4.4. { = (up,) € (l(p, 2%), fo) if and only if conditions (23) and (24) hold, and
condition (27) holds with ¢, = 0 forallr € Z.™.

By replacing the notion of almost convergence with ordinary convegence, Theorem 4.3 is
reduced to the following result.

Theorem 4.5. {{ = (uy,,) € (beo(p, 2%),c) if and only if conditions (23) and (24) hold, and

e
Hcr eR n!l.]i]gok Z|kk—“um’k = Cy (28)
=r,r

forallr € ZT.

Corollary 4.6. Y = (up,) € (loo(p, Z*),co) if and only if conditions (23) and (24) hold, and
condition (28) holds withc, = 0 forallr € Z™.

Lemma 4.7 ([9, Lemma 5.3]). Consider any two sequence spaces E and I1, an infinite matrix 2,
and a triangle . It is established that 2l € (E,11(¥)) if and only if T2 € (E,IT).

A direct consequence of Lemma 4.7 is the characterization of certain matrix classes from
B e {l1,co0,¢ o} toloo(p, 2%).

Theorem 4.8. Given a space E and an infinite matrix ${ = (u;,), we define the matrix
0 = (v, ) by the relation
Y
Uy = ———bO,, m,r=1,23,....
" k|m U("‘)(m) '
Accordingly, U € (E,T1(p, 2%)) if and only if U € (E,T1(p)).

Proof. It is a straightforward consequence of Lemma 4.7. O
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Now, we present the following corollary based on Theorem 4.8 along with Lemmas 3.1, 3.2
and 3.3.

Corollary 4.9. Given an infinite matrix { = (u,, ), we have the following results:
(@) Y€ (loo(p),leo(g, 2%)) if and only if (5) holds with vy, , instead of iy, ,,
(b) U e (c(p) (g, 2%)) if and only if (10) and (11) hold with vy, , instead of y, ,,
(c) e (co(p) lo(g, 2")) if and only if (10) holds with vy, , instead of uy, r,

(d) Y€ (ls(p),clq, 2")) if and only if (6) and (7) hold with vy, , instead of Uy,

(f) LU e (co(p), clg, 2%)) if and only if (12), (13), and (14) hold with v, , instead of i, ,,

(c
(
(
(e) e (c(p),clq 2")) if and only if (12), (13), (14) and (15) hold with v, , instead of i, ,,
(
(g) U € (Leo(p), colq 2%)) if and only if (8) holds with vy, , instead of uy, r,

(

(h) & e (c(p),colq, 2%)) if and only if (16), (17) and (18) hold with vy, , instead of , ,,
(i) &€ (colp),colg, 2%)) if and only if (16) and (17) hold with vy, , instead of Uy, ».

Corollary 4.10. Consider the matrix & = (s;,») defined via an infinite matrix { = (u,,) with

entries
m
Smyr = Z Um,r
k=1

for allm,r € Z*. Consequently, the following outcomes can be drawn:

(i) Y€ (los(p, 2),bs) if and only if the conditions (23) and (24) hold true with s, , substi-
tuted for uy, r,

(i) % € (bo(p, 2%), fs) if and only if the conditions (23), (24) and (27) hold true, with s, ,
substituted for u,,,, where fs denotes the space of series whose sequence of partial sums
lies in the space f,

(iil) U € (loo(p, 2“), fso) if and only if the conditions (23) and (24) and (27) with ¢, = 0 for
allr € Z* hold true and with s,, , substituted for u,,,, where fs, refers to the space of
series that almost converge to zero,

(iv) U € (beo(p, 2"),cs) if and only if the conditions (23), (24) and (28) hold true with sy, »
substituted for uy, 1,

(v) € (loo(p, 2"),cs0) if and only if the conditions (23) and (24) and (28) hold true with
¢, = 0 forallr € Z" and sy, substituted for u,,,, where csy refers to the space of the
series converging to zero,

(vi) U € (boo(p, 2%),0e0(2%)) if and only if the conditions (23) and (24) hold true with vy, ,
substituted for uy, 1,

(vii) U € (loo(p, 2%),c(2%)) if and only if the conditions (23), (24) and (28) hold true with vy,
substituted for uy, 1,

(viii) U € (loo(p, 2),c0(2%)) if and only if the conditions (23), (24) and (28) with ¢, = 0 for all
r € Z hold true and vy, , substituted for i, ;.
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5 Conclusion

The present work focusses on the application of a generalized arithmetic operator 2* in
defining novel paranormed sequence spaces. More specifically, we developed paranormed se-
quence spaces Z(p, 2%), & € {lw,¢,co}, which are derived as the domain of the arithmetic
operator 2" in the paranormed space E(p). Our work involved determining Schauder bases
and exploring the a-, B-, and y-duals for these newly defined spaces. Furthermore, we char-
acterized the matrix class (Yoo (p, 2%),I1), where I1 is any of the spaces {«, f, fo, ¢, Or ¢o. By
utilizing a well known result due F. Basar and B. Altay [9], we derived several insightful corol-
laries. To maintain conciseness, we have omitted the analysis of the matrix classes (c(p, 2%),I1)
and (co(p, 2%),I1). Future research could address these matrix classes and examine the rela-
tionships of inclusion between the new sequence spaces.

Furthermore, it would be valuable to explore sequence spaces defined by the generalized
arithmetic operator Z* in the spaces f of almost convergent sequences and fy of almost null
sequences. More specifically, we propose studying the following spaces:

f(2%)
fo(2")

(sp) Ew:9% € f},
(sk) Ew:P% € fo}.

{s
{s

Future investigations could focus on determining Schauder bases, obtaining important du-
als, and characterizing matrix classes related to f(2*) and fy(2"), in the line of the works of
S. Demiriz et al. [12].
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Y pob0Ti AOCAIAXYIOTBCSI BAACTMBOCTI ITApaHOPMOBAHMX ITPOCTOPIB HOCAiAOBHOCTEN o (p, Z%),
c(p, 2%) 1a Leo(p, 2%), sIKi HOPOAXKYIOTHCSI HECKIHUEHHOIO MaTpuIeio P, 10 MICTUTD y3araabHe-

uy dpyHKiio cymu Aiabamkis o), i ¢ aHaroramu KaacuuEMx mpocTopis Meaaokca co(p), ¢(p) Ta
N r

L (p) BiamoBiAHO. MaTpymiss 2% = (dj, ,) BU3HAYa€eThCS TAKUM YMHOM: dyy, , = (T(T(m)' SIKIIIO 7 €

AlABHMKOM umcAa m, i 0 — B iHImomy Bumaaky. [IpoBeAeHMIT aHaAI3 BKAIOYAE BU3HAUEHHS 6asucy

[Mayaepa Ta 06uMCAEHHS CIPSIXEHMX IIPOCTOPIB (A-, B- Ta y-CIIPSIKeHb) AAS VX HOBOBM3HAYUEHMX

IapaHOPMOBaHUX IpocTopiB. Kpim Toro, oxapakTepn3oBaHO MaTPUUHi IIepeTBOPEHHS 3 IIPOCTOPY

loo(p, 2") y KirbKa BIAOMMX IPOCTOPIB IIOCAIAOBHOCTE!, a TaKOX HaBEeAEHO BiATIOBiAHI MaTpyuHi

XapakTepu3alil sik 6e3mocepeAHi HACAIAKM OTPUMaHMX Pe3yAbTaTiB.

Kntouosi cnoea i ppasi: TIPOCTip MOCAIAOBHOCTeN, y3araabHeHa (pYHKITiSI CyMU AIABHUMKIB, 6a3uc
[layaepa, a-cpspKeHHs], B-CIIPSKeHHS, y-CIPSDKeHHsl, MaTpUJHe IlepeTBOPeHHsI.



