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Extended Sobolev scale for vector bundles and its applications

Murach A.1, , Zinchenko T.2

We study an extended Sobolev scale for smooth vector bundles over a closed manifold. This

scale is built on the base of inner product distribution spaces of generalized smoothness given by

an arbitrary positive function OR-varying at infinity. We show that this scale is obtained by the

quadratic interpolation (with a function parameter) between inner product Sobolev spaces, is closed

with respect to the quadratic interpolation, and consists of all Hilbert spaces that are interpolation

spaces between inner product Sobolev spaces. Embedding theorems and a duality theorem are

proved for this scale. We give applications of the extended Sobolev scale to mixed-order (Douglis-

Nirenberg) elliptic pseudodifferential operators acting between vector bundles of the same rank.

We prove their Fredholm property on appropriate pairs of spaces on the scale, give a sufficient

and necessary condition for the local generalized smoothness of solutions to a mixed-order elliptic

system and provide a corresponding a priori estimate of the solutions. We also give a sufficient

condition for a chosen component of the solution to be q times continuously differentiable on an

indicated part of the manifold.
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Introduction

An extended Sobolev scale over R
n and over smooth closed manifolds was introduced and

investigated by V.A. Mikhailets and A.A. Murach [29, 31–33]. It is built on the base of the

Hörmander spaces Bp,k [20, Section 2.2] considered in the Hilbert isotropic case where p = 2

and k(ξ) ≡ ϕ(〈ξ〉) for some function ϕ : [1, ∞) → (0, ∞) OR-varying at infinity in the sense

of Avakumović (as usual, 〈ξ〉 = (1 + |ξ|2)1/2 for ξ ∈ R
n). This scale can be interpreted as the

extended Hilbert scale generated by the operator (1−∆)1/2 or by more general positive elliptic

pseudodifferential operator of the first order [36, Section 5]. Very recently it was introduced

for the lattice Zn by O. Milatovich [37, 38]. If ϕ is a regularly varying function at infinity in the

sense of Karamata, the spaces B2,k form the refined Sobolev scale [26–28, 30] as an important

part of the above scale.

These scales are formed by distribution spaces of generalized smoothness given by a func-

tion of frequency variables (or by a number sequence representing this function). Such a func-

tion parameter allows describing the smoothness of distributions in terms of their Fourier

transform far more exactly than it is possible by means of classical distribution spaces whose
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smoothness is given by a single number. Distribution spaces of generalized smoothness have

been actively studied in the last two decades (see, e.g., [2, 9, 12, 16, 18, 19, 24, 39]). They have

various applications in the approximation theory [47], theory of stochastic process [23], and

theory of partial differential equations [15, 25, 32, 42]. Certainly, Hilbert spaces of generalized

smoothness are of a special interest due to their applications in spectral theory of differential

operators [34, 36].

The extended Sobolev scale has the following important interpolation properties: it is

obtained by the quadratic interpolation (with a function parameter) between inner product

Sobolev spaces, is closed with respect to the quadratic interpolation, and consists of all Hilbert

spaces that are interpolation spaces between inner product Sobolev spaces. The first of these

properties has played a key role in building a general theory of elliptic systems and elliptic

boundary value problems on this scale [3–7,40,41,50,51] (see also survey [35]). Applications of

the refined Sobolev scale to elliptic operators and elliptic problems are summarized in [30,32].

In the modern theory of partial differential equations and their applications, elliptic equa-

tions given on vector bundles over manifolds play an important role (see, e.g., [22, 49]). There-

fore, it is useful to introduce and investigated a version of the extended Sobolev scale for these

bundles. The present paper is devoted to such a task. We consider smooth vector bundles over

a closed (compact) smooth manifold and show that the extended Sobolev scale is well defined

for these bundles by the trivialization of the bundle and localization of the manifold and prove

that this scale possesses the above-mentioned interpolation properties. We also prove embed-

ding theorems and a duality theorem for the scale. These results are applied to the study of

mixed-order (or Douglis–Nirenberg) elliptic pseudodifferential operators on a pair of vector

bundles over the manifold. We show that such operators are Fredholm on appropriate pairs

of spaces on the extended Sobolev scale. We give a sufficient and necessary condition for so-

lutions of mixed-order elliptic systems to have a prescribed local smoothness on the scale and

also establish a corresponding a priori estimate of the solutions. We give a sufficient condition

for a chosen component of the solution to be q times continuously differentiable on a given

subset of the manifold. This condition is exact on the scale. Note that the refined Sobolev scale

for vector bundles was introduced and investigated by T. Zinchenko [52].

1 The extended Sobolev scale

In this section, we will introduce the extended Sobolev scale for a vector bundle over a

smooth closed manifold. We build this scale on the base of its analog for Euclidean space with

the help of local charts on the manifold and local trivializations of the bundle. Therefore we re-

call the definition of the extended Sobolev scale for Rn, which was introduced and investigated

by V.A. Mikhailets and A.A. Murach [31–33].

Let n ≥ 1, n ∈ Z. The extended Sobolev scale over R
n consists of the inner product

Hörmander spaces Hϕ(Rn) whose smoothness index ϕ is given by an arbitrary function

from the class OR. By definition, this class consists of all Borel measurable functions

ϕ : [1, ∞) → (0, ∞) for each of which there exist numbers a > 1 and c ≥ 1 such that

c−1 ≤ ϕ(λt)

ϕ(t)
≤ c for all t ≥ 1 and λ ∈ [1, a] (1)

(the numbers a and c may depend on ϕ ∈ OR). These functions are said to be OR-varying at

infinity. They were introduced by V.G. Avakumović [8] in 1936, are well investigated, and have
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various applications (see, e.g., [10, 11, 46]).

The class OR admits the following description [46, Theorem A 1]:

ϕ ∈ OR ⇐⇒ ϕ(t) = exp
(

β(t) +
∫ t

1

γ(τ)

τ
dτ

)
, t ≥ 1,

where the real-valued functions β and γ are Borel measurable and bounded on [1, ∞). Note

[46, Theorem A 2] that condition (1) is equivalent to the two-sided inequality

c−1λs0 ≤ ϕ(λt)

ϕ(t)
≤ cλs1 for each t ≥ 1 and λ ≥ 1, (2)

in which (another) constant c ≥ 1 is independent of t and λ. For every ϕ ∈ RO, there exist

lower and upper Matuszewska indexes [10, Section 2.1.2]:

σ0(ϕ) := sup{s0 ∈ R : the left-hand side of (2) is true}, (3)

σ1(ϕ) := inf{s1 ∈ R : the right-hand side of (2) is true}. (4)

Certainly, −∞ < σ0(ϕ) ≤ σ1(ϕ) < ∞.

Let ϕ ∈ OR. By definition, the complex linear space Hϕ(Rn) consists of all distributions

w ∈ S ′(Rn) such that their Fourier transform ŵ := Fw is locally Lebesgue integrable over Rn

and satisfies the condition ∫

Rn
ϕ2(〈ξ〉) |ŵ(ξ)|2 dξ < ∞.

As usual, S ′(Rn) denotes the linear topological space of all tempered distributions given in

Rn, and 〈ξ〉 := (1 + |ξ|2)1/2 is the smoothed absolute value of the frequency variable ξ ∈ Rn.

The inner product in Hϕ(Rn) is defined by the formula

(w1, w2)Hϕ(Rn) :=
∫

Rn
ϕ2(〈ξ〉) ŵ1(ξ) ŵ2(ξ) dξ.

It endows Hϕ(Rn) with the Hilbert space structure and induces the norm

‖w‖Hϕ(Rn) := (w, w)1/2
Hϕ(Rn)

.

The space Hϕ(Rn) is a special case of Bp,k introduced and investigated by Hörmander

[20, Section 2.2] (see also his monograph [21, Section 10.1]). Namely, Hϕ(Rn) = Bp,k if p = 2

and k(ξ) ≡ ϕ(〈ξ〉). Note that in the Hilbert case of p = 2 the space Bp,k was also investigated

by L.R. Volevich and B.P. Paneah [48, § 2].

In the case where ϕ(t) ≡ ts for some s ∈ R, the space Hϕ(Rn) becomes the inner product

Sobolev space H(s)(Rn) of order s. Generally, we have the dense continuous embeddings

H(s1)(Rn) →֒ Hϕ(Rn) →֒ H(s0)(Rn) for arbitrary real s0 < σ0(ϕ) and s1 > σ1(ϕ). (5)

The function parameter ϕ is naturally said to be the smoothness index of the space Hϕ(Rn)

(and its versions for manifolds and vector bundles). Following [31–33] (e.g., [32, p. 105]), we

call the class of distribution spaces {Hϕ(Rn) : ϕ ∈ OR} the extended Sobolev scale over Rn.

Let us introduce its version for a vector bundle over a closed manifold. Let Γ be a closed

(i.e. compact and without boundary) infinitely smooth real manifold of dimension n ≥ 1.

Suppose that a certain C∞-density dx is given on Γ. We choose a finite atlas belonging to the
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C∞-structure on Γ. Let this atlas consist of local charts αj : Rn ↔ Γj, j = 1, . . . ,κ, where the

open sets Γj form a finite covering of Γ. We also choose functions χj ∈ C∞(Γ), j = 1, . . . ,κ,

that satisfy the condition supp χj ⊂ Γj and form a partition of unity on Γ. Let π : V → Γ be

an infinitely smooth complex vector bundle of rank p ≥ 1 over Γ. Here, V is the total space

of the bundle, Γ is the base space, and π is the projector (see, e.g., [49, Chapter I, Section 2]).

We choose the set Γj so that the local trivialization βj : π−1(Γj) ↔ Γj × Cp is defined for each

j ∈ {1, . . . ,κ}.

Let D′(Γ, V) denote the linear topological space of all generalized sections of the vector

bundle π : V → Γ. We interpret D′(Γ, V) as the antidual space to the linear topological space

C∞(Γ, V) of all infinitely smooth sections of this vector bundle. With every generalized section

u ∈ D′(Γ, V), we associate a collection of vector-valued distributions u×
j ∈ (D′(Γj))

p, where

j = 1, . . . , κ, in the following way: u×
j (w) := u(w◦

j ) for an arbitrary vector-valued function

w ∈ (C∞
0 (Γj))

p. Here, the section w◦
j ∈ C∞(Γ, V) is defined by the formula

w◦
j (x) :=

{
β−1

j (x, w(x)), if x ∈ Γj,

0, if x ∈ Γ \ Γj.

As usual, C∞
0 (Γj) := {v ∈ C∞(Γj) : supp v ⊂ Γj}, and D′(Γj) denotes the linear topological

space of all distributions on Γj. We say that u×
j is the representation of the generalized section

u in the local trivialization βj.

Let us introduce the space Hϕ(Γ, V) for arbitrary ϕ ∈ OR. By definition, the linear space

Hϕ(Γ, V) consists of all generalized sections u ∈ D′(Γ, V) such that (χju
×
j ) ◦ αj ∈ (Hϕ(Rn))p

for every j ∈ {1, . . . ,κ}. Here, (χju
×
j ) ◦ αj is the representation of the vector-valued distri-

bution χju
×
j ∈ (D′(Γj))

p in the local chart αj. We endow the space Hϕ(Γ, V) with the inner

product

(u, v)Hϕ(Γ,V) :=
κ

∑
j=1

((χj u×
j ) ◦ αj, (χj v×j ) ◦ αj)(Hϕ(Rn))p ,

where u, v ∈ Hϕ(Γ, V), and the corresponding norm

‖u‖Hϕ(Γ,V) := (u, u)1/2
Hϕ(Γ,V)

=

(
κ

∑
j=1

‖(χj u×
j ) ◦ αj‖2

(Hϕ(Rn))p

)1/2

.

The inner product and the corresponding norm in the Hilbert space (Hϕ(Rn))p are defined in

the standard way.

The space Hϕ(Γ, V) is Hilbert and separable and does not depend up to equivalence of

norms on our choice of the atlas {αj}, partition of unity {χj}, and local trivializations {βj}.

This will be proved bellow as Theorems 2 and 3.

If ϕ(t) ≡ ts for some s ∈ R, then Hϕ(Γ, V) becomes the inner product Sobolev space

H(s)(Γ, V) of order s (see, e.g., [49, Chapter IV, Section 1]).

The class of function spaces

{Hϕ(Γ, V) : ϕ ∈ OR} (6)

is called the extended Sobolev scale for the vector bundle π : V → Γ (see [53, Section 2]).

In the case of the trivial vector bundle of rank p = 1, the space Hϕ(Γ, V) consists of distri-

butions on Γ and is denoted by Hϕ(Γ). In this case the extended Sobolev scale was introduced

and investigated in [29, 32, 36].
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2 Quadratic interpolation with function parameter

According to [32, Theorem 2.19], the extended Sobolev scale over R
n is obtained by the

quadratic interpolation with an appropriate function parameter between certain inner product

Sobolev spaces. We will prove that this interpolation property is inherited by the extended

Sobolev scale for the vector bundle π : V → Γ (see Theorem 1). This result and the above

interpolation method will play a key role in our proofs of properties of this scale. Therefore

we recall the definition of this method. It is sufficient for our purposes to restrict ourselves to

the case of separable complex Hilbert spaces, we following monograph [32, Section 1.1]. Note

that this method appeared first in C. Foiaş and J.-L. Lions’ paper [17, Section 3.4].

Let X := [X0, X1] be an ordered pair of separable complex Hilbert spaces X0 and X1 such

that X1 is a linear manifold in X0 and that the embedding X1 →֒ X0 is continuous and dense.

This pair is called regular. For X there exists a positive-definite self-adjoint operator J in X0

with the domain X1 such that ‖Ju‖X0
= ‖u‖X1

for arbitrary u ∈ X1. The operator J is uniquely

determined by the pair X and is called the generating operator for this pair.

Let B denote the set of all Borel measurable functions ψ : (0, ∞) → (0, ∞) such that ψ is

bounded on every compact interval [a, b], with 0 < a < b < ∞, and that 1/ψ is bounded

on every set [r, ∞), with r > 0. Given ψ ∈ B, consider the operator ψ(J) defined as the

Borel function ψ of the self-adjoint operator J with the help of Spectral Theorem (see, e.g., [14,

Chapter XII, Section 2]). The operator ψ(J) is (generally) unbounded and positive-definite in

X0. Let [X0, X1]ψ or, simply, Xψ denote the domain of ψ(J) endowed with the inner product

(u1, u2)Xψ
:= (ψ(J)u1, ψ(J)u2)X0

and the corresponding norm ‖u‖Xψ
= ‖ψ(J)u‖X0

. The space

Xψ is Hilbert and separable.

A function ψ ∈ B is called an interpolation parameter if the following property is satisfied

for arbitrary regular pairs X = [X0, X1] and Y = [Y0, Y1] of Hilbert spaces and for every linear

mapping T given on X0: if the restriction of T to Xj is a bounded operator T : Xj → Yj for each

j ∈ {0, 1}, then the restriction of T to Xψ is also a bounded operator T : Xψ → Yψ.

If ψ is an interpolation parameter, we will say that the Hilbert space Xψ is obtained by the

quadratic interpolation with the function parameter ψ between X0 and X1 (or of the pair X).

In this case, we have

the dense continuous embeddings X1 →֒ Xψ →֒ X0. (7)

The function ψ ∈ B is an interpolation parameter if and only if ψ is pseudoconcave in

a neighbourhood of infinity. The latter property means that there exists a concave function

ψ1 : (b, ∞) → (0, ∞), with b ≫ 1, that both functions ψ/ψ1 and ψ1/ψ are bounded on (b, ∞).

This criterion follows from Peetre’s [44, 45] description of all interpolation functions for the

weighted Lebesgue spaces (see [32, Theorem 1.9]).

Proposition 1. Let ϕ ∈ OR, and suppose that real numbers s0 < s1 satisfy condition (2). Define

the function ψ by the formula

ψ(t) :=

{
t−s0/(s1−s0)ϕ(t1/(s1−s0)), if t ≥ 1,

ϕ(1), if 0 < t < 1.
(8)

Then the function ψ ∈ B is an interpolation parameter, and

Hϕ(Rn) =
[
H(s0)(Rn), H(s1)(Rn)

]
ψ

(9)

with equality of norms.
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This is a consequence of [36, Theorem 2.5] because Hϕ(Rn) coincides (with equality

of norms) with the space H
ϕ
A of the extended Hilbert scale generated by the operator

A := (1 − ∆)1/2 in the Hilbert space L2(R
n). As usual, ∆ denotes the Laplace operator.

Remark 1. As is indicated in [33, Remark 2.5], condition (2) is equivalent to the following pair

of conditions:

(i) s0 ≤ σ0(ϕ) and, moreover, s0 < σ0(ϕ) if the supremum in (3) is not attained,

(ii) σ1(ϕ) ≤ s1 and, moreover, σ1(ϕ) < s1 if the infimum in (4) is not attained.

If s0 < σ0(ϕ) and s1 > σ1(ϕ), then Proposition 1 is due to [32, Theorem 2.19].

3 Basic results

They concern the properties of the scale (6). A version of Proposition 1 for this scale is

formulated as follows.

Theorem 1. Let ϕ ∈ OR, and suppose that real numbers s0 < s1 satisfy condition (2). Define

the interpolation parameter ψ by formula (8). Then

Hϕ(Γ, V) =
[
H(s0)(Γ, V), H(s1)(Γ, V)

]
ψ

(10)

with equivalence of norms.

In the case where s0 < σ0(ϕ) and s1 > σ1(ϕ), this Theorem 1 is proved in [53, Section 4].

Theorem 2. For every ϕ ∈ OR, the space Hϕ(Γ, V) is complete (i.e. Hilbert) and separable, and

the set C∞(Γ, V) is dense in Hϕ(Γ, V).

As is shown in [53, Section 4], we can infer the following result from Theorem 1.

Theorem 3. The space Hϕ(Γ, V) does not depend up to equivalence of norms on the choice

of the atlas {αj} and partition of unity {χj} on Γ and on the choice of the local trivializations

{βj} of the vector bundle π : Γ → V.

The extended Sobolev scale is partially ordered with the relation "→֒" of continuous em-

bedding.

Theorem 4. Let ϕ1, ϕ2 ∈ OR. The embedding Hϕ2(Γ, V) →֒ Hϕ1(Γ, V) holds true if and only if

the function ϕ1/ϕ2 is bounded in a neighbourhood of infinity. This embedding is continuous

and dense. It is compact if and only if ϕ1(t)/ϕ2(t) → 0 as t → ∞.

The extended Sobolev scale is closed with respect to the quadratic interpolation with func-

tion parameter. Namely, the following result is true.

Theorem 5. Let ϕ1, ϕ2 ∈ OR, and let ψ be an interpolation parameter. Suppose that the func-

tion ϕ1/ϕ2 is bounded in a neighbourhood of infinity, and put

ϕ(t) := ϕ1(t)ψ
( ϕ2(t)

ϕ1(t)

)
whenever t ≥ 1.

Then ϕ ∈ OR, and [
Hϕ1(Γ, V), Hϕ2(Γ, V)

]
ψ
= Hϕ(Γ, V) (11)

with equivalence of norms.
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The extended Sobolev scale consists of all Hilbert spaces that are interpolation spaces be-

tween the Sobolev spaces H(s0)(Γ, V) and H(s1)(Γ, V) whenever −∞ < s0 < s1 < ∞. In this

connection, let us recall the definition of an interpolation space between Hilbert spaces X0 and

X1. Suppose that the continuous embedding X1 →֒ X0 holds.

A Hilbert space H is called an interpolation space between the spaces X0 and X1 if the

following two conditions are satisfied:

(i) the continuous embeddings X1 →֒ H →֒ X0 are fulfilled;

(ii) for every linear operator T given on X0, the following implication holds: if the restriction

of T to Xj is a bounded operator on Xj for each j ∈ {0, 1}, then the restriction of T to H is

a bounded operator on H.

Since properties (i) and (ii) are invariant relative to the choice of an equivalent norm on H,

it is naturally to describe interpolation spaces up to equivalence of norms.

Theorem 6. Let s0, s1 ∈ R and s0 < s1. A Hilbert space H is an interpolation space between

the Sobolev spaces H(s0)(Γ, V) and H(s1)(Γ, V) if and only if H = Hϕ(Γ, V) up to equivalence

of norms for a certain parameter ϕ ∈ OR that satisfies condition (2).

A Hilbert space H is called an interpolation space with respect to the Sobolev scale

{H(s)(Γ, V) : s ∈ R} if H is interpolation space between certain spaces belonging to this

scale. Owing to Theorem 6, we have the following result.

Corollary 1. A Hilbert space H is an interpolation space with respect to the Sobolev scale

{Hs(Γ, V) : s ∈ R)} if and only if H = Hϕ(Γ, V) up to equivalence of norms for some ϕ ∈ OR.

Suppose now that the vector bundle π : V → Γ is Hermitian. Thus, for every x ∈ Γ,

a certain inner product 〈·, ·〉x is defined in the fiber π−1(x) so that the scalar function

Γ ∋ x 7→ 〈u(x), v(x)〉x is infinitely smooth on Γ for arbitrary sections u, v ∈ C∞(Γ, V). Us-

ing the C∞-density dx on Γ, we define the inner product of these sections by the formula

〈u, v〉Γ,V :=
∫

Γ
〈u(x), v(x)〉x dx. (12)

Theorem 7. For every ϕ ∈ OR, the spaces Hϕ(Γ, V) and H1/ϕ(Γ, V) are mutually dual (up to

equivalence of norms) with respect to the sesquilinear form (12).

Note that ϕ ∈ OR ⇔ 1/ϕ ∈ OR; hence, the space H1/ϕ(Γ, V) is well defined in this

theorem.

Ending this section, we consider a relation between the extended Sobolev scale and the

scale {Cq(Γ, V) : 0 ≤ q ∈ Z}. As usual, Cq(Γ, V) denotes the Banach space of all q times

continuously differentiable sections u : Γ → V.

Theorem 8. Let ϕ ∈ OR and 0 ≤ q ∈ Z. Then the condition

∫ ∞

1
t2q+n−1ϕ−2(t) dt < ∞ (13)

is equivalent to the embedding Hϕ(Γ, V) ⊂ Cq(Γ, V). Moreover, this embedding is compact.
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4 Auxiliary results

For the readers’ convenience, we formulate the properties of quadratic interpolation used

in our proofs, following the monograph [32, Section 1.1]. The first of these properties concerns

the embedding of spaces obtained by the interpolation [32, Theorem 1.2].

Proposition 2. Let ψ1, ψ2 ∈ B, and suppose that the function ψ1/ψ2 is bounded in a neigh-

bourhood of infinity. Then, for every regular pair X = [X0, X1] of Hilbert spaces, we have

the dense continuous embedding Xψ2 →֒ Xψ1 . If the embedding X1 →֒ X0 is compact and if

ψ1(t)/ψ2(t) → 0 as t → ∞, then the embedding Xψ2 →֒ Xψ1 is also compact.

The next property reduces the interpolation between orthogonal sums of Hilbert spaces to

the interpolation between the summands [32, Theorem 1.5].

Proposition 3. Let
[
X
(j)
0 , X

(j)
1

]
, with j = 1, . . . , r, be a finite collection of regular couples of

Hilbert spaces. Then, for every function ψ ∈ B, we have
[ r⊕

j=1

X
(j)
0 ,

r⊕

j=1

X
(j)
1

]

ψ

=
r⊕

j=1

[
X
(j)
0 , X

(j)
1

]
ψ

with equality of norms.

The interpolation possesses the following reiteration property [32, Theorem 1.3].

Proposition 4. Suppose ψ1, ψ2, ψ ∈ B and that the function ψ1/ψ2 is bounded in a neighbour-

hood of infinity. Then, for every regular pair X of Hilbert spaces, we have [Xψ1 , Xψ2 ]ψ = Xω

with equality of norms. Here, the function ω(t) := ψ1(t)ψ(ψ2(t)/ψ1(t)) of t > 0 belongs

to B. If the functions ψ1, ψ2, ψ are interpolation parameters, then ω is also an interpolation

parameter.

The last property reduces the interpolation between the dual or antidual spaces of given

Hilbert spaces to the interpolation between these given spaces [32, Theorem 1.4]. We need

this property in the case of antidual spaces. If H is a Hilbert space, then we let H′ denote the

antidual of H; namely, H′ consists of all antilinear continuous functionals l : H → C. The

linear space H′ is Hilbert with respect to the inner product (l1, l2)H′ := (v1, v2)H of functionals

l1, l2 ∈ H′; here vj, with j ∈ {1, 2}, is a unique vector from H such that lj(w) = (vj, w)H

for every w ∈ H. Note that we do not identify H and H′ on the base of the Riesz theorem

(according to which vj exists).

Proposition 5. Let a function ψ ∈ B be such that the function ψ(t)/t is bounded in a neigh-

bourhood of infinity. Then, for every regular pair [X0, X1] of Hilbert spaces, we have

[X′
1, X′

0]ψ = [X0, X1]
′
χ with equality of norms. Here, the function χ ∈ B is defined by the

formula χ(t) := t/ψ(t) for t > 0. If ψ is an interpolation parameter, then χ is an interpolation

parameter as well.

As to this theorem, we note that, if [X0, X1] is a regular pair of Hilbert spaces, then the

dual pair [X′
1, X′

0] is also regular provided that we identify functionals from X′
0 with their

restrictions on X1.

We also need the following corollary of Ovchinnikov’s theorem [43, Theorem 11.4.1].

Proposition 6. Let [X0, X1] be a regular pair of Hilbert spaces. A Hilbert space H is an interpo-

lation space between X0 and X1 if and only if H = Xψ up to equivalence of norms for a certain

interpolation parameter ψ ∈ B.
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5 Proofs of the basic results

Proof of Theorem 1. Mainly following [53, Section 4], we will deduce the required equality (10)

from Proposition 1 with the help of certain operators of flattening and sewing of the vector

bundle π : V → Γ. Note that the pair of Sobolev spaces on the right of (10) is regular (see,

e.g., [49, Chapter 4, Proposition 1.2]).

Define the flattening operator by the formula

T : u 7→
(
(χ1u×

1 ) ◦ α1, . . . , (χκu×
κ
) ◦ ακ

)

for arbitrary u ∈ D′(Γ, V). Recall that u×
j stands for the representation of the generalized

section u in the local trivialization βj. The mapping T sets isometrical operators

T : Hϕ(Γ, V) → (Hϕ(Rn))pκ (14)

and

T : H(s)(Γ, V) → (H(s)(Rn))pκ for every s ∈ R.

The latter implies that T is a bounded operator

T :
[
H(s0)(Γ, V), H(s1)(Γ, V)

]
ψ
→

[
(H(s0)(Rn))pκ , (H(s1)(Rn))pκ

]
ψ

. (15)

Owing to Propositions 1 and 3, we have

[
(H(s0)(Rn))pκ , (H(s1)(Rn))pκ

]
ψ
=

(
[H(s0)(Rn), H(s1)(Rn)]ψ

)pκ
=

(
Hϕ(Rn)

)pκ
. (16)

Hence, the bounded operator (15) acts between the spaces

T : [H(s0)(Γ, V), H(s1)(Γ, V)]ψ →
(

Hϕ(Rn)
)pκ

. (17)

Define the sewing operator by the formula

K : w 7→
κ

∑
j=1

Θj((ηjwj) ◦ α−1
j ) (18)

for every w := (w1, . . . , wκ) ∈ (S ′(Rn))pκ . Here, for each j ∈ {1, . . . ,κ}, the function

ηj ∈ C∞
0 (Rn) is chosen so that ηj = 1 in a neighbourhood of α−1

j (suppχj). As usual,

C∞
0 (Rn) denotes the space of all compactly supported C∞-functions on Rn. Moreover, given

ω ∈ (D′(Γj))
p subject to dist(supp ω, ∂Γj) > 0, we let Θjω denote the unique generalized sec-

tion of the vector bundle π : V → Γ such that (Θjω)×j = ω on Γj and that (Θjω)×j = 0 on

Γ \ Γj, with (Θjω)×j standing for the representation of Θjω in the local trivialization βj. We

take ω := (ηjwj) ◦ α−1
j in (18).

The operator K is left inverse to T. Indeed, given u ∈ D′(Γ, V), we have the following

equalities:

KTu =
κ

∑
j=1

Θj((ηj((χju
×
j ) ◦ αj)) ◦ α−1

j )

=
κ

∑
j=1

Θj((ηj ◦ α−1
j )(χju

×
j )) =

κ

∑
j=1

Θj(χju
×
j ) =

κ

∑
j=1

χju = u.
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Let us show that K is a bounded operator

K : (Hϕ(Rn))pκ → Hϕ(Γ, V). (19)

Considering arbitrary w := (w1, . . . , wκ) ∈ (Hϕ(Rn))pκ and using the definition of the norm

in Hϕ(Γ, V), we have the equalities:

‖Kw‖2
Hϕ(Γ,V) =

κ

∑
j=1

‖
(
χj(Kw)×j

)
◦ αj‖2

(Hϕ(Rn))p

=
κ

∑
j=1

∥∥∥
κ

∑
l=1

(
χj

(
Θl((ηlwl) ◦ α−1

l )
)×

j

)
◦ αj

∥∥∥
2

(Hϕ(Rn))p
,

with (·)×j denoting the representation of the generalized section (written between the paren-

theses) in the local trivialization βj. Here,

(χj(Θl((ηlwl) ◦ α−1
l ))×j ) ◦ αj = (Θj,l(χjβj,l((ηlwl) ◦ α−1

l ))) ◦ αj = (ηl,jwl) ◦ γl,j,

where Θj,l stands for the operator of the extension by zero from Γj ∩ Γl to Γ of a vector (or

matrix)-valued distribution which is defined on Γj ∩ Γl and whose support does not abut on

∂(Γj ∩ Γl), whereas the matrix-valued function βl,j ∈ C∞(Γj ∩ Γl, C
p×p) is defined by the for-

mula (x, βl,j(x)a) := (βl ◦ β−1
j )(x, a) for arbitrary x ∈ Γj ∩ Γl and a ∈ C

p. Besides,

ηl,j :=
(
Θj,l((χjβj,l)(ηl ◦ α−1

l ))
)
◦ αl ∈ C∞

0 (Rn, C
p×p),

and γl,j := R
n → R

n is an infinitely smooth diffeomorphism such that γl,j := α−1
l ◦ αj in a

neighbourhood of supp ηl,j and that γl,j(t) = t for every t ∈ R
n subject to |t| ≫ 1. Thus,

‖Kw‖2
Hϕ(Γ,V) =

κ

∑
j=1

∥∥∥
κ

∑
l=1

(ηl,jwl) ◦ γl,j

∥∥∥
2

(Hϕ(Rn))p
≤ c

κ

∑
l=1

‖wl‖2
(Hϕ(Rn))p = c‖w‖2

(Hϕ(Rn))pκ ,

where c is a certain positive number which does not depend on w. The last inequality is a

consequence of the fact, that the operator of the multiplication by a function from C∞
0 (Rn) and

the operator v 7→ v ◦ γl,j of C∞-change of variables are bounded on the space Hϕ(Rn). Such

properties of this space follow from their known analogues for Sobolev spaces over R
n in view

of Proposition 1. Thus, K is a bounded operator between spaces (19).

Specifically, K acts continuously on the pair of spaces

K : ((H(s)(Rn))pκ → H(s)(Γ, V) for every s ∈ R.

It follows from this by Propositions 1 and formula (16) that the operator K is also bounded

between the spaces

K : (Hϕ(Rn))pκ → [H(s0)(Γ, V), H(s1)(Γ, V)]ψ. (20)

Now, the continuous embedding

Hϕ(Γ, V) →֒ [H(s0)(Γ, V), H(s1)(Γ, V)]ψ

is the product of the bounded operators (20) and (14), with the inverse being the product of

the bounded operators (19) and (17).
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Proof of Theorem 2. This theorem is known in the Sobolev case, where ϕ(t) ≡ ts for some s ∈ R

(see, e.g, [49, Chapter IV, Section 1]). In the general situation, this theorem follows from the

Sobolev case by virtue of Theorem 1. Namely, according to this theorem, the space Hϕ(Γ, V)

is complete (i.e. Hilbert) and separable due to the properties of the interpolation with a func-

tion parameter mentioned in Section 2. Besides, owing to (7), we have the continuous and

dense embedding H(s1)(Γ, V) →֒ Hϕ(Γ, V) if s1 > σ0(ϕ). Since the set C∞(Γ, V) is dense in

H(s1)(Γ, V), it is also dense in Hϕ(Γ, V) due to this embedding.

Proof of Theorem 3. Consider two triplets A1 and A2 each of which is formed by an atlas of the

manifold Γ, appropriate partition of unity on Γ, and collection of local trivializations of the

vector bundle π : V → Γ. Let Hϕ(Γ, V;Aj) and H(s)(Γ, V;Aj), with s ∈ R, respectively denote

the Hörmander space Hϕ(Γ, V) and the Sobolev space H(s)(Γ, V) corresponding to the triplet

Aj with j ∈ {1, 2}. The conclusion of Theorem 3 holds true in the Sobolev case of ϕ ≡ ts (see,

e.g., [49, Chapter IV, Section 1, p. 110]), i.e. the identity mapping sets an isomorphism between

the spaces H(s)(Γ, V;A1) and H(s)(Γ, V;A2) for every s ∈ R. It follows from this by Theorem 1

that the identity mapping also sets an isomorphism between the spaces
[
H(s0)(Γ, V;Aj), H(s1)(Γ, V;Aj)

]
ψ
= Hϕ(Γ, V;Aj)

with j = 0 and j = 1; here, s0, s1, and ψ satisfy the hypotheses of this theorem.

Proof of Theorem 4. We choose numbers s0, s1 ∈ R such that s0 < min{σ0(ϕ1), σ0(ϕ2)} and

s1 > max{σ1(ϕ1), σ1(ϕ2)}. According to Theorem 1,

[H(s0)(Γ, V), H(s1)(Γ, V)]ψj
= Hϕj(Γ, V) for each j ∈ {1, 2} (21)

up to equivalence of norms. Here, ψj is the interpolation parameter defined by formula (8) in

which we take ϕ := ϕj and ψj := ψ.

If the function ϕ1/ϕ2 is bounded in a neighbourhood of infinity, then the function

ψ1(t)/ψ2(t) = ϕ1(t
1/(s1−s0))/ϕ2(t

1/(s1−s0)) of t ≥ 1 is also bounded there, and then the dense

continuous embedding Hϕ2(Γ, V) →֒ Hϕ1(Γ, V) holds due to Proposition 2. If ϕ1(t)/ϕ2(t) → 0

as t → ∞, then ψ1(t)/ψ2(t) → 0 as t → ∞, and then this embedding is compact due to the

same proposition and the known compact embedding H(s1)(Γ, V) →֒ H(s0)(Γ, V) (see, e.g., [49,

Chapter 4, Section 1, Proposition 1.2]).

Assume now that Hϕ2(Γ, V) ⊂ Hϕ1(Γ, V), and prove that the function ϕ1/ϕ2 is bounded on

[1, ∞). Without loss of generality we suppose that Γ1 6⊂ ∪κ

j=2Γj. Choose an open nonempty set

U ⊂ Γ1 such that U ∩ Γj = ∅ whenever j 6= 1. Consider an arbitrary distribution ω ∈ Hϕ2(Rn)

such that supp ω ⊂ α−1
1 (U). According to (19) and our assumption, we have the inclusion

u := K(ω, 0, . . . , 0︸ ︷︷ ︸
pκ−1

) ∈ Hϕ2(Γ, V) ⊂ Hϕ1(Γ, V);

here, K is the sewing operator from the proof of Theorem 1. Therefore

(ω, 0, . . . , 0︸ ︷︷ ︸
p−1

) = (χ1u1) ◦ α1 ∈ (Hϕ1(Rn))p

due to the definition of Hϕ1(Γ, V). As to the latter equality, note that χ1u1 = u1 because χ1 = 1

on U. Thus, {
ω ∈ Hϕ2(Rn) : supp ω ⊂ α−1

1 (U)
}
⊂ Hϕ1(Rn).
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It follows from this by [20, Theorem 2.2.2] that the function ϕ1(〈ξ〉)/ϕ2(〈ξ〉) of ξ ∈ Rn is

bounded on Rn. Therefore, the function ϕ1/ϕ2 is bounded on [1, ∞).

Assume in addition that the embedding Hϕ2(Γ, V) →֒ Hϕ1(Γ, V) is compact, and prove

that ϕ1(t)/ϕ2(t) → 0 as t → ∞. Choose a closed ball Q ⊂ α−1
1 (U), and put

H
ϕ2

Q (Rn) :=
{

ω ∈ Hϕ2(Rn) : supp ω ⊂ Q
}

.

We consider H
ϕ2

Q (Rn) as a (closed) subspace of Hϕ2(Rn). Let us represent the embedding

H
ϕ2

Q (Rn) →֒ Hϕ1(Rn) as the composition of the following three continuous operators:

ω 7→ u := K(ω, 0, . . . , 0︸ ︷︷ ︸
pκ−1

) 7→ u 7→ (χ1u1) ◦ α1 = (ω, 0, . . . , 0︸ ︷︷ ︸
p−1

).

The first of them acts from H
ϕ2

Q (Rn) to Hϕ2(Γ, V) by (19); the second is the operator of the

compact embedding of Hϕ2(Γ, V) in Hϕ1(Γ, V), and the third acts from Hϕ1(Γ, V) to Hϕ1(Rn).

Thus, the embedding H
ϕ2

Q (Rn) →֒ Hϕ1(Rn) is compact. It follows from this by [20, Theo-

rem 2.2.3] that ϕ1(〈ξ〉)/ϕ2(〈ξ〉) → 0 as |ξ| → ∞, i.e. ϕ1(t)/ϕ2(t) → 0 as t → ∞.

Proof of Theorem 5. The inclusion ϕ ∈ OR is valid due to [32, Theorem 2.18]. Choose numbers

s0, s1 ∈ R such that

s0 < min{σ0(ϕ), σ0(ϕ1), σ0(ϕ2)} and s1 > max{σ1(ϕ), σ1(ϕ1), σ1(ϕ2)}.

The pair [Hϕ1(Γ, V), Hϕ2(Γ, V)] is regular due to Theorems 2 and 4. Let us use the interpolation

formula (21), where the function ψ1/ψ2 is bounded in a neighbourhood of infinity. Owing to

Proposition 4, we have

[Hϕ1(Γ, V), Hϕ2(Γ, V)]ψ =
[[

H(s0)(Γ, V), H(s1)(Γ, V)]ψ1 ,
[
H(s0)(Γ, V), H(s1)(Γ, V)

]
ψ2

]
ψ

=
[
H(s0)(Γ, V), H(s1)(Γ, V)

]
ω

.
(22)

Here, the interpolation parameter ω satisfies the equalities

ω(t) = ψ1(t)ψ
(ψ2(t)

ψ1(t)

)
= t−s0/(s1−s0)ϕ1(t

1/(s1−s0))ψ
( ϕ2(t

1/(s1−s0))

ϕ1(t1/(s1−s0))

)
= t−s0/(s1−s0)ϕ(t1/(s1−s0))

whenever t ≥ 1. Besides,

ω(t) = ψ1(t)ψ
(ψ2(t)

ψ1(t)

)
= ϕ1(1)ψ

( ϕ2(1)

ϕ1(1)

)
= ϕ(1)

whenever 0 < t < 1. Thus, equality (8) holds true if we take ω instead of ψ. Therefore,
[
H(s0)(Γ, V), H(s1)(Γ, V)

]
ω
= Hϕ(Γ, V) (23)

due to Theorem 1. Relations (22) and (23) yield the required formula (11).

Proof of Theorem 6. According to Proposition 6, a Hilbert space H is an interpolation space be-

tween the spaces H(s0)(Γ, V) and H(s1)(Γ, V) if and only if H equals the space

[H(s0)(Γ, V), H(s1)(Γ, V)]ψ

for a certain interpolation parameter ψ ∈ B. Owing to Theorem 5 considered in the case of

ϕj(t) ≡ tsj , the last space equals Hϕ(Γ, V) provided that the function ϕ ∈ OR is defined by

the formula ϕ(t) ≡ ts0ψ(ts1−s0). These equalities of spaces hold up to equivalence of norms. It

remains to note in view of [33, Theorem 4.2] that ϕ satisfies (2) if and only if the function ψ ∈ B
is an interpolation parameter.



Extended Sobolev scale for vector bundles and its applications 539

Proof of Theorem 7. This theorem is known in the Sobolev case where ϕ(t) ≡ ts for some s ∈ R

(see, e.g., [49, Chapter IV, Section 1, p. 110]). Thus, the continuous sesquilinear form

u 7→ 〈u, v〉Γ,V of the arguments u ∈ Hs(Γ, V) and v ∈ H−s(Γ, V) is well defined as a unique ex-

tension of the form (12). Moreover, the mapping Q : u 7→ 〈u, ·〉Γ,V is an isomorphism between

Hs(Γ, V) and (H−s(Γ, V))′. Let deduce this theorem from the Sobolev case with the help of

Proposition 5. Choose numbers s0, s1 ∈ R such that s0 < σ0(ϕ) and s1 > σ1(ϕ). Considering

this isomorphism for s ∈ {s0, s1} and using the interpolation with the function parameter ψ

defined by (8), we conclude by Theorem 1 that Q sets an isomorphism between spaces (9) and

[
(H(−s0)(Γ, V))′, (H(−s1)(Γ, V))′

]
ψ

. (24)

According to Proposition 5 and Theorem 5, space (24) equals

[
H(−s1)(Γ, V), H(−s0)(Γ, V)

]′
χ
= (H1/ϕ(Γ, V))′,

where χ(t) ≡ t/ψ(t). We have used Theorem 5 in case where ϕ1(t) ≡ t−s1 and ϕ2(t) ≡ t−s0.

Note that

ϕ1(t)χ
( ϕ2(t)

ϕ1(t)

)
= t−s1χ(ts1−s0) =

1

ts0ψ(ts1−s0)
=

1

ϕ(t)

whenever t ≥ 1, the last equality being valid due to (8). Thus, Q sets an isomorphism between

Hϕ(Γ, V) and (H1/ϕ(Γ, V))′.

The proof of Theorem 8 is based on the following version of Hörmander’s embedding the-

orem [20, Theorem 2.2.7].

Proposition 7. Let ϕ ∈ OR. Then condition (13) implies the continuous embedding

Hϕ(Rn) →֒ C
q
b(R

n). Conversely, if

{w ∈ Hϕ(Rn) : supp w ⊂ G} ⊂ Cq(Rn) (25)

for a certain open nonempty set G ⊂ R
n, then condition (13) is satisfied.

Here, C
q
b(R

n) denotes the Banach space of all q times continuously differentiable functions

on Rn whose partial derivatives up to the q-th order are bounded on Rn. Note that the condi-

tion ∫

Rn

(1 + |ξ|)2q

k2(ξ)
dξ < ∞

used by Hörmander for the space B2,k is equivalent to (13) in our case where k(ξ) ≡ ϕ(〈ξ〉)
and, hence, B2,k = Hϕ(Rn). This equivalence is proved in [50, Lema 2].

Proof of Theorem 8. Suppose that condition (13) is satisfied. Then we have the continuous em-

bedding Hϕ(Rn) →֒ C
q
b(R

n) due to Proposition 7. Choosing u ∈ Hϕ(Γ, V) arbitrarily, we

obtain the inclusion

(χjuj) ◦ αj ∈ (Hϕ(Rn))p →֒ (C
q
b(R

n))p

for each j ∈ {1, . . . ,κ}. Hence, χju ∈ Cq(Γ, V) for each j ∈ {1, . . . ,κ}, which implies the

inclusion

u =
κ

∑
j=1

χju ∈ Cq(Γ, V).
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Thus, Hϕ(Γ, V) ⊂ Cq(Γ, V). This embedding is continuous because

‖u‖Cq(Γ,V) ≤ c0

κ

∑
j=1

‖(χjuj) ◦ αj‖(Cq
b(R

n))p ≤ c1

κ

∑
j=1

‖(χjuj) ◦ αj‖(Hϕ(Rn))p ≤ c2‖u‖Hϕ(Γ,V).

Here, c0, c1, and c2 are certain positive numbers that do not depend on u.

Let us prove that this embedding is compact. In the next paragraph, we will build a func-

tion ϕ0 ∈ OR such that ϕ0(t)/ϕ(t) → 0 as t → ∞ and that
∫ ∞

1

t2q+n−1

ϕ2
0(t)

dt < ∞. (26)

Owing to Theorem 4, we have the compact embedding Hϕ(Γ, V) →֒ Hϕ0(Γ, V). Besides, the

continuous embedding Hϕ0(Γ, V) →֒ Cq(Γ, V) holds due to (26), as we have proved. Thus, the

embedding Hϕ(Γ, V) →֒ Cq(Γ, V) is compact.

Let us build the indicated function ϕ0. Put

η(t) :=
∫ ∞

t

τ2q+n−1

ϕ2(τ)
dτ < ∞ and ϕ0(t) := ϕ(t) 4

√
η(t)

for every t ≥ 1. Then ϕ0(t)/ϕ(t) = 4
√

η(t) → 0 as t → ∞. Moreover,
∫ ∞

1

τ2q+n−1

ϕ2
0(τ)

dτ =
∫ ∞

1

τ2q+n−1

ϕ2(τ)
√

η(τ)
dτ = −

∫ ∞

1

dη(τ)√
η(τ)

=
∫ η(1)

0

dη√
η
< ∞,

i.e. ϕ0 satisfies (26). It remains to show that ϕ0 ∈ OR. It suffices to prove that η ∈ OR. Let

numbers a > 1 and c ≥ 1 be the same as that in (1). Given λ ∈ [1, a] and t ≥ 1, we have

η(λt) =
∫ ∞

λt

τ2q+n−1

ϕ2(τ)
dτ =

∫ ∞

t

(λθ)2q+n−1

ϕ2(λθ)
λdθ.

Here, owing to (1), we have the inequalities

c−2

ϕ2(θ)
≤ c−2λ2q+n

ϕ2(θ)
≤ λ2q+n

ϕ2(λθ)
≤ c2λ2q+n

ϕ2(θ)
≤ c2a2q+n

ϕ2(θ)

whenever θ ≥ 1. Therefore,

c−2η(t) ≤ η(λt) ≤ c2a2q+nη(t),

whenever t ≥ 1 and q ∈ [1, a]. Thus, η ∈ OR, which implies the required inclusion ϕ0 ∈ OR.

It remains to prove that the embedding Hϕ(Γ, V) →֒ Cq(Γ, V) implies condition (13).

Assume now that Hϕ(Γ, V) →֒ Cq(Γ, V) holds. Without loss of generality we suppose that

Γ1 6⊂ ∪κ

j=2Γj. Choose an open nonempty set U ⊂ Γ1 such that U ∩ Γj = ∅ whenever j 6= 1,

and put G := α−1
1 (U). Consider an arbitrary distribution ω ∈ Hϕ(Rn) such that supp ω ⊂ G.

Owing to (19) and our assumption, we have the inclusion

u := K(ω, 0, . . . , 0︸ ︷︷ ︸
pκ−1

) ∈ Hϕ(Γ, V) →֒ Cq(Γ, V),

with K being the sewing operator from the proof of Theorem 1. Hence,

(ω, 0, . . . , 0︸ ︷︷ ︸
p−1

) = (χ1u1) ◦ α1 ∈ (Cq(Rn))p.

The latter equality is valid because χ1 = 1 on U. Thus, (25) holds, which implies condition (13)

due to Proposition 7.
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6 Applications

We will give applications of the extended Sobolev scale to mixed-order elliptic pseudodif-

ferential operators (PsDOs) on a pair of vector bundles over the closed manifold Γ.

Let π1 : V1 → Γ and π2 : V2 → Γ be infinitely smooth complex vector bundles of the same

rank p ≥ 1 on Γ. Following [22, Definition 18.1.32], we let Ψm(Γ; V1, V2) denote the class of all

PsDOs A : C∞(Γ, V1) → C∞(Γ, V2) of order m ∈ R. Note that Ψm(Γ; V1, V2) ⊂ Ψr(Γ; V1, V2)

whenever m < r, and put

Ψ∞(Γ; V1, V2) :=
⋃

m∈R

Ψm(Γ; V1, V2), Ψ−∞(Γ; V1, V2) :=
⋂

m∈R

Ψm(Γ; V1, V2).

The class Ψ−∞(Γ; V1, V2) consists of all integral operators with C∞-kernels (cf. [1, Section 2.1,

p. 23]).

Suppose that these vector bundles are Hermitian. Let 〈u, v〉Γ,Vr denote the corresponding

inner product of sections u, v ∈ C∞(Γ, Vr), with r ∈ {1, 2}. Given a PsDO A ∈ Ψ∞(Γ; V1, V2),

we define its adjoint PsDO A∗ ∈ Ψ∞(Γ; V2, V1) by the formula 〈Au, w〉Γ,V2
= 〈u, A∗w〉Γ,V1

for

all u ∈ C∞(Γ, V1) and w ∈ C∞(Γ, V2). The operator A∗ exists and unique; if A ∈ Ψm(Γ; V1, V2)

for certain m ∈ R, then A∗ ∈ Ψm(Γ; V2, V1) [49, Chapter IV, Theorem 3.16(b)]. The map-

ping u 7→ Au, where u ∈ C∞(Γ, V1), extends uniquely to a continuous linear operator from

D′(Γ, V1) to D′(Γ, V2). Thus, the equality 〈Au, w〉Γ,V2
= 〈u, A∗w〉Γ,V1

extends by continuity

over all u ∈ D′(Γ, V1) and w ∈ C∞(Γ, V2). This equality defines the image Au ∈ D′(Γ, V2) of

any generalized section u ∈ D′(Γ, V1).

Lemma 1. Let m ∈ R and A ∈ Ψm(Γ; V1, V2). Then A is a bounded operator on the pair of

Hilbert spaces

A : Hω(Γ; V1, V2) → Hω̺−m
(Γ; V1, V2)

for every ω ∈ OR.

Here and subsequently, we use the function parameter ̺(t) := t of t ≥ 1 in order not to

indicate the variable t in smoothness indexes of distribution spaces. Thus, if ω ∈ OR, then

ω̺−m is the function ω(t)t−m of t and of class OR.

Proof of Lemma 1. This lemma is known in the Sobolev case where ω(t) ≡ ts for some s ∈ R

[49, Chapter IV, Proposition 3.12]. Putting s0 := σ0(ω) − 1 and s1 := σ1(ω) + 1, we have two

bounded operators

A : H(sj)(Γ, V1) → H(sj−m)(Γ, V2), j ∈ {0, 1}.

Define the function parameter ψ by formula (8) in which ϕ := ω. We conclude by Theorem 1

that A is a bounded operator between the spaces

Hω(Γ, V1) = [H(s0)(Γ, V1), H(s1)(Γ, V1)]ψ

and

Hω̺−m
(Γ, V2) = [H(s0−m)(Γ, V2), H(s1−m)(Γ, V2)]ψ.
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We suppose in the sequel that the above vector bundles are decomposed into the direct

sums

V1 =
k∗⊕

k=1

V1,k and V2 =
j∗⊕

j=1

V2,j

of infinitely smooth Hermitian complex vector bundles π1,k : V1,k → Γ and π2,j : V2,j → Γ,

respectively. Here, k∗ and j∗ are certain integers subject to 1 ≤ k∗ ≤ p and 1 ≤ j∗ ≤ p.

Let A ∈ Ψ∞(Γ; V1, V2). Then A is a j∗ × k∗-matrix formed by Aj,k ∈ Ψ∞(Γ; V1,k, V2,j), where

j = 1, . . . , j∗ and k = 1, . . . , k∗. Thus, the equation Au = f takes the form

k∗

∑
k=1

Aj,k uk = fj, j = 1, . . . , j∗. (27)

Here, u = (u1, . . . , uk∗) ∈ D′(Γ, V1) with each uk ∈ D′(Γ, V1,k), and f = ( f1, . . . , fj∗) ∈
D′(Γ, V2) with each fj ∈ D′(Γ, V2,j). The adjoint PsDO A∗ is the k∗ × j∗-matrix formed by

the adjoint PsDOs A∗
j,k ∈ Ψ∞(Γ; V2,j, V1,k), where k = 1, . . . , k∗ and j = 1, . . . , j∗.

Let real numbers ℓ1, . . . , ℓj∗ and m1, . . . , mk∗ be chosen so that Aj,k ∈ Ψℓj+mk(Γ; V1,k, V2,j) for

all j and k. We suppose that the PsDO A = (Aj,k) is Douglis-Nirenberg elliptic on Γ for these

numbers. Equivalent definitions of this ellipticity is given in [22, Theorem 19.5.3]. Such a type

of the ellipticity was introduced in [13]. Then the adjoint PsDO A∗ is also Douglis-Nirenberg

elliptic on Γ but for numbers m1, . . . , mk∗ and ℓ1, . . . , ℓj∗ . Hence, the spaces

N := {u ∈ C∞(Γ, V1) : Au = 0 on Γ} and M := {w ∈ C∞(Γ, V2) : A∗ = 0 on Γ}

are finite-dimensional [22, Theorem 19.5.3].

Theorem 9. The PsDO A is a Fredholm bounded operator on the pair of Hilbert spaces

A :
k∗⊕

k=1

Hϕ̺mk (Γ, V1,k) →
j∗⊕

j=1

Hϕ̺
−ℓj

(Γ, V2,j) (28)

for every ϕ ∈ OR. The kernel of operator (28) equals N, and the range has the form

A

( k∗⊕

k=1

Hϕ̺mk (Γ, V1,k)

)
=

{
f ∈

j∗⊕

j=1

Hϕ̺
−ℓj

(Γ, V2,j) : 〈 f , w〉Γ,V2
= 0 for all w ∈ M

}
. (29)

Hence, the index of this operator is equal to dim N − dim M.

Recall that a bounded linear operator L : E1 → E2 between Banach spaces E1 and E2 is

called Fredholm if its kernel ker L := {v ∈ E1 : Lv = 0} and co-kernel coker L := E2/L(E1)

are finite-dimensional. If the operator L is Fredholm, then its range L(E1) is closed in E2

[22, Lemma 19.1.1] and consists of all vectors g ∈ E2 such that Φ(g) = 0 for every functional

Φ ∈ ker L∗, and its index satisfies

ind L := dim ker L − dim coker L = dim ker L − dim ker L∗
< ∞.

Here L∗ is the adjoint operator to L.
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Proof of Theorem 9. Owing to Lemma 1 applied to Aj,k, the PsDO A is a bounded operator on

the pair of spaces (28). According to [22, Theorem 19.5.3], the Douglis-Nirenberg ellipticity of

this operator is equivalent to the following property: there exists a PsDO B ∈ Ψ∞(Γ; V2, V1)

such that B is k∗ × j∗-matrix formed by PsDOs Bk,j ∈ Ψ−mk−ℓj(Γ; V2,j, V1,k), where k = 1, . . . , k∗
and j = 1, . . . , j∗, and that

T1 := BA − I1 ∈ Ψ−∞(Γ; V1, V1), T2 := AB − I2 ∈ Ψ−∞(Γ; V2, V2), (30)

where Ir is the identity operator on D′(Γ; Vr, Vr) for each r ∈ {1, 2}. The PsDO B is Douglis-

Nirenberg elliptic on Γ for numbers −m1, . . . ,−mk∗ and −ℓ1, . . . ,−ℓj∗ and is called a two-sided

parametrix for A. According to Lemma 1, we have bounded operators

B :
j∗⊕

j=1

Hϕ̺
−ℓj

(Γ, V2,j) →
k∗⊕

k=1

Hϕ̺mk (Γ, V1,k), (31)

T1 :
k∗⊕

k=1

Hϕ̺mk (Γ, V1,k) →
k∗⊕

k=1

Hϕ̺mk+λ
(Γ, V1,k), (32)

T2 :

j∗⊕

j=1

Hϕ̺
−ℓj

(Γ, V2,j) →
j∗⊕

j=1

Hϕ̺
−ℓj+λ

(Γ, V2,j) (33)

for every λ > 0. This implies by Theorem 4 that T1 and T2 are compact operators on the source

spaces of (32) and (33), respectively. Hence [22, Corollary 19.1.9], it follows from equalities (30)

that the bounded operator (28) is Fredholm. Its kernel lies in C∞(Γ, V1) due to the first equality

in (30) and property (32); thus, the kernel is N. The adjoint operator to (28) coincides with

the PsDO A∗ in the sense of Theorem 7. Since A∗ is also Douglis-Nirenberg elliptic, M is the

kernel of the adjoint of (28), which implies (29).

Let Γ0 be an open nonempty subset of the manifold Γ. Considering the elliptic equation

Au = f (i.e. the mixed-order system (27)), we study the local regularity of its solution on Γ0.

Given ω ∈ OR, r ∈ {1, 2}, and admissible i, we let Hω
loc(Γ0, Vr,i) denote the linear space

of all v ∈ D′(Γ, Vr,i) such that χv ∈ Hω(Γ, Vr,i) for every scalar function χ ∈ C∞(Γ) with

supp χ ⊂ Γ0. Of course, if Γ0 = Γ, then Hω
loc(Γ0, Vr,i) coincides with Hω(Γ, Vr,i).

Theorem 10. Let u ∈ D′(Γ, V1), f ∈ D′(Γ, V2), and ϕ ∈ OR. Assume that Au = f on Γ0. Then

f ∈
j∗⊕

j=1

H
ϕ̺

−ℓj

loc (Γ0, V2,j) ⇐⇒ u ∈
k∗⊕

k=1

H
ϕ̺mk

loc (Γ0, V1,k). (34)

Proof. We choose any function χ ∈ C∞(Γ) and a certain function η ∈ C∞(Γ) such that

supp χ ⊂ Γ0, supp η ⊂ Γ0, and η = 1 in a neighbourhood of supp χ. (35)

According to (30), we get

χu = χBAu − χT1u = χBηAu + χB(1 − η)Au − χT1u =: χBηAu + Tu, (36)

where T ∈ Ψ−∞(Γ; V1, V1), because the supports of χ and (1 − η) are disjoint and since

T1 ∈ Ψ−∞(Γ; V1, V1). Hence, if the left-hand side of (34) holds true, then

χu = χBη f + Tu ∈
k∗⊕

k=1

Hϕ̺mk (Γ, V1,k)
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in view of (31), i.e. u satisfies the right-hand side of (34).

On the other hand, if the right-hand side of (34) holds true, then

χ f = χAu = χA(1 − η)u + χAηu ∈
j∗⊕

j=1

Hϕ̺
−ℓj

(Γ, V2,j),

because the PsDO u 7→ χA(1 − η)u belongs to Ψ−∞(Γ; V1, V2) and due to (28), i.e. f satisfies

the left-hand side of (34).

We supplement Theorem 10 with a local a priory estimate of u.

Theorem 11. Let ϕ ∈ OR, λ ∈ R, u ∈ H(λ)(Γ, V1), f ∈ D′(Γ, V2), and Au = f on Γ0. Suppose

that the right-hand (or left-hand) side of (34) holds true. Let scalar functions χ, η ∈ C∞(Γ)

satisfy (35). Then

‖χu‖′ϕ ≤ c(‖η f‖′′ϕ + ‖u‖λ), (37)

where c is a certain positive number that does not depend on u and f . Here, ‖ · ‖′ϕ and ‖ · ‖′′ϕ
denote the norms in the source space and target space of operator (28), whereas ‖ · ‖λ stand

for the norm in H(λ)(Γ, V1). If the operator A is differential, then (37) holds true with ‖ηu‖λ

instead of ‖u‖λ (and we may replace the hypothesis u ∈ H(λ)(Γ, V1) with u ∈ D′(Γ, V1)).

Of course, estimate (37) makes sense if −λ ≫ 1; then the source space of operator (28) is

embedded in H(λ)(Γ, V1).

Proof. The required estimate (37) follows from (36), (31) and T ∈ Ψ−∞(Γ; V1, V1), indeed

‖χu‖′ϕ ≤ ‖χBηAu‖′ϕ + ‖Tu‖′ϕ ≤ c
(
‖ηAu‖′′ϕ + ‖u‖λ

)
.

Suppose now that the operator A is differential. Choose a function η0 ∈ C∞(Γ) that satisfies

the following conditions: supp η0 ⊂ Γ0, η0 = 1 in a neighbourhood of supp χ, and η = 1 in a

neighbourhood of supp η0. It follows from (36) that χv = χBη0 Av+ T0v for every v ∈ D′(Γ, V1)

and certain T0 ∈ Ψ−∞(Γ; V1, V1). Then

χu = χηu = χBη0 Aηu + T0ηu = χBη0 Au + T0ηu.

The last equality is true because A is differential. Hence,

‖χu‖′ϕ ≤ ‖χBη0 Au‖′ϕ + ‖T0ηu‖′ϕ ≤ c0

(
‖η0 Au‖′′ϕ + ‖ηu‖λ

)
,

with

‖η0 Au‖′′ϕ = ‖η0ηAu‖′′ϕ ≤ c1‖ηAu‖′′ϕ.

Here, the positive numbers c0 and c1 do not depend on u (and f ). This yields the required

estimate.

Remark 2. If we replace the hypothesis u ∈ H(λ)(Γ, V1) with

u ∈
k∗⊕

k=1

Hϕ̺mk−1
(Γ, V1,k) (38)

in Theorem 11 and retain other hypotheses, then

‖χu‖′ϕ ≤ c
(
‖χ f‖′′ϕ + ‖u‖′ϕ̺−1

)
. (39)

Of course, ‖ · ‖′
ϕ̺−1 stands for the norm in the space written in (38). If, in addition, A is

a differential operator, then (39) holds true with ‖ηu‖′
ϕ̺−1 instead of ‖u‖′

ϕ̺−1 (and we may

replace (38) with u ∈ D′(Γ, V1)).
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Proof. According to Theorem 11 (considered for Γ0 = Γ and χ ≡ η ≡ 1) there exists a number

c1 > 0 such that

‖v‖′ϕ ≤ c1

(
‖Av‖′′ϕ + ‖v‖′ϕ̺−1

)

for every section v from the space indicated in (38). Assuming (38) and putting v := χu, we

hence obtain the estimate

‖χu‖′ϕ ≤ c1

(
‖Aχu‖′′ϕ + ‖χu‖′

ϕ̺−1

)
. (40)

Rearranging the PsDO A and the operator of the multiplication by χ, we can write

Aχu = χAu + A′u, where A′ is a certain PsDO of class Ψm−1(Γ; V1, V2) (see, e.g., [1, p. 13]).

Therefore,

‖Aχu‖′′ϕ ≤ ‖χAu‖′′ϕ + ‖A′u‖′′ϕ ≤ ‖χAu‖′′ϕ + c2‖u‖′
ϕ̺−1 , (41)

where c2 is the norm of A′ on the corresponding spaces. Now (40) and (41) yield the required

estimate (39).

If the operator A is differential, then we write

Aχu = Aχηu = χAηu + A′ηu = χAu + A′ηu

and hence get the estimate

‖Aχu‖′′ϕ ≤ ‖χAu‖′′ϕ + ‖A′ηu‖′′ϕ ≤ ‖χAu‖′′ϕ + c2‖ηu‖′ϕ̺−1

and note that

‖χu‖′ϕ̺−1 = ‖χηu‖′ϕ̺−1 ≤ c3‖ηu‖′ϕ̺−1 ,

where the number c3 > 0 does not depend on u. This together with (40) substantiates the last

sentence of Remark 2.

Ending this section, we give an exact sufficient condition for a component uk ∈ D′(Γ, V1,k)

of the solution u = (u1, . . . , uk∗) ∈ D′(Γ, V1) of equation (27) to be q times continuously differ-

entiable on Γ0. This property is symbolized as u ∈ Cq(Γ0, V1,k).

Theorem 12. Let k ∈ {1, . . . , k∗} and 0 ≤ q ∈ Z, and let ϕ ∈ OR satisfy

∫ ∞

1
t2q+n−1−2k ϕ−2(t) dt < ∞. (42)

Suppose that u ∈ D′(Γ, V) is a solution to the elliptic equation Au = f on Γ0 for certain

f ∈
j∗⊕

j=1

H
ϕ̺

−ℓj

loc (Γ0, V2,j).

Then uk ∈ Cq(Γ0, V1,k).

Proof. We arbitrarily choose a point x ∈ Γ0 and a certain function χ ∈ C∞(Γ) satisfying

supp χ ⊂ Γ0 and χ = 1 in a neighbourhood Γx of x. We conclude by Theorems 10 and 8

that

χuk ∈ Hϕ̺mk (Γ, V1,k) ⊂ Cq(Γ, V1,k).

Thus uk ∈ Cq(Γx, V1,k) for every x ∈ Γ0, which gives the required inclusion.
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Remark 3. Condition (42) is exact in this theorem because this condition follows from the

implication

(
u ∈ D′(Γ, V1), Au ∈

j∗⊕

j=1

H
ϕ̺

−ℓj

loc (Γ0, V2,j)
)
=⇒ uk ∈ Cq(Γ0, V1,k). (43)

Proof. Suppose that implication (43) is true. If

u ∈
k∗⊕

k=1

H
ϕ̺mk

loc (Γ0, V1,k),

then u satisfies the premise of this implication by Theorem 10. Hence,

H
ϕ̺mk

loc (Γ0, V1,k) ⊂ Cq(Γ0, V1,k) (44)

due to (43). It remains to show that (44) implies condition (42) by Proposition 7. We as-

sume without loss of generality that Γ0 ∩ Γ1 6= ∅ and choose a nonempty open set G ⊂ R
n

such that α1(G) ⊂ Γ0 ∩ Γ1. Recall that α1 : R
n → Γ1 is the above-mentioned local chart

of Γ. Consider an arbitrary function w1 ∈ Hϕ̺mk (Rn) such that supp w1 ⊂ G, and put

w := (w1, 0) ∈ (Hϕ̺mk (Rn))pk , where pk := dim V1,k. There exists a section v ∈ Hϕ̺mk(Γ, V1,k)

such that supp v ⊂ α1(G) and v×1 ◦ α1 = w, where (v×1 , . . . , v×
κ
) is the representation of v in the

local trivializations of the vector bundle π1,k : V1,k → Γ. Then v ∈ Cq(Γ0, V1,k) by (44), which

implies that w1 ∈ Cq(Rn). Thus,

{w1 ∈ Hϕ̺mk (Rn) : supp w1 ⊂ G} ⊂ Cq(Rn).

This entails (42) by Proposition 7.
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[8] Avakumović V.G. O jednom O-inverznom stavu. Rad Jugoslovenske Akad. Znatn. Umjetnosti 1936, 254, 167–

186.

[9] Baghdasaryan A.G. On interpolation of pairs of generalized spaces of Besov type. Eurasian Math. J. 2010, 1 (4),

32–77.

[10] Bingham N.H., Goldie C.M., Teugels J.L. Regular variation. In: Rota G.-C. (Ed.) Encyclopedia Math. Appl.,

27. Cambridge University Press, Cambridge, 1989.

[11] Buldygin V.V., Indlekofer K.-H., Klesov O.I., Steinebach J.G. Pseudo-Regularly Varying Functions and Gen-

eralized Renewal Processes. Springer, Cham, 2018.
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Мурач О.О., Зiнченко Т.М. Розширена соболєвська шкала для векторних розшарувань та її застосу-

вання // Карпатськi матем. публ. — 2025. — Т.17, №2. — C. 527–549.

Дослiджено розширену соболєвську шкалу для гладких векторних розшарувань на за-

мкненому многовидi. Вона побудована на основi гiльбертових просторiв розподiлiв узагальне-

ної гладкостi, заданої довiльною додатною функцiєю, OR-змiнною на нескiнченностi. Показа-

но, що ця шкала отримується квадратичною iнтерполяцiєю (з функцiональним параметром)

гiльбертових просторiв Соболєва, замкнена щодо квадратичної iнтерполяцiї та складається з

усiх гiльбертових просторiв, iнтерполяцiйних для пар гiльбертових просторiв Соболєва. Дове-

дено теореми вкладення i теорему двоїстостi для цiєї шкали. Дано застосування розширеної

соболєвської шкали до елiптичних (за Дуглiсом-Нiренбергом) псевдодиференцiальних опера-

торiв мiшаного порядку, якi дiють на парi векторних розшарувань одного рангу. Доведено їх

фредгольмовiсть на вiдповiдних парах просторiв на шкалi, дано достатню i необхiдну умову

локальної узагальненої гладкостi розв’язкiв елiптичної системи мiшаного порядку та вiдпо-

вiдну апрiорну оцiнку розв’язкiв. Також дано достатню умову, за якої вибрана компонента

розв’язку є q разiв неперервно диференцiйовною на вказанiй частинi многовиду.

Ключовi слова i фрази: векторне розшарування, OR-змiнна функцiя, iнтерполяцiя пар про-

сторiв, елiптичний оператор, фредгольмовiсть, локальна гладкiсть.


