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Adequacy of nonsingular matrices over commutative principal
ideal domains

Bovdi V.1, Shchedryk V.2

The notion of adequacy for commutative domains was introduced by O. Helmer in [Bull. Amer.

Math. Soc. 1943, 49 (4), 225–236]. In the present paper, we extend the concept of adequacy to non-

commutative Bézout rings. We show that the set of nonsingular 2 × 2 matrices over a commutative

principal ideal domain is adequate.
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1 Introduction and results

Let U(R) be the group of units of an associative, commutative ring R with 1 6= 0. The

elements a, b ∈ R are called strongly associated if there exists e ∈ U(R) such that a = be

(see [1, Definition 2.1, p. 441] and [6]). The set of all non strongly associate elements of the

ring R is denoted by R∗. Of course, we always assume 1 ∈ R∗. The matrix diag(d1, . . . , dn)

means a matrix having d1, . . . , dn ∈ R on the main diagonal and zeros elsewhere (by the main

diagonal we mean the one beginning at the upper left corner). The set of all matrices of size

n × m over a ring R is denoted by Rn×m.

A commutative ring R is called an elementary divisor ring [13, p. 465] if, for each matrix

A ∈ Rn×m, there exist invertible matrices PA and QA such that

PAAQA = diag(α1, . . . , αs) ∈ Rn×m, (1)

where s := min(n, m) and each αi divides αi+1 for i = 1, . . . , s − 1. The diagonal matrix

diag(α1, . . . , αs) is called a Smith form of A (unique up to strong associates of its diagonal ele-

ments). Accordingly, we can always choose α1, . . . , αs ∈ R∗ so that the matrix diag(α1, . . . , αs) is

uniquely defined; it is called the Smith normal form of the matrix A and is denoted by SNF(A).

The matrices PA and QA (see (1)) are called the left and right transforming matrices of A, re-

spectively. The sets of all left and right transforming matrices of A ∈ Rn×n with the Smith

normal form Φ := diag(α1, . . . , αn) have the form of right and left cosets GΦPA and QAGT
Φ

by

the subgroups GΦ, GT
Φ
< GLn(R), respectively. Here GΦ is the Zelisko group [2, 3, 18] of the

matrix Φ, defined as

GΦ := {H ∈ GLn(R) : ∃S ∈ GLn(R) such that HΦ = ΦS}
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and GT
Φ

:= {HT : H ∈ GΦ}.

The greatest common divisor and the least common multiple of a, b ∈ R, which are unique up

to strong associates, are denoted by (a, b) and [a, b], respectively; and a | b means that a is a

divisor of b.

Let R be a commutative domain with 1 6= 0 in which every finitely generated ideal is

principal (Bézout domain). Let a, b ∈ R, and b 6= 0. According to O. Helmer [12, p. 225], the

relatively prime part of b with respect to a, denoted RP(a, b), refers to a factor t of b such that, if

b = st, then

(i) (t, a) = 1;

(ii) (s′, a) 6= 1 for any non-unit factor s′ of s.

The element s (if it exists) is called an adequate part of b with respect to a. A ring R is called

adequate if RP(a, b) exists for all a, b ∈ R with b 6= 0. This concept is essentially a formalization

of properties of entire analytic functions rings. Each commutative principal ideal domain (PID)

is adequate, but the converse is not true, in particular, the ascending chain condition on ideals

may not be satisfied. Each adequate ring is an elementary divisor ring [12, Theorem 3, p. 234].

The ring of all continuous real-valued functions defined on a completely regular (Hausdorff)

space X is an example of an adequate ring, which is regular and every prime ideal is maxi-

mal [11, Corollaries 3.6,3.8 p. 386]. Each local ring as well as each commutative von Neumann

regular ring is adequate [10, Theorem 11, p. 365]. Adequate rings with zero-divisors in their

Jacobson radical were investigated by Kaplansky [13, Theorem 5.3, p. 473]. Note that not every

elementary divisor ring is adequate [11, Corollary 6.7, p. 386] and in an adequate domain each

nonzero prime ideal is contained in a unique maximal ideal [11, Corollary 6.6, p. 386]. Bézout

rings in which each regular element is adequate were investigated in [17]. Moreover, general-

ized adequate rings were introduced in [16], forming a new class of elementary divisor rings

that includes adequate rings as a subclass.

A.I. Gatalevych [9] was the first to attempt applying the notion of adequacy to noncom-

mutative rings. He introduced a new concept of adequacy for noncommutative rings and

proved that a generalized right adequate (in the sense of Gatalevych) duo Bézout domain is an

elementary divisor domain [9, Theorem 2, p. 117]. In the present article, we propose an alter-

native definition of adequate rings, which differs from the one introduced by A.I. Gatalevych

[9, Definition 1, p. 116]. By means of the example in the last section, we illustrate certain ad-

vantages of our definition. Note that some other generalizations of the notion of adequacy and

their applications have been considered in [4, 5, 7–9, 16].

Our definition of the adequacy of a ring is the following.

Let K be a Bézout (not necessarily commutative) ring with 1 6= 0. An element 0 6= b ∈ K

is called left adequate to a ∈ K if either aK + bK = K or, if aK + bK 6= K then there exists s ∈ K

such that b = st and the following conditions hold:

(i) s′K + aK 6= K for each s′ ∈ K such that sK ⊂ s′K 6= K;

(ii) for each t′ ∈ K such that tK ⊂ t′K 6= K there exists a decomposition st′ = pq such that

pK + aK = K.

The element s is called a left adequate part of b with respect to a. The right adequate part of b

with respect to a is defined analogously.
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A subset A ⊆ K is called left (respectively, right) adequate if each of its nonzero elements is

left (respectively, right) adequate to all elements of A. If every nonzero element of A is both

left and right adequate to all elements of A, then the set A is called adequate.

Remark 1. At first sight, Helmer’s definition and ours differ substantially, since in the former

the emphasis is placed on the coprime part of the elements, while in the latter it is on their

adequate part. However, in the case of a commutative PID R, these definitions coincide. Let

us explain this by the following example.

Let b := α3β2γ7, a := α2β4δ5, where α, β, γ, δ ∈ R \U(R). Then b = s · t, in which s := α3β2,

t := γ7 = RP(a, b), is a decomposition of the element b according to Helmer’s definition.

Note that the element s is in some sense “maximal” since its “enlargement” would lead to

considering elements of the form α3β2γi (1 ≤ i ≤ 7). Since these contain factors of the form

γi that are coprime to a, this contradicts condition (i). Therefore α3β2 is the adequate part of

b with respect to a. Hence, the decomposition of b respect to a according to our definition,

coincides with that given by the Helmer’s definition.

In our definition, the element t is also coprime to a, since if (t, a) = µ 6= 1, then b = (sµ) t
µ ,

where each divisor of sµ has a common divisor with a, which contradicts condition (ii).

A shift of emphasis from the coprime part to the adequate part necessitates further clarifi-

cation. The point is that for any b 6= 0 and a their coprime part always exists (at least it is 1);

however, in the case where b and a are coprime, their adequate part does not exist. Therefore,

this case is treated separately in our definition.

Our first main result is the following.

Theorem 1. Let R be a commutative PID such that 1 6= 0. The set of nonsingular 2× 2 matrices

over R is an adequate set.

Let R be a commutative PID with 1 6= 0. A subset of R∗ \ {1} consisting of all indecom-

posable divisors of an element a ∈ R is called the spectrum of a and is denoted by Σ(a).

The spectrum of a nonsingular matrix A ∈ R2×2 is the set Σ(A) := Σ(α2) (see (1)). Ma-

trices M, N ∈ R2×2 are called strongly right associated if there is a matrix U ∈ GL2(R) such

that M = NU.

Let A, B, C, D, A1, B1 ∈ R2×2. If A = BC, then A is called a right multiple of B. If A = DA1

and B = DB1, then D is called a left common divisor of A and B. In addition, if D is a right

multiple of each left common divisor of A and B, then D is called a left greatest common divisor

of A and B, which we denoted by D := (A, B)l . The left greatest common divisor (A, B)l is

unique up to right strongly associates [14, Theorem 1.12, p. 39].

Let A ∈ R2×2. In view of equation (1), we use the following presentation

A := P−1
A · diag(α1, α2) · Q−1

A , (2)

in which diag(α1, α2) = SNF(A), and PA, PB are the left and right transforming matrices of the

matrix A.

Our next main result is the following.
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Theorem 2. Let R be a commutative PID such that 1 6= 0 and let

A := P−1
A · diag(α1, α2) · Q−1

A and S := P−1
S · diag(σ1, σ2) · Q−1

S

be nonsingular matrices of the form (2). Each left divisor of the matrix S has a nontrivial left

common divisor with the matrix A if and only if Σ(σi) ⊆ Σ(αi) for i = 1, 2 and one of the

following conditions holds:

(i) Σ(σ2) ⊆ Σ(α1);

(ii)

PS =

[
m11 m12

q1 · · · qkm21 m22

]

PA, mij ∈ R,

where {q1, . . . , qk} = Σ(σ2)\Σ(α1).

2 Preliminaries, lemmas and proofs

For each 2× 2 nonsingular matrices A, B of the form (2) we define the matrix [τij] := PBP−1
A

and the set

Lα1,β2
:=

{[

l11 l12
β2

(β2,α1)
l12 l22

]

∈ GL2(R) : lij ∈ R

}

. (3)

In the sequel, we will use the following facts.

Fact 1 ([15, Theorem 1, p. 851]). Let R be a commutative elementary divisor ring and let

A, B ∈ R2×2 of the form (2). Then

(i) SNF((A, B)l) = diag
(
(α1, β1), (α2, β2, [α1, β1]τ21)

)
;

(ii) A, B are left relatively prime (i.e. (A, B)l = I) if and only if

(α2, β2, [α1, β1]τ21) = 1.

Fact 2 ([14, Theorem 4.3, p. 127]). Let R be a commutative elementary divisor ring and let

A, B ∈ R2×2 of the form (2). The matrix B is a left divisor of A (i.e. A = BC) if and only if βi|αi

for i = 1, 2 and PB = LPA, in which L ∈ Lα1,β2
(see (3)).

Fact 3 ([14, Theorem 4.4, p. 128]). Let R be a commutative elementary divisor ring and let

A ∈ R2×2 of the form (2). Let β1, β2 ∈ R such that β1|β2 and βi|αi for i = 1, 2. The set of all left

divisors of A with the Smith form diag(β1, β2) has the form

(
Lα1,β2

PA

)−1
· diag(β1, β2) · GL2(R).

Lemma 1. Let R be a commutative Bézout domain and let A, B ∈ Rn×n (with n ≥ 2) be

nonsingular matrices. If det(B) is indecomposable in R and (A, B)l 6= I then A = BC.

Proof. Let D := (A, B)l 6= I. Clearly, B = DB1 and det(D)|det(B). Thus det(D) and det(B) are

strong associates in R, i.e. det(B) = det(D)e for some e ∈ U(R). Consequently, det(B1) = e,

so B1 ∈ GLn(R) and D = BB−1
1 . Since A = DA1, we have A = BB−1

1 A1 = BC, where

C = B−1
1 A1.
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Proof of Theorem 2. Necessity. Let ω ∈ Σ(σ1). Thus σ1 = ωσ′
1 and σ2 = ωσ′

2 for some σ′
1, σ′

2 ∈ R.

If M := P−1 · diag(1, ω) · Q−1 and

M1 := (Q · diag(ω, 1) · P)
(

P−1
S · diag(σ′

1, σ′
2) · Q−1

S

)
,

in which P, Q are arbitrary invertible matrices, then

S = P−1
S · diag(σ1, σ2) · Q−1

S = M · M1

and (A, M)l 6= I. Taking into account that det(M) is indecomposable in R, we obtain that

A = MA1 by Lemma 1. Consequently, all matrices L with SNF(L) = diag(1, ω) are left

divisors of A. In accordance with [14, Theorem 5.3 p. 152 and Property 4.11 p. 147] we have

ω|α1 and Σ(σ1) ⊆ Σ(α1).

Case 1. Suppose that Σ(σ2) ⊆ Σ(α1). Reasoning similarly as before, we obtain that every

matrix with Smith normal form diag(σ1, σ2) has a nontrivial left common divisor with A.

Case 2. Let µ ∈ Σ(σ2) \ Σ(α2). Thus σ2 = µ · µ1 and (µ, α2) = 1. If C := P−1
S · diag(1, µ)

and C1 := diag(σ1, µ1) · Q−1
S , then S = CC1. Since (det(C), det(A)) = 1, we have (A, C)l = I,

a contradiction. Consequently, we get Σ(σ2) ⊆ Σ(α2).

Let Σ(σ2)\Σ(α1) = {q1, . . . , qk} for k ≥ 1 and let i ∈ {1, . . . , k}. Thus σ2 = qiδi for some

δi ∈ R. If D := P−1
S · diag(1, qi) and D1 := diag(σ1, δi) · Q−1

S , then

S = P−1
S · diag(σ1, σ2) · Q−1

S = D · D1.

All left divisors L of S (including D) such that SNF(L) = diag(1, qi) belong to the set

W =
{(

Lσ1,qi
PS

)−1
· diag(1, qi) · GL2(R)

}

by Fact 3

=

{([
l11 l12

qil12 l22

]

PS

)−1

· diag(1, qi) · GL2(R) : lij ∈ R

}

, since (qi, σ1) = 1.

Let us fix M := P−1
M · diag(1, qi) · Q−1

M ∈ W, in which PM :=

[
h11 h12

qih21 h22

]

PS for some hpl ∈ R

and QM ∈ GL2(R) is fixed. The matrix M is a left divisor of S, so (A, M)l 6= I. Hence,

di := (α2, qi, α1τ
(i)
21 ) 6= 1 (see Fact 1 (ii) ), where

[τ
(i)
mn] := PMP−1

A =

[
h11 h12

qih21 h22

]

(PSP−1
A ). (4)

Since di | qi and both di and qi are indecomposable elements of R, it follows that they are

strongly associated. Taking into account that di, qi ∈ R∗, we obtain

di = qi = (α2, qi, α1τ
(i)
21 ) = (α2, (qi, α1τ

(i)
21 )) = (α2, qi, τ

(i)
21 ),

so qi|τ
(i)
21 , i.e. τ

(i)
21 = qini for some ni ∈ R. It is obvious (see (4)) that

PSP−1
A =

[
h11 h12

qih21 h22

]−1
[

τ
(i)
11 τ

(i)
12

qini τ
(i)
22

]

=

[
p11 p12

qip21 p22

]

, pmn ∈ R. (5)
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We now show that (5) holds independently of the choices of PS and PA. Let P′
S and P′

A be

arbitrary left transforming matrices of S and A, respectively. By [14, Property 2.2 p. 61]),

P′
S = FPS and P′

A = TPA,

where

F :=

[

f11 f12
σ2
σ1

f21 f22

]

, T−1 :=

[

t11 t12
α2
α1

t21 t22

]

∈ GL2(R), fmn, tmn ∈ R.

Thus

P′
S(P′

A)
−1 = F(PSP−1

A )T−1

=

[

f11 f12
σ2
σ1

f21 f22

]

·

[
p11 p12

qip21 p22

]

·

[

t11 t12
α2
α1

t21 t22

]

.

Since qi ∈ Σ(σ2) \ Σ(α1) and Σ(σ1) ⊂ Σ(α1), then qi ∈ Σ(σ2) \ Σ(σ1). Hence, qi ∈ Σ

(
σ2
σ1

)

. As

qi /∈ Σ(α1) therefore qi ∈ Σ

(
α2
α1

)

and qi ∈ Σ

(
σ2
σ1

)

∩ Σ

(
α2
α1

)

. Therefore

P′
S(P′

A)
−1 =

[
p′11 p′12

qi p
′
21 p′22

]

, p′mn ∈ R.

Consequently, (5) holds regardless of the choice of PS and PA.

We now proceed in the same way with the remaining elements of the set {q1, . . . , qk}. As a

result, the matrix PS takes the form described in Theorem 2 (ii).

Sufficiency. Let S = LM, in which the nontrivial divisor L := P−1
L · diag(λ1, λ2) · Q−1

L has

the form (2).

Case 1. If Σ(σ2) ⊆ Σ(α1), then Σ(λ2) ⊆ Σ(α1) by Fact 2. This yields (α2, λ2, α1) 6= 1, so

(A, L)l 6= I by Fact 1 (ii) for arbitrary PS ∈ GL2(R).

Case 2. Let Σ(σ2) ⊆ Σ(α1) ∪ {q1, . . . , qk} for k ≥ 1 and qi 6∈ Σ(α1) for each i = 1, . . . , k. If

1 6= γ ∈ Σ(λ2) ∩ Σ(α1), then L = L1L2, where

L1 := P−1
L · diag(1, γ) and L2 := diag

(

λ1, λ2
γ

)

· Q−1
L .

According to the above considerations, L1 is a left divisor of A.

Using (α2, γ, α1) 6= 1 and Fact 1 (ii) we have (A, L1)l 6= I. The element det(L1) is indecom-

posable in R, so A = L1 A1 by Lemma 1 and (A, L)l 6= I.

Suppose δ ∈ {q1, . . . , qk} ∩ Σ(λ2). It is easy to see that L = F1F2, where

F1 := P−1
L · diag(1, δ) and F2 := diag

(

λ1, λ2
δ

)

· Q−1
L .

The set of all left divisors of S with Smith normal form diag(1, δ) (see Fact 2) is given by

W :=
{(

Lσ1,δPS

)−1
· diag(1, δ) · GL2(R)

}

.
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Since (δ, σ1) = 1, any matrix D ∈ W can be written in the form D = P−1
D · diag(1, δ) · Q−1

D ,

where PD =

[
l11 l12

δl12 l22

]

PS, and QD ∈ GL2(R). Consequently, we have

PDP−1
A =

[
l11 l12

δl12 l22

]

PSP−1
A =

[
l11 l12

δl12 l22

]

·

[
m11 m12

q1 · · · qkm21 m22

]

=

[
l′11 l′12

δl′12 l′22

]

,

so PD =

(
l′11 l′12

δl′12 l′22

)

PA. Therefore A = DA2 by Fact 2. It follows that each left divisor D of S

with SNF(D) = diag(1, qi) for i = 1, . . . , k (including L1) is a left divisor of the matrix A too.

Consequently, F1 := P−1
L · diag(1, δ) is a left divisor of A. It means that (A, L)l 6= I.

Let A and B be nonsingular matrices. We study the properties and structure of the left

divisors of B that have a nontrivial left common divisor with A.

Lemma 2. Let R be a commutative PID and let A, S, T be nonsingular matrices in R2×2. If all

left divisors of S have a common left divisor with A, then

Σ(S) ⊆ Σ
(
(A, ST)l

)
.

Proof. Let ST := P−1
ST · diag(β1, β2) · Q−1

ST and S = P−1
S · diag(σ1, σ2) · Q−1

S have form (2). Let

µ ∈ Σ(S). Thus σ2 = µσ′
2 and S = S1S2, where

S1 := P−1
S · diag(1, µ) and S2 := diag(σ1, σ′

2) · Q−1
S .

By assumption, (A, S1)l 6= I. Since det(S1) is an indecomposable element of R, it follows from

Lemma 1 that S1 is a left divisor of A. Hence, S1 is a left common divisor of the matrices A and

ST, and thus a left divisor of (A, ST)l . Consequently, µ = Σ(S1) ⊆ Σ
(
(A, ST)l

)
, and therefore

Σ(S) ⊆ Σ
(
(A, ST)l

)
.

Lemma 3. Let R be a commutative PID and let A, B, S ∈ R2×2 be nonsingular matrices of the

form (2), namely

A : = P−1
A · diag(α1, α2) · Q−1

A , B := P−1
B · diag(β1, β2) · Q−1

B ,

S : = P−1
S · diag(σ1, σ2) · Q−1

S , and [τij] := PBP−1
A .

Each left divisor of the matrix S has a nontrivial left common divisor with A and B = ST if

and only if S satisfies the conditions of Theorem 2 and

(
σ2

(σ2,β1)
, q1 · · · qk

)

|τ21, (6)

where σ2 = qr1
1 · · · q

rk
k d2 for q1, . . . , qk ∈ Σ(σ2) \ Σ(α1), ri ∈ N ∪ {0}, i = 1, . . . , k, and

Σ(d2) ⊆ Σ(α1).

Proof. Necessity. Since S is a left divisor of B, Σ(σi) ⊆ Σ(βi) for i = 1, 2 and PS = LPB, where

L :=

[

l11 l12
σ2

(σ2,β1)
l21 l22

]

, lij ∈ R,



Adequacy of nonsingular matrices over commutative principal ideal domains 243

by Fact 2. Each left divisor of S has a left common divisor with A, so S satisfies the conditions

of Theorem 2. Hence PS = NPA, where

N :=

[
n11 n12

q1 · · · qkn21 n22

]

, nij ∈ R.

Consequently, PS = NPA = LPB. It follows that

[τij] = PBP−1
A = L−1N =

[

l′11 l′12
σ2

(σ2,β1)
l′21 l′22

]

︸ ︷︷ ︸

L−1

[
n11 n12

q1 · · · qkn21 n22

]

=

[
m11 m12(

σ2
(σ2,β1)

, q1 · · · qk

)

m21 m22

]

, l′ij, mij ∈ R.

Therefore, the condition (6) is fulfilled.

Sufficiency. There exist invertible matrices (see [14, Lemma 5.10, p. 193])

C−1 :=

[

c11 c12
σ2

(σ2,β1)
c21 c22

]

and D :=

[
d11 d12

q1 · · · qkd21 d22

]

,

such that PBP−1
A = C−1D. The matrix S := (CPB)

−1 · diag(σ1, σ2) is a left divisor of B by Fact 2.

Moreover, each left divisor of S = (DPA)
−1 · diag(σ1, σ2) has a nontrivial left common divisor

with A by Theorem 2.

Let us show that (6) holds independently of the choices of PB, PA ∈ GL2(R). Indeed, if

we choose a different ordered pair (P′
B, P′

A) 6= (PB, PA), then P′
B = HPB and P′

A = TPA by

[14, Property 2.2, p. 61], where

H :=

[

h11 h12
β2
β1

h21 h22

]

and T−1 :=

[

t11 t12
α2
α1

t21 t22

]

, hij, tij ∈ R.

Thus

[τ′
ij] := P′

B(P′
A)

−1 = HPBP−1
A T−1 = H[τij]T

−1

=

[

h11 h12
β2
β1

h21 h22

]

·

[
τ11 τ12

τ21 τ22

]

·

[

t11 t12
α2
α1

t21 t22

]

.

Hence,

τ′
21 = τ21(h22t11) +

β2
β1
(h21τ11t11 +

α2
α1

h21τ12t21) +
α2
α1
(h22τ22t21).

Obviously,
β2(σ2,β1)

β1σ2
= (β2σ2,β2β1)

β1σ2
∈ R, so σ2

(σ2,β1)
| β2

β1
. Taking into account that q1, . . . , qk ∈ Σ(α2)

and (q1 · · · qk, α1) = 1, we obtain that (q1 · · · qk)|
α2
α1

, and
(

σ2
(σ2,β1)

, q1 · · · qk

)

|
(

β2
β1

, α2
α1

)

. Conse-

quently,
(

σ2
(σ2,β1)

, q1 · · · qk

)

|τ′
21.

Proof of Theorem 1. If (A, B)l = I, then B is adequate to A.

Let (A, B)l 6= I, where A := P−1
A · diag(α1, α2) · Q−1

A and B = P−1
B · diag(β1, β2) · Q−1

B have

the form (2). Set SNF
(
(A, B)l

)
:= diag(ω1, ω2) and [τij] := PBP−1

A .
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Due to Lemma 2, if D is a left divisor of B and none of its left divisors is relatively prime to

A, then Σ(D) ⊆ Σ
(
(A, B)l

)
. By Fact 1 (i), we have Σ(ωi) ⊆ Σ(αi) for i = 1, 2. Set

Σ(ω1) = Σ((α1, β1)) := {p1, . . . , pm};

Σ(ω2) : = {p1, . . . , pn} ∪ {q1, . . . , ql} ∪ {ql+1, . . . , qk},

where

{p1, . . . , pn} ⊆ Σ(α1), n ≥ m, qi /∈ Σ(α1), i = 1, . . . , k,

{q1, . . . , ql} ⊆ Σ(τ21), {ql+1, . . . , qk} ∩ Σ(τ21) = ∅.

By Fact 1 (i), we have ωi | βi for i = 1, 2, so we can write

β1 =
(

pr1
1 · · · prm

m

)

︸ ︷︷ ︸

σ1

·
(
qu1

1 · · · q
ul
l

)
·
(

q
ul+1

l+1 · · · q
uk
k

)

· d = σ1 · β′
1, ui ∈ N ∪ {0},

β2 =
((

p
r′1
1 · · · p

r′m
m

)

·
(

p
rm+1
m+1 · · · prn

n

)
·
(

q
u′

1
1 · · · q

u′
l

l

)

·
(

q
u1+1

l+1 · · · q
uk
k

))

︸ ︷︷ ︸

σ2

β′
2 = σ2 · β′

2,

where (d, α2) = 1, (β′
2, p1 · · · pn · q1 · · · ql) = 1, r′i ≥ ri, for i = 1, . . . , m and u′

j ≥ uj ≥ 0 for

j = 1, . . . , l. It follows that

σ2
(σ2,β1)

=
(

p
r′1−r1

1 · · · p
r′m−rm
m

)

·
(

p
rm+1
m+1 · · · prn

n

)
·
(

q
u′

1−u1

1 · · · q
u′

l−ul

l

)

.

Since q1, . . . , ql ∈ Σ(τ21), we get

(
σ2

(σ2,β1)
, q1 · · · qk

)

=
(

q
u′

1−u1

1 · · · q
u′

l−ul

l , q1 · · · qk

)

|τ21.

According to [14, Lemma 5.10, p. 193], we can write

PBP−1
A =

[

f11 f12
σ2

(σ2,β1)
f21 f22

] [
l11 l12

q1 · · · qkl21 l22

]

, fij, lij ∈ R. (7)

Let us consider the matrix

S :=





[

f11 f12
σ2

(σ2,β1)
f21 f22

]−1

PB





−1
[

σ1 0

0 σ2

]

. (8)

Using Fact 2, S is the left divisor of B, i.e. B = ST for some T ∈ R2×2. From (7), we have

[

f11 f12
σ2

(σ2,β1)
f21 f22

]−1

PB =

[
l11 l12

q1 · · · qkl21 l22

]

PA.

It follows that the matrix S can also be written in the following form

S =

([
l11 l12

q1 · · · qkl21 l22

]

PA

)−1 [
σ1 0

0 σ2

]

.

Consequently, each left divisor of S has a nontrivial common left divisor with A by Theorem 2.

Therefore, S satisfies part (i) of the definition of an adequate part of B with respect to A.
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Assume that T = T1T2 is a decomposition of T into a product of two of its nontrivial

divisors. Let us consider the following two cases.

Case 1. Let Σ(ST1) 6⊆ Σ((A, B)l) 6= ∅. Hence, there exists t ∈ Σ(ST1) \ Σ((A, B)l). It means

that ST1 has a left divisor L with SNF(L) = diag(1, t), such that (A, L)l = I (by the same trick

as the one used in the proof of Lemma 2).

Case 2. Let Σ(ST1) ⊆ Σ((A, B)l) and SNF(ST1) = diag(µ1, µ2). Based on the construction

of the elements σ1 and σ2, it follows that det(ST1) has the divisor qui+1
i in which l + 1 ≤ i ≤ k.

Case 2a. Let qi|µ1. Any matrix with the Smith normal form diag(qi, qi) is a left divisor of ST1

by [14, Theorem 5.3 p. 152 and Property 4.11 p. 147]. Consider the matrix M := P−1
M diag(qi, qi),

where PM :=

[
0 1

1 0

]

PA. It is obvious that M = M1M2, where M1 := P−1
M diag(1, qi) and

M2 := diag(qi, 1). Since (α1, qi) = 1 and PMP−1
A =

[
0 1

1 0

]

, we have (A, M1)l = I by Fact 1 (ii).

Thus ST1 = MN = M1(M2N) for some N.

Case 2b. Let (qi, µ1) = 1. Clearly qui+1
i |µ2. The matrix K := P−1

ST1
diag(1, qi) is a left di-

visor of ST1, and therefore also a left divisor of the matrix B. Since
q

ui+1
i

(q
ui+1

i ,β1)
= qi, we have

PST1
:=

[
k11 k12

qik21 k22

]

PB by Fact 2. Thus

[τ′
ij] := PST1

P−1
A =

[
k11 k12

qik21 k22

]

(PBP−1
A ) =

[
k11 k12

qik21 k22

] [
τ11 τ12

τ21 τ22

]

=

[
∗ ∗

qik21τ11 + k22τ21 ∗

]

.

The matrix

[
k11 k12

qik21 k22

]

is invertible. Hence, (qi, k22) = 1. By assumption, (qi, τ21) = 1, so

(qi, τ′
21) = 1. Since qi 6∈ Σ(α1), we have (qi, α1) = 1, so (α2, qui+1

i , α1τ′
21) = 1. Consequently,

(A, K)l = I by Fact 1 (ii). Thus S satisfies condition (ii) in the definition of an adequate part

of B with respect to A, and therefore the set of nonsingular 2 × 2 matrices over R is a left

adequate. Applying the transpose operator, we obtain that this set is also a right adequate set.

Hence, the set of all nonsingular 2 × 2 matrices over R is an adequate set.

We illustrate with an example the calculation of the adequate part.

Example 1. Let R be a PID and let a, b, c, f , m, n ∈ R \ {U(R) ∪ {0}} be pairwise relatively

prime indecomposable elements. Let

A := diag(ab, ab2c f m), B :=

[
1 0

− f 1

]

diag(b2c, ab3c2 f n),

PA = I, PB =

[
1 0

f 1

]

, [τij] := PBP−1
A = PB =

[
1 0

f 1

]

.

Clearly, Σ(A) = {a, b, c, f , m}, Σ(B) = {a, b, c, f , n} and SNF
(
(A, B)l

)
= diag(b, ab2c f ) by Fact

1 (i). Using the notation of Theorem 1, we have that q1q2 = c f . An adequate part of B with
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respect to A (see Theorem 1) has the Smith normal form diag(b2, ab3c f ) := diag(σ1, σ2). Note

that (
σ2

(σ2,β1)
, q1q2

)

= (ab f , c f ) = f |τ21.

It is easy to check that

PBP−1
A =

[
1 0

f 1

]

=

[
1 0

ab f y 1

]

·

[
1 0

c f x 1

]

,

in which cx + aby = 1. It follows that
[

1 0

−ab f y 1

]

PB =

[
1 0

c f x 1

]

PA.

Consequently, an adequate part of B with respect to A has the following form

S : =

([
1 0

−ab f y 1

] [
1 0

f 1

])−1 [
b2 0

0 ab3c f

]

=

[
1 0

f (aby − 1) 1

] [
b2 0

0 ab3c f

]

=

[
b2 0

b2 f (aby − 1) ab3c f

]

by Theorem 1. In this case B = ST, where T =

[
c 0

−y cn

]

.

3 Adequate part not defined up to strong association

As noted in the Introduction, every commutative PID R is adequate in the sense of Helmer.

It is straightforward to verify that the adequate and relatively prime parts of an element

0 6= b ∈ R with respect to a ∈ R are defined up to strong association. However, this state-

ment does not hold in the case of the ring R2×2, as shown in the following example.

Example 2. Let R = Z be the ring of integers. Let

A := diag(α1, α2) = diag(2, 2 · 3 · 5 · 7), B :=

[
1 0

−3 1

]

· diag(2 · 32 · 52, 22 · 33 · 54).

Then

PA = I, PB =

[
1 0

3 1

]

, [τij] := PBP−1
A = PB,

Σ(α1) = {2}, Σ(ω2) = {2, 3, 5}, Σ(τ21) = {1, 3}, {5} ∩ Σ(τ21) = ∅.

According to Fact 1 (i), SNF((A, B)l) = diag(ω1, ω2) = diag(2, 2 · 3 · 5). The left adequate part

of B with respect to A has the following Smith normal form Φ := diag(2, 22 · 33 · 52) (see the

proof of Theorem 1). The matrices

S :=

[
1 0

−3 · 5 1

]

· Φ and S1 :=

[
1 0

3 · 5 1

]

· Φ

are left divisors of the matrix

B = S

[
32 · 52 0

2 52

]

= S1

[
32 · 52 0

−3 52

]

,

and are also adequate parts of B with respect to A by Theorem 2. However (see [14, Theo-

rem 4.5, p. 128]) the matrices S and S1 are not right strong associates.
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Let S be an adequate part of B with respect to A with the presentation (8). Example 2 shows

that if S′ is another adequate part of B with respect to A, then S and S′ are not necessarily right

associated. Based on this example, we put forward the following.

Hypothesis. The adequate part of B with respect to A is defined up to equivalence.

4 Adequate rings in the sense of Gatalevych

A.I. Gatalevych [9, Definition 1, p. 116] proposed the following definition for noncommuta-

tive Bézout rings, which was already indicated in the Introduction.

Let K be a Bézout ring and let a ∈ K. An element b ∈ K is called left adequate in the sense of

Gatalevych to a ∈ K if the following conditions hold:

(i) there exist elements s, t ∈ K such that b = st and tK + aK = K;

(ii) s′K + aK 6= K for each s′ ∈ K \ U(K) such that sK ⊂ s′K 6= K.

The shortcomings of definition are demonstrated by the following example.

Example 3. Let R be a commutative PID, and let a, d, c ∈ R \ {U(R) ∪ {0}} be pairwise rela-

tively prime indecomposable elements. Let

A : = diag(a, a2dc), B :=

[
1 0

d d3c2

]

=

[
1 0

d 1

] [
1 0

0 d3c2

]

, PB =

[
1 0

−d 1

]

,

A1 : = diag(a, a2c), PA = I, T :=

[
1 0

1 1

]

· diag(1, d2c2), S := diag(1, d).

It is easy to check that A = SA1 and B = ST. Since (A, T)l = I (see Fact 1 (ii)), the decomposi-

tion B = ST satisfies the definition of Gatalevych.

On the other hand,

B = S1T1 =
(
P−1

S1
· diag(1, d3) · Q−1

S1

)
·
(

P−1
T1

· diag(1, c2) · Q−1
T1

)
,

where

S1 =

[
1 0

d3 + d d3

]

, PS1
=

[
1 0

−d 1

]

, QS1
=

[
1 0

−1 1

]

,

T1 =

[
1 0

−1 c2

]

, PT1
=

[
1 0

1 1

]

, QT1
= I.

Each left divisor of S1 has a nontrivial left common divisor with A by Theorem 2 and

(A, T1)l = I by Fact 1 (ii), so the decomposition B = S1T1 also satisfies Gatalevych’s defini-

tion. However, S is the left divisor of S1, because S1 = S

[
1 0

1 d2

]

.

Note that the decompositions B = ST and B = S1T1 also have an additional undesirable

property. Let us consider the cosets SGL2(R) and S1GL2(R), i.e. the sets of all right strongly

associated matrices to the matrices S and S1, respectively. According to Fact 1 (ii), each left

divisor of the matrices from S GL2(R) and S1 GL2(R) has a nontrivial left common divisor

with the matrix A. However, if U, V ∈ GL2(R) and

B = (SU)(U−1T) = (S1V)(V−1T1),
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then it does not necessarily follow that (A, U−1T)l = I and (A, V−1T1)l = I. Indeed, if

U :=

[
1 0

1 − d 1

]

and V :=

[
1 0

−1 1

]

,

then

T′ := U−1T =

[
1 0

d 1

]

· diag(1, d2c2) and T′
1 := V−1T1 = diag(1, c2).

It is easy to see that (A, T′)l 6= I and (A, T′
1)l 6= I.

Remark. The impetus for the research presented in this article was the communication with

Professor Bohdan Zabasky, whose scholarly have had a significant impact on the development

of the theory of elementary devisor rings and, in particular, adequate rings.
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Бовдi В., Щедрик В. Адекватнiсть неособливих матриць над комутативними областями головних

iдеалiв // Карпатськi матем. публ. — 2026. — Т.18, №1. — C. 236–249.

Поняття адекватностi для комутативних областей було введено О. Гелмером у [Bull. Amer.

Math. Soc. 1943, 49 (4), 225–236]. У цiй статтi ми поширюємо поняття адекватностi на некомута-

тивнi кiльця Безу. Показано, що множина неособливих матриць розмiру 2 × 2 над комутатив-

ною областю головних iдеалiв є адекватною.

Ключовi слова i фрази: адекватне кiльце, область головних iдеалiв, дiльник матрицi.


