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Extended Sobolev scale for vector bundles and its applications

Murach A%< Zinchenko T.2

We study an extended Sobolev scale for smooth vector bundles over a closed manifold. This
scale is built on the base of inner product distribution spaces of generalized smoothness given by
an arbitrary positive function OR-varying at infinity. We show that this scale is obtained by the
quadratic interpolation (with a function parameter) between inner product Sobolev spaces, is closed
with respect to the quadratic interpolation, and consists of all Hilbert spaces that are interpolation
spaces between inner product Sobolev spaces. Embedding theorems and a duality theorem are
proved for this scale. We give applications of the extended Sobolev scale to mixed-order (Douglis-
Nirenberg) elliptic pseudodifferential operators acting between vector bundles of the same rank.
We prove their Fredholm property on appropriate pairs of spaces on the scale, give a sufficient
and necessary condition for the local generalized smoothness of solutions to a mixed-order elliptic
system and provide a corresponding a priori estimate of the solutions. We also give a sufficient
condition for a chosen component of the solution to be g times continuously differentiable on an
indicated part of the manifold.

Key words and phrases: vector bundle, OR-varying function, interpolation between spaces, elliptic
operator, Fredholm property, local smoothness.
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Introduction

An extended Sobolev scale over R and over smooth closed manifolds was introduced and
investigated by V.A. Mikhailets and A.A. Murach [29, 31-33]. It is built on the base of the
Hormander spaces By, [20, Section 2.2] considered in the Hilbert isotropic case where p = 2
and k(&) = ¢((¢)) for some function ¢ : [1,00) — (0,00) OR-varying at infinity in the sense
of Avakumovi¢ (as usual, (&) = (1 + |&[*)'/? for & € R"). This scale can be interpreted as the
extended Hilbert scale generated by the operator (1 — A)/2 or by more general positive elliptic
pseudodifferential operator of the first order [36, Section 5]. Very recently it was introduced
for the lattice Z" by O. Milatovich [37,38]. If ¢ is a regularly varying function at infinity in the
sense of Karamata, the spaces B, form the refined Sobolev scale [26-28,30] as an important
part of the above scale.

These scales are formed by distribution spaces of generalized smoothness given by a func-
tion of frequency variables (or by a number sequence representing this function). Such a func-
tion parameter allows describing the smoothness of distributions in terms of their Fourier
transform far more exactly than it is possible by means of classical distribution spaces whose
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smoothness is given by a single number. Distribution spaces of generalized smoothness have
been actively studied in the last two decades (see, e.g., [2,9,12, 16,18, 19,24, 39]). They have
various applications in the approximation theory [47], theory of stochastic process [23], and
theory of partial differential equations [15,25,32,42]. Certainly, Hilbert spaces of generalized
smoothness are of a special interest due to their applications in spectral theory of differential
operators [34,36].

The extended Sobolev scale has the following important interpolation properties: it is
obtained by the quadratic interpolation (with a function parameter) between inner product
Sobolev spaces, is closed with respect to the quadratic interpolation, and consists of all Hilbert
spaces that are interpolation spaces between inner product Sobolev spaces. The first of these
properties has played a key role in building a general theory of elliptic systems and elliptic
boundary value problems on this scale [3-7,40,41,50,51] (see also survey [35]). Applications of
the refined Sobolev scale to elliptic operators and elliptic problems are summarized in [30,32].

In the modern theory of partial differential equations and their applications, elliptic equa-
tions given on vector bundles over manifolds play an important role (see, e.g., [22,49]). There-
fore, it is useful to introduce and investigated a version of the extended Sobolev scale for these
bundles. The present paper is devoted to such a task. We consider smooth vector bundles over
a closed (compact) smooth manifold and show that the extended Sobolev scale is well defined
for these bundles by the trivialization of the bundle and localization of the manifold and prove
that this scale possesses the above-mentioned interpolation properties. We also prove embed-
ding theorems and a duality theorem for the scale. These results are applied to the study of
mixed-order (or Douglis-Nirenberg) elliptic pseudodifferential operators on a pair of vector
bundles over the manifold. We show that such operators are Fredholm on appropriate pairs
of spaces on the extended Sobolev scale. We give a sufficient and necessary condition for so-
lutions of mixed-order elliptic systems to have a prescribed local smoothness on the scale and
also establish a corresponding a priori estimate of the solutions. We give a sufficient condition
for a chosen component of the solution to be g times continuously differentiable on a given
subset of the manifold. This condition is exact on the scale. Note that the refined Sobolev scale
for vector bundles was introduced and investigated by T. Zinchenko [52].

1 The extended Sobolev scale

In this section, we will introduce the extended Sobolev scale for a vector bundle over a
smooth closed manifold. We build this scale on the base of its analog for Euclidean space with
the help of local charts on the manifold and local trivializations of the bundle. Therefore we re-
call the definition of the extended Sobolev scale for R”, which was introduced and investigated
by V.A. Mikhailets and A.A. Murach [31-33].

Letn > 1, n € Z. The extended Sobolev scale over IR" consists of the inner product
Hormander spaces H?(IR") whose smoothness index ¢ is given by an arbitrary function
from the class OR. By definition, this class consists of all Borel measurable functions
¢ :[1,00) — (0,00) for each of which there exist numbers a > 1 and ¢ > 1 such that

c_lg%gc forall t>1 and A € [1,4] (1)

(the numbers a and c may depend on ¢ € OR). These functions are said to be OR-varying at
infinity. They were introduced by V.G. Avakumovi¢ [8] in 1936, are well investigated, and have
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various applications (see, e.g., [10,11,46]).
The class OR admits the following description [46, Theorem A 1]:

¢ € OR <= ¢(t):exp<5(t)+/lt@ dr), F>1,

where the real-valued functions B and 7 are Borel measurable and bounded on [1, o). Note
[46, Theorem A 2] that condition (1) is equivalent to the two-sided inequality

cTIN% < % <cA’l foreach t+>1 and A >1, (2)
in which (another) constant ¢ > 1 is independent of t and A. For every ¢ € RO, there exist
lower and upper Matuszewska indexes [10, Section 2.1.2]:

00(¢) := sup{sp € R : the left-hand side of (2) is true}, (3)

01(¢) := inf{s; € R : the right-hand side of (2) is true}. 4)

Certainly, —oo < 0p(¢) < 01(¢) < 0.

Let ¢ € OR. By definition, the complex linear space H?(IR") consists of all distributions
w € S'(R") such that their Fourier transform @ := Fw is locally Lebesgue integrable over R"
and satisfies the condition

¢*((2)) [@(2)[* dg < o,

As usual, S'(IR") denotes the linear topological space of all tempered distributions given in
R", and (¢) := (1 + |&[*)!/? is the smoothed absolute value of the frequency variable & € R”.
The inner product in H?(IR") is defined by the formula

R7

(w1, w2) oy 2= [ 92((6)) @1(8) Ba(2) de.

n

It endows H?(R") with the Hilbert space structure and induces the norm

Hw”H‘/’(]R”) = (wrw)}-l/q%(]Rn)'

The space H?(IR") is a special case of B, ) introduced and investigated by Hormander
[20, Section 2.2] (see also his monograph [21, Section 10.1]). Namely, H?(R") = Bp,k ifp=2
and k(¢) = ¢((Z)). Note that in the Hilbert case of p = 2 the space B),; was also investigated
by L.R. Volevich and B.P. Paneah [48, § 2].

In the case where ¢(t) = ° for some s € R, the space H?(IR") becomes the inner product
Sobolev space H®)(IR") of order s. Generally, we have the dense continuous embeddings

HEV(R") < H?(R") < H®0)(R") for arbitrary real sy < op(¢) and s; > o1(¢@).  (5)

The function parameter ¢ is naturally said to be the smoothness index of the space H?(R")
(and its versions for manifolds and vector bundles). Following [31-33] (e.g., [32, p. 105]), we
call the class of distribution spaces { H?(R") : ¢ € OR} the extended Sobolev scale over R".
Let us introduce its version for a vector bundle over a closed manifold. Let I' be a closed
(i.e. compact and without boundary) infinitely smooth real manifold of dimension n > 1.
Suppose that a certain C*-density dx is given on I'. We choose a finite atlas belonging to the
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C®-structure on I'. Let this atlas consist of local charts a; :R" T, j =1,...,3¢, where the
open sets I'; form a finite covering of I'. We also choose functlons xi €C®(),j=1,...,7
that satisfy the condition supp x; C I'; and form a partition of unity on I'. Let 7 : V' — T be
an infinitely smooth complex vector bundle of rank p > 1 over I'. Here, V is the total space
of the bundle, I' is the base space, and 7 is the projector (see, e.g., [49, Chapter I, Section 2]).
We choose the set I'; so that the local trivialization g; : ! (T;) <> T; x C7 is defined for each
jed{l,..., x>}

Let D'(T, V) denote the linear topological space of all generalized sections of the vector
bundle 77 : V — I'. We interpret D'(T, V) as the antidual space to the linear topological space
C*(T, V) of all infinitely smooth sections of this vector bundle. With every generalized section

u € D'(T,V), we associate a collection of vector-valued distributions u ]-X € (D'(T}))?, where

]' =1, ..., 7, in the following way: u ]X (w) := u(w}) for an arbitrary vector-valued function
(C°°(F ))P. Here, the section (S C*®(T, V) is defined by the formula

°(x) i {ﬁjl(x,w(x)), if x €T},
0, if xeT\T,.

As usual, C3°(T;) := {v € C*(T;) : suppv C I}, and D'(T;) denotes the linear topological
space of all distributions on I';. We say that u jx is the representation of the generalized section
u in the local trivialization ;.

Let us introduce the space H?(T, V) for arbitrary ¢ € OR. By definition, the linear space
H?(T, V) consists of all generalized sections u € D'(T, V) such that (X] “)oa; € (H?(R"))?

for every j € {1,...,}. Here, (x; ]X
bution x;u; ; € (D'(T}))? in the local chart a;. We endow the space H?(T, V) with the inner

product

) o a; is the representation of the Vector-valued distri-

(u UH‘PFV Z Xju ] ooc X]Uj)OlX]‘)(Hqﬂ(]Rn))P/

where u,v € H?(T', V), and the corresponding norm

1/2
P - (Zn 01 57) 0 B )

The inner product and the corresponding norm in the Hilbert space (H?(IR"))? are defined in
the standard way.

The space H?(T', V) is Hilbert and separable and does not depend up to equivalence of
norms on our choice of the atlas {a;}, partition of unity {x;}, and local trivializations {j;}.
This will be proved bellow as Theorems 2 and 3.

If (t) = #° for some s € R, then H?(I', V) becomes the inner product Sobolev space
H) (T, V) of order s (see, e.g., [49, Chapter IV, Section 1]).

The class of function spaces

{H*(T,V): ¢ € OR} (6)
is called the extended Sobolev scale for the vector bundle 77 : V — T (see [53, Section 2]).
In the case of the trivial vector bundle of rank p = 1, the space H?(T', V) consists of distri-

butions on I' and is denoted by H?(T'). In this case the extended Sobolev scale was introduced
and investigated in [29,32,36].
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2 Quadratic interpolation with function parameter

According to [32, Theorem 2.19], the extended Sobolev scale over R" is obtained by the
quadratic interpolation with an appropriate function parameter between certain inner product
Sobolev spaces. We will prove that this interpolation property is inherited by the extended
Sobolev scale for the vector bundle 7 : V' — T (see Theorem 1). This result and the above
interpolation method will play a key role in our proofs of properties of this scale. Therefore
we recall the definition of this method. It is sufficient for our purposes to restrict ourselves to
the case of separable complex Hilbert spaces, we following monograph [32, Section 1.1]. Note
that this method appeared first in C. Foias and J.-L. Lions” paper [17, Section 3.4].

Let X := [Xp, X1] be an ordered pair of separable complex Hilbert spaces Xy and X; such
that Xj is a linear manifold in Xy and that the embedding X; — Xj is continuous and dense.
This pair is called regular. For X there exists a positive-definite self-adjoint operator | in Xy
with the domain X; such that || Ju||x, = ||u||x, for arbitrary u# € X;. The operator ] is uniquely
determined by the pair X and is called the generating operator for this pair.

Let B denote the set of all Borel measurable functions i : (0,00) — (0, 00) such that ¥ is
bounded on every compact interval [a,b], with 0 < a < b < oo, and that 1/¢ is bounded
on every set [r,00), with ¥ > 0. Given ¢ € B, consider the operator ¢(J) defined as the
Borel function 1 of the self-adjoint operator | with the help of Spectral Theorem (see, e.g., [14,
Chapter XII, Section 2]). The operator (]) is (generally) unbounded and positive-definite in
Xo. Let [Xo, X1]y or, simply, Xy denote the domain of ¢(]) endowed with the inner product
(u1,u2)x, == (p(J)u1, ¢(J)u2)x, and the corresponding norm |[uf|x, = [|¢(J)ulx,. The space
Xy is Hilbert and separable.

A function ¢ € B is called an interpolation parameter if the following property is satisfied
for arbitrary regular pairs X = [Xp, Xj] and Y = [Y), Y1] of Hilbert spaces and for every linear
mapping T given on Xo: if the restriction of T to X; is a bounded operator T : X; — Y] for each
j € {0,1}, then the restriction of T to Xy is also a bounded operator T : Xy — Yy.

If ¢ is an interpolation parameter, we will say that the Hilbert space Xy, is obtained by the
quadratic interpolation with the function parameter ¢ between X and X; (or of the pair X).
In this case, we have

the dense continuous embeddings X; < Xy — Xo. (7)

The function 1 € B is an interpolation parameter if and only if ¢ is pseudoconcave in
a neighbourhood of infinity. The latter property means that there exists a concave function
Y1 : (b,00) — (0,00), with b > 1, that both functions ¢/ and 1 /9 are bounded on (b, o).
This criterion follows from Peetre’s [44,45] description of all interpolation functions for the
weighted Lebesgue spaces (see [32, Theorem 1.9]).

Proposition1. Let ¢ € OR, and suppose that real numbers sy < sy satisfy condition (2). Define
the function by the formula

=50/ (s1750) ($1/(s1=50))  if + > 1,
OES i S ®)
o(1), if 0<t<l
Then the function i € B is an interpolation parameter, and
H?(R") = [H(SO) (]Rn),H(sl)(]R")LP )

with equality of norms.



532 Murach A., Zinchenko T.

This is a consequence of [36, Theorem 2.5] because H?(IR") coincides (with equality
of norms) with the space Hfﬁ of the extended Hilbert scale generated by the operator
A := (1 — A)'/? in the Hilbert space L,(IR"). As usual, A denotes the Laplace operator.

Remark 1. As is indicated in [33, Remark 2.5], condition (2) is equivalent to the following pair
of conditions:

(i) so < op(¢) and, moreover, sy < 0p(¢) if the supremum in (3) is not attained,

(ii) 01(¢) < s1 and, moreover, 01 (@) < s1 if the infimum in (4) is not attained.

If so < 0p(¢) and s; > (@), then Proposition 1 is due to [32, Theorem 2.19].

3 Basic results

They concern the properties of the scale (6). A version of Proposition 1 for this scale is
formulated as follows.

Theorem 1. Let ¢ € OR, and suppose that real numbers sy < sy satisfy condition (2). Define
the interpolation parameter i by formula (8). Then

H?(T,V) = [H)(T, V), H&)(T, V)] (10)

L4
with equivalence of norms.

In the case where sy < 0p(¢) and s; > 01(¢), this Theorem 1 is proved in [53, Section 4].

Theorem 2. For every ¢ € OR, the space H?(I', V) is complete (i.e. Hilbert) and separable, and
the set C*(T', V) is dense in H?(T', V).

As is shown in [53, Section 4], we can infer the following result from Theorem 1.

Theorem 3. The space H?(I', V) does not depend up to equivalence of norms on the choice
of the atlas {w;} and partition of unity {);} onT and on the choice of the local trivializations
{B;} of the vector bundle 7t : T — V.

The extended Sobolev scale is partially ordered with the relation "—" of continuous em-
bedding.

Theorem 4. Let ¢1, ¢, € OR. The embedding H?2(T', V) — H?1(T, V) holds true if and only if
the function ¢/ ¢ is bounded in a neighbourhood of infinity. This embedding is continuous
and dense. It is compact if and only if ¢1(t)/ @2 (t) — 0 ast — oo.

The extended Sobolev scale is closed with respect to the quadratic interpolation with func-
tion parameter. Namely, the following result is true.

Theorem 5. Let ¢1, 92 € OR, and let i be an interpolation parameter. Suppose that the func-
tion ¢,/ ¢, is bounded in a neighbourhood of infinity, and put

_ 2(t) S
@(t) == 1(t) 1’b<g01(t)> whenever > 1.
Then ¢ € OR, and

[H?\(T, V), H?(T, V)] = H?(T, V) (11)

¥
with equivalence of norms.
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The extended Sobolev scale consists of all Hilbert spaces that are interpolation spaces be-
tween the Sobolev spaces H(®0)(T, V) and H1(T, V) whenever —co < sy < 57 < co. In this
connection, let us recall the definition of an interpolation space between Hilbert spaces X, and
Xj. Suppose that the continuous embedding X; < Xy holds.

A Hilbert space H is called an interpolation space between the spaces Xy and Xj if the
following two conditions are satisfied:

(i) the continuous embeddings X; — H — X are fulfilled;

(ii) for every linear operator T given on X, the following implication holds: if the restriction
of T to X; is a bounded operator on X; for each j € {0, 1}, then the restriction of T to H is
a bounded operator on H.

Since properties (i) and (ii) are invariant relative to the choice of an equivalent norm on H,
it is naturally to describe interpolation spaces up to equivalence of norms.

Theorem 6. Let sy, s; € R and sy < s;. A Hilbert space H is an interpolation space between
the Sobolev spaces H*0)(T, V) and H*)(T, V) if and only if H = H?(T, V) up to equivalence
of norms for a certain parameter ¢ € OR that satisties condition (2).

A Hilbert space H is called an interpolation space with respect to the Sobolev scale
{HO)NT,V) : s € R} if H is interpolation space between certain spaces belonging to this
scale. Owing to Theorem 6, we have the following result.

Corollary 1. A Hilbert space H is an interpolation space with respect to the Sobolev scale
{H*(T,V):s € R)} ifand only if H = H?(I', V) up to equivalence of norms for some ¢ € OR.

Suppose now that the vector bundle 7t : V' — T is Hermitian. Thus, for every x € T,
a certain inner product (-,-)y is defined in the fiber 7-!(x) so that the scalar function
I' 5 x = (u(x),v(x))y is infinitely smooth on I for arbitrary sections u,v € C®(I', V). Us-
ing the C*-density dx on I', we define the inner product of these sections by the formula

(,0)ry = [ ((x),0(x)x dx. (12)

Theorem 7. For every ¢ € OR, the spaces H?(T, V) and H'/ (T, V) are mutually dual (up to
equivalence of norms) with respect to the sesquilinear form (12).

Note that ¢ € OR < 1/¢ € OR; hence, the space HY/¢(T, V) is well defined in this
theorem.

Ending this section, we consider a relation between the extended Sobolev scale and the
scale {C1(T,V) : 0 < g € Z}. As usual, C7(T, V) denotes the Banach space of all g times
continuously differentiable sections u : I' — V.

Theorem 8. Let ¢ € OR and 0 < g € Z. Then the condition
/1 2172 (1) dt < oo (13)

is equivalent to the embedding H?(I', V') C C9(I', V). Moreover, this embedding is compact.
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4 Auxiliary results

For the readers’ convenience, we formulate the properties of quadratic interpolation used
in our proofs, following the monograph [32, Section 1.1]. The first of these properties concerns
the embedding of spaces obtained by the interpolation [32, Theorem 1.2].

Proposition 2. Let 11, € B, and suppose that the function 1/, is bounded in a neigh-
bourhood of infinity. Then, for every regular pair X = [Xo, X1]| of Hilbert spaces, we have
the dense continuous embedding Xy, — Xy, . If the embedding X1 — X is compact and if
P1(t)/2(t) — 0 ast — oo, then the embedding Xy, — Xy, is also compact.

The next property reduces the interpolation between orthogonal sums of Hilbert spaces to
the interpolation between the summands [32, Theorem 1.5].
Proposition 3. Let [Xéj),Xij)], withj = 1,...,r, be a finite collection of regular couples of
Hilbert spaces. Then, for every function ¢ € B, we have

Ny Ay x?] — rxt) x)
DX Dx"| = DX X,
j=1 j=1 o=l

with equality of norms.

The interpolation possesses the following reiteration property [32, Theorem 1.3].

Proposition 4. Suppose 1,2, € B and that the function /1, is bounded in a neighbour-
hood of infinity. Then, for every regular pair X of Hilbert spaces, we have [Xy,, Xy,|y = Xw
with equality of norms. Here, the function w(t) = P1(t)(Pa(t)/Pp1(t)) of t > 0 belongs
to B. If the functions 1,1, are interpolation parameters, then w is also an interpolation
parameter.

The last property reduces the interpolation between the dual or antidual spaces of given
Hilbert spaces to the interpolation between these given spaces [32, Theorem 1.4]. We need
this property in the case of antidual spaces. If H is a Hilbert space, then we let H' denote the
antidual of H; namely, H' consists of all antilinear continuous functionals I : H — C. The
linear space H' is Hilbert with respect to the inner product (I3, 13) g := (v1, v2) g of functionals
li,l € H'; here vj, with j € {1,2}, is a unique vector from H such that [;(w) = (v;,w)y
for every w € H. Note that we do not identify H and H' on the base of the Riesz theorem
(according to which v; exists).

Proposition 5. Let a function { € B be such that the function {(t)/t is bounded in a neigh-
bourhood of infinity. Then, for every regular pair [Xo, X;1] of Hilbert spaces, we have
(X1, Xoly = [Xo, X1]} with equality of norms. Here, the function x € B is defined by the
formula x(t) := t/(t) fort > 0. If ¢ is an interpolation parameter, then x is an interpolation
parameter as well.

As to this theorem, we note that, if [Xo, X1] is a regular pair of Hilbert spaces, then the
dual pair [X], X{] is also regular provided that we identify functionals from X{] with their
restrictions on Xj.

We also need the following corollary of Ovchinnikov’s theorem [43, Theorem 11.4.1].

Proposition 6. Let [Xy, X1] be a regular pair of Hilbert spaces. A Hilbert space H is an interpo-
lation space between X, and X if and only if H = Xy, up to equivalence of norms for a certain
interpolation parameter i € B.
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5 Proofs of the basic results

Proof of Theorem 1. Mainly following [53, Section 4], we will deduce the required equality (10)
from Proposition 1 with the help of certain operators of flattening and sewing of the vector
bundle 77 : V — I'. Note that the pair of Sobolev spaces on the right of (10) is regular (see,
e.g., [49, Chapter 4, Proposition 1.2]).

Define the flattening operator by the formula

T:u— ((xauy)oan, ..., (Xsu}) o)

for arbitrary u € D'(T, V). Recall that u jx stands for the representation of the generalized
section u in the local trivialization §;. The mapping T sets isometrical operators

T:HY(,V)— (H?(R"))F” (14)
and
T:HO(T,V) = (H)(R")P* forevery seR.
The latter implies that T is a bounded operator

T: [HE(T, V), H)(T, V)] . [(HE(R™))PZ, (HED(R™))P] . (15)

¥

Owing to Propositions 1 and 3, we have

[(HE(R™)P%, (HED(RM)P], = (H(RY), HV(RM)]y)" = (HARM)P. (16)

¥
Hence, the bounded operator (15) acts between the spaces

T: [H)(T, V), HS)(T, V)], — (H?(R"))P”. (17)

Define the sewing operator by the formula

»
K:wi— .Z%®j((17jwj) o “j—l) (18)
]:
for every w := (wy,...,w,) € (S'(R"))P*. Here, for each j € {1,...,}, the function

nj € CF(R") is chosen so that #7; = 1 in a neighbourhood of a;l(suppxj). As usual,
Cy’(R™) denotes the space of all compactly supported C®-functions on R”. Moreover, given
w € (D'(T}))? subject to dist(supp w, dl';) > 0, we let ®;w denote the unique generalized sec-
tion of the vector bundle 77 : V — T such that (®Jw)]-X = w on I and that (®ja))].X = 0on

I'\T;, with (Ojw) jx standing for the representation of ®;w in the local trivialization ;. We

take w := (17jw;) o ocj’l in (18).
The operator K is left inverse to T. Indeed, given u € D'(T,V), we have the following
equalities:
V1
KTu = Y 0,((n( () o)) 0 )
];1 3 .
= ]; ©;((nj0 0 ) (xjuf)) = ]; ©;(xju) = ]z X = .
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Let us show that K is a bounded operator
K:(H?(R"))P* - H?(T,V). (19)

Considering arbitrary w := (wy, ..., w,) € (H?(R"))?* and using the definition of the norm
in H?(T', V), we have the equalities:

1KW1 01 v) = 21 | (i (Kw)) © @l1Tzo oo
]:

2

- ]é Hgbc]-(@z((mw) ° "‘fl));) ° “fH(HmR"))”'

with (-) ].X denoting the representation of the generalized section (written between the paren-
theses) in the local trivialization ;. Here,

(xj(@i((mwor) 0 a; 1)) oy = (@ (xiBja (mwy) oy 1)) 0.y = (i) 0 71,

where ©;, stands for the operator of the extension by zero from I'; N T to I of a vector (or
matrix)-valued distribution which is defined on I'; N T'; and whose support does not abut on
d(['; NT;), whereas the matrix-valued function g;; € C*(T; N T}, CP*F) is defined by the for-
mula (x, B;;(x)a) := (B o ﬁ;l)(x,a) for arbitrary x € T; NI} and a € CP. Besides,

= (0, ((xiBj) (moa;))) oy € C(R",CP*P),

and 7;; := R" — R" is an infinitely smooth diffeomorphism such that y;; := a; Lo ajin a
neighbourhood of supp 77 ; and that 7, ;(t) = t for every t € R" subject to [t| > 1. Thus,

| x 2 »
”KWH%N(DV) = Z;l‘)l;(ﬂl,jwl) °© ’Yl’jH(Hq’(]Rn))P < CIZ% leH%HqJ(]Rn))p = C”W”%qu(mn))pm
j= = =

where c is a certain positive number which does not depend on w. The last inequality is a
consequence of the fact, that the operator of the multiplication by a function from C§°(R") and
the operator v — v o 7; ; of C*-change of variables are bounded on the space H?(R"). Such
properties of this space follow from their known analogues for Sobolev spaces over R" in view
of Proposition 1. Thus, K is a bounded operator between spaces (19).

Specifically, K acts continuously on the pair of spaces

K: ((H®(R")P* - H&)(T,V) forevery seR.

It follows from this by Propositions 1 and formula (16) that the operator K is also bounded
between the spaces
K: (H?(R™"))P* — [HE)(T, V), HED(T, V)] (20)

Now, the continuous embedding
HY(T, V) — [H(T, V), HS)(T, V)]

is the product of the bounded operators (20) and (14), with the inverse being the product of
the bounded operators (19) and (17). O
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Proof of Theorem 2. This theorem is known in the Sobolev case, where ¢(t) = t° for some s € R
(see, e.g, [49, Chapter IV, Section 1]). In the general situation, this theorem follows from the
Sobolev case by virtue of Theorem 1. Namely, according to this theorem, the space H?(T, V)
is complete (i.e. Hilbert) and separable due to the properties of the interpolation with a func-
tion parameter mentioned in Section 2. Besides, owing to (7), we have the continuous and
dense embedding H®)(T, V) — H?(T,V) if s; > op(¢). Since the set C*(T, V) is dense in
H®1)(T, V), itis also dense in H?(T, V) due to this embedding. O

Proof of Theorem 3. Consider two triplets A; and A, each of which is formed by an atlas of the
manifold I', appropriate partition of unity on I', and collection of local trivializations of the
vector bundle 77 : V — T. Let H?(T, V; A;) and H (S)(F, V; A;), with s € R, respectively denote
the Hormander space H?(T, V) and the Sobolev space H®)(T, V) corresponding to the triplet
Aj with j € {1, 2}. The conclusion of Theorem 3 holds true in the Sobolev case of ¢ = t° (see,
e.g., [49, Chapter IV, Section 1, p. 110]), i.e. the identity mapping sets an isomorphism between
the spaces H (s) (T,V; A1) and H (s) (T, V; Ay) for every s € R. It follows from this by Theorem 1
that the identity mapping also sets an isomorphism between the spaces

[HE(T, V; Aj), HEV(T, V; A;)] p = HO(L,V;A)
with j = 0 and j = 1; here, s¢, 51, and ¥ satisfy the hypotheses of this theorem. O

Proof of Theorem 4. We choose numbers sp,s1 € R such that sp < min{op(¢1),00(¢p2)} and
s1 > max{o1(¢1),01(¢2)}. According to Theorem 1,

[H(T, V), HE(T, V)]y, = HPI(T, V) foreach j € {1,2} (21)

up to equivalence of norms. Here, §; is the interpolation parameter defined by formula (8) in
which we take ¢ := ¢; and ¢; := 9.

If the function ¢1/¢; is bounded in a neighbourhood of infinity, then the function
1 (8) /o (t) = @q (1 1750)) / gy (£1/(51750)) of + > 1 is also bounded there, and then the dense
continuous embedding H?2(I', V) — H?1(T', V) holds due to Proposition 2. If g1 (t) / ¢2(t) — 0
as t — oo, then 1(t)/¢a(t) — 0 as t — oo, and then this embedding is compact due to the
same proposition and the known compact embedding H®1)(T, V) < H0)(T, V) (see, e.g., [49,
Chapter 4, Section 1, Proposition 1.2]).

Assume now that H?2(T', V) C H?(T', V), and prove that the function ¢1/ ¢ is bounded on
[1, 00). Without loss of generality we suppose that I’y ¢ U]?‘ZZF j- Choose an open nonempty set
U C I'y such that UNT; = @ whenever j # 1. Consider an arbitrary distribution w € H?2(R")
such that suppw C a7 L(U). According to (19) and our assumption, we have the inclusion

u:=K(w,0,...,0) € H?(I', V) Cc H""(I,V);
——
pr—1
here, K is the sewing operator from the proof of Theorem 1. Therefore
,0,...,0) = € (H?(R"))P
(w 1 ) = (xaiu1) eaq € (H?(R"))
pe

due to the definition of H?1(T', V). As to the latter equality, note that xju; = u; because x; =1
on U. Thus,
{w e H(R") : suppw C a7 (U)} € HPL(R").
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It follows from this by [20, Theorem 2.2.2] that the function ¢1((¢))/¢2((¢)) of { € R" is
bounded on R". Therefore, the function ¢1/ ¢, is bounded on [1, ).

Assume in addition that the embedding H?2(T', V) — H?!(T, V) is compact, and prove
that @1 (t)/@2(t) — 0 as t — co. Choose a closed ball Q C a; *(U), and put

HE(R") := {w € H?(R") : suppw C Q}.

We consider ng (R") as a (closed) subspace of H?2(IR"). Let us represent the embedding
H 32 (R") < H?1(IR") as the composition of the following three continuous operators:
= u:= K(w,0,...,0) — u— = 0,...,0).
w U (@,0,...,0) = urr (xaur) o = (w,0,...,0)
pr—1 p—1
The first of them acts from ng (R") to H?2(T, V) by (19); the second is the operator of the
compact embedding of H?2(T', V) in H?1(T', V), and the third acts from H?' (T, V) to H?1(R").

Thus, the embedding ng (R") — H?%1(R") is compact. It follows from this by [20, Theo-
rem 2.2.3] that ¢1(({))/¢2({&)) — 0as |{| — oo, i.e. p1(t)/@2(t) — Oast — oo. O

Proof of Theorem 5. The inclusion ¢ € OR is valid due to [32, Theorem 2.18]. Choose numbers
S0,51 € R such that
so < min{oy(¢), 00(¢1),00(¢2)} and  s1 > max{o1(e), o1(¢1), o1(92) }-

The pair [H?1(T', V), H?2(T', V)] is regular due to Theorems 2 and 4. Let us use the interpolation
formula (21), where the function 11 /¢, is bounded in a neighbourhood of infinity. Owing to
Proposition 4, we have

[HO (L, V), HO (T, V)] = [[HEO(L, V), HEO (T, V), [HE(T, V), HOO (T, V)
— [H(SO)(F, V), (1) (T, V)] W’

Here, the interpolation parameter w satisfies the equalities

t —S S1—S S1—S tl/(51_50) —S S1—S S1—S
w(t) = ¢1(t)¢(¢2( >> _ s/ (s gy (41/ o o))lp(ZjEtl/(Sl_so);) _ s/ (1=s0) (41 (51-50))

ll)z} [ (22)

whenever t > 1. Besides,

w(t) = (2 = gy 0p( 20 = p(1)

¥1(t) ¢1(1)
whenever 0 < t < 1. Thus, equality (8) holds true if we take w instead of 1. Therefore,
[H)(T, V), H®)(T, V)] = H?(T, V) (23)
due to Theorem 1. Relations (22) and (23) yield the required formula (11). O

Proof of Theorem 6. According to Proposition 6, a Hilbert space H is an interpolation space be-
tween the spaces H*0) (', V') and HGY(T, V) if and only if H equals the space

[H(So) (T, V), H(s1) (T, V)]IIJ

for a certain interpolation parameter i € B. Owing to Theorem 5 considered in the case of
¢j(t) = t%, the last space equals H?(T, V) provided that the function ¢ € OR is defined by
the formula ¢(t) = t°0yp(+°17%). These equalities of spaces hold up to equivalence of norms. It
remains to note in view of [33, Theorem 4.2] that ¢ satisfies (2) if and only if the functiony € B
is an interpolation parameter. 0
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Proof of Theorem 7. This theorem is known in the Sobolev case where ¢(t) = t° for some s € R
(see, e.g., [49, Chapter IV, Section 1, p. 110]). Thus, the continuous sesquilinear form
u — (u,v)ry of the arguments u € H*(I', V) and v € H*(T, V) is well defined as a unique ex-
tension of the form (12). Moreover, the mapping Q : u +— (u, -)r,y is an isomorphism between
H*(T,V) and (H°(T,V))’. Let deduce this theorem from the Sobolev case with the help of
Proposition 5. Choose numbers sp,s; € R such that sy < 0p(¢) and s; > 0q(¢). Considering
this isomorphism for s € {sp,s;} and using the interpolation with the function parameter ¢
defined by (8), we conclude by Theorem 1 that Q sets an isomorphism between spaces (9) and

[(H(T, V)Y, (HE(T, V)] (24)

"

According to Proposition 5 and Theorem 5, space (24) equals
[H=0(r, v), HEO(T, V)] = (HY9(T, V),

where x(t) = t/¢(t). We have used Theorem 5 in case where ¢1(t) = t~°1 and ¢o(t) = t~*0.

Note that
1 1

§02(t) —s 51—5
t = S (£17%0) = =
PO () =1 = g = g
whenever t > 1, the last equality being valid due to (8). Thus, Q sets an isomorphism between
H?(T,V)and (H/*(T,V))". O

The proof of Theorem 8 is based on the following version of Hérmander’s embedding the-
orem [20, Theorem 2.2.7].

Proposition 7. Let ¢ € OR. Then condition (13) implies the continuous embedding
H?(R") < C](IR"). Conversely, if

{w e H?(R") : suppw C G} C C1(R") (25)
for a certain open nonempty set G C IR", then condition (13) is satisfied.

Here, Cg (R™) denotes the Banach space of all g times continuously differentiable functions
on R whose partial derivatives up to the g-th order are bounded on IR". Note that the condi-

ton 1+ [a)
+
/n 7](2(6) ¢ < oo

used by Hormander for the space B, is equivalent to (13) in our case where k(¢) = ¢((¢))
and, hence, B, = H?(R"). This equivalence is proved in [50, Lema 2].

Proof of Theorem 8. Suppose that condition (13) is satisfied. Then we have the continuous em-
bedding H?(R") < C]/(R") due to Proposition 7. Choosing u € H?(T,V) arbitrarily, we
obtain the inclusion

(xjuj) o aj € (HP(R"))" — (CJ(R"))”

for each j € {1,...,s}. Hence, xju € CI(I,V) for each j € {1,..., s}, which implies the
inclusion

u=Yy_ xjueCl,V).
j=1
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Thus, H?(T', V) C C9(T, V). This embedding is continuous because

lullcarvy < co Y [l (xjuj) aill(carmyyr < €1 Yo Oxug) © ajll (rornyye < collullgor,v)-
= =

Here, ¢, c1, and ¢ are certain positive numbers that do not depend on u.

Let us prove that this embedding is compact. In the next paragraph, we will build a func-
tion g € OR such that ¢o(t)/¢(t) — 0as t — co and that

) t2q+n71 J
—5——dt . 26
/1 Aan 29

Owing to Theorem 4, we have the compact embedding H?(T', V) — H?(T, V). Besides, the
continuous embedding H?*(T', V) < C7(T, V) holds due to (26), as we have proved. Thus, the
embedding H?(T', V) — C7(T, V) is compact.

Let us build the indicated function ¢(. Put

2g+n—1
n(t) ;:/t T <o and go(t) = o(t) (D)

9*(7)
for every t > 1. Then ¢o(t)/¢(t) = /n(t) — 0 as t — co. Moreover,
2q+n 1 2q+n=1
I ol e Ll B R AL
i.e. ¢o satisfies (26). It remains to show that po € OR. It sufflces to prove that n € OR. Let
numbers a2 > 1 and ¢ > 1 be the same as that in (1). Given A € [1,4] and t > 1, we have

2q+n 1 )t@ 2q+n—1
At / T = / Ad6.
n(At) = e

Here, owing to (1), we have the 1nequal1t1es
c—2 c2)\2q+n A\29+n c2)\2q+n c2g2q9+n
< < < <
9*(0) = ¢*(6) T @?(A0) T ¢*(6) T ¢*(6)
whenever 6 > 1. Therefore,

2 (t) < (M) < Fa2Hy(h),

whenever t > 1 and g € [1,a]. Thus, € OR, which implies the required inclusion ¢y € OR.
It remains to prove that the embedding H?(I', V) — C7(I,V) implies condition (13).

Assume now that H?(T, V) — C7(T, V) holds. Without loss of generality we suppose that

I ¢ U]’f: »I'j. Choose an open nonempty set U C I'y such that UNT; = & whenever j # 1,

and put G := a; ' (U). Consider an arbitrary distribution w € H?(IR") such that suppw C G.
Owing to (19) and our assumption, we have the inclusion
u:=K(w,0,...,0) e H(I,V) — C(T, V),
——
pr—1
with K being the sewing operator from the proof of Theorem 1. Hence,
,0,...,0) = 1(R"))F.
(w ) = (xau1) ocaq € (C7(R"))
p—1

The latter equality is valid because x; = 1 on U. Thus, (25) holds, which implies condition (13)
due to Proposition 7. O
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6 Applications

We will give applications of the extended Sobolev scale to mixed-order elliptic pseudodif-
ferential operators (PsDOs) on a pair of vector bundles over the closed manifold I'.

Let 11 : Vi — I'and 71, : V, — T be infinitely smooth complex vector bundles of the same
rank p > 1 on I. Following [22, Definition 18.1.32], we let ¥"(T’; V4, V) denote the class of all
PsDOs A : C®(T,V;) — C®(T, V,) of order m € R. Note that ¥ (T; V4, Vo) C ¥ (T; V1, Va)
whenever m < r, and put

YOV, V) = | Y[V, Ve), YOV, V) = () ¥ VA, V).
meR meR

The class ¥~*°(T; V4, V») consists of all integral operators with C*-kernels (cf. [1, Section 2.1,
p- 23]).

Suppose that these vector bundles are Hermitian. Let (i, v)r y, denote the corresponding
inner product of sections u,v € C®(T,V;,), withr € {1,2}. Given a PsDO A € ¥Y°(I; V1, V,),
we define its adjoint PsDO A* € ¥*°(T; V,, V1) by the formula (Au, w)ry, = (u, A*w)r,y, for
allu € C®(I',Vp) and w € C®(T, V). The operator A* exists and unique; if A € ¥"(I'; V4, V»)
for certain m € R, then A* € ¥Y™(I;V,, V1) [49, Chapter IV, Theorem 3.16(b)]. The map-
ping u — Au, where u € C*(T, V1), extends uniquely to a continuous linear operator from
D'(T,Vq) to D'(T, V). Thus, the equality (Au,w)ry, = (1, A*w)r,y, extends by continuity
over all u € D'(T, V1) and w € C*(T, V,). This equality defines the image Au € D'(T, V;) of
any generalized section u € D'(T, V7).

Lemma 1. Let m € R and A € ¥"(TI; V1, V,). Then A is a bounded operator on the pair of
Hilbert spaces

A HY(T; Vi, Vo) — HY? "(T; V4, V)

for every w € OR.

Here and subsequently, we use the function parameter o(t) := t of + > 1 in order not to
indicate the variable t in smoothness indexes of distribution spaces. Thus, if w € OR, then
wo~ ™ is the function w(#)t~™ of t and of class OR.

Proof of Lemma 1. This lemma is known in the Sobolev case where w(t) = t° for some s € R
[49, Chapter 1V, Proposition 3.12]. Putting sp := op(w) — 1 and s1 := 01(w) + 1, we have two
bounded operators

A:HS)(T,vy) - HS™)(T,V,), je{0,1}.

Define the function parameter i by formula (8) in which ¢ := w. We conclude by Theorem 1
that A is a bounded operator between the spaces

HY(T, Vy) = [HE(T, V), HEO(T, )]

and
H@? (T, V5) = [HE™(T, V5), HE™(T, 13)] .
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We suppose in the sequel that the above vector bundles are decomposed into the direct
sums

Vl = @ Vl,k and V2 = @ V2,j
k=1 =1

of infinitely smooth Hermitian complex vector bundles 71y : Vi — I'and 7 : Vo; — T,
respectively. Here, k, and j, are certain integers subjectto1 < k, < pand 1 <j, < p.

Let A € ¥°(I; V1, V2). Then A is a j. X k,-matrix formed by A; € Y (T; Vi, Vo j), where
j=1,...,jsand k =1, ..., k. Thus, the equation Au = f takes the form

ke«
Y Ajwe=fi, j=1...,j« (27)
k=1

Here, u = (uy,...,ut,) € D'(T, V1) with each uy € D'(T,Vig), and f = (f1,...,f;,) €
D'(T, Va) with each f; € D'(T,V,;). The adjoint PsDO A* is the k. X j.-matrix formed by
the adjoint PsDOs A}*’k e Y°([; V), Vi), wherek =1,...  kyand j =1,..., j.

Let real numbers ¢4, ..., ¢; and my,...,my_be chosen so that A; € ‘I’Ef+mk(1“; Vi, Vo) for
all j and k. We suppose that the PSDO A = (A;) is Douglis-Nirenberg elliptic on I for these
numbers. Equivalent definitions of this ellipticity is given in [22, Theorem 19.5.3]. Such a type
of the ellipticity was introduced in [13]. Then the adjoint PsDO A* is also Douglis-Nirenberg
elliptic on I but for numbers my, ..., my, and ¢4,...,¢ i, Hence, the spaces

N:={ueC®I,V}): Au=00onT} and M:={weC®(I,V;): A" =0o0nT}
are finite-dimensional [22, Theorem 19.5.3].
Theorem 9. The PsDO A is a Fredholm bounded operator on the pair of Hilbert spaces
k* m ]* iy
A: P HYHT, Vi) = PH™ (T, 1)) (28)
k=1 j=1
for every ¢ € OR. The kernel of operator (28) equals N, and the range has the form
k* m ]* y
A(@ H?eX (T, V1,k)> = {f c P H™ (T, Vo) {f,w)ry, =0 forall w € M}. (29)
k=1 j=1

Hence, the index of this operator is equal to dim N — dim M.

Recall that a bounded linear operator L : E; — E; between Banach spaces E; and E; is
called Fredholm if its kernel ker L := {v € E; : Lv = 0} and co-kernel coker L := E;/L(E;)
are finite-dimensional. If the operator L is Fredholm, then its range L(E;) is closed in E;
[22, Lemma 19.1.1] and consists of all vectors ¢ € E; such that ®(g) = 0 for every functional
® € ker L*, and its index satisfies

ind L := dimker L — dim coker L. = dimker L — dimker L* < 0.

Here L* is the adjoint operator to L.
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Proof of Theorem 9. Owing to Lemma 1 applied to A, the PsDO A is a bounded operator on
the pair of spaces (28). According to [22, Theorem 19.5.3], the Douglis-Nirenberg ellipticity of
this operator is equivalent to the following property: there exists a PsDO B € ¥*(I'; V,, V1)
such that B is k. X j.-matrix formed by PsDOs By ; € ‘I’_mk_gi(l”; Vo, Vik), wherek =1,... ki,
andj=1,...,/s and that

T1,:=BA—-1 € ‘I’_°°(1“; Vi, Vl)/ T,:=AB—1, € ‘I’_°°(F; \%¥ Vz), (30)

where I, is the identity operator on D'(T; V;, V;) for each r € {1,2}. The PsDO B is Douglis-
Nirenberg elliptic onI" for numbers —my, ..., —my_and —¢4,..., —Z]-* and is called a two-sided
parametrix for A. According to Lemma 1, we have bounded operators

- =4 ks m
B:(PH" (T, Vo) — P H? “(T, Vig), (31)
j=1 k=1
b m ks m+A
Ti: @ H (T, Vig) - @ H?E (T, Viy), (32)
k=1 k=1
j* ]* A
T,: @D H™ ’(r V) = PH™ ' (T, 1)) (33)

j=1 j=1
for every A > 0. This implies by Theorem 4 that T; and T, are compact operators on the source
spaces of (32) and (33), respectively. Hence [22, Corollary 19.1.9], it follows from equalities (30)
that the bounded operator (28) is Fredholm. Its kernel lies in C* (T, V) due to the first equality
in (30) and property (32); thus, the kernel is N. The adjoint operator to (28) coincides with
the PsDO A* in the sense of Theorem 7. Since A* is also Douglis-Nirenberg elliptic, M is the
kernel of the adjoint of (28), which implies (29). 0

Let 'y be an open nonempty subset of the manifold I'. Considering the elliptic equation
Au = f (i.e. the mixed-order system (27)), we study the local regularity of its solution on I'y.
Given w € OR, r € {1,2}, and admissible i, we let H{J (T, V; ;) denote the linear space

of all v € D'(T,V,;) such that xyv € H¥(I,V,;) for every scalar function y € C®(T') with
supp x C I'o. Of course, if Ty = T, then H{’ (T¢, V, ;) coincides with H“ (T, V, ;).

loc

Theorem 10. Letu € D’(F, Vi), f € D'(T, V,), and ¢ € OR. Assume that Au = f onT. Then

fe@Hfgﬁ '(To, V) = ue@ e (To, Va). (34)

j=1
Proof. We choose any function y € C®(I') and a certain function # € C*(T') such that
suppx C I'g, suppy CTIp, and # =1 inaneighbourhood of supp x. (35)
According to (30), we get
xu = xBAu — xThyu = xByAu + xB(1 —n)Au — xTyu =: xByAu + Tu, (36)

where T € ¥~*(I; V4, V), because the supports of x and (1 — #) are disjoint and since
Ty € ¥~%°(T; V4, V). Hence, if the left-hand side of (34) holds true, then

k.

xu = xBif +Tu € @H? (T, Viy)
k=1
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in view of (31), i.e. u satisfies the right-hand side of (34).
On the other hand, if the right-hand side of (34) holds true, then
Jx .
Xf = xAu = xA(l —n)u+ xAnu € @Hq’g ](F, Vz,j)/
j=1
because the PsDO u — xA(1 — 17)u belongs to ¥~°(T’; V1, V,) and due to (28), i.e. f satisfies
the left-hand side of (34). O

We supplement Theorem 10 with a local a priory estimate of u.

Theorem 11. Letp € OR, A € R, u € H()‘)(T, Vi), f € D'(T, V,), and Au = f on Ty. Suppose
that the right-hand (or left-hand) side of (34) holds true. Let scalar functions x,n € C*®(T)
satisfy (35). Then

lxully < c(linfllp + llulla), (37)
where c is a certain positive number that does not depend on u and f. Here, || - ||, and | - ||
denote the norms in the source space and target space of operator (28), whereas || - ||, stand

for the norm in HM)(T, V). If the operator A is differential, then (37) holds true with ||nu||,
instead of ||u||, (and we may replace the hypothesis u € HM)(T, V;) withu € D'(T, V).

Of course, estimate (37) makes sense if —A > 1; then the source space of operator (28) is
embedded in HM) (T, ;).
Proof. The required estimate (37) follows from (36), (31) and T € ¥~ *(T; V4, V1), indeed
Ixully < lIxByAully + [ Tully < c (InAully + llula)-
Suppose now that the operator A is differential. Choose a function 17y € C*(T') that satisfies
the following conditions: supp 19 C I'g, 170 = 1 in a neighbourhood of supp x, and 7 = 1ina

neighbourhood of supp 7. It follows from (36) that yv = xB1jgAv + Tyv for every v € D'(T, V)
and certain Ty € ¥~°°(T’; V4, V7). Then

xu = xnu = xBnoAnu + Tonu = xBnoAu + Tonu.
The last equality is true because A is differential. Hence,

Ixully < llxBroAully, + | Tonully < co(llmoAully + [lyulla),

with
o Aully = llonAully < exlln Aullg.
Here, the positive numbers cy and ¢; do not depend on u (and f). This yields the required
estimate. 0
Remark 2. If we replace the hypothesis u € HM) (T, V;) with
k.
ue @ H®" (T, Vi) (38)
k=1
in Theorem 11 and retain other hypotheses, then
Il < e (Iaflly + o) (39)
Of course, || - H’(P - stands for the norm in the space written in (38). If, in addition, A is

a differential operator, then (39) holds true with H17u|]’q) o1 instead of HuH’(P o1 (and we may
replace (38) withu € D'(T, V1)).
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Proof. According to Theorem 11 (considered for I'y = I' and x = 5 = 1) there exists a number
c1 > 0 such that

lelly < ex (Aol + ol 1)
for every section v from the space indicated in (38). Assuming (38) and putting v := xu, we
hence obtain the estimate

Ixully < er (I Axully + lxulll,,-1)- (40)

Rearranging the PsDO A and the operator of the multiplication by ), we can write
Axu = xAu + A'u, where A’ is a certain PsDO of class ¥~ 1(T; V1, ;) (see, e.g., [1, p. 13]).
Therefore,

lAxuly < lxAulfy+ | A'ully < xAuly+callully, (@)

where ¢, is the norm of A’ on the corresponding spaces. Now (40) and (41) yield the required
estimate (39).
If the operator A is differential, then we write

Axu = Axnu = xAnu + A'nu = xAu + A'nu

and hence get the estimate

1

[ Axullq

< xAully + | Aqully < lIxAully + callyulll,,
and note that
Il pr = xgully s < callyull,y s

where the number c3 > 0 does not depend on u. This together with (40) substantiates the last
sentence of Remark 2. O

Ending this section, we give an exact sufficient condition for a component 1y € D'(T, V; )
of the solution u = (uy,...,ux,) € D'(T, V;) of equation (27) to be q times continuously differ-
entiable on I'y. This property is symbolized as u € C7(I'o, V; ).

Theorem 12. Letk € {1,...,k.} and 0 < g € Z, and let ¢ € OR satisfy
/1 121228 =2 (1) dt < oo. (42)

Suppose thatu € D'(I', V) is a solution to the elliptic equation Au = f onT for certain
L 9o 1
f € GBHIOC (FO’ Vz,j)-
=1
Then uy, € C‘i(l“o, Vl,k)~

Proof. We arbitrarily choose a point x € Ty and a certain function y € C®(T) satisfying
suppx C I'pand x = 1 in a neighbourhood I'y of x. We conclude by Theorems 10 and 8
that

xux € HP(T, Vi) C C(T, V).

Thus uy € C1(T'y, Vi i) for every x € I'g, which gives the required inclusion. O
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Remark 3. Condition (42) is exact in this theorem because this condition follows from the
implication

(veD'(r,va), Aue@H“"? K

e (Lo, Vz,j)) = ug € C1(Lo, Vi i) (43)
j=1

Proof. Suppose that implication (43) is true. If

ue @H‘PQ ™ (To, Vig),

loc

then u satisfies the premise of this implication by Theorem 10. Hence,

Tk
HY™ (T, Vi) € C1(To, Vi) (44)

loc

due to (43). It remains to show that (44) implies condition (42) by Proposition 7. We as-
sume without loss of generality that ') NIy # @ and choose a nonempty open set G C R"
such that m C T'oNTq. Recall that a7 : R" — I is the above-mentioned local chart
of . Consider an arbitrary function wy; € H?¢"*(R") such that suppw; C G, and put
w := (wy,0) € (H?¢"*(R"))Pk, where py := dim V; ;. There exists a section v € H??"*(T, V; ;)
such that supp v C «1(G) and vy oa; = w, where (v, ..., v}) is the representation of v in the
local trivializations of the vector bundle 7ty : Vi, — I'. Then v € C(T, V;x) by (44), which
implies that w; € C7(R"). Thus,

{w; € HP¢""(R") : suppw; C G} C CT(R").

This entails (42) by Proposition 7. O
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AocAiaXeHO posImpeHy COOOAEBCBKY IIKAAY AAS TAAAKMX BEKTOPHMX pO3IIapyBaHb Ha 3a-
MKHEHOMY MHOTOBYVAL. BoHa obyAoBaHa Ha OCHOBI TiAbOEPTOBMX IPOCTOPIB PO3MOAIAIB y3araabHe-
HOI TAaAKOCTI, 3aAaHOI AOBIABHOIO AOAATHOIO (pyHKIIicto, OR-3MiHHOIO Ha HeckiHueHHOCTI. [Toka3sa-
HO, IITO TSI IITKaAa OTPMMYETHCST KBAAPATUIHOIO {HTEpIIOASIIi€0 (3 (PyHKITIOHAABHVM ITapaMeTPOM)
riapbepToBux mpoctopis CoboaeBa, 3aMKHeHa IIOAO KBaAPaTUIHOI iHTePIIOASIIII Ta CKAAAAETHCS 3
yCiX TiAbOPTOBMX ITPOCTOPIB, IHTEPIIOASIIIHIX AAS TTap TiAbbepToBMX TpocTOpis CoboreBa. AoBe-
AEHO TeopeMl BKAAAEHHSI i TeopeMy ABOICTOCTi AAS Li€l IKaAM. AaHO 3aCTOCYBaHHS PO3LIMPEHOL
CODOAEBCHKOT IITKAAM AO eAinTrIHMX (3a Ayraicom-Hipernbeprom) meesaoandpeperIiaAbHIX OTlepa-
TOPIB MillIaHOTO MOPSIAKY, SIKi AIFOTh Ha Iapi BeKTOPHMX pO3IIapyBaHb OAHOTO paHry. AoBeAeHO ix
dpeAroAbMOBICTD Ha BiATIOBIAHVX TTapax IIPOCTOPiB Ha IIKaAi, AQHO AOCTAaTHIO i HeOOXiAHY YMOBY
AOKaABHOI y3araAbHEHOI TAAAKOCTi pO3B’SI3KiB eAINTHMYHOI CHMCTeMI MIIIAaHOTO IOPSIAKY Ta BiAIo-
BiAHY ampiopHy OIIHKY po3B’sI3KiB. TakoX AaHO AOCTAaTHIO YMOBY, 3a SIKOI BMOpaHa KOMIIOHEHTa
PO3B’sI3KY € § pa3iB HellepepBHO AMdpepeHIIiIOBHOIO Ha BKa3aHill UaCTMHI MHOTOBUAY.

Kntouosi cnosa i ppasu: BekTOpHe posiapysaHHs, OR-3MiHHa (pyHKIIis, iHTepHoAsLis Iap mpo-
CTOPiB, eAINTMYHIMIT OoTlepaTop, PPeAroAbMOBIiCTD, AOKaAbHA I'AAAKICTD.



